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Helly’s theorem is an important result from Convexity and Combinatorial Geometry. It gives
sufficient conditions for a family of convex sets to have a nonempty intersection. A large
variety of proofs as well as applications are known. Helly’s theorem has close connections to
two other well-known theorems: Radon’s theorem and Carathéodory’s theorem. In this paper
we study Helly’s theorem and its relations to Radon’s theorem and Carathéodory’s theorem
by using tools of Convex Analysis and Optimization. More precisely, we will give a new proof
of Helly’s theorem, and in addition we show in a complete way that these three theorems are
equivalent in the sense that using one of them allows us to derive the others.

Keywords: Carathéodory’s theorem, convex function, convex hull, distance function, Helly’s
theorem, Radon’s theorem, subdifferential, subgradient

2000 Mathematics Subject Classification: 52A05, 52A20, 52A35, 52A37

1. Introduction

In Convezity geometric properties of convex sets and functions are investigated.
The foundations of this field were developed by many accomplished mathemati-
cians such as Hermann Brunn, Constantin Carathéodory, Werner Fenchel, Ed-
uard Helly, and Hermann Minkowski; see [8]. At the beginning of the 1960’s
Convex Analysis was grown out of Convexity, and this new field was systemat-
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ically developed by the works of Jean-Jacques Moreau, R. Tyrrell Rockafellar,
and others; see, e.g., [11, 12, 13, 14, 15, 16, 17]. Convex Analysis is more con-
cerned with the generalized differentiation theory of convex functions and sets
rather than only with their geometric properties. The presence of convexity
makes it possible to develop calculus rules for a generalized derivative concept
called the subdifferential, which can be used to deal with convex functions that
are not necessarily differentiable. Convex Analysis then becomes the mathe-
matical fundament for Convex Optimization, a fast growing field with numerous
applications.

In this paper we use Convex Analysis and Optimization to study some basic
results of Convexity and Combinatorial Geometry. We mainly focus on a the-
orem introduced by Eduard Helly in 1913 which gives sufficient conditions for
a family of convex sets to have a nonempty intersection. In particular, we will
give a new proof, via Convex Analysis, of Helly’s theorem and its connection to
Radon’s theorem and Carathéodory’s theorem, which are also important results
from Combinatorial Geometry.

It has been mentioned in several references that the above-mentioned theorems
of Helly, Radon, and Carathéodory are equivalent in the sense that using one of
them allows us to derive the others. However, in [9, p. 47] P. M. Gruber says
that “we were not able to locate in the literature a complete proof in the context
of R™”; see also the excellent surveys [5] and [6], as well as the monograph [3]. In
this paper we provide a complete treatment for the so meant equivalence of these
theorems. The analysis involves the usage of generalized differentiation proper-
ties of distance functions. This class of functions, which reflects the connection
between convex functions and sets, allows us to give a simple, self-contained,
complete proof of the described threefold equivalence.

2. Notions from Convex Analysis and Optimization

In this section we introduce some important concepts and notions from Convex
Analysis and Optimization that will be used in the subsequent sections. The
material presented here can be found in many books on Convex Analysis; see,
e.g., [10, 17] and the references therein.

Throughout the paper we consider the Euclidean space R™ equipped with the
Euclidean norm || - || and the usual inner product (-, -). By B(z;t) we denote the
closed Euclidean ball with center x and radius ¢ > 0.

A subset Q of R™ is said to be convex if
Ar+ (1 =Ny e

whenever z,y € 2 and A € (0,1). Geometrically, a set €2 is convex if for any
two points x,y €  the line segment connecting x and y belongs to the set. Let
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A; > 0 and suppose A\; + -+ A\, = 1. Then

Y= i AiZi
i=1

is called a convexr combination of the points 1, ..., .

From these definitions it is obvious that if {€2;};c; is a collection of convex sets
in R™, then the intersection (), ; is also a (possibly empty) convex set. This
property motivates the definition of the convex hull of an arbitrary subset of R™.
Given a subset (2 C R", the convex hull of €2 is defined by

co(Q = ﬂ{C’ | C'is convex and 2 C C'}.

Equivalently, the convex hull of a set Q is the smallest (regarding inclusion)
convex set containing €.

The following important result is a direct consequence of the definition of convex
hull; see, e.g., [10, Proposition 1.20].

Proposition 2.1. For any subset  of R", its convex hull consists precisely of
all convex combinations of elements of €).

A function f defined on 2 C R" is called a convex function if

fOz + (1= Ny) < Af(x) + (1 =N f(y)
for all x,y € Q and X\ € (0,1). If this inequality becomes strict for any = # y,
x,y € §2, we say that f is strictly convex on ).

The concept of distance functions presented now plays a crucial role through-
out our paper. Given a set {2 C R" and some xz € R", the distance function
associated with €2 is defined by

d(z;Q) == inf {||lz —w|| | w € Q}.
For each x € R", the Fuclidean projection from z to € is defined by
O(z;Q) = {weQ||z—w|=d=zQ)}

It is well-known that if Q& C R™ is a nonempty closed convex set, then II(x; )
is a singleton for every x € R™.

The convexity of the distance function follows directly from the convexity of the
associated set as in the proposition below; see, e.g., [10, Proposition 1.77].

Proposition 2.2. If Q is a nonempty convex set, then the distance function
d(-; Q) is a convex function.
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Let f: R™ — R be a convex function and let x € R". A vector v € R" is called
a subgradient of f at T if

(v,x —7) < f(z) — f(z) for all z € R™.
The set of all subgradients of f at z is called the subdifferential of the function
at this point and denoted by 0f(Z).
Given a nonempty convex set {2 C R"” and a point z € 2, the normal cone to €2

at T is defined by

N(z; Q) :={veR" | (v,z —z) <0 for all x € Q}.

In what follows we present subdifferential formulas for distance functions asso-
ciated with convex sets. The formulas depend on whether the reference point
belongs to the set; see, e.g., [10, Proposition 2.39].

Proposition 2.3. Let 2 be a nonempty closed convex set. If & € §2, then
dd(z; Q) = N(z;Q) NB,

where B is a closed unit ball of R™.
If z ¢ Q) then
- z —1(z: Q)
d(z; Q) =9 ——— 7.
o) { d(z; Q) }

The proposition below gives a subdifferential formula for the maximum function
of a finite number of convex functions; see, e.g., [10, Proposition 2.54].

Theorem 2.4. Suppose that f; : R" - R, 1 = 1,...,m, are convex functions.
Then

O(max f;)() =co | 0fi(z),
)

icl(z

where I(z) :={i=1,....m| f;(z) = f(Z)}.

3. The Theorems of Carathéodory and Helly

In this section we study the equivalence of the theorems of Carathéodory and
Helly based on subdifferential properties of distance functions. Let us start with
two useful lemmas.

Lemma 3.1. Let Q;, i = 1,...,m, be nonempty closed convex sets. If at least
one of the sets (); is bounded, then the maximum function

f(z) == max{d(z; ) |i=1,...,m}, xzeR", (1)

has an absolute minimum on R™.
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Proof. Let v := inf{f(z) | + € R"}. Since f(z) > 0 for all x € R, it
is obvious that v is a real number. Let {x;} be a sequence in R™ such that
limy oo f(zx) = . Without loss of generality, assume that €2; is bounded. By
the definition of limit, one finds kg € N such that

0 <d(xp; ) < flag) <v+1 forall k> k.

Choosing wy, € Q with ||z — wg|| = d(x; Q), we get ||z — wi]| < v+ 1, and
hence ||| < ||wg] 4+ 1 for all k& > ko. Since §2; is bounded, the sequence {xy}
is bounded as well, and so we can assume that it has a subsequence {zy,} that
converges to z. By the continuity of f,

v = Zlim flzg,) = f(Z) < f(x) for all z € R™.
Therefore, f has an absolute minimum at Z. ]

Given any u € R", define the active index set at u, associated with the function
f given in (1), by

Iu):={i=1,...,m| d(u;$;) = f(u)}.

Lemma 3.2. LetQ;,i=1,...,m, be nonempty closed convex sets with (-, ; =
(0. Consider the function f defined in (1). Then f has an absolute minimum at
Z if and only if

T €co{w; |iel(z)},

where w; = I1(Z;€Y;).
Proof. The assumption (%, €; = () implies that f(z) = max{d(z;;) | i =

1,...,m} > 0 for all z € R" and = ¢ Q; for every ¢ € I(x). It follows from
Theorem 2.4 that the function f has an absolute minimum at z if and only if

IZ’—UJZ'

0 € 0f(z) = co{ad(z; ;) | i EI@)}:CO{CZ(E;QQ | i€ [(a‘v)}

Since f(z) = d(z;€;) > 0 for all i € I(Z), we can denote this common value by
r. By Proposition 2.1, there exist \; > 0 for i € I(Z) with > ,;) A = 1 such

that -
Tr — W;
0= -
DN
iel(z)
which is equivalent to = € co{w; | i € I(Z)}. O

Now we are ready to prove the main theorem of this section, namely showing
that Carathéodory’s theorem and Helly’s theorem are equivalent in the described
sense.

Theorem 3.3. Consider the following statements:
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(i)  Carathéodory’s theorem: For any nonempty set Q@ C R™ with y € co(,
there exist A\; > 0 and w; € Q fori=1,... ,n+1 such that

g = )\iwi .

(i)  Helly’s theorem: For any collection of nonempty closed convex sets {Q, . . .,
D}, m > n+2, in R™ with the property that the intersection of any n+ 1
sets from this collection is nonempty, one has

(2 #0.
i=1

Then statement (i) implies statement (ii), and vice versa.

Proof. Let us first prove (ii) assuming that (i) holds. Consider the case where
Q;, for i = 1,...,m, are nonempty closed convex sets such that at least one of
them is bounded. The assumption implies that the intersection of any collection
of k sets from the whole collection, where k& < n+ 1, is nonempty. Suppose that
Mie; € = 0. Consider the function f defined by (1) and let § be a point in R”
at which f has an absolute minimum. Note that this point exists by Lemma
3.1. From Lemma 3.2 one has

y € cofw; [iel(y)},

where w; := TI(y; Q;). Applying Carathéodory’s theorem, there exist J C (%),
|[J| <n+1,and A; > 0 for i € J with » . ; A; = 1 such that

g = Z/\jwj.

jeJ
Defining the function
g(x) := max{d(z;Q;) | j € J},

by the given assumption, [ e Q; # 0, there exists a point u in this intersection
with g(u) = 0. Since d(y;§2;) =r > 0 for all j € J, where r := f(y) = g(y) > 0,
the active index set at y associated with the function ¢ is J. By Lemma 3.2, the
function g has an absolute minimum at g, and hence 0 < r = ¢(y) < g(u) = 0.
This contradiction implies the statement (i).

In the case where we do not assume that at least one of the sets is bounded, we
choose an element in each intersection of n + 1 sets. Let ¢ > 0 be sufficiently
large such that the closed ball B(0;t) covers all such points. Then we only
need to apply the previous case for the collection {©; | i = 1,...,m}, where
©; := Q; NB(0;1).
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Li(z)

Figure 3.1: Proof illustration: Helly’s theorem implies Carathéodory’s theorem

Now we show how to derive (i) from (i7). Fix any element § € coQ. If § € Q,
then it is obviously a convex combination of itself, so the conclusion is obvious.
Suppose that g ¢ €.

We follow and simplify significantly the proof in [7], pp. 40-41. In particular, we
do not assume that 2 C R™ is closed and bounded as in [7], pp. 40-41. For each
point Z € €2, denote by £1(Z) and Lo(z) the closed half-spaces with bounding
hyperplane passing through z and being perpendicular to the line connecting
and y, where £5(Z) contains , i.e.,

L1(Z) :={weR"| (T —y,w
Lo(Z) :={weR" | (z —y,w—17) <0}

Let us now show that

| |
=

() Li(z

z€eQ

Indeed, suppose that this set is nonempty. Then there exists z € [, £1(7),
implying that
(x —g,z—x) >0 forall z € Q.

It follows that

Z-gy—v)=F—z+z—gy—v)=Z—-x,y—x)+(x—7§,§—1)
=(z—z,y—z)—|lz—g> <0

for all z € Q (note that ||z — g||* > 0, since § ¢ Q). Since § € co), there exist
r; € Qand \; > 0 for i = 1,...,m such that

_:i/\zl’z and i/\zzl
=1 i=1
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This contradiction shows that

ﬂ L1(z) = 0.

zeN

Since Lq(z) is a nonempty closed convex set for every x, by (ii) there exist
X1, .., Tne1 € £ such that
n+1

m El(Iz) = @

However, this implies § € co{x,...,2,11}. Let us prove this by contradiction.
Assuming that this is not the case, there exist a,b € R™ such that

(a,y) > b and (a,z;) <b foralli=1,... , n+ 1.
Then

(r; — g,y —ta—x;) = (x; — 9,9 — ;) — t{a, 2, — 7).

Thus we can find a value ¢y such that this expression is positive for all ¢ > ¢,
and for all i, but this implies (/=] £1(x;) # 0. This contradiction shows that

g€ co{my, ..., Tpi1} O

4. The Theorems of Carathéodory and Radon

In this section we study the equivalence of the theorems of Carathéodory and
Radon, thus establishing the equivalence of all three theorems.

Theorem 4.1. Consider the following statements:

(i)  Carathéodory’s theorem: For any nonempty set Q@ C R™ with y € co(,
there exist A\; > 0 and w; € Q fori=1,... ,n+1 such that

n+1
y= Z AiW -
i=1
(i1) Radon’s theorem: Given any set Q := {wy,...,wn}t, m > n+ 2, in R",
there exist two nonempty, disjoint subsets 21 C €2 and Qs C € such that
QUQ =0 and coQiNcoQy #0.

The statements (i) and (it) are equivalent.

Proof. (i) = (ii): Consider the set Q@ C R" defined by Q = {wy,...,wy,}
with m > n + 2. Then

Wi+ Wy
m

€ co{wy, ..., wny}.
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By Carathéodory’s theorem, with rearranging the indices if necessary, we have

the representation
n+1

Wy + -+ Wiy
= AW,

with A\; > 0 and Z?jll X; = 1. It follows that

m m
E Biw; = E Aiw;
i=1 i=1

where 3; = Li =1,....m, \; > 0, Z?jll)\i =1, and \; = 0 for all 7 =
n+2,...,m. So

m

Z(ﬁi —A)w; = 0.

i=1

We rewrite the above as
Z YiW; = 0 )
i=1

with v = 8; — A, Do vi = 0, where not all /s are zeros. Then

Z%wrirzwwj =0,

iel jed

where [ := {i € {1,...,m} | v > 0} and J := {i € {1,...,m} | 7 < 0}.
Observe that I and .J are both nonempty. Define vy := ., v, O := {w; | i €
I}, and Qp :={w; | j € J}. Then v = -3, ;7; and

1 1
- Z%‘wz’ =—-- nyjwj € co)y Ncofdy.
v v

iel jeJ
At this point, we can see that €; and €2y satisfy the requirements of Radon’s
theorem.

To prove that Carathéodory’s theorem follows from Radon’s theorem, we com-
plete the approach to [9, Theorem 3.2].

(11) = (i): Fix any & € coQ. Then there exist \; > 0 for i = 1,...,m, with
Yo A =1and

m
T = E )\iwiv
=1

where w; € Q for all ¢+ = 1,...,m and the representation is chosen such that
m is minimal. We will show that m < n + 1. Assume the contrary, i.e., that



600 H. Martini, N. M. Nam, A. Robinson / On the Equivalence of the ...

m > n + 1. By Radon’s theorem applied to the set Q := {wy,...,w,} we can
assume that, without loss of generality,

k m
Z%‘wi = Z ViWi
i=1

i=k+1

where 7; > 0 fori=1,...,m and 25:1%‘ = ZZZKH% =1,1 <k <m. Then
we have the representation

Z ﬁzwl =0 )

i=1

where §3; ;== fort=1,...,k, and §; = —v; fori = k+1,...,m. Observe that
>t B3 = 0. Choose an index iy € {1,...,k} such that

A s
ezzﬂzmin{—l izl,...,kwithﬁi>0}.

Define o; := \; —€f; forv=1,...,m. Then a; > 0fori=1,...,m, oy, = 0,
Yoria; =1, and

m
T = E o Wj .
i=1

This contradicts the minimal property of m. The proof is complete. O

Remark 4.2. (i) Note that the closedness property assumed in Radon’s theo-
rem presented in Theorem 3.3(ii) can be relaxed, i.e., the statements in Theorem
3.3 and Theorem 4.1 are equivalent to the following statement:

For any collection of nonempty convex sets {Qq,...,Qn}, m > n+ 2, in R"
with the property that the intersection of any n + 1 sets from this collection is

nonempty, one has
m

() #0.
i=1

Indeed, this statement obviously implies Theorem 3.3(ii), and it follows from
Theorem 4.1(ii); see, e.g., [10, Theorem 3.13].

(ii) As a next step, it would be natural to extend the present investigations to
generalized convezity notions, like for example H-convexity (see, e.g., [1] and
[2]) or d-convexity (cf. [3, Chapter IIJ).
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