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Let Y be an E-proximinal (respectively, a strongly proximinal) subspace of X. We prove that
Y is (strongly) ball proximinal in X if and only if for any z € X with (z + Y) N Bx # 0,
(r +Y) N Bx is (strongly) proximinal in 2 + Y. Using this characterization and a smart
construction, we obtain three Banach spaces Z C Y C X such that Z is ball proximinal in X
and Y/Z is ball proximinal in X/Z, but Y is not ball proximinal in X. This solves a problem
raised by Bandyopadhyay, Lin, and Rao [1] in 2007.
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1. Introduction

Let Y be a subspace of a real (or a complex) Banach space X. By subspaces,
we always mean closed linear subspaces. Let x € X and let A be a nonempty
subset of X. The Y-distance dy(z, A) from z to A is defined by

inf{ljlx —cl|:c€(x+Y)NA} if (z+Y)NA#0D,

dy(z, 4) = if (z+Y)NA=0.
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DMS-1200370.

ISSN 0944-6532 / $ 2.50 (© Heldermann Verlag



674 Pei-Kee Lin, Wen Zhang, Bentuo Zheng / Ball Proximinal Spaces

For any r > 0, let
Bylz,r|={x+y:y €Y and |y|| <r} =z + By|0,r].

By [x,r] is called the Y-ball of radius r and center x. For simplicity, we use By
to denote By[z,1]. An element y in A is called a best approximation of = from
A if
dx(x, A) = [lz =y

A is said to be proximinal in X if for any x € X, there is a best approximation of
x from A. A proximinal subset A of X is said to be strongly proximinalin X if for
any ¢ € X and € > 0, there exists § > 0 such that if ||z —a|| < dx(z, A)+9, there
is a’ € A such that @’ is a best approximation of z from A and |ja—a'|| < €. In [6],
Saidi showed that for any non-reflexive Banach space Y, there is a Banach space
X such that Y is isometrically isomorphic to a hyperplane Z of X such that Z is
proximinal in X but the unit ball of Z is not proximinal in X. Bandyopadhyay,
Lin, and Rao ([1, Example 3.3]; also see [3]) showed that the space Z is strongly
proximinal in X. Motivated by this example, Bandyopadhyay, Lin, and Rao [1]
introduced the following notion:

Definition 1.1. A subspace Y of X is said to be (strongly) ball proziminal in
X if By[0,1] is (strongly) proximinal in X.

To characterize (strongly) ball proximinality, Indumathi and Prakash [5] in-
troduced the so called E-proximinality. Recall that a proximinal subspace
Y of X is said to be E-proximinal [5] if for any x € X \ Y, and 7,e > 0,
dx(x,By|[0,7]) = dx(z,Y) implies there is y € Y such that ||z — y|| = dx(z,Y)
and ||y|| < v+ e. It is easy to see that if Y is either ball proximinal or strongly
proximinal in X, then Y is E-proximinal in X [3, 4, 5|. But there exists a
Banach space X such that X is E-proximinal but not strongly proximinal [5,
Example 4.1]. So E-proximinality does not imply ball proximinality or strong
proximinality.

In [5], Indumathi and Prakash proved that Y is a (strongly) ball proximinal
hyperplane if and only if Y is E-proximinal (respectively, strongly proximinal)
in X and for any x € X with (x +Y)N Bx # 0, (x +Y) N By is (strongly)
proximinal in x + Y. However there are two imprecisions in their paper. The
first imprecision is the last sentence in the statement of [5, Proposition 2.2]. The
following is a simple counterexample.

Example 1.2. Example. Let X = R?, H = {(0,y) : y € R}, and = = (1,1/2).
Then
r+H={(l,y):ye R} and dx(0,z+H)=1

Note that Bx[0,1]N(z+ H) = {(1,0)}. Denote by « the distance from z to H,
and ([ is the distance from x to By. It is easy to see that a = . Without loss of
generality, we assume o = 3 = 1 and hence A = 1. Now a simple computation
shows that

d(xz, H\NBx)=1/2 < 1/p.
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The second imprecision is that the statements of both [5, Theoem 2.2 and 2.3]
must include the value of A = 0. The proof of [5, Theorem 2.2] should also
consider the case when d(z,H) = 0 < d(z,Bg). In Section 2, we correct
these mistakes and generalize their results from E-proximinal hyperplanes to E-
proximinal subspaces. To be more precise, we show that if Y is an E-proximinal
(respectively, a strongly proximinal) subspace of X, then Y is (strongly) ball
proximinal in X if and only if for any = € X with (z+Y)NBx # 0, (z+Y)NBx
is (strongly) proximinal in x + Y.

In [1], Bandyopadhyay, Lin, and Rao proved that for Banach spaces Z C Y C X,
if Y/Z is proximinal in X/Z and Z is proximinal in X, then Y is proximinal
in X. They asked in Question 4.3 that whether a similar result holds for ball
proximinality. In Section 3, by using the aforementioned characterization of ball
proximinality and a pretty construction, we are able to construct Banach spaces
Z CY C X such that dim (Z) = 1, Y/Z is ball proximinal in X/Z, but Y is
not ball proximinal in X. This gives an answer to a question of Bandypadyay,
Lin, and Rao [1, Question 4.3].

2. Main results

To prove our main results, we need the following two lemmas which are formu-
lated differently but are essentially generalizations of [5, Proposition 2.1 and 2.2]
respectively. For completeness, we give the proofs here.

Lemma 2.1. Let Y be a subspace of a Banach space X, >0, and v € X\
Bx|[0, 3]. Suppose that (x +Y) N Bx[0, 8] is nonempty. Let

v= inf{||lz — 2| : 2z € (x +Y) N Bx|0, 5}
= d)((ZL‘, ($+Y) me[(),ﬁ]) = dy(l’, Bx[o,ﬂ])

Then dx (0, By |x,7]) = f.

Proof. Suppose that dx(0, By[z,7]) < (. Then there is y € Y such that
lly]| < v and ||z + y|| < B. Note that y # 0 (because = ¢ Bx[0,]). Let
5= 1(3— Iz -+ yll). Then

§
x+y-ﬁ” <llz+yll+6 <p;
Hy_ o H =
1yl

We get a contradiction. So dx (0, z + By[0,7]) > 5.
By the definition of v, for any € > 0 there is y € By0, 1] such that

|z — (v + eyl <6
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This implies that
dX(LE, BY[077]) < ﬁ + €.

Since € is arbitrary positive real, we have proved that
BZdX<.T,By[0,’}/]) :dX(O,By[JI,’Y]) O]

Lemma 2.2. Let Y be an E-proziminal subspace of X, v > 0 and z € X \
By[0,v]. If B = d(0, By[z,]) and a = d(z,Y), then

v > inf{|lyll 1y € Y, v +y € Bx[0, 5]} = dy(z, Bx[0, 5]).
The equality holds if o < f3.
Proof. Let z be any element in X\ By [0,v], « = d(z,Y), and 5 = d(0, By [z,7]).
Since Y is proximinal in X, there is z € x + Y such that
|z]| = a=dx(0,z+Y).
It is clear that 7 > «.

Case 1. a = 3. Since Y is E-proximinal, for any € > 0, there is 2/ € z + Y such
that ||2’|| = 0 and ||z — #|| <+ €. This implies that

v = dy(z, Bx[0, 3]).
Case 2. a < 3. Note that ||z|]| = a < . For any € > 0, there is 1 > § > 0 such

that
dmax{f — a, ||z — z||} < e

By the definition of (3, there is y € By [0, 7] such that
|z +yll <B+6(8—a)
Then (1 -90)(z+y)+dz€x+Y,
(1 =0)(x +y) +dz]| < (1 =0)(B+6(8 —a)) + da
<(1-6)B+(B—a)+da=p;
I(L =) (y +2) + dz] — 2| = |(1 = 0)y + d(z — 2)||
< lyll+10(z —z) <~v+e

This implies that
v > dy(z, Bx|0, f]).

Suppose that there is ¢ € Y such that ||| < v and ||z + /|| < 8. Select 6 > 0
such that §|jz — z|| < v — ||¢/||. Then (1 —46)y’' +d(z —z) € Y, and

(1 =8y +(z—2)| < [IY]| + ]z — = <,
(1 =08)(z+1v)+ 02| <(1—6)8+da < .

This contradicts to the definition of 5. So v = dy(x, Bx[0, 5]). The proof is
complete. ]
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Theorem 2.3. LetY be an E-proximinal subspace of a Banach space X. Then
the following are equivalent.

(1) Y is ball-proximinal in X .

(2) For any~y >0 and any x € X, the Y-ball By[x,~] is proximinal in X.

(8) Foranyx € X\Y and B > 0 with B > dx(z,Y) = o > 0, the set
(x +Y)N Bx|0, 5] is proziminal in x + Y.

(4) Foranyxz € X \Y with 1 > dx(z,Y) > 0, the set (x +Y) N Bx[0,1] is
proximinal in x +Y .

Proof. Clearly, (1) = (2) and (8) = (4). We need only to prove that (2) =
(8)= (1) and (4) = (3).

(4) = (3). Let « be any element in X \ Y (i.e., dx(z,Y) > 0), a = dx(z,Y),
and ( a positive real such that 3 > «. Set 2’ = % Then

0< dx(xl,Y) = <1.

@I e

By the assumption (of (4)), there is a best approximation y" of z’ from (z' +
Y) N Bx|0, 1]. Note that

(z+Y) N Bx[0, 8] = B[(+"+Y) N Bx[0, 1]].
So By’ is a best approximation of x from (z + YY) N Bx[0, 5]. We have proved
(4) = ().
(2) = (8). Suppose that Y is a ball proximinal subspace of X, z € X \ Y and
B > 0 such that § > dx(x,Y) = a. Then (z +Y') N Bx[0, 8] is nonempty. Let
vy=inf{||lz — 2| : z € (x + Y) N Bx|[0, #]} = dy (x, Bx|[0, 3]).

By Lemma 2.1, dx (0, By|[x,v]) = . Since Y is ball proximinal in X, By|z,7]
is proximinal in X. Let z be a best approximation of 0 from By [x,v]. Then
zex+Y, |z]| =0, and ||z — z|]| <. So z is a best approximation of x from
(x +Y) N Bx|0,4].

(8) = (1). Assume that Y is E-proximinal in X. Let = be any element in
X\ By[0,1]. If z € Y, then z/||z| is the best approximation of x from By [0, 1].
So we may assume that = ¢ Y, i.e., dx(z,Y) > 0. It is known that the following
two statements are equivalent.

. There is a best approximation (say z) of x from By[0, 1].
o There is a best approximation (z — z) of 0 from By |z, 1].

So we need only to show that for any z € X with dx(z,Y’) > 0, there is a best
approximation of 0 from the Y-ball By [z, 1]. Let

ﬁ = dx(l‘, By[o, ]_]) = dx(07 By[l’, ].]) > O,
a=dx(z,Y).
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Clearly a < . Since Y is proximinal, there is z €  + Y such that ||z| = a.
Since (x +Y') N Bx|0, f] is nonempty, by Lemma 2.2,

dy(x, Bx[o,ﬁ]) S 1.

Case 1. dy(x,Bx[0,]) < 1. Then by Lemma 2.2, &« = 3. So there is y € Y
with ||y|| < 1 and ||z + y|| = 5. Therefore u = x + y is a best approximation of
0 from By [z, 1].

Case 2. dy(z,Bx|0,3]) = 1. Since (z +Y) N Bx|0, f] is proximinal in z 4+ Y,
there is u € (x +Y) N Bx|0, ] such that

lo—ul =1 and [u] <.

Then w is the best approximation of 0 from By[z,1]. We have proved that
By [z, 1] is proximinal in X. So Y is ball proximinal. ]

Let Y be a subspace of a Banach space X. It is easy to see the following are
equivalent.

e  Byl0,1] is strongly promininal in Y.
e For any 3 > 0, By|[0, 5] is strongly promininal in Y.

As mentioned in the introduction, the proofs of Theorem 3.2 and 3.3 of [5]
need one additional condition that By (the unit ball of the hyperplane of H) is
strongly proximinal in H. So we add a similar condition to the assumptions of
our next theorem.

Theorem 2.4. Let'Y be a strongly proziminal subspace of a Banach space X.
The following statements are equivalent.

(1) Y is strongly ball proximinal in X .

(2) For anyx € X and v > 0, the Y-ball By[x,~] is strongly proziminal in
X.

(8) Foranyx e X\Y and any B> 0 with d(z,Y) <, (x+Y)N Bx|0, f] is
strongly proriminal in x +Y .

(4) Foranyx € X\Y withd(z,Y) <1, (x+Y)NBx|[0, 1] is strongly proziminal
nx+Y.

Proof. Clearly, (1) = (2). (3) & (4) follows from a proof similar to that
of (4) = (3) in Theorem 2.3. We need only to prove that (2) = (%) and

(3) = (1),

) =
(2) = (3). Suppose that Y is strongly ball proximinal in X, z € X \ Y and
> dx(z,Y). Then (z +Y) N Bx[0, 5] # 0. Let

=inf{||z — 2| : 2 € (xt +Y) N Bx[0, 8]} = dy(z, Bx[0, 3]).

By Lemma 2.1, dx(0, By[z,7]) = 3. Let € > 0 be any positive real number.
Since By |0, 1] is strongly proximinal in X, there is § > 0 such that for any
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w € Bylx,] with ||lw|| < 8+ 0, there is z € Bylx,v] N Bx[0, 3] such that
|z —w|| < 5. Give any element w’ in x + Y such that [[w'|| < 3 and
7 < ! = al] < + min (¢/2,6).
Let w =z + vy(w' — x)/||w’ — z||. Then w € By[x,~| and

o =/l = | = o]} =y < min (5, 5)
ol < Jlwll + Jhw = w'l| < 849

So there is z € By|x,v] N Bx[0, 3] such that ||z —w|| < §. We have shown that
there is a best approximation z of = from (z +Y) N Bx[0, 5] such that

lw' = 2| < [lw" —w + lw = 2] <e.
(8) = (1). Assume that Y is strongly proximinal in X and (z +Y)) N Bx|0, f]
is strongly proximinal in x 4+ Y whenever (z +Y) N Bx[0, 3] # 0. Let = be any

point in X. If x € By |0, 1] (this is equivalent to 0 € By [z, 1]), then z is the best
approximation of z from By |0, 1]. We may assume that = € X \ By[0,1]. Let

ﬁ = dx({L',By[O, 1]) = dx(O,By[[L’, 1]) > O;
a=dx(z,Y).

We need to show that for any € > 0, there is 6 > 0 such that for any z € By|z, 1]
with ||z]| < B+ 4, there is a best approximation u of 0 from By [z, 1] such that
lu—z|| <e.

By Lemma 2.2,

1> inf{|lyl| : y €Y, 2 +y € Bx[0, ]} = dy(z, Bx[0, 5]).
Case 1. o= [ and 1 = inf{||y| : y € Y, z+y € Bx[0,3]}. Let € be any positive
real number. Since (z 4+ Y') N Bx[0, 3] is strongly proximinal in x 4+ Y, there is

91 > 0 such that for any 2’ € (z +Y) N Bx|0, 5] with d(z, 2’) < 1+ 4, there is
u € (x +Y) N Bx|0, ] such that

lu — 2| <§ and |u—z|| = 1.

Since Y is strongly proximinal in X, there is d > 0 such that if 2 € x + Y and
||| < B+ d2, then there is 2’ € z + Y such that

1] =5 and ||z — 2| gmin{él,g}.

Therefore, if z € By [z, 1] with ||z]| < 4 09, then there is 2’ € (x+Y )N Bx|0, 5]
such that

1]l = 5;
|2 — 2|| < min {51, %} :

12" =zl < J|2" = 2| + |z — =[] <1+ 4.
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Then there is u € (z + Y) N Bx|[0, 3] such that

6.
27
lu =l = 1;

lu =zl < flu— 2|+ [ — 2l <e.

lu = 2|l <

So u is a best approximation of 0 from By [z, 1] such that ||u — z|| < e.

Case 2. o = 3 and 1 > dy(z, Bx[0,3]). Then there is w € z + Y such that
|w|| = 8 and |jw — z|| < 1. Since Y is strongly proximinal in X, for any n € N,
there is 1 > ¢ > 0 such that if z € By[z,1] and ||z|| < [+ 0, then there is
2" € x +Y such that

1w — g

I = d — | <
|| =8 and [z -2 < ™

Then

B=a<|[1=XNz+Xz]| <B forany 0 < A < 1;

1w — s

I < |l — — <1
|7 =@l <l =2l + 2 —all < 1+ =

Let u= (1 — 1)z’ +%. Then

1 w—x
—all=l{1==) (=
o=l = [[(1-2) ¢ -0+ 22
n—1 1—-|w—zf [w-—z
< + + <1,
n 4dn n
and
1
e [ (0-3)v3)
n n

/
20+ Jlwll 28

L
= —[lz' —w] <
n n n

We have proved that u is a best approximation of 0 from By [z, 1] such that

1 23
_ < o o < - 42
lz —ul < llz =2l + 2" —uf < -+ —

Case 3. o < (3. Then there is w € x + Y such that |w|| = a < . Since w is an
interior point of Bx[0, 3], we have

|lw—z| > 1.
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Let € be a positive real. Since (z+Y )N Bx|0, f] is strongly proximinal in z+ Y.
There is 6; > 0 such that for any z € By |z, 1] and dy (2, Bx|0, 5]) < 1461, there
isu e (z+Y)N Bx[0,H] with ||u —z| <1and |lu—z[ <§. Select 1 > X >0
and 99 > 0 such that

AUzl + flwll + 1) < min(e/2, 61);
(1—=XN)(B+62) + A < .
Give any element z in By[z, 1] such that ||z]| < 3+ d2. Let
Z=1-Nz+wex+Y.
Then
12l < (T = Mllzll + Aa < 5;
12" = 2l < Allz = wll < A(llz]l + [lw]l)
< Al + 1+ flwl]) < min(e/2, 61);
12" =l < flz =zl + [z = 2| <1461

Then there is u € (z +Y) N Bx|[0, 8] with |[[u — z|| <1 and |ju — 2| < §. So u
is a best approximation of 0 from x 4+ By |0, 1] such that
€

2

Ju—zl S llu=2l+ ]2 =2 < 5+5 ==

We have proved that By |z, 1] is proximinal in X. The proof is complete. ]

3. Some applications and Remarks

In this section, we consider the Banach spaces over R. Let Y be a real Banach
space and C' a closed convex subset C' of By [0, 1] that contains 0. Let X = R®Y
with the norm

1r, )l = Irl+ dy (y, rC).

This renorming was considered in [6]. We will give a necessary and sufficient
condition for Y to be (strongly) ball proximinal in X. First, we prove the
following lemma.

Lemma 3.1. LetY be a Banach space and C' a closed convex subset of the unit
ball of Y that contains 0. Let X = R @Y with the norm

1(r, )l = Irl + dy (y, rC).

Then'Y is strongly proximinal in X .

Proof. Let (r,y) be an element in X. Then (0,y) is a best approximation of
(r,Y) from Y. For any € > 0 let ¢’ be an element in Y such that

rl+e>[(ry) = (0,9)]x = Irl + dv(y = ¢, rC).
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So dy(y — y',rC) < € and there is ¢ € C such that ||y — ¢’ — rc||y < e. Then
1(r;y) = (0,y = ro)llx = [r| + dy (re,rC) = |r],

and
100,y = re) = (0,)lx = lly —re = ¢/lly <e.
The proof is complete. [

It is easy to see that for any |r| <1,
((r,0)+Y)NBx[0,1] ={(r,rc+y) : c€ C and y € By[0,1 —|r|]}.

By Theorem 2.3 and Theorem 2.4, we have the following theorem.

Theorem 3.2. Let Y be a Banach space and C' a closed convex subset of the
unit ball of Y that contains 0. Let X = R @Y with the norm

1)l = Ir] + dy (y, rC).

Then'Y is (strongly) ball proximinal in X if and only if r By [0, 1]+C' is (strongly)
proximinal in'Y for all r € R.

We need the following theorem that is proved by Barbu and Precupanu [2,
Theorem 3.99].

Theorem 3.3. For any nonempty subset C' of a linear normed space Y, C' is

proziminal in' Y if and only if C + By[0,r] is closed for all r > 0.

It is known that for any r, 7’ > 0,
C + Byl|0,7] + By[0,7'] = C + B[0,r +7'].

We have the following theorem.
Theorem 3.4. Let Y be a Banach space and C' a closed convex subset of the
unit ball of Y that contains 0. Let X = R @Y with the norm

1 )l = [rl + dy (y, rC).

Then Y is ball proziminal in X if and only if C' is proximinal in'Y .

We do not know whether Y is strongly ball proximinal in X if C' is strongly
proximinal in Y.

Example 3.5 (Saidi). Let Y be a non-reflexive Banach space. There are sub-
spaces W C Z C Y such that Z is a hyperplane of Y and W is a non-proximinal
hyperplane of Z (this is possible since Z is not reflexive). Let z be an element
of Z such that ||z|| < 2 and d(z, W) = 1. Let

O = ((Byz,1/4] N (42/5+ W) U {0}).
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Then C'is not a proximinal subset of Z. Let X = R & Z with the norm
1(r, )| = [r| + dz(2,rC).

Then

(1) X is isomorphic to Y
(2) Z is strongly proximinal in X;
(3)  Z is not ball proximinal in X.

It is known that for Banach spaces Z C Y C X, if Y is proximinal in X, then
Y/Z is proximinal in X/Z. It is natural to ask the following question:

Question 3.6. Let Z C Y C X be three Banach spaces. Suppose that Y is
ball proximinal in X. Is Y/Z ball proximinal in X/Z?

The following theorem shows the answer of above question is affirmative if 7 is
reflexive.

Theorem 3.7. Let X be a Banach space and let Z be a reflexive subspace of
X. IfY is a ball proziminal subspace of X such that Z CY, then Y/Z is ball

proziminal in X/Z.

Proof. First, we note that Z is proximinal in X (so in Y'). For any y € Y,
there is z € Z such that dx(y, Z) = ||y — z||. Let x be any vector in X. Then

dx/z (z, By;z[0,1]) = dx(z, By[0,1] + Z) = dx(z, (By[0,1] + Z) N 2||z| Bx).
Define a function H : Z — R by
H(z) = dx(z,z + By|0,1]).

Since Z is reflexive and H is convex, H attains its minimum at some point
z1 € Z. Let ¢ be a best approximate of z from z; + By. Then

|y — z|| = dx(x, 21 + By[0,1]) = iggdx(x, z + By|0,1])
= dx(di, By[o, 1] + Z) = dX/Z(ZE,By/Z[O, 1]
This implies that ' + Z is a best of z + Z from Y/Z. O

Let Z CY C X be three Banach spaces. In [1, Question 4.3], Bandyopadhyay,
Lin, and Rao asked whether Y is ball proximinal in X if Z is ball proximinal
in X and Y/Z is ball proximinal in X/Z. The following result gives a negative
answer to the question.

Theorem 3.8. There exist three Banach spaces Z C'Y C X so that Z is ball
proziminal in X and Y /Z is ball proziminal in X/Z, but Y is not ball proximinal
n X.
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Proof. Let Y = ¢; and let (¢;) be the natural basis of Y. Let C,Cy be two
convex subsets of Y defined by

Clzﬁ({o}u{2+( )ek:k22}>;
o= (0 0] (1 b )t 21)).

It is easy to check that d(e;, Cy) = % and for any ¢ € (1,

ler —cll > 2
eé1 — C —.
! 4

So (' is not proximinal in Y. We claim that C5 is proximinal in Y. Let
Yy = Z;‘;l ape be any fixed element in Y and let

A:{k:a/k+1 >O},

mf{ k€;<nak+1/( (k+1)) >1}.

(1) If m = o0, then ¢ =), 4, Grt1€r41 is a best approximation of y from Cs.
(2) m < oo. Let

tma=1= 30 o/ (3+ ;)

keA k<m

Z Aps1€r+1 + 0 1—1—; e
k+1€k41 mt1 | g 1+ 1) m+1-

keAk<m

Then c is a best approximation of y from Cj.

Let X (respectively, X5) be the space R @ Y with the norm

[(r, )l x, = || + dy (y,rC1);
(respectively, ||r,yllx, = |r| + dy (y, Ca)).

By Theorem 3.4, Y (as a subspace of X7) is not ball proximinal in X; and Y (as a
subspace of X3) is ball proximinal in X5. Let Z = span{e;}. Then Z C Y C X;
and Z is ball proximinal in X;. It is easy to see that X;/Z = X,/Z. Since Y is
ball proximinal in X5, by Theorem 3.7, we have Y/Z is ball proximinal in X5/Z
and hence Y/Z is ball proximinal in X;/Z. However Y is not ball proximinal in
Xi. O]



Pei-Kee Lin, Wen Zhang, Bentuo Zheng / Ball Proziminal Spaces 685

References

1]

P. Bandyopadhyay, Bor-Luh Lin, T. S. S. R. K. Rao: Ball proximinality in Banach
spaces, in: Banach Spaces and Their Applications in Analysis (Oxford/USA,
2006), B. Randrianantoanina et al. (ed.), de Gruyter, Berlin (2007) 251-264.

V. Barbu, T. Precupanu: Convexity and Optimization in Banach Spaces, 4th Ed.,
Springer Monographs in Mathematics, Springer, Dordrecht (2012).

G. Godefroy, V. Indumathi: Proximinality and renormings: some new examples,
J. Approx. Theory 176 (2013) 118-128.

V. Indumathi, S. Lalithambigai: Ball proximinal spaces, J. Convex Analysis 18
(2011) 353-366.

V. Indumathi, N. Prakash: Ball proximinal and strongly ball proximinal hyper-
planes, J. Approx. Theory 172 (2013) 37-46.

F. B. Saidi: On the proximinality of the unit ball of proximinal subspaces in
Banach spaces: a counter example, Proc. Amer. Math. Soc. 133 (2005) 2697—
2703.



