Journal of Convex Analysis
Volume 22 (2015), No. 3, 747-768

Uniform Rotundity and k-Uniform
Rotundity in Musielak-Orlicz-Bochner
Function Spaces and Applications *

Shaoqiang Shang'

Department of Mathematics,
Northeast Forestry University, Harbin 150040, China
sqshang@163.com

Yunan Cui

Department of Mathematics,
Harbin University of Science and Technology, Harbin 150080, China
cuiya@hrbust.edu.cn

Received: March 22, 2013
Revised manuscript received: November 11, 2013
Accepted: September 9, 2014

In this paper, criteria for uniform rotundity of Musielak-Orlicz-Bochner function spaces
equipped with Orlicz norm are given. We also prove that, in Musielak-Orlicz-Bochner func-
tion spaces, uniform rotundity and k-uniform rotundity are equivalent. Moreover, we give
a sufficient condition for a Musielak-Orlicz-Bochner function space to have the fixed point

property.
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1. Introduction

A lot of rotundity concepts in Banach spaces are known. Among them rotundity,
uniform rotundity and k-uniformly rotundity play essential role in geometry of
Banach spaces and its numerous applications. In particular each of these proper-
ties guarantees normal structure, which in turn implies the fixed point property
for nonexpansive mappings. Therefore, it was natural and interesting to look for
criteria of uniform rotundity and k-uniformly rotundity in various well-known
classes of Banach spaces. The criteria for uniform rotundity in the classical Or-
licz function spaces (but under some restrictions on Orlicz function generating
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the space) have been given in [3] already. A general result on rotundity of Or-
liczs paces can be found in [4]. In [11] H. Hudzik gave some sufficient conditions
in order that the Cartesian product of Musielak-Orlicz-Bochner function spaces
endowed with Luxemburg norm be uniformly convex. However, because of the
complicated structure of Musielak-Orlicz-Bochner function spaces endowed with
Orlicz norm, up to now the criteria for uniform rotundity have not been discussed
yet. In the paper, we will discuss criteria for uniform rotundity in Musielak-
Orlicz-Bochner function spaces endowed with Orlicz norm. We also prove that,
in Musielak-Orlicz-Bochner function spaces, uniform rotundity and k-uniform
rotundity are equivalent. The topic of this paper is related to the topic of [6],
[16], [24] and [7], [9], [10], [12], [14], [15], [18], [19], [20], [22], [23].

Let (X, - ||) be a real Banach space. S(X) and B(X) denote the unit sphere
and unit ball, respectively. By X* denote the dual space of X. Let N, R and R"
denote the set natural number, reals and nonnegative reals, respectively. Let us
recall some geometrical notions concerning rotundity. A Banach space X is said
to be rotund if for any =,y € S(X) and ||z + y|| = 2 we have z = y. A Banach
space X is said to be uniformly rotund if for any {z,}>°; and {y,}>2, in S(X)
with ||z, + ya|| — 2 we have ||z, — y,|| — 0 as n — oo. A Banach space X is
said to be weak uniformly rotund if for any {z,}>°; and {y,}22, in S(X) with

| + yn|| — 2 we have x,, — y, — 0 as n — oo. It is easy to sce that
uniformly rotund space = weak uniformly rotund space = rotund space

A Banach space X is said to be k-uniformly rotund if for any € > 0, there exists
d > 0 such that z1,x9,...,2541 € S(X) and ||x; + 2o + ... + 21| > k+1 -0
implies

1 1 1
A(z1, T2, ..., Tpr1) = Sup ilm) wilz2) o Tk <e.
sk ap(e) wp(e) o wR(Tea)

It is well known that 1-uniformly rotund space and uniformly rotund space are
equivalent. A Banach space X is said to be k-rotund if for any k + 1 elements
X1, X2, ery Tpyr 0 S(X) and |21 + 29+ ... + 241 || = k£ + 1 implies 1, x9, ..., Tp 41
are linearly dependent. It is easy to see that 1-rotund space and rotund space
are equivalent.

Let (T, %, 1) be complete nonatomic measurable space. Suppose that a function
M : T x [0,00) — [0, 00] statisfies the following conditions.

(1) for p-a.e., t € T, M(t,0) = 0, lim, .o M(t,u) = oo and M(t,u’) < oo for
some u > 0.

(2) for p-a.e., t € T, M(t,u) is convex on [0, 00) with respect to u.

(3) for each u € [0,00), M(t,u) is a p-measurable function of ¢ on 7.

Every such a function M is called a Musielak-Orlicz-function. Let p(t,u) denote
the right derivative of M (t,-) at w € R™ (where we assume that p(t,u) = oo if
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M (t,u) = o0) and q(t, ) be the generalized inverse function of p(t,-) defined on
R* by
q(t,v) =sup{u > 0: p(t,u) < v}.

u>0

Then the function N(¢,v) defined by N(t,v) = 0|U| q(t,s)ds for any v € R

and p-a.e. t € T is called the complementary function to M in the sense of
Young. It is well known that the Young inequality uv < M(t,u) + N(t,v)
holds for all u,v,€ R and p-a.e. t € T. Moreover, for any u € R the equality
uwv = M(t,u) + N(t,u) holds if and only if v € [p_(t,u), p(t,u)]. Let

e(t) = sup{u > 0: M(t,u) = 0}7 E(t) = Sup{u >0: M(t, U) < OO}
For a fixed t € T and v > 0, if there exists £ € (0,1) such that
1 1
M(t,v) = §M(t,v+€) + EM(t,v—a) < 00,

then v is called a point of affinity of M(¢,-). The set of all points of affinity of
M(t,-) for a fixed t € T is denoted by K;.

Moreover, given any Banach space (X, ||-||), we denote by Xp the set of all
strongly Y-measurable functions from 7" to X, and for each u € X7, we define
the modular of u by

pula) = [ Mt Ju(o))dr

Let us define the Musielak-Orlicz-Bochner function space Ly (X) by
Ly(X)={ue Xr: pu(Iu) < oo for some A > 0}
and its subspace
Ey(X)={ue Xr: py(Au) < oo for all A > 0}.

It is well known that the spaces Ly, (X) and their subspaces Fy;(X) are Banach
spaces when they are equipped with the Luxemburg norm

ul| = inf{A >0 py (%) < 1},
or with the Orlicz norm
lal® = inf 1+ pas (k)]
Y0k PMAFLL-

Note that the Luxemburg norm and the Orlicz norm are equivalent.

The spaces (L (X), [[[), (Lar(X), 111%), (Ear(X), [|-[lar) and (Ear(X), [|-]|°) are
denoted shortly by Ly (X), LY,(X), Ex(X) and EY,(X), respectively. L/(R)
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and L9,(R) are called Musielak-Orlicz function spaces, and Ey/(R) and EY,(R)
are the subspaces of order continuous elements from Ly (R) and LY, (R), respec-
tively. Set

() = {5 05 10+ puli) = ul}.

In general the set K (u) is nonempty. To show that, we give a proposition.

Proposition 1.1 (see [11]). Iflim, .. M(i’”) =00 pu—a.e. t € T, then K(u) #
0 for any u € LY, (X).

In some strange cases the set K (u) is empty. For example, the Lebesgue space
L.

The regularity condition A, for a Musielak-Orlicz function M plays an important
role in the theory of Musielak-Orlicz function spaces (see [3], [24]). We say that
M satisfies condition Ay (M € A, for short) if there are a set B € ¥ of measure
zero, a number K > 2 and a nonnegative real function h € L°(R) := Ry with
Jp h(t)dt < oo such that the inequality

M(t,2u) < KM(t,u) + h(t)
holds for any ¢t € T'\ B and any u € R. It is easy to see that if M € A, then
Ly(X)=Ey(X) and LY, (X) = E9,(X).

Definition 1.2. A Musielak-Orlicz function M is said to be almost uniformly

convex if for any e, there exists a nonnegative measurable function f.(t) with
Jp M(t, f-(t))dt < € and 6. € (0,1) such that

u—+v M(t,u) + M(t,v)

2

M (L") < (1-0)

for almost ¢ € T and for all u, v satisfying |u — v| > e max{|u|, [v|} > ef.(t).

Definition 1.3 (see [3]). A Musielak-Orlicz function M (¢,u) is said to be
strictly convex with respect u for ¢ € T, a.e, if for almost every t € T, a.e,
and any u,v € R, u # v, we have

u+v> _ M(t,u) + M(t,v)

M(t
' g 5

First let us recall some results that will be used in the further part of the paper.

Lemma 1.4 (see [6]). Suppose M € Ay and e(t) =0 p— a.e. on T. Then

pr(un) — 0 < |u,| — 0, pr(un) = 1S |u,|| =1 asn — oo.

Since the Luxemburg norm and Orlicz norm are equivalent, the first equivalence
holds true for Orlicz norm as well.



Shang, Cui / Uniform Rotundity and k-Uniform Rotundity in ... 751

Lemma 1.5 (see [24]).

(a) LY (X*) is isometrically isomorphic to a subspace of (En(X))*.
(b) Ln(X™) is isometrically isomorphic to a subspace of (ES;(X))*.

Lemma 1.6 (see [6]). If N € Ay and M(t,u) is strictly convex with respect u
for almost allt € T, then

1
sup {k >0 |lul’ = E(l + pM(k:u))} < 00.

0
flull"=1

Lemma 1.7. A Musielak-Orlicz function M is almost uniformly convez if and
only if for any € > 0 and [a,b] C (0,1), there exists a nonnegative measurable
function f.(t) with [, M(t, f-(t))dt < e and 6. € (0,1) such that

M (8, du+ (1= N)o) < (1= 6)AM(t,u) + (1 — \)M(t, v)

for almost t € T and for all u,v satisfying |u —v| > e max{|u|,|v|} > ef(t),
where A € [a, b].

Proof. Since M is almost uniformly convex if for any € > 0, there exists a
nonnegative measurable function f(t) with [, M(t, fo(t))dt < e and r. € (0,1)
such that

M(t,u;—?}>S(l—rE)M(t’u);M(t’m (1)

for almost ¢t € T and for all u,v satisfying |u — v| > emax{|u|, |v|} > ef.(?).
For clarity, we will divide the proof into two parts.

I. X € [a, 5]. By the convexity of M and inequality (1), we have

Mt Mu+ (1= Nv) = M(t, M+ Mo+ (1 — 2)\))

AU+ v La —2/\)1;)

— (12

;g%M(ﬁM5M0+O—QMM@m

) (1 — 2\ M(t,v)

< N1 = r ) [M(t,u) + M(t,v)] + (1 — 2\) M (t, v)

= M1 — ) M(t,u) + A1 — r) M(t,v) + (1 — 2X)M(t, v)
< A1 = r)M(t,u) + (1 — N M(t,v).

:2Mw<

(t
(t
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IT. X € (3,b]. By the convexity of M, we have

M(t, Au+ (1 — X)v)
= M(t, (1 =XN)(u+v)+ (2A = 1)u)

—A)(u+0v)
59X +(2)\—1)u>

_ M <t, (2 -2l

< (2-20)M (t, St IChs U>> + (22 = )M (¢, u)

2(1 —\)
= (2 -29)M (1," il %) + (@A = )M (1)
< (1= N)(1 =7 )[M(t,u) + M(t,v)] + (2A — 1) M (t, u)
= (1=XN1—=r )Mt u)+ (1 =N (1 —7r)M(t,v)+ (2A — 1) M (t,u)

t
) - 7’5(1 - A)]M(tau) + (1 - /\)<1 - ra)M(t7v)

— (1= N+ (22 -1
= A= (1= NM(tu) + (1= \)(1 = 1) M(t,v)
<A [1 - (% . 7’)] M(t,u) + (1 — N M(t,v)

<A {1 - (% - 7“)] M(t,u) + (1 — N)M(t,v).

Finally, combining the considerations from Parts I and II and denoting

0. = min {ra, T—be — 7"5} .

We get inequality

MAu+ (1 —=XNv) <A1 —0)M(u) 4+ (1 = N)M(v),

which finishes the proof. ]

Lemma 1.8 (see [6]). Let LY,(R) be weak uniformly rotund space. Then M €
Ao, N € Ay, M(t,u) is strictly convex with respect u for almost allt € T and
M is almost uniformly convex.

2.

Main results

Theorem 2.1. Let L8,(X) be Musielak-Orlicz-Bochner function space. Then
the following are equivalent:

L8, (X) is uniformly rotund space;

L8, (X) is k-uniformly rotund space;

(1) For any u € S(LY,(X)), the set K(u) # (.

(2¢) M € Ay, N € Ay;

(3¢) M(t,u) is strictly convex with respect u for almost all t € T and M
1s almost uniformly convex;

(4c) X is uniformly rotund space.
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In order to prove the theorem, we give some Lemmas and define a new function

d(h, 1) from R* x (0,1) x RT into R by
O(h,anl) = inf {I—laz + (1 —a)y| : o=yl 2 b, lll = llyll = 1}-

Lemma 2.2. Let X be a uniformly rotund space. Then for any ¢ € (0,1),
€(0,1) re [0, gel, f lly —=ll =, v = [yl — ll=ll| then

alfzll + (1 =a)[lyl] = [laz + (1 = a)y|

> mm{uyu,||xu}6(

e—r 1)
. ca,l ).
min{||y| , [|z[|}

Proof. Since X is uniformly rotund space, it is easy to see that if A < 2[ then
d(h, o, 1) > 0. Let |ly — || > ¢, > |||yl — ||z]||. We may assume, without loss
of generality, that ||y|| > ||z||. Therefore

oA b (-
i |(- A

ly = Il = (lyll = ll=I)
E—T.

v

AVARLY,

This implies that

ax + (1 —a) |||| ” H <alz]+(1-a) %y” — (e —r a,lz]).
By [yl > l|lz|l, we have ||z]| = min{[|z[, [|y[|}. Hence we have
o+ 1= o] < alell+(1-a) |1y ste—raminlel - 2
Therefore, by inequality (2), we obtain
o + =l < = (1= 5 o + o - e+ oo

IA

S
)

(e =7, a,mindlz][, [[y][})
= (1 =a) |yl + allzll = 0(e = r, e, min{]f]] , [[y]]}).

We complete the proof by showing that

E—7T

min{|[y|, [l«]|}’

min{lly], l2]}5 ( o 1) — 5(c — roasmin{ gl 2]}
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In fact,

d(e — r,a,min{[yl, [|=([})
= inf {af2'|+ (1 =) ||| = [lea’+ (1 —a)y|| :
' y'eX

l2" =o'l = & = r [l']| = ll'll = min{ iy, [} }

= min{lly|l, l«ll} ,inf { laa”|| + (1 = @)y"|| — [laa” + (1 — a)y”| -

E—T
" =y > — el = "l = 1}
e PRED
E—7T
-~ H:cH}a( | a, 1) .
S PRED
This completes the proof. ]

Lemma 2.3. Foranye >0, if a,, — «, then §(g,ap, 1) — d(e,a, 1) asn — oo,
where o € (0,1).

Proof. By definitions of §(e, a,,, 1) and d(e, a, 1), it is easy to see that
(e, o, 1) = inf{1 — [[anz + (1 — )yl : [[z — y|| = &, [|=]| = [lyl| = 1},
(e, a,1) = inf{l — [laxw + (L = a)y| : |z —yl| = &, [Jz]| = |lyl| = 1}.

Suppose that limsup,, . d(e,an,1) > (¢ — r,a,1). Then there exist { > 0
and passing to a subsequence, if necessity, we can assume that (e, a,,1) >
d(e,a, 1) + 1. By definition of (e, a, 1), there exist zg, yo € S(X) such that

lzo = woll =&, lwoll = [lyoll = 1,
1
1 — |lazg+ (1 — @)yl < d(e,a,1) + §l'
By a,, — a, there exists ng € N such that |a,, — o] < %l. Hence we have
(1 = [lazo + (1 = a)yoll) = (1 = llang@o + (1 = ang 10|
[llezo + (1 = @)yoll = [lanezo + (1 = ang)olll

[(azo + (1 = a)yo) = (aneo + (1 = an, o) |
g — - [lwo — woll < 1/4.

<
<

This implies that
6<57 Cng) 1) <1l- Hanoxo + (1 - ano)yOH

1
< 1—|laxo+ (1 —a)yol + é_ll

1 1
< 1 =4 -
< (g, )+8l+4l

3
= 1 —[.
d(e,a,1) + 8l
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Which contradicts d(g, av,,,1) > d(e, a, 1)+1. Hence we have lim sup,,_, . d(¢, a,,, 1)
<d(e,a,1).

Suppose that liminf, .. d(e, a,, 1) < d(g,a,1). Then there exist ' > 0 and a
subsequence of {n} denoted again by {n}, such that d(s, a,,, 1) +1' < d(g,a, 1).
By a, — a, there exists ny € N such that |a,, —a| < %l’. By definition of
d(g, g, 1), there exist xg,yo € S(X) such that ||z — yol|| > ¢, ||zo|| = ||yo]] = 1
and

1
1 — ||angmo + (1 — g )yol| < 6(g, aung, 1) + gl.

Similarly, we have (e, ay,, 1) < (g, an,, 1) + %l, a contradiction! Hence we
have liminf, .. d(¢, v, 1) > 0(e,,1). This implies that lim, . d(e, ay,, 1) =

d(e,a, 1). This completes the proof. ]
Lemma 2.4 (see [21]). [lu]’ < [, A(t) - |u(®)|| dt and if K(u) =0, then |jul
= [LA(t) - ||u(t)|| dt, where A(t) = hmu_m Mgf )

Proof of Theorem 2.1. (b) = (c). Suppose that X is not k-uniformly rotund
space. Then there exist g > 0, {z1, 1021, {T2n}oq, oo {Tht1.0}52; C S(X) and
{‘/L‘T,n}zo:h {xz,n}zo:h ES) {xz,n}?fﬁ - S<X*> SUCh that

|T1n + Xop + -+ Tppin|| = K+ 1 asn — oo,

1 1 1
xin(‘rlyn) $T7n<x2,n) ',L'T,n(xk"rl,n) > £o.
Thn(Tin) Thn(@2n) o @, (Trrin)

Pick h € S(L;(X)), then there exists d > 0 such that uTy > 0, where Ty C {t €
T :|h(t)]] > d}. Put hi(t) = d - xr,(t). It is easy to see that hy € L8, (R)\{0}.
Hence there exists [ > 0 such that [ - h; € S(LY,(R)). We may assume, without
loss of generality, that [ = 1. Put

Uy pn = d - TinXTy -y Uk+1ln = d - TinXTy N = 1, 2,

Then {1,122, oy {1052, C S(LY,(X)). Tt is easy to see that ||ug , +us, +
o+ Uil < k+1. Pick [, € K(uy). Since N € Ay, by Lemma 1.6, we obtain
that {1, }52, is bounded. We may assume, without loss of generality, that [, — {
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as n — 00. By dominated convergence theorem, we have

li Ui n + ...+ Uk+1n 0
1 L .
— lim — 1+/M £ 1 || B T Thain )
T1
1 4 .
_1 1+/limM f1,d || Bt T ) g
{ n—00 k41

Ty J

1 4 .
_1 1+/M £, lim 1,d || St T Teain ) gy
l n—o0 k+1
L T1 A
1
= 1+/M(t,ld)dt
L T
0
> |ldxr,||” = 1.
Hence we have [[uy, + g, + -+ + Upp + upr1nll® = k+1 as n — co. By

(Ly(R))* = (Eym(R))* = Ly(R) and Hahn-Banach theorem, there exists w €
S(Ly(R)) such that [ w(t)h(t)dt = 1. Put

% X % ok _
Uy = L1 WXT, Uy = Lo qWXTy 5oy Uy = T g WXy N = L2 ..

It is easy to see that uj,,,...,u;,;, € S(Ly(X*)). By Lemma 1.5, we obtain
US oy Uy, € S((LY(X))*). Moreover, it is easy to see that

’LLin(ULn) = xT,n(xl,n) uin(uk'i‘l,n) = xT,n(xk+1,n)7
Uz,n(ul,n) = xz,n(xlm) uz,n(ulﬁ-l,n) = wz,n(xk+17n)'
Therefore,
1 1 1
uin(ul,n) uin(uzyn) ui,n(uk*H,n)
uz,n(ulm) xlt;,n<u27n> xz,n(uk+1,n)
1 1 1
_ xin(‘rl,n) :L‘T,n(xQ,n) xin(l‘k-‘t-l,n)
mz,n(l‘lan) xz,n(xQ,n) xz,n(mk'f'lﬂ’b)
2 €0,
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a contradiction! Hence we obtain that X is k—uniformly rotund space.

Assume that X is k—uniformly rotund space and suppose that X is not uni-
formly rotund space. Then there exist x,y, z € S(X) with 2z = y+z and y # z.
Since 1-rotund space and rotund space are equivalent, it is easy to see that
k > 2. By Hahn-Banach theorem, there exists 2* € S(X*) such that z*(x) = 1.
Hence we have x*(y) = z*(z) = x*(x) = 1. Pick h € S(LY,(X)), then there
exists d > 0 such that uH > 0, where

H={teT:|h(t)] > d}.

Put hy =d -z - xg. It is easy to see that h; € LY,(X)\{0}. Hence there exists
[ > 0 such that [ - hy € S(LY,;(X)). By (E%(R))* = Ly(R) and Hahn-Banach
theorem, there exists hy € S(Ly(R)) such that [.ld-xp(t) - hao(t)dt = 1. We
may assume, without loss of generality, that [ = d = 1. Decompose H into Hy,
H,,..., Hj 1 such that

H1 H2 Hk Hk+1
Put
w y v @ Tz X,
U z Yy =z T T X Hy
u3 oz oz oy r ox X Hs
U, r T T ..y x X i,
Uk41 r r r .. z Y XHy 41
Notice that hy =z - xg € S(LY,(X)), we have
1 . k+1
0o_ . :
I = mfln N =inf- |1 M(t, ¢)dt
Jud® = inf (14 pagcu)] = in - +2/ (t.c)
=1 g

c>0 ¢

1
= inf- 1+/M(t,c)dt = |]° = 1.
H

for any i € {1,2, ...,k + 1}. Moreover, we have

Uy + ug + ... + U1

1 =x-xg = h € S(LY,(X)).

By Hahn-Banach theorem, there exists 27 € S(X*) such that zi(y) = ¢ and
xi(z) = —c. We may assume, without loss of generality, that ¢ = 1. Then
ri(y) =1, 27(2) = —1 and x7(z) = 0. Define

* * *
vy = 2] - hoXm,, V2 =27 - haXm, ...y Uk = 7 - hoXm,,, -
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Hence, for any ¢ € {1,....,k+ 1} and j € {1, ..., k}, we have

A(Ul, U,y ..., uk—i—l)

1 1 1 1
(vl,ul) (Ul,UQ) (’Ul,U3) (vl,ukH)
> (U2>U1) (02,102) (Uz,uz%) (U2>uk+l)
(Uk, ul) (Uku u2) (Uk7 U3) (Uk7 uk+1) k+1
1 1 1 1
0 k+1)"" —(k+1)7" ... 0
= 0 0 (k+1)~" .. 0
S -
—(lc+1) 0 0 (k:—i—l) 1
1 -1 0 0 1 1 1 1
0o 1 -1 0 -1 0 0
=(k+D7F[]l0o 0o 1 0| +(-DF 0 1 -1 0
0 0 0o .. 1 f 0 O o .. -1 .

= (k+1)7* (1 + k(=1)*+1)
7 0,
a contradiction! This implies that X is uniformly rotund space. (4c) is true.

Suppose that (1c) is not true. Then there exists v € S(LY,(X)) such that
K(u) = 0. By Lemma 2.4, we have ||ul]’® = S At) - |lu(t)||dt = 1. Decompose
T into 11, T5 ,..., T,,+1 such that

/ A(t) - [Jut)]| dt = / At) - flut) | dt = - = / Alt) - ult)| e (3)

T T Trt1

Pick £ € (0,1) and put

Uy 1+¢ 1 1 1 1—¢ uxT,
U9 1—¢ 1+4¢ 1 1 1 UXT,
U3 _ 1 1—¢ 14+¢ .. 1 1 UXTy
Uy, 1 1 1 .. 1+e 1 uxT,
Up1 1 1 1 .. 1—-¢ 1+¢ UXTyyy
By Lemma 2.4 and (3), we obtain that Hu1HO <1, HuQHO <1,..., HukHHO < 1.

Moreover, it is easy to see that

. U1+u2+...+Uk+1
k+1

€ S(Ly (X))
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and
1+e¢ 1 1 1 1—¢
1—¢ 1+4¢ 1 1 1
1 1—¢ 1 1 1
FTE — (k+1)%* > 0.
1 1 1 1+e¢ 1
1 1 1 1—¢ 1+4+¢ f1

This implies that uy, us, ..., us,1 are linearly independent. Hence LY,(X) is not
k-rotund space. This means that L3,(X) is not k-uniformly rotund space, a
contradiction!

Since LY, (R) is k-uniformly rotund space, we have that L3,(R) is reflexive space.
This means that M € Ay and N € A,. This implies that (2¢) is true.

We next will prove that (3c) is true. Since L9,(R) is subspace of L9,(X), we
obtain that L9,;(R) is k-uniformly rotund space. Moreover we know that if
Banach space X is k-uniformly rotund space, then X is k-rotund space. Hence
L8, (R) is k-rotund space. We will show that L9,(R) is rotund space. In fact,
suppose that L8,(R) is not rotund. Then there exists u € S(LY,(R)) such
that u is not an extreme point of B(LY,(R)). Hence we obtain u{t € T :
|ku(t)| € K} > 0, where k € K(u) (see [21]). It is easy to see that there exist
GcC{teT:|ku(t)| € Ki} and 0 < & < 1= such that

Mt [ku(t)]) = %M(t, ku(t)] + ke) + %M(t, ku(t)] — ke) < 00, teG

and uG > 0. Moreover, it is easy to see that there exist p(¢) and ¢(t) such that

Mt [ku(®)]) = p(t) [Fut)] + q(t),
ML, [ku(t)] £ ke) = p(t)([Fu(@)] £ ke) + q(t)

whenever ¢ € G. Decompose G into Gy, Gy ,..., G,41 such that fG1 p(t)dt =

Jo,p)dt = = kaH p(t)dt. Let
U1 1+4+¢ 1 1 1—¢ uxa,
Us l1—¢ 1+4¢ 1 1 UX Gy
us 1 1—-¢ 1+c¢ 1 UX Gy
U, 1 1 1 1+e¢ 1 UX G,
Uk+1 1 1 1 1—¢ 1+4¢ UXGpoys
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Then we have

1
Juall* < & |1+ [ 2t Rute) e
e
1
=z 1+/M(t,yku(t)| +ka)dt+/M(t,|ku(t)y)dt+---
| G1 G2
+ / M(t, |ku(t)| — ke)dt
Gri1
1
=7 1+/(p(t)(|ku(t)| + ke) —|—q(t))dt+/M(t, \ku(t)])dt + - - -
Gl G2
+ [ G| - ko) - g
Gri1
1
== 1+/M(t,|ku(t)|)dt~|—/M(t,|ku(t)|)dt~l— / M(t, |ku(t)])dt
| G1 Ga Gri1
1
=7 1+/M(t, \ku(t)|)dt
e
= Jjul” = 1.
Similarly, we have |Jus|® < [|u|l’, ..., |uesa]|® < |Ju]’. Moreover, it is easy to see
that
U1+U2+...+uk+1 0
= L
and
1+4¢ 1 1 1 1—¢
1—¢ 1+4¢ 1 1 1
1 l—¢ 14¢ .. 1 1 :(k+1)25k>0.
1 1 1 .. 1+e¢ 1
1 1 1 .. 1—¢ 1+4c¢ k1

This implies that wuy, us, ..., ux1 are linearly independent. Hence we obtain that
L8, (R) is not k-rotund space, a contradiction. So L,(R) is rotund space. Since
L8 (R) is k-uniformly rotund space and rotund space, we obtain that LY,(R)
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is uniformly rotund space. This implies that L3,(R) is weak uniformly rotund
space. By Lemma 1.8, we obtain that (3c) is true.

(¢) = (a). Let {u,}2,, {v,}22, C S(LY,(X)) satisfy |lu, + v,]|” — 2 and
kn € K(uy,), hy, € K(v,). Since N € Ay, by Lemma 1.6, there exists d € (1, 00)
such that d = sup, {ky, h,}. Moreover, we know that inf,{k,, h,} < 1. Set

a = inf o fin b=su n fin

Then [a,b] C (0,1). Since M is almost uniformly convex, by Lemma 1.7, for any

0<e< 1—16, there exist . > 0 and a nonnegative measurable function f.(¢) such
that
3 €
A€ fa,b] and |u—wv|> gmax{|u| ol > 3 f=(t)
implies

Mt M+ (1= M\o) < (1= 8)AM (8, u) + (1 — M (t,0)

and

par(f2) = / M(t, f(0)di < <

T

For each n € N, let

G = {1 € Tsmax( I a0 < 510}
B, = {1 € T k(1) = v ()] < e max(([kua (O] [hwva (D) > 37:00) }
B = {1 €T 5 ltat) = 0] 2 2 max(lsua O] [a(0)]) > - 110
sl = (0] < 5 - 510}

H, = {t €T : [[knun(t) — hnvn(t)|| > e max({|knun ()], [|nva(t)]]) > - %fs(t)v

e 1
1% ten (O] = [Ihnva (@l > < - §f5(t)}

It is easy to see that H, = T\(G, U E, UF},,). From k,h,/(k, + h,) < d*/2 and
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o (kntn) + par(hpvy) = kn + hy — 2 < 2d — 2, we deduce

/Mt [[ntn(t) = hnva(t))dt < /Mt [[Kntn ()] + [ nva ()]}t

< / TR O

< /M(t, £(8) dt < ég

for all n € N and

”(knun - hnvn)XEn HO

<+Ve |1+ /M <t% | ke, (t) — hnvn(t)H) dt]

L En

< Vi|i+ / M (t, %smaxumunu)n | ||hnvn<t>||>) dt]

L En

<Vel|l+ /M (tv VE ([[knun(t)]| + thvn(t)“)) dt]

= Ve [1+ /M <t,2\/5 (”knun(tw —; thvn(t)ll)> dt]

L n

B Ny / (i |knun<t>+hnvn<t>)dt]

2

<e 1+f(Z/Mtk‘un ) dt+/Mtthvn )| d )]

< e [1 + \/g(pM(knun) + pM<hnvn>)]
< Ve [l+ve(2d - 2)] < Ve(1+2d).

for all n € N. We may assume, without loss of generality, that \/2(1 + 2d) < 1

Then

pu (knttn, — hpvn)XE,) < ||[(kntin — hovn) X, || < || (kntin — hnvn)XE, “O
< Ve(1+2d).



Shang, Cui / Uniform Rotundity and k-Uniform Rotundity in ... 763

for all n € N. Next, we will prove that ||k,unxz,[|” — 0 and ||h,v,x5,||° — 0
as n — oo. Decompose F, into F} and FZ, where

Fy ={t € Fyt |lkaun(®)] = [hava ()] = 0},
= {t € B : [Fnun(®)]| = [hnva ()] < 03

It is well known that function f(A) = (A — szefs(t))/A is nondecreasing on
A € (55¢/:(t),00). Hence, for any t € F}, we have

N L O L B SRR VAU G
O] [[Eontin (1) N e5fe(t) 8
whenever f.(t) > 0. Moreover, it is easy to see that ||h,v,(t)|| = ||knun(t)]

whenever f.(t) =0 and ¢t € F,. This implies that
HM%@HngwMM\Mmmmteﬁ.

Similarly, for any ¢ € F?, we have
Hm%@uzgwwdm|WMMWMefg

Hence, by Lemma 2.2, for any ¢ € F!, we have

. Zh I nun()||+k o Ion (@)
‘ o ibth Fiin 1 H%hnvn(ﬂH
- el '5<€Hknnu£(v)“< e ’1>
> haoa(®)] - 6 < ”’fn%(?’! - %;\”‘knun(tm’ : Th 71)

7 I,
= (= 1).

Similarly, for any ¢t € F?, we have
R, kn

ky + hy, (L2 ”<)H+kn+hn
I,
_'kn+hn
ikt ()] | (D)) ( i 1)
8 k,+ h,’

7 hn,
= |lkpu,(t)|| - 6 (gs, . 1) .

[ ()]

b+ )

kn + Dy,

v
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Therefore,
lunl® + llonll® = [ + oal”

L+ )] + 5 1+ par(ha)

_ kP 1+ Fuln (U + V)
i PM Jou Ry 700

k
kn+he | ha kn
= /M(t,llknun(t)ll)dH /M(t, [[Pnon ($)]1)
knh k
T
k

v

kyn + hy, I, ky
/(%+m (. Wkt (1) + 5= M & [ B (D))
T

k

- M (t, e ||l un(t) —l—vn(t)H)) dt
(2 W+ 2 o)
k

kp + Iy,

vV
5
|3
|t
s | >
3
ﬁ\
7N
<

vV
5
:%TAS
|t
S| >
3
’TJ\

v

. 7 h
M . — 1
. / <t,thvn(t)H 5(85, — ))dt
Fl

n

o+ I 7 h
M S se,—2 1
o / (t,”knun(t)H 5(85, T ))dt

I - 7 h
> M — . — 1 .
> Bt / (t, Mk (0] 6 (85, — )> di

n

By [[un|® + |0a]|® = ||ttn + vn]|> — 0, we have

kn + o, 7 7 I,
M = 20| = 1 .
e / (t,8||knun(t)|] 5(85, o ))dt—>0 as n — 0o

n
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We may assume, without loss of generality, that "h — « as n — oo, where
€ (0,1). By Lemma 1.4, we have

7 h
kn n 0| < ) - )
‘ UnXFn (8g ke + i,
By Lemma 2.3, we have 0(Ze & o +h ,1) — 0(Ze,a,1) > 0. This implies that
|kntnXr,| — 0 asn — oo. Slmllarly, we have ||h,v,XF, || — 0 as n — oo. Since
|kntnXr, || — 0 and ||hpvnxE, || — 0, we have ||(k,un, — hpvn)xE, || — 0 as n —
oo. By Lemma 1.4, we have py/((knun — hpvn)xr,) — 0 as n — oo.

1>H—>0 as n — 00.

Now, we will consider the sets H,,. For any t € H,,, we have

I, kn
M (82 T O]+ 12 0]
h kyn @
< o n
< (1= )2 M Wt 1)+ =2 M ()]
and
I, ky,
MQ%H%NMW@w%ﬁme%w@ .

k h
" M(t,||h,v,(t n
T M I (0)]) +

Therefore, by inequality (4), we have

S (1 _55)

M [ (0.

| + loall” =l + v

kn + hy, hy, k.,
> M(t, ||k, w, ( M (t, || hpv,(t
> S /k+h (1 i (8)1) + 5 M (8 (1))

E k+h|Wn)+%@M>ﬁ

Ko + hiy I .
> M M
= kb /?mmn(mm%®m+m+m (&, Wrnva (B
I k,
- M
(f o [knun ()] + . thvn(t)H> dt
. kn+hn5€/ B (e Vv ()t

knhy, kn + hy,

n

_ %55 / M (t, | kntin ()] dt
n o,

1
> 8(55/]\/[(15, | knun(t)])dt
H,
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Similarly, by inequality (5), we have

1
o+ ol = 1 + 0 2 532 [ M (8.
Hp

By [[tnl” + [[va]]” = [t + val|” — 0 as n — oo, we have

/M(t, it (8)] )t — 0, /M(t, (D))t — 0 as n — oo.

Hy, Hy

By M € Ay, we have ||kntnxm, ||” — 0 and ||hnvpxm, | — 0 as n — co. By
M € A, we have py((kpu, — hpvn)xm,) — 0 as n — oo. Moreover, we
have proved pus((kptn, — hnvn)XE,) — 0 as n — oo. Hence there exists natural
number Ny such that pp((knun — havn)xm,) < € and par((kpty, — hpvy)XE,) < €
whenever n > Ny. We have proved that

1
par(kptin, — hpvn)xa,) < 3¢ and  par((knty — hovn)xe,) < Ve(l+d).
for all n € N, whence

par (knttn, — hnvn) = par((Bpttn — hnvn)xa,) + par((knttn — hnvn)XE,)

1
< §€+\/§(1+d)+5—|—5

< é\/§+\/§(1+d)+\/5+\/5

whenever n > Ny. This implies that py(k,u, — hyv,) — 0 as n — oo. By
Lemma 1.4, ||k,u, — h,v,||° — 0 as n — oo. Moreover, we have

|kn — hy| = ‘||knun||0 - ||hnvn||0} < ||knty, — hnvnHO — 0 as n — oo.

This implies that ||u, — v,]|” — 0 as n — co. Hence we obtain that L9,(X) is
uniformly rotund space.

(a) = (b) is obvious. This completes the proof. O

3. Applications to fixed point property of Musielak-Orlicz-Bochner
function spaces

One of the classical problems of metric fixed point theory concerns existence of
fixed points of nonexpansive mappings. Let C' be a nonempty bounded closed
and convex subset of a Banach space X. A mapping T : C' — C' is nonexpansive
if

[Tz =Ty < [lz -yl
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for all z,y € C. A Banach space X is said to have the fixed point property
(FPP) if every such mapping has a fixed point. Adding the assumption that C
is weakly compact in this condition, we obtain the definition of the weak fixed
point property (WFPP). In 1965, F. Browder [1] proved that Hilbert spaces have
FPP. In the same year, Browder [2] and D. Gohde [8] showed independently that
uniformly convex spaces have FPP, and W. A. Kirk [17] proved a more general
result stating that all Banach spaces with weak normal structure have WFPP. In
2004, Dowling, Lennard and Turett [5] proved that a nonempty closed bounded
convex subset of ¢y has FPP if and only if it is weakly compact. Using Theorem
2.1, we give a sufficient condition for a Musielak-Orlicz-Bochner function space
L8, (X) to have the fixed point property.

Theorem 3.1. Let LY,(X) be a Musielak-Orlicz-Bochner function space. If

(a) For anyu € S(LY,;(X)), the set K(u) # 0;

(b) M e Ay, N €Ay

(¢) M(t,u) is strictly convexr with respect u for almost all t € T and M is
almost uniformly convex;

(d) X is uniformly rotund space;

then Musielak-Orlicz-Bochner function space LY,(X) have the fived point prop-
erty.

Proof. By [2], we know that uniformly rotund Banach spaces have the fixed
point property for nonexpansive mappings. Using Theorem 2.1, it is easy to see
that L9,(X) have the fixed point property. ]
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