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Given convex u € C(Q) with Monge-Ampere measure Mu, and finite Borel measures p and
v satisfying u + v = Mu, consider the problem of determining a ‘splitting’ v = v + w for
u where v,w € C(f) are convex functions satisfying Mv = u, Mw = v, so that Mu =
M+ w) = Mv+ Mw. It is shown that although this problem is not in general solvable,
a best LP approximation v* + w* for u may always be found. In particular, letting U =
SUP(y,w)er (v +w), there exist optimal sums v* +w* achieving inf(, w)er [[u — (v +w)|, and
inf(, wyer [[U—(v4+w)|p, p > 1, for appropriately constrained classes F of feasible pairs (v, w)
of convex functions satisfying Mv = u, Mw = v and v + w = w on 0f). Moreover, U may
be written as U = o + w within Q, (v,w) € F. The analysis depends upon basic properties
of convex functions and the measures they determine. We also consider the related problem
of characterizing functions u € W27(Q) which may be realized as differences u = v — w of
convex functions v,w € W2"(Q) with Mu = Mv — Mw. Here Mu is the signed measure
defined by dMu = det D*udz. Letting U~ = sup, ,,)ex(v —w) and U_ = inf(, w)ex(v — w),
we show that optimal differences v* — w* exist for the problems inf, .,yer [lu — (v — w)]lp,
inf, wyer U7 — (v — w), and inf, pyer [[U- — (v — w)|,. Also, U = v~ — w™ and
U_ = v_ — w_ for appropriate pairs (v~ ,w™), (v_,w_) € F. Finally, the relaxed problem
of finding v + w = u for general Mv and Mw with Mv + Mw = Mu (no fixed p and v), is
considered. Topological properties of the collection of these relaxed splitting pairs (v, w), and
those for the unrelaxed problem, for a given u, are developed.
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1. Introduction

The theory of the solution of elliptic Monge-Ampere equations has a rich, inter-
esting and varied history dating back at least to Alexandrov [2, 3]. The weak
formulation of the Monge-Ampere partial differential equation identifies convex
functions on a bounded convex domain with Borel measures. In this form, the
existence, uniqueness and smoothness of solutions have been studied extensively
in the literature [2]-[10], [13], [14].

In this paper we consider two novel problems based upon the theory of Monge-
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Ampere equations. The first problem concerns splitting a convex function into
the sum of two convex functions whose associated Borel measures sum to the
given function’s Monge-Ampere measure. The second problem concerns appro-
priately constructing a difference of convex functions (see [1], [11], [12], [16].)
such that the difference of their measures coincides with a given signed measure.
Both of these problems are motivated by the problem that naturally arises when
the Borel measure of a Monge-Ampere partial differential equation is replaced
with a more general signed measure. In this case, standard theory breaks down
since the solution of such an equation cannot be simply a convex function, and
it is unclear what the association between a more general function and a related
signed measure should be. This obstacle can be surmounted in the setting of
W2 functions, and it is natural to explore the hypothesis that a difference of
convex functions solves the equation.

We do not provide a complete solution for either general problem posed above.
We pursue the following more modest goals. We first precisely formulate our
problem of splitting convex functions u as sums u = v+w or differences u = v—w,
with v and w convex. We illustrate by examples that many, but certainly not all
appropriately chosen functions may be realized as such splittings. We proceed
to show however, that the splitting problem may be solved approximately in
both a pointwise and an L” sense. This allows us to determine maximal sums
and differences for pairs (v,w) chosen from a feasible class. We conclude by
describing further properties of splittings and properties of certain classes of
generalized splittings.

2. The Splitting Problems

Throughout this paper, let 2 C IR" be open, bounded and strictly convex. Let
u € C(2) be convex with associated Monge-Ampere measure Mu defined by
Mu(E) = m(0u(E)) for Borel E C Q, where m(-) denotes Lebesgue measure.
The normal mapping Ou is defined by Ou(E) = {p € R" | u(xz) > < p,x — x>
+ u(zg), xo € B, x € Q}, the collection of subgradients of u at points in E. Mu
is a Borel measure, finite on compact subsets of 2. The open set () is strictly
conver when for any z,y € Q = cl Q, the open line segment joining = and y lies
entirely within €2. This is a technical requirement necessary for the existence of
appropriate solutions to Monge-Ampere equations (1)—(3) below.

Consider first the problem: Given convex u € C'(£2), and a ‘splitting’ p+v = Mu
for the measure Mwu, p and v Borel measures, finite on compact sets, find a

‘splitting’ u = v+w for u where v,w € C(Q2) are convex functions satisfying the
Monge-Ampere partial differential equations Mv = p and Mw = v, respectively.

This splitting problem may be precisely formulated as:

Monge-Ampére splitting problem (MAS): Given convex u € C(Q), Mu(Q) <
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+00, satisfying (in the weak sense)

Mu(z) =p+v in Q
u(z) = g(x) on 09, (1)

find convex v and w in C(Q) satisfying

Mo(z) = p in Q

v(z) = f(z) on 09, (2)

and

Mw(z) =v in Q)
w(z) = g(x) — f(x) on I (3)

for which v(z) + w(x) = u(z) for all # € Q, where u and v are given Borel
measures in 2, finite on compact sets, g € C(02) is a given function, and
f € C(09) is chosen from an initial class C C C'(99).

Under the given conditions, since Mu(2) < 400 implies that p(2) < 400 and
v(£2) < 400, the Dirichlet problems (1)—(3) have unique, weak convex solutions
(see Gutiérrez [10]). Note explicitly that f € C determines both v and w through
(2) and (3), and on 02, v+ w = f + (g9 — f) = g as required. The ‘data’ triple
(u,v,g) and the class C, uniquely and succinctly characterize MIAS. That is,
given (1, v, g), u solving (1) is uniquely defined, and we seek C(£2) convex v and
w satisfying (2) and (3) for which v + w = w.

To fix the ideas, simple examples of solutions of the splitting problem are given
below. In Examples 2.1 and 2.2, let {2 be the open unit disk in the zy-plane.

Example 2.1. Let g(z,y) = |y|, and let v(z,y) = |y| for y > 0 and v(z,y) =0
for y < 0. This determines f = |y| , y > 0, f =0, y < 0 on 0. Similarly set
w(z,y) = |y| for y <0 and y > 0. Trivially, Mv = Mw = 0, so that y=v = 0.
Setting v = v + w, one has Mu = Mv + Mw = 0 with u = v +w = g on 0.
Replacing |y| by y? above provides an example with smooth functions. ]

Example 2.2. Let g(z,y) = 222 + 8zy + 8y? and let v(z,y) = 322 + 6zy + 6y>.
This determines f = 322 + 6zy + 6y* on 0. Set w(z,y) = 2% + 2zy + 24>
Again, Mv = Mw = M(v+w) = 0 so that setting u = v+ w, Mu = Mv+ Mw
and v +w = g on 0. [

In Examples 2.1 and 2.2, Mv = Mw = M(v+w) = 0. The homogenous splitting
problem (0,0, g) (u = v = 0), always has the trivial solution v + w where Mv =
Muw = 0, v|sq = ¢g and consequently w = 0 throughout Q (v = u). Similarly,
v = 0 and w' satisfying Mw' = 0, w’|dg = ¢ is another splitting, as are the
convex combinations (v*, w?) where v* = (1—=A\)v+\v" and w* = (1—\)w+ ',

0 < X <1 (see proof of Theorem 7.4, Section 7). Interestingly, in two dimensions
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(n = 2), for splittings v, w € C%(Q) to exist, it is necessary that Mv = 0 and
Mw = 0. Thus, in IR?, only homogeneous C?%(Q) splittings are possible. In
particular, choose p # 0 and v # 0 so that v, w and u satisifying (1)—(3) are
C%(Q) solutions (e.g. u and v constant in 2.). Then, if u satisfying (1) has MAS
u = v+w, by Theorem A.2 in the Appendix, necessarily Mu = Mv = Mw = 0,
contradicting p # 0 and v # 0. Thus no splitting exists for the chosen p and v

for any boundary data g.

The following example presents a splitting for a nonhomogeneous problem.

Example 2.3. Let Q = {(z,y) | 2* + 4y* < 4}. 09 is tangent to the unit
disk at the points (0,41). Write Q = U?_;Q; where Q; is the open unit disk,
Qo = {(z,9) € Q| 2\ Qy, x <0} and Q3 = {(z,y) € Q| Q\ Qy, x > 0}. Let
v=a2+y>—1onQand v =0o0n Q\ Q, and let w = 22 + y* — 1 on Q3 and
w=0on Q\ Q. It is easily checked that y = Mv and v = Mw are mutually
singular, both zero on the open unit disk. It follows directly that for u = v + w,
Mu = p+ v and so v + w is a splitting for u. ]

If 4 and v are mutually singular (L v) then the splitting v = v + w may be
viewed as a natural ‘orthogonal’ splitting of u. In general, as remarked above,
the nonhomogeneous MA (Monge-Ampere) splitting problem will not always
have a solution, even when p 1 v. This should not be surprising since Monge-
Ampere equations are fully nonlinear.

The collection of convex functions on 2, continuous up to the boundary, is very
rich. The principle difficulty in the MAS problem is that for convex v and w, it
may happen that M (v +w)(E) > Mv(E) + Mw(E) for Borel set E C 2. (For
example, v = 2%, w = y?, m(E) > 0.) If this occurs for all v and w satisfying (2)
and (3), for some E depending on v and w, then there can be no MAS based
upon p and v. Consider the following less trivial example, in which p L v.

Example 2.4. Let v = |(z,y)| and w = |(z,y) — (2,0)|. For Borel set E with
(0,0) € E, ov(E) C S' = {(x,y) | 2* + y* = 1} and hence Mv(E) = 0.
Similarly, dw(E) C S' so that Mw(E) = 0. Let p = ) and v = 29y be
Dirac measures concentrated at (0,0) and (2,0) in the plane. It is natural to
conjecture that v+ w is a MA splitting for the function u defined by v = v 4+ w
(Le., Mu = Mv+ Muw.).

Let £ = {(z,y) | .5 <z < 15,1 <y < 2}, arectangle and Borel set in R".
We have Mv(E) = Mw(FE) = 0. It is easy to check that M (v + w)(E) =
m(0(v + w)(E)) > 0 since the set d(v + w)(E) has nonempty interior. Thus
M(v+w)(E) > Mv(E)+ Mw(E). O

Note that this example does not show that u as defined cannot be split as desired.
We provide no test here for failure to be splittable. The example does indicate
that ‘obvious’ splittings may fail.

Remark 2.5. The general question of the existence of examples of splittings
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with both Mv # 0 and Mw # 0 is difficult. Demonstrating the existence
of C%(Q) splittings v +w = u, v,w € C?(Q), is equivalent to showing that
symmetric, positive semi-definite matrices A may be split as A = B 4 C using
symmetric, positive semi-definite matrices B and C' satisfying det(A) = det(B)+
det(C'). This is of course because convex z € C%(2) has dMz = det D*z dx. As
shown in the Appendix, in IR?, det(B + C) = det(B) + det(C) only when both
det(B) = 0 and det(C') = 0. Hence, since all convex functions v, w € C(£2) may
be approximated by sequences of C%(€2) convex functions converging uniformly
on compact subsets of €2, it may be that splittings exist in general only under
restrictive conditions. [

Even though MAS is not always solvable, a main goal here is to prove that
optimal approximations v + w exist for u satisfying (1), v and w satisfying (2)
and (3). To state these results, let C'(02) be equipped with the supremum norm
and let C C C(092) be a family of boundary functions f. Given (u, v, g) and
family C, the pair (v, w) will be said to be feasible for (u,v, g) if v and w satisfy
(2) and (3) for some f € C. Let the corresponding feasible class F,..qc) be
defined by

f(,u,l/,g;C) = {(U7 U)) | (Ua UJ) iS feaSible fOI‘ (M? v, g)v U|BQ S C}

Since each function v|gq = f € C uniquely determines v solving (2), and hence w
solving (3), write f < (v,w) (or (v,w) < f)if (v,w) € Fuugc) and v|po = f.
Let the convex function U be defined by

U= Sup(”vw)ef(u,u,g;(l) <U T U)) - Sup(vvw)‘_)fec (U + U)) <4)

Importantly, throughout this paper, U depends on the data (u,v,g) and the
boundary value family C.

Let data (y, v, g) be given, and let u solve (1). Since the set C of boundary values
will be a focus of our development below, to simplify notation, set F¢ = F,.1.4.0)-
Topologize the continuous functions C'(2) using the topology of uniform con-
vergence on compact subsets of . Let F¢ be the closure of F¢ as a subset
of C(Q2) x C(R) equipped with the product topology. Under the regularity as-
sumption (CBE) on C, as formulated in Section 4, we prove first the following
results:

1. For each p, 1 < p < oo, there exists a LP-feasible pair (v*,w*) € Fe

satisfying
infwyeze [[u— (0 +w)lp = llu— (0" +w)l; (5)
2. There exists an feasible pair (v,w) € F¢ such that U = v + @ in Q. In
particular,
infoaer, U = @0+l = U - @+@), =0, p=1.  (6)

Furthermore, in the case that C = C(0€2) and certain technical conditions
are satisfied (see Section 5), we have:
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3. There exists a pair (v,w) € F¢ such that U = ¥ + @ in  and equation (6)
holds for all p > 1.

Note that since M (v+w) > p+v for (v, w) € Fe, as recalled in Section 2 below,
we have only U < u above. Moreover, letting u = v + w from (6), Mu > pu+ v
so that 4 < u. Thus, even if C = C(02), neither U nor @ may solve MIAS.

The second problem studied here considers convex differences v — w. It is well
known that det D?*u dz defines a signed measure Mu in ) for u € W?"(Q)
via Mu(E) = [, det D? u(x)dz. Recall that the Sobolev Embedding theorem
guarantees that u € W2"(Q) satisfies u € C%*(Q), all 0 < a < 1. Define a
modified feasible set F; , with closure fc_ , by

Fo ={(v,w) | vsolves (2), feC, Mw=v, wloa=f—g}.

For (v,w) € F;, v —w = g on 0. The difference splitting problem is defined
as follows.

Monge-Ampére difference splitting problem (MADS): Given data (u,v,g) and

class C, u € C(Q) N W>*(Q), find a ‘difference splitting’ uv = v — w for u,
(v,w) € Fg, for which Mu = M(v —w) = p —v.

In MADS we replace the sum g + v in (1) by the difference p — v and, for
given u, seek u = v — w instead of u = v + w (see Section 6). This problem
is again characterized by the data (u, v, g) and the initial class C. It is easy to
see that Examples 2.1-2.3 provide examples of difference splittings of functions
u, if sums v + w in the examples are replaced by differences v — w. Say that
(v,w) € F; is feasible for MADS as determined by the data (u, v, g).

In analogy with the definition of U above, set
U= SUD (y,w)eF; (v — w) = Sup(y w)e rec(v — W)

U- = inf(v,w)é]—'c_ (U - w) = inf(”vw)‘_)fec(v - U)> (7)

Let data (u,v,g) be given, and let u € C(Q) N W?2" u = g on 9, with C
satisfying (CBE). In analogy with the MAS splitting theorems, we will prove
in Section 6 the following.

1'. For each p, 1 < p < oo, there exists an LP- feasible pair (v, w*) € Fg
satisfying
infe, yery u— (0 —w)lp = llu— (0" = w9l

2'. If U~ and U_ are bounded, there exist feasible pairs (v=,w™) and (v_,w_)

such that U~ = v~ —w™ and U_ = v_ —w_ in . In particular, under
appropriate conditions,

inf, yyezy IU7 =@+, =U" = (" —w)[l, =0, p=1, (8

and

inf(u,w)e}‘g [U- = (w+wlp=U-=(v-—w)[, =0, p=1. (9)
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Furthermore, in the case that C = C(02) and certain technical conditions are
satisfied, we have:

3. If U~ and U_ are bounded, there exists pairs (v=,w~) and (v_,w_) in F;
such that U~ = v~ —w™ and U_ = v_ —w_ in Q and equations (8) and (9)
above hold for p > 1.

In order to establish the above results, the remainder of the paper is organized
as follows. We first show how to approximate u solving (1) using sums v + w
satisfying (2) and (3). We do this by considering the optimization problems
inf(, wyere ||u — (v 4+ w)|p, p > 1. We use these results to establish the MAS
splitting results above. By analogy, we establish the MADS splitting results by
focusing on the problems inf(, )~ |lu—(v—w)||, and SUD (e Fs lu—(v—w)||,,
p > 1. We close by considering the more general problem of finding, for given
u, splittings v = v + w, Mu = Mv + Mw, with no fixed measures u and v
specified. We derive topological properties of the collection of all such splittings
for a given wu.

3. Preliminaries

We begin by recalling basic properties of the measure M (-) as applied to convex
functions. Given data (u, v, g), let u solve (1). For any convex functions v and w,
it is well-known that M (v+w) > Mv+ Mw since det(A+ B) > det(A)+det(B)
for positive semidefinite matrices A and B, and general convex functions in
C'(2) may be approximated uniformly on compact subsets by convex functions
in C%(Q). Thus, for all feasible (v, w), since M(v +w) > u+ v = Mu and
v+w = gond, (v+w)(z) < ulx)forall z € Q, so that U < u. This is a result
of the following well-known comparison principle, Theorem 1.4.6, Gutiérrez [10].

Fact 3.1. Let uy,us € C(2) be convex functions satisfying Mug > Muy. Then
mingcq (u1(z) — ug(z)) = mingegn (ui(z) — us(x)). O

We will need the following results for our analysis. Fact 3.2 is Theorem 3.7,
Rausch and Taylor [14] (cf. the slightly weaker Lemma 1.6.1 [10]). Fact 3.3
is Lemma 1.2.3, Gutiérrez [10]. The notation — denotes weak convergence of
measures.

Fact 3.2. Let 0 be a bounded, open conver set. Let ug,u € C(Q) be convex
functions satisfying:

(i)  up — u uniformly on 0V as k — oo;
(i) Mup — Mu as k — oo;
(491) Mug(Y) < A< 400 fork > 1.

Then, u, — u in C(§Y). O

Fact 3.3. Let upy € C(Q) be convexr functions converging to w uniformly on
compact subsets of a domain V. Then Muy, — Mu. ]
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It will be convenient in what follows to recast the MAS problem in the following
slightly modified equivalent form.

Monge-Ampére splitting problem (MAS): Given a function g € C(0f), an initial
class C C C(09), and finite Borel measures p and v defined in €2, find feasible
(v,w) € Fe for which M (v +w) = p + v.

This formulation is equivalent to the earlier one since if v and w solve this
problem, then setting v = v + w, one has Mu = p+ v and v = g on 0.
Hence v 4+ w is the unique convex function solving (1). Viewed from this new
perspective, however, we do not begin with a given function u to be ‘split’.
Rather, we begin simply with data (u, v, g). The ‘split’ function (if it exists) is
automatically u = v + w. As indicated above, we also refer to this formulation
as problem MAS. Given convex u, a feasible pair (v, w) for (u,v,g) for which
u=v+wand Mu = M(v+w) = u+ v will be called a Monge-Ampére (MA)
splitting for u. The splitting problem seeks feasible pairs (v, w) on whose sums
v 4 w the nonlinear map M(-) acts additively.

4. [P(Q) Optimal Splittings; C Satisfies (CBE); U is Splittable in

Our goal in this section is to approximate u solving (1), and U from (4), in

LP(Q2). For (v,w) € Fe, v,w € C(Q), so that v,w € LP(Q) for 1 < p < oo,
consider the LP()) approximation problem:

Let data (p,v,¢g) and initial values C be given and let u solve (1). Find f* € C,
f* < (v, w*), satisfying

[ = (" + w)llp = inf ) pec [Ju = (v + w)[lp. (10)

Here of course, for h : Q@ — R, |h|, = (fQ|h(ZB)|deB)% for 1 < p < oo,
and for continuous h, ||h|lec = sup,cqlh(z)|. Note that since C can be chosen
arbitrarily, there is no reason to expect the infimum in (10) will be 0. For each
(v,w) < f € C we have only

[ = (v +w)llp 2 |l = sup(y ) pec (0 +w)lp = llu=Ullp.

Moreover, if (10) is zero, it need not follow that (v*, w*) solves MAS since only
M (v* +w*) > Mv* + Mw* = p+ v implying v* + w* < u. The infimum in (10)
is zero if and only if U = u = v* 4+ w™.

As will be seen below, the issue of splittings centers on approximating sequences
{(vn, wy,)} C Fe with {v,} and {w,} bounded. This requirement is met if C is a
bounded collection since then all v satisfying (2) are uniformly bounded on € by
Alexandroff’s maximum principle (Theorem 1.4.2 [10]). Since w has w =g — v
on 99, it follows that all w solving (3) are also uniformly bounded on €2. In this
section we will impose the following condition.

(CBE) C is a closed and bounded, equicontinuous family.
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Given data (i, v, g) and class C, if a convex function u € C'(2), u = g on 09,
may be written as u = v+w in Q, for (v, w) € Fe, we will say that u is splittable
in Q. As above, since Mu > Mv 4+ Mw = u+ v, u = v + w need not solve
MAS. If in addition, Mu = M (v + w) = pu+ v, so that u solves (1), u =v +w
is a MA splitting for u. We observe that if u solving (1) is MA splittable,
then necessarily U = u is MA splittable and hence MU = Mu. We explore in
detail below criteria guaranteeing that U is splittable. The following proposition
encapsulates what appears to be a basic requirement for splittings to exist.

Proposition 4.1. Let data (u,v,g) and C satisfying (CBE) be given. Let u €

C(€2) be conver and let {(vn, wn)} C Fe be a feasible sequence with v, + w,
converging pointwise to u in 2. Then, u is splittable in Q.

Proof. Since condition (CBE) implies that the sequence {v,, } is bounded, by the
Ascoli theorem, we may extract a subsequence {v,, } converging to v uniformly
on compact subsets of 2. For each k > 1, let w,, solve (3) with wy, |sn =
g —Un, |aa. By extracting further subsequences, since {w;,, } is bounded, we may
assume w,, — w uniformly on compact subsets of €2 as well. We conclude that
Up, + Wp, — v+ w = u pointwise in Q. If v and w extend continuously to ©,
then (v,w) € F is feasible as C is closed in C'(092). It would then follow that
u = v+ w in €. We show that these extensions do exist.

Since C is a closed, bounded equicontinuous family, again by the Ascoli theorem,
the sequence {v,, |asn} has a subsequence, also denoted {v,,|an}, converging
uniformly on 99 to a limit f* € C as k — oo. Let v' be the unique solution
to (2) with v'|gq = f’. Since all Mv,, = p, by Fact 3.2, v, converges to v’
in C(Q). Since we showed above that v,, — v in €, it follows that v = v
in Q. Similarly, let w’ solve (3) with w'|asq = g — f'. Since wy, |sg = g — vn,
converges uniformly on 02 to g — f' € C(09), repeating the argument given
above shows that w,, converges to w’ in C(Q) with Mw' = v and v’ = w in
Q. Thus u = v' +w' € CO() extends v + w € C() and the proposition is
proved. O

Theorem 4.2. Let data (u,v,g) be given, and let C satisfy (CBE). Let F :
C(2) — IR be lower semi-continuous and bounded below. Then, there exists
frec, ff— (v,w*) € Fe, with

inf(, wyo fec Flv+w)=F{" +w") (11)

Proof. Clearly inf(, ) rec F(v + w) is finite for all collections C. Choose a
minimizing sequence {v, + w,}, F(v, + w,) \, infrec F(v + w). Extracting
subsequences as in the proof of Proposition 4.1, we may assume, after reindexing,
that subsequences {v,, } and {w,, } converge to convex v* and w*, respectively
in C(Q), with (v*,w*) € Fe. Thus since {v,, + w,, } remains a minimizing
sequence,

Fo"+w") < likminf F(v,, +wy,,) =infree F(v+ w). O
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Corollary 4.3 (Optimal L? Approximations: C Satisfies (CBE)).  Let
data (u,v,g) be given, and let C satisfy (CBE). Let u solve (1). Then, for
each p > 1, including p = oo, there exists f* € C, f* — (v*,w*) € Fe, with

Ju = (0" + w)llp = mingwyeree lu— (v +w)lp. (12)
Moreover, the theorem remains valid if U replaces u.

Proof. The Corollary follows directly from Theorem 4.2 after setting F(-) =
|u—(-)||p, and considering the problem inf(, ) rec F(v+w) = infy wyerec ||u—
(v + w)||,- Repeating this argument with F(-) = ||[U — (-)||, competes the
proof. O

The optimal pair (v*, w*) guaranteed by Corollary 4.3 appears to depend on p.
We show below that when C satisfies (CBE), a single pair may be chosen that
is optimal for all p.

Theorem 4.4 (U is Splittable in Q : C Satisfies (CBE)).  Let C satisfy
(CBE), and let data (u,v,g) be given. Then U is splittable in §2.

Proof. The proof is a straightforward application of Zorn’s Lemma. Construct
a partial ordering of the feasible pairs (v, w) € F¢ by setting (v, w) > (v, w’)
if M(v+w) < M +w'), and consequently v +w > v’ +w' in Q. Choose
an ascending chain (totally ordered subset) 7 = {(va, wa)}aca C Fe, under
the above partial ordering, A an index set. Clearly each v, + w, < U’ =
SUP e 4 (Vo + ws). We show that U' = o' + w' for (v, w') € F¢ and hence that

(v',w’) serves as an upper bound for 7 in Fe.

First choose a countable dense subset D C 2. Enumerate the points in D
(redundantly) as {z,}, such that each x € D occurs infinitely often (an infinite
number of times) in the enumeration. (For example, if D = {y;}32, C R
initially, set x1 = y1, %2 = Y2, T3 = Y1, T4 = Y2,T5 = Y3,Tg = Y1, T7 = Y2, Tg =
Y3, Lo = Ya, T10 = Y1, . ..) Let {e,} satisfy 0 < &,,41 < &, and &, | 0. Now choose
asubset 7' = {v, +w,} C T with v, +w, increasing to U’ = sup,, . er (Un+
wy,) as follows. (i) Select (vy,w;) such that U'(z1) — (v1 + wy)(z1) < &1, (ii) If
U'(xg) — (v1 +wy)(x2) < €9, set vy = vy, we = wy. Otherwise select (vy, wy) such
that U'(x3) — (vg + wy)(x2) < &3 < £1. Note that (vy + wy)(x2) > (v1 + wy)(z2)
implies that v + wy > v1 + wy throughout Q) as 7 is totally ordered by M (+).
Continue in like manner for n = 3,4, .... We have v, +w, T U’. By Proposition
4.1 there exists (v/,w’) € Fe such that U’ = v' + w’. Thus, by the way the
enumeration of D was chosen, 7 has the upper bound (v/,w’) in F¢. Conclude
by Zorn’s Lemma that F¢ contains a maximal element (0, w)with o+w > v+w
for all (v, w) € Fe. Thus U = v + w is splittable in 2. O

We may strengthen Corollary 4.3 as follows.

Corollary 4.5. The optimal pair (v*, w*) in Corollary 4.3 may chosen indepen-
dently of p > 1, with U = v* + w*.
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Proof. The proof is immediate. By Theorem 4.4, U is splittable in Q. Thus
there exists a feasible pair (v*, w*) such that U = v* + w* and hence

ming, vy fee |U = (v +w)ll, = U = (0" +w?)], =0

for all p > 1. Furthermore u — (v+w) > u—U = u — (v* + w*) > 0 for all
(v,w) € Fe so that

ming, v)egee [|u = (0 +w)ll, = llu = (" +w?)|, O

Remark 4.6. Throughout our development, the problem of splitting in  re-
duces to whether or not limiting functions v and w as above can be extended
continuously from © to 2. The question of continuous extensions is rather a del-
icate one. In Theorem 10.3 [15], Rockafellar shows that if 2 is a locally simplicial
convex set and convex v is bounded on compact subsets of €2, then it extends
uniquely to . Unfortunately, Q here does not satisfy this condition. Thus, we
must impose extra conditions on C, or on sequences converging to optimal pairs
(v*, w*). O

Remark 4.7. The standard existence theory for weak solutions of Monge-
Ampere equations (see [10], [14]) relies on ‘improving’ pairs of convex functions
chosen from a feasible class using their maxima, which are again in the feasible
class. Such a strategy fails here, thus preventing the comparable construction
of the existence of general splittings for u. None the less, approximations by
feasible pairs may be made as shown in Corollary 4.3 and the discussion which
follows below. O

5. LP(Q) Optimal Splittings; C = C(09); U is Splittable In (.

We now consider the case C = C(92). Given data (u,v, g), if a convex function
u € C(Q) may be written as u = v+ w in Q for (v, w) € F¢ (see Section 2.), we
will say that u is splittable in Q. Note that (v, w) € Fe may not satisfy v+w = g
on 0f). Indeed, v and w need not be well-defined on 0X2. However, for each
(v,w) € .7:"(;, there exist sequences from F¢ converging on compact subsets to v
and w, respectfully, so that Mv = p and Mw = v by Fact 3.3.

In this section, with C = C(952), we show that U is splittable in €2, but not nec-
essarily in 2. As with Proposition 4.1, we have the following basic convergence
result.

Proposition 5.1. Let data (u,v,g) be given, and let C = C(09). Let u € C(Q2)
be conver and suppose that {(v,,w,)} C Fe is a sequence with (i) v, + wy,
converging pointwise to u in ) with (i1) {v,} bounded on compact subsets of (2.
Then, u is splittable in 2.

Proof. Since the sequences {v,,} and hence {w, } are bounded on compact sub-
sets, as in the proof of Proposition 4.1, we immediately have subsequences {vy, }
and {wy, } converging on compact subsets, hence pointwise, to limit convex
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functions v and w, respectively, v, w € C(Q2) (Theorem 10.7, Rockafellar [15].).
Necessarily then © = v+w in Q with Mv = u, Mw = v, so that (v,w) € Fe. O

Let C = C(09). For positive integer N define Cy = {f € C | g(o) — N <
flo) < g(o) + N, |f(o1) — f(o2)] < Nloy — 09|, all o,01,00 € 002}. Set
Uy = SUP(, y)epecy (U +w). For 1 < p < oo, since Cy satisfies (CBE), let
(vn,wn) achieve ming, e recy ||[Un — (v 4+ w)l|p, as guaranteed by Corollary
4.5, where Uy = vy + wy. Since Cxy C Cny1, {vn + wy} is an increasing
sequence, the closure of C° = UY_,Cx in C(01) is C, and we have, in view of
Fact 3.2 (f € C may be uniformly approximated by functions in C°), for u € F/,

inf(mw)«—»feCHu - (U + w)Hp = inf(UN7wN)‘_’fN ||u - (UN + wN)HP? I <p< oo

Since ||u — (vy +wy)||, decreases, vy +wy is a minimizing sequence for the first
infimum above. The analogous result holds when U replaces u.

Using the pairs (vy,wy), we now show that U may be arbitrarily closely ap-
proximated in LP by feasible pairs (v, w).

Theorem 5.2 (Approximation in L? : C=C(0N?)). Letdata(u,v,g) be given,
let u solve (1), and let C = C(0S2). Then, for each p > 1, including p = oo,

inf(y,wyerec U — (v +w)ll, =0
inf(, wyerec [lu— (v +w)l, = llu = Ul (13)

Proof. As defined above, set Uy = sup(, ,).recy (v +w) = vy + wy. Since
vy +wy < U1 Fwyir, we have Uy = vy +wy T U. Suppose inf(, o ree ||U—
(v +w)|lp = influywy)ofrece U = (vn +wp)lp # 0 for some p > 1. Then

nf(y o) pece 1 — (0 + wy)]|oo 2 0. (14)

Let open sets €2, CC 2 satisty U2, = (. It suffices to show that for each
fixed n, limy_.o Sup,cq, (U(x) — (vn(x) + wn(x)) = 0, contradicting (14).
Suppose this does not hold for some n. Then there exists an ¢ > 0 and a
subsequence {N;}%_, of the natural numbers N = 1,2, ... with corresponding
sequence {zy, }7°, C €, such that

Ulzn,) — (on(zn,) +wn(zn,)) >e, k> 1 (15)

Assume that zy — z € Q,,. Otherwise extract a convergent subsequence and
renumber. There exists a closed neighborhood of x contained in {2 on which the
convex functions vy + wy are uniformly Lipschitz continuous (see Rockafellar
[15]). Hence as k — oo

U(xNk) - (UNk (‘TNk) + W, (xNk))
< |U(zw,) = U@)| +|U(z) = (v, (z) + wy, (z))]

+ ’(UNk<:U) + ka(x)) - (UNk(xNk) + ka(xNk))’ — 0
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contradicting (15) and hence (14).

To finish the proof, since 0 < u—U < u— (v+w) for all feasible (v, w), it follows
that

lu = Ully < infpw)erec [ = (v +w)l,
< llu =Ullp + infow)e e U = (v +w)ll, = [lu = Ullp. 0

We note here that there is no guarantee that U may be split when C = C'(01).
The characterization of U may well require an unbounded collection of feasible
pairs (v, w). Under the boundedness assumption below, however, U may be split

in €.

Corollary 5.3 (U is splittable in Q2 : C = C(02)). Let data (i, v, g) be given,
and let C = C(0N2). Let the sequence {(v,, w,)} C Fe be a minimizing sequence
for inf, wyerec |U — (v + w)||oo with {v,} bounded on compact subsets of 2.
Then U 1is splittable in 2.

Proof. By the first equality in Theorem 5.2, v,,+w, — U. The corollary follows
from Proposition 5.1. ]

Note that the sequence {(vy,wx)} as defined above is a natural candidate for
the minimizing sequence in Corollary 5.3.

Importantly, observe that the limiting functions v and w in the proof above,
though elements of C(€2), may fail to be elements of C(2). Hence they are not
candidates for a MLA splitting for u. In analogy with Theorem 4.2 we have the

following.
Theorem 5.4. Let data (i, v, g) be given, and let C = C(012).

(1.) Let F : C(Q2) — IR be lower semi-continuous and bounded below. Let
{vn, wn} C Fe be a minimizing sequence for inf, wyer, F(v + w) and
suppose that {v,} is bounded on compact subsets of Q). Then, there exists
(v*, w*) € Fe, with

infywyere Fv+w)=F{v" +w") (16)

(2.) Let F: C(Q) — IR be weakly lower semi-continuous and bounded below,
and suppose that for 1 < p < oo, {v,} and {w,} from (1) are LP bounded
with v, — v* and w,, — w* by weak compactness, v,w € LP. Suppose
further that ||v,|l, — ||v*|l, and ||w,|l, — [[w*||,. Then (16) above remains
valid.

Proof. Let {v,+w,} be a minimizing sequence for inf(, ez, F(v+w) with {v, }
bounded on compact subsets. Then {v, + w,} is bounded on compact subsets
so that as argued above there exists a minimizing subsequence {v,, + wy, },
converging uniformly on compact subsets, hence pointwise, to a limit u* in €.
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By Proposition 5.1, we conclude that u* = v* + w* is splittable in 2 with
(v*,w*) € Fe. By lower semi-continuity then

F* +w*) <liminf F(v,, + wy,) = infwer, F(v+w). (17)

k—o0

and (1.) is established.

Asfor (2.), by a theorem of Radon-Riesz we conclude that v, — v* and w,, — w*
in LP. By extracting subsequences, we may assume as above that v, — v* and
w, — w* pointwise so again (v*, w*) € F¢. Inequality (17) then follows by weak
lower semi-continuity and (2.) is established. O

Theorem 5.5 (Optimal Approximation in LP: C =C(0%)). LetC = C(09Q)
and let data (u,v,g) be given. Let u solve (1).

(1.) Suppose that for fized p > 1, including p = oo, there exists a minimizing
sequence {v, + wy,} for infi,wer. [|[u— (v +w)|, with {v,} bounded on
compact subsets of Q). Then there exists (v, w*) € Fe with

lu = (0% + w")[l, = minewer: [lu— (0 +w)|p-

(2.) If {v,} and {w,} from (1.) are bounded in LP, p > 1, with v,, — v* and
Wy, — W, v,w € LP, and with ||v,]l, — ||v|, and ||w,||, — ||w*||,, then
result (1.) holds.

Moreover, in either case, the theorem remains valid if U replaces u.

Proof. For fixed p, 1 < p < o0, let {v, + w,} be a minimizing sequence for
inf(, ez, |u—(v+w)l, with {v, } bounded on compact subsets of 2. Then the
result (7.) follows from Theorem 5.2(1.) with F'(-) = ||lu—-|| and F(-) = ||[U —-||.
Result (2.) follows from Theorem 5.2(2.). O

Remark 5.6. For analysis purposes, in Section 4, we focused our arguments
on the class C of initial conditions f for functions v. Proposition 4.1 relies
upon extensions to ) of appropriate limit functions v and w. Condition (CBE)
appears to be most germaine to our development. It guarantees boundedness,
hence local Lipschitz continuity and extendability of appropriate limit functions
through Fact 3.2. Alternatively, instead of requiring (CBE), we could have
focused on functions v which are Lipschitz in 2. These functions automatically
extend continuously to  and hence satisfy (2). The corresponding functions w
satisfying (3) are automatically determined. The results of Section 4 then follow
provided C is a bounded collection since then v and w are bounded. The results of
Section 5 also remain valid if we replace the initial condition classes Cy with the
convex function classes Ey = {(v,w) : v,w € C(Q), g(o) = N < v|aq < g(o) +
N, |v(z) —v(y)| < N, all 0 € 0Q and z,y € Q}, rather than Cy. Minimizers
of F(-) over these classes, as in Theorem 4.2 above, automatically extend to Q.
One shows that sup {(v+w) | (v,w) € UEn} = sup {(v+w) | (v,w) € UCN}
and the proof of Theorem 5.2 follows. Note that limits of sequences {v,} and
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{wn}, {(vn, wn)} C URF_1EN are not guaranteed to be Lipschitz in €2 and hence
may not extend continuously to 2. Details are omitted here. [

Remark 5.7. We make the following additional observations concerning MAS.

(1.) Let uqps be an affine function. Then (v, w) is feasible for (u,v, g) if and
only if (v + uqss, w) is feasible for (u, v, g+ uqpr). In particular, the MAS
splitting problems (y,v, g) and (4, v, g + uqys) are equivalent.

(2.) The MAS problems (i, v, g) and (u,v,g + C) are equivalent for any con-
stant C.

(3.) In the MAS problem, we may assume that v|sq = f > 0 (or f < 0) for
all feC.

(4.) Instead of (3.), in the MAS problem we may assume that v|ggo = f < g
(or f>g) forall feC.

(5.) MA splittings are not unique.

Note that by (4.) above, we could have restricted our attention in our analysis
above to initial conditions f < g. Accordingly, our boundedness assumptions
can be weakened to bounded below assumptions only.

To understand observations (1.)—(5.), let (v,w) be feasible for (u,v,g). Then
for affine function ugfp, M(v 4+ uspr) = p and (v + uqpf) + W = g + Uqpy on S
For the problem (u,v,g + uqsf), the functions f,¢,U in the problem (u,v,g)
are replaced, respectively, by f + uqrf, g + tess, and U + u,fp. The pairing
(v,w) < (V4 ugff, w) is a 1-1 identification of feasible pairs whose sums differ
by uafs. Thus (1.) follows. Choosing u,rr = C in (1.), (2.) follows. As for (3.),
if v|sq < 0 for some o € 9S2, choose constant C' so that v|go+C > 0 (or < 0) on
0. Set vV =v+C and w’ = w — C. Then (v,w') = (v + C,w — C) is feasible
for (u,v,g), and v' +w' = (v + C) 4+ (w — C') = v + w. Since we are interested
only in values of sums v + w, we may assume f > 0 and (3.) holds. As for (4.),
choose C' with v|gq+C < g (or > g). Then again for v/ = v+C and w' = w—C,
v +w =v+w and (4.) follows. Finally, since (v+ uqrs) + (W — uafs) = v+ w,
with M (v + u.pf) = Mv = pand M(w + u.pr) = Mw = v, MA splittings are
not unique. O]

6. The Difference Splitting Problem MADS

A natural extension of the MAS splitting problem poses the question of solving
a Monge-Ampere type equation

Mu(z) =p—v in Q
u(z) = g(x) on 09, (18)

for given data (u,v, g) and signed measure p — v. As observed above, dMu =
detD2uidm defines a signed measure Mu for u € W™(Q2). Let us say that

u € C(Q) NW?2"(Q) solves the MA signed measure equation if it satisfies (18)
with dMu = det D?>u dz. One might further explore the possibility that a
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convex difference v — w might satisfy (18) with M (v —w) = Mv — Mw, where
Mv = p, Mw = v and v —w = g on 0f). There is a sizable literature on
difference convex functions v —w dating back at least to Alexandrov [1] in 1950
(see [11], [12], [16] also). It is straightforward to see that each u € C%(Q) may
be written in this form, since h(z) = u(x) + ja|z|* is convex for sufficiently
large @ > 0. Rausch and Taylor [14] showed how to compare W?" functions u
to convex functions w when Mw is appropriately comparable to Mu (see Fact
6.2 below). The extended map M(-) is no longer elliptic throughout 2, so it
is unlikely that a useful maximum principle is provable for the comparison of

general functions in W2"(Q).

In the classical setting, to solve MADS as defined in Section 2, one could seek
v,w € C?(Q) for which detD?(v — w) = detD?v — det D?>w. This clearly cannot
be satisfied in general since generically det (A — B) # det A — det B. (See the
Appendix for conditions under which det (A — B) = det A —det B in R*?.) Tt

does however define a difference splitting problem for u € C?(Q) whenever p and
v guarantee solutions v, w € C(£2). One then attempts to generalize this to the
problem of characterizing those functions u € W?"(€) which may be expressed

as a difference v = v — w of convex functions.

As mentioned earlier, it is easily seen that the differences v — w constructed
from the v and w in Examples 2.1-2.3, Section 1, provide examples of C2(2)
functions © = v — w which can be split as convex differences. In Example 2.4,
let D = {(0,0),(2,0)}, a two point set. Given a Borel set F© C IR?, consider
defining a signed measure M (v —w) by setting M (v — w)(F) = [, , detD*(v —
w) dx + 0(0,0)(F) — 6(2,0)(F). This extended definition seems necessary here to
ensure that M(v — w) is a signed measure. (Note that v and w as defined
in Example 2.4 fail to be in W?"(Q).) For the set E given in Example 2.4,
M —w)(E) = [pdetD*(v —w)(z) dz < 0, as it is easily seen that D*(v —
w)(x) < 0 for x € E. But u(E) = §0,0)(E) = 0 and v(E) = 60 (E) = 0, so
that M (v —w)(F) # p(F) — v(E) = 0. This shows that the ‘natural’ difference
splitting of the function u = v —w € C(Q) is actually not a difference splitting.

Before proceeding to a discussion of MADS, let us briefly consider the com-
parison of differences of convex functions. The comparison v; — w; < vy — Wy
is equivalent to the comparison v; + ws < vo +wy. If vy —wy = vy —wy =g
on 0F), then v{ + wy = v9 + wy = vy + v9 — g on 0. Thus by Fact 3.1,
if M(vy + we) > M(vy + wy), this implies that vy + wy < vy + wy so that
v, —wy < v9 —wy. This relates the difference convex splitting problem MADS
to the convex sum problem MAS. This relationship served as the original mo-
tivation for the Monge-Ampere type splittings discussed here. We have shown
the following.

Fact 6.1 (Difference Comparison Principle). Given data (p,v,g), initial
class C, and feasible pairs (v, w1) and (vy, wy) in Fe , if M(vy +wz) > M(vy +
wy), then vy —w; < vy — wo in €. O
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The following useful comparison principle providing a lower bound for solutions
of (18) was proved by Rausch and Taylor ([14], Theorem 5.1).

Fact 6.2. Let Q be strictly conver and bounded and let u € W>™(Q). Ifv €
C(Q) is convez in  and

Mv > [Mu]t = max (Mu,0)
then
min {u(z) —v(z) | z € Q} = min {u(x) —v(z) | x € 90Q}.
In particular, if v < u on OS2 then v < u in 2. ]

A consequence of this is the following interesting result relating differences v —w,
(v,w) € F; , the feasible class defined in Section 1, to corresponding sums v+ w.

Theorem 6.3. Given initial class C, data (u,v,g) and u solving (18), we have
uw > SUD( w)eFs (v +w).

Proof. By Remark 6.7(4.), given f < (v,w) € F, , we may assume that f < g.
By Fact 6.2 then v < u. Since w|spg = f — g < 0, w < 0 throughout €. Thus

U—wW>v—w >0
from which follows

u > v+ w hence u > SUD(y, ) 7 (v +w). N

We must be careful here not to confuse F¢ and F,. For (v,w) € Fe N F;, we
must have v +w = v —w = g on I, so that w|sg = 0 and hence v]sq = g.
This suggests that the pair (v, w) with v = g may play an important role in the
problems considered here. It would be very interesting to show that some feasible
pair (v,w) € F; had v—w < woru <v—w. Then, we could consider the ‘lower
solution” u_ = sup,_, <, v — w, and the ‘upper solution’ v~ = inf,_,>, v — w,
and establish results analogous to those in Sections 4 and 5 with u_ and u~
replacing U. Unfortunately, we are unable to do this, except in the special case
u = v —w. Thus, we focus on U~ and U_ below.

We now present results for MADS analogous to those derived above for MAS.
First recast MADS in the following equivalent form.

Monge-Ampére difference splitting problem (MLADS): Given data (u, v, g) and
initial class C, find convex v and w satisfying Mv = p and Mw = v, for which
u=v—weW?»NC(Q), (v—w)lsg =g, and M(v —w) =p—vin Q.

Recall the definitions (7) U~ = sup, ) rec (v —w) and U = inf(, u)epec (v —

w), with now f < (v,w) € F;. In order to show that these extremal functions
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are splittable, we will need to know that they are bounded above and below,
respectively. We are unable to prove boundedness in general, even though it is
suspected. We can verify it in special cases only. As an example, consider the
following.

Fact 6.4. If p > v, then v—w <0 for all (v,w) € F; . Hence, U™ is bounded.
If v > p, then all v —w > 0. Hence, U_ is bounded.

Proof. By Remark 6.7(2.) below we may assume that g < 0. Then f < f—gso
that v < w on 9€) and hence, since u > v, v < w on 2. But this says v —w < 0
so that U~ < 0. An analogous argument with v > p and g > 0 completes the
proof. ]

If a general function u € C(Q) N W2" may be written as u = v — w in Q for
(v,w) € F;, say that u is difference splittable in Q. If u = v —w in Q for convex
v and w satisfying only Mv = p and Mw = v, but v — w # g on 012, say that
u=v —w is difference splittable in €. Clearly, such functions u need not solve
MADS. If u is difference splittable in Q and in addition, Mu = M (v—w) = p—v,
we will say u is Monge-Ampére difference (MAD ) splittable (u solves MADS).

Most of the results from Sections 4 and 5 remain valid for MADS, as the in-
terested reader may verify. The proofs of these results essentially follow directly
from earlier proofs after simply replacing sums v + w by differences v — w, re-
placing u solving (1) by u solving (18), replacing U by U~ or U_, and then
verifying that the logic remains intact. Additionally, in Section 4, the follow-
ing modifications are needed: (i) in Proposition 4.1, remove ‘u is convex’ as an
assumption; (i7) the partial ordering in Theorem 4.4 should be defined using
Fact 6.1, namely, for feasible pairs (v, w), (v',w’) € Fg, set (v,w) > (v',w') if
M(v+w') < M@ + w), so that v —w > v — w'. Also, when considering U_,
observe that

—U_ = —inf(%w)erc("U —w) = Sup(v,w)erc(w —v)

and apply the result for U~; (iii) in Corollary 4.5 the second statement in the
proof remains true for U~ (or U_) only if we assume u > U~ (or u < U_).
In Section 5, in the proof of Theorem 5.2 observe that differences vy — wy
are uniformly Lipschitz as required since v and w are separately, and again the
second statement remains true only if we assume u > U~ (or u < U_). We
summarize these results in the following theorems.

First we consider the case C satisfies (CBE).

Theorem 6.5. Let C C C(Q) satisfy (CBE), let data (u,v,g) be given, and let
u solve (18).

(1.) [Optimal L? Approximations: C Satisfies (CBE).] (¢f. Corollary 4.3)
For each p > 1, including p = oo, there exists f* € C, f* — (v*,w*) € F,,
with

[ = (" = w)lp = ming, )z [Ju = (v = w)]p. (19)
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Moreover, if either U™ is bounded above, or U_ is bounded below, then the
result (19) holds with either U~ or U_, respectively, replacing u.

[U~ and U_ Difference Splittable in Q: C Satisfies (CBE).] (cf.
Theorem 4.4) If U~ is bounded above, it is difference splittable in Q. If U_
is bounded below, it is difference splittable in . O]

Now we consider C = C'(09).
Theorem 6.6. Let data (i, v, g) be given, let C = C(092) and let u solve (18).

(1.)

[Approximation in L? : C = C(00Q).] (¢f. Theorem 5.2) For each p > 1,
including p = oo, if U™ is bounded above, then

inf(v,w)HfGC ”Uﬁ - (’U - w)”P = 0.
If u> U~ then
infw)e ec lu—= (0 —w)llp = [lu = U |- (20)

This also holds when U_ bounded below replaces U™, the second equality

requiring u < U_.

(1) [Optimal Approximation in L? : C = C(0€2).] (c¢f. Theorem 5.5)
Suppose that for fived p > 1, including p = oo, there exists a mini-
mizing sequence for inf, vy rec |[u — (v —w)||, with {v,} bounded on
compact subsets of ). Then there exists (v*,w*) € F, with

lu = (0" +w")[l, = mingw)efec [lu—= (v +w)|,.

If U~ and U_ are bounded, then the result holds with these functions
replacing u.

(i7) If {v.} and {w,} from (1.) are bounded in L?, p > 1, with v, — v*
and w,, — w*, v,w € LP, and with ||v,||, — ||[v*], and ||w,], —
|w*|l,, then result (i) holds.

[U~ and U_ Difference Splittable in Q : C = C(02).] (c¢f. Corollary

5.3) Let U~ be bounded, and let the sequence {v, —wy,}, (v,, wy) € F; be

a minimizing sequence for inf, o ree [|U™ — (v —w)| o with {v,} bounded

on compact subsets of ). Then U~ s difference splittable in Q. If U_ is

bounded, this result holds with U_ replacing U~ . O]

Remark 6.7. The observations (1.)—(5.) for MAS in Remark 5.7 remain valid
for MADS. To see this, first observe that for feasible pair (v, w) for (u,v,g),
M(v + uqpp) = p, and (v + ugpp) — w = g + ugpp on 082 Thus (v + ugsp, w)
is feasible for (u,v, g + uqff) and the problems (u, v, g) and (u, v, g + uqrs) are
equivalent. Since we are only interested in differences v — w in MADS, and
(v+C)—(w+C) = v+ w for constant C, (v+ C,w+ C) is feasible for (u,v, g)
and we may assume v|go = f > 0 or vjga = f < g. O
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7. General Discussion and Splitting Families

A more general splitting problem seeks, for given fixed convex u € C(Q), any
sum v + w = u with v and w satisfying Mv + Mw = Mu (no fixed p and v).
Thus effectively, out of all possible splittings for the measure Mu, (at least) one
particular choice Mu = u' + v/ is sought with corresponding convex v and w
satisfying Mv = p/, Mw = v, v +w = uin Q and M (v +w) = ¢/ + v = Mu.
The pair (v, w) is a MA splitting for u given the data (¢, v/, u|sq).

Let C(Q2) denote the linear space C'(Q) x C(£2) equipped with the product metric
topology derived from the supremum norm for C'(Q). Given convex u € C(),
u = g on 0f), and initial class C, enlarge the feasible class to

Fl,={(v,w) € C(Q) | v and w convex,
v|on € C, (v+w)|se =g, Mv+ Mw > Mu}.

Note that since M (v + w) > Mv + Mw > Mu, we are assured that v + w < u.
We formulate the generalized splitting problem.

Generalized Monge-Ampére splitting problem for convex functions (GMAS)
Given convex u € C(Q), find (v,w) € F, such that u = v + w € Q and
Mu = Mv+ Mw.

Note that GMAS is uniquely determined by the class C and the data (Mu, g),
where u = g on 0f). In this more general setting let

wen = {(v,w) € Fo | Mu(Q) < N, Mw(Q2) < N}

for chosen integer N > 0. Set Uy = sup(v,w)ef;ycw(v%—w), and replace inf(, ) rec
with inf(v,w)eﬂycw in the results of Sections 4 and 5. Then, the results of those
sections are valid with Uy replacing U since Fact 3.2 guarantees that F, . y is
closed under taking limits.

We present the following results which are valid for either the problem of fixed
data (u,v, g), or for the more general problem GMAS described above.

Theorem 7.1. Let data (p,v, g) and initial class C be given. For fized (v,w) €
Fe, set u=v+w. The following statements are equivalent for MLAS.

(1.) (v,w) is a MA splitting for u.
( ) M +w)=Mv+ Mw.
3.) fa(Hw dp = fav(E) dp + faw(E) dp for all Borel sets E C Q.
(4.) M(v—l—w)(Q) = Muv(2) + Mw(2).
If v,w € C*(Q), then (1.)-(4.) are equivalent to
(5.) det D?*(v+w)(z) = det D?*(v)(z) + det D*(w)(x) for x € Q.

Proof. (1.)-(3.) are equivalent since (2.) is the requirement for v + w to be a
MA splitting for u and (3.) simply rewrites (1.) in terms of the definitions of
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Monge-Ampere measures. Consider (4.). (2.) clearly implies (4.). Assume (4.).
For Borel set E C Q, M(v+ w)(E) > Mv(E) + Mw(E). Suppose there exists
F such that M (v + w)(F) > Muv(F) + Mw(F). Then, since M (v + w)(F°) >
Muv(F°) + Mw(F€), one has M (v + w)(2) = M(v+ w)(F) + M(v + w)(F°) >
Muv(Q2) + Mw(S2), a contradiction. Thus M (v + w)(F) = M(v)(F) + M(w)(F)
for all Borel sets F' and (2.) and (4.) are equivalent.

(1.) and (5.) are equivalent by continuity since convex z € C*(Q) has dM z(x) =
det D?z(x) dx. O

Corollary 7.2. Let convex u € C(Q) and C be given. Then, the results of
Theorem 7.1 remain valid if F¢ is replaced by F.. That is, Theorem 7.1 is valid
for GMAS.

Proof. Suppose (v,w) € Fp with u = v+w in Q and M (v+w) = Mv+ Mw =
Mu. Set p = Mv and v = Mw. Then Theorem 7.1 holds since its proof is valid
for the specific measures p and v. ]

Given convex u € C(€2), let
fZ,CZ{(v,w) Gfé | M(v+w)=Mv+ Mw= Mu}

the collection of all generalized splittings for u. As we have observed above, the
class F; . may be empty. If not, note that for (v,w) € F; o, u=v+w in Q and
Mu = Mv+ Mw. Given g € C(02) and class C, let

Ft=A{(v,w) € C() | v and w convex,
U|aQ eC, (U+w)|39 =g, M(v—i—w) = MU—i-Mw}

the collection of all splittings for the data g and C (independent of u). The classes
defined above and GMAS may be further studied elsewhere. We establish only
the following topological facts regarding them here.

Fact 7.3. Let C be a closed subset of C'(02). Then the sets F; o, F¢ and F¢ are
closed subsets of C().

Proof. If {(v,, w,)} C FE with (v,, wy,) — (v,w) € C(R), then trivially v, — v
and w,, — w uniformly in Q. Since C is closed, v|sq € C. Since M (v, + w,) =
Mwv,, + Mw,, passing to weak limits and using Fact 3.3, we have M (v + w) =
limy, o0 M (vn+wy) = limy, oo (M (v,,) + M (wy,)) = Mv+Mw. Thus (v,w) € F¢
and F¢ is closed. The same argument shows F . is closed.

If {(vn,wn)} C Flby M(v + w) = limy oo M (v, + wy,) > lim,_oo(M(v,) +
M (w,,)) > Mu and F}, is closed. O

An additional interesting observation is the following. Given data (u, v, g), initial
class C, and u solving (1), let

Fu={(v.w) € Fyo | Mv=p, Muw =}
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the collection of all MA splittings for u with respect to the given data and C.
Note that F, C F; . C F¢.

Theorem 7.4. Let data (u,v,g) be given, let u solve (1), and let C be closed
and conver as a subset of C(0SY). Then F, is a closed and conver subset of

C(Q).

Proof of Theorem 7.4. Arguing as in the proof of Fact 7.3 shows that F,
is closed. To establish convexity, choose feasible (vy,w;), (v, wy) € F,. For
0 <A< 1setvd = (1— XNy + Ay, and let w* = (1 — A\)w; + Mwy. The pair
(v*,v) is a well-defined element of C(2). Since v; +w; = vy +ws = u, we have
u = v* + w*. Moreover, since C is convex, v*|sq € C, and w?|pq = g — v}sq.

Claim. M(v}) = pu.

Proof of Claim. Suppose the claim is false. Let v’ € C(Q) solve Mv' = p,
v'|gq = v*. Since Mv* > p by Lemma A.3, automatically v* < v’ in Q by Fact
3.1. There must then exist zg €  for which v*(zy) < v'(zg). Otherwise, v* =o'
in Q and Mv* = p, contrary to assumption. Let w’ € C(Q) solve Mw' = v,
w'|pq = wr. Since Mw* > v, w*(z) < w'(x) throughout . Putting all of this
together gives

w(zo) = (1 — X)(v1 + wi)(x0) + AMvg + we)(z0)
= (v +w) (o) < (V' + w') (o). (21)

But, since (v, w’) € F}, we must have v’ +w’ < w in 2, contradicting (21). This
contradiction establishes the claim. O

é symmetric argument shows that Mw* = v. Since_vl 4+ wy = vy + Wy = u on
Q, v +wr = (1 — N (v +wy) + AMvg + we) = u on Q. Thus (v}, w) € F, and
JF. is convex. O

We establish two further results. Given data (u, v, g) and initial class C, for
feasible (v, w) < f € C, define

F:C—0CK), F(f)(z)=@w+w)(z) forzr €, (v,w)« fecC.

Theorem 7.5. Let data data (p,v,g) and convex class C be given . Then, the
mapping F is concave on C.

Proof. Let fA = (1 — \)fi + \fs for given f; € C, fi < (v, w;) € Fe, i = 1,2.
Since C is convex, f» € C. As above, let v} = (1 — A)v; + Avp and w* =
(1 — Nw; + Awy, 0 < X\ < 1. Again by Lemma A.3, Mv* > p and Mu* > v.
On 9Q, v* = f* and w* = g — f*. Let Mv' = p and Mw' = v, with v/|sq = f2
and w'|pq = w?, so that f* < (v/,w') € Fe. We have

F(fY)=v+w >0 +uw
= (L= M) (o1 +wi) + Avz + w2) = (1 = N F(f1) + AF(f2)
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and F' is concave. O

Note that the concavity of F' implies that the mapping

F':C— R, F’(f)z/g(u%—w)(a:)dx for (v,w) < feC

is also concave on C. If (v,w) <« f € C is a MA splitting for u solving (1), then
(v, w) maximizes both F and F’ on C.

Theorem 7.6. Let data (p,v, g) and initial class C be given. For fized (v,w) €
Fe, (v,w) < f*€C, set u=v+w. The following statements are equivalent for
MAS.

(1.) (v,w) is a MA splitting for u.
) M(v+w)=Mv+ Muw.

) F(ff) = SupfeCF(f)'

) F'(f*) = supsecF(f).

Proof. Follows directly from Theorem 5.2. ]

Theorems 7.5 and 7.6 permit the power of convex analysis to be brought to bear
upon the MA splitting problem. Unfortunately, this analysis has not as yet
yielded useful results.

A. Appendix

When seeking splittings u = v + w for u € C?(Q), one seeks v,w € C?*(Q) for
which M (v +w) = Mv + Mw. This implies that |D?(v 4+ w)(z)| = |D*v(z)| +
| D?w(zx)| for all z € Q, where for square matrix A, |A| = det(A).

Lemma A.1. Let A,B € IR*? be symmetric positive semidefinite matrices.
Then:

(1.) A+ B is symmetric positive semidefinite, and |A+ B| = |A| + |B]| only if
Al = [B] = 0;

(2.) A—B is symmetric, and if | B|=0, then |A—B| = |A|—|B| only if |A| = 0;

(3.) Let symmetric C = (¢°) with |C| =0 be given. Set

a—r (a—r)(c—z—ir)
N \/(a—r)(c—Z—zr) \/ C—Z—zT‘

1 @b
and BT:T(Q &), —00 < 7 < 00. (22)

Then:
(i)  For eachr, |A,| =|B,|=0;
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(it) For eachr, C = A, + B, and hence |C| = |A,| + |B,| = 0;

(i1) A, is symmetric positive semidefinite for r < a. B, is symmetric positive
semidefinite for r > 0;

(i) For each r <min{0,a}, C = A, — B_, and hence |C| = |A,| — |B_,| =0,
with A, and B_,. both positive semidefinite.

=G =G0

By definition (A4 B)" = A+ B and for v € R?, 27(A+ B)x = 27 Az + 27 Bx.
Thus A + B is symmetric positive semidefinite. One has |A + B| = |A| + |B] if
and only if

Proof. Let

(a+a)(ct+7) = (b+8)" = (ac — ") + (ay — #%), (23)
that is
ay + ac = 2b0. (24)

Since A and B are positive semidefinite, a > 0, d > 0, a > 0 and v > 0. Also,
since A and B have nonnegative eigenvalues,

Al=ac—b*>0 and |B|=ay—3*>0. (25)
Thus by (25),
b2 52
ay+ ac> —vy+ —c > 2b3 (26)
¢’y
since
o\’ c
(b\/z - ﬁ\/j) = w2l >0, (27)
c v c ol
In view of (25), ay > %’y and ac > %20. Thus equalities can hold in (26), so

that (24), hence (23) holds, only if ac = b* and ay = 2, that is, |A| = |B| = 0.
This establishes (1.).

To show (2.), expanding the equality |A — B| = |A| — |B| gives
ay + ac = 2b3 + 2(ay — B%). (28)

If ay — 3* = |B| = 0, then (28) reduces to (24), and the argument establishing
(1.) again applies to show that necessarily |A| = 0.

Now let C' be as in (3.), with |C| = ac—* = 0 and let A, and B, be as in (22).
A, is well-defined for r < a asa—r > 0, and 6—2—27’ >c— 2—2 = 0, since |C| = 0.

For r > a, A, remains well-defined since a —r > 0, and ¢ — Z—ir <c— 2—2 =0. By
definition, |A,| = |B,| = 0 for all r and (i) holds. Simple algebraic simplification
using b*> = ac shows C' = A,+ B, and (ii) follows. (iii) then follows directly since
a—r >0 and |A,| = 0, which together show that A, is positive semi-definite.
B, is obviously positive semi-definite when r > 0. Since A, — B_, = A, + B,,
(1v) follows from (7)—(7i1). O
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Note that when r = 0 in (22), Ay = C and By = 0, a trivial splitting of C.
Similarly, when r = a, A, = 0 and B, = C'. Also note that if A = B = I, then
|A — B| = |A| — |B| so that conclusion (2.) above is necessarily weaker than

(1.).
Theorem A.2. In IR?, if u=v+w is a MA splitting for v with v,w € C%(Q),

then necessarily, Mu = Mv = Mw = 0. That is, there exist no nonhomogeneous
C%(Q) splittings in IR®.

Proof. Let u = v+w satisfy M (v+w) = Mv+Mw with v,w € C*(Q). We have
dMv = det D*v dx, dMw = det D*w dz, and dM (v +w) = det D*(v+w) dz =
det (D*v+ D?*w) dx = det D*v dx+det D*w dx. Thus det (D?*v(z)+ D*w(x)) =
det D*v(z) + det D?*w(x) for all z € Q by continuity. By Lemma A.1 then,
det D?u(z) = det (D*v(x) + D*w(x)) = det D*v(z) = det D*w(z) = 0 for all
x € Q. Hence Mu = Mv = Mw = 0 and the theorem is proved. O

Lemma A.1 provides a convenient tool for constructing examples of quadratic
functions u = %xTQx + Rz which possess splittings. For example, in Example
2.2, Section 1, after adding linear terms, consider u(z,y) = 2% + 8zy + 8y* +
T + 2y + 3 with splitting u = v + w where v(z,y) = 22% 4 6zy + 6y + 2y and
w(z,y) = 22?4+ 2zy + 2y> + x + 3. The Hessian C' = D?u shown below has
|C'| = 0. Using Lemma A.1 with r =1, C' = A; + B; where

4 8 3 6 12
C:(s 16)’ Al:(6 12) and Bl:(Q 4)'

For Borel set £ C IR?, we have
3 6

Mu(E) :/ |Dzv|dx:/

E E

, 1 2

Mw(E):/ |D w\dx:/ (2 4>‘ dr =0

E E

4 8
(8 16) ' dz = 0.
Similarly, choosing » = —1 in (iv) of Lemma A.1,

M(v+w)(E) :/ |D2(v+w)|dx:/
E B
4 8 5 10 1 2
¢= (8 16)’ A= (10 20) and By = (2 4)’
we have C = A_; — By and |C| = |A| = |B| = 0. It follows that u(z,y) =

222 + 8xy + 8y? + x + 2y + 3 has the difference splitting u = v — w where
v(z,y) = gxz + 10zy + 10y? + 2y and w(x,y) = %:p2 + 2zy + 2% — 2 — 3.

Lemma A.3. Let Q be an open, bounded strictly convex set and let o be a Borel

measure in ). Let uy, ug,...,uy € C(2), N > 2, be convez functions satisfying
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Mu; > o, Mu;(Q) < +o0,i=1,2,...,N. Then

N N
M (Z )\u> >0 forall \ >0 with » A > 1. (29)

i=1 i=1

]

Proof of Lemma A.3. Consider the case N = 2. If Ay + Ay > 1, then there
exist A} >0, A, >0, with A} < A\, Ay, < Ag and A + X, = 1, so that

M(/\lul + )\2u2) > M(Xlul + )\IQUQ) + M(()\l — )\'l)ul + ()\2 — )\é)ﬂg)

Since the second term on the right is nonnegative, by induction it suffices to
show (29) when \j = A, and Ay =1— X, 0 <A< 1.
Suppose first that ui,us € C*(Q2). Then dMu;(z) = det D*u;(z) dx, x € Q,

¢t = 1,2. Define absolutely continuous measures infinitesimally by ,u,(j) () dz,
¢ = 1,2, using continuous density functions

(@) = / ni(x —y) dMuily) = / ni(z —y) det D*ui(y) dy, i=1,2, (30)

where 7. is the standard mollifier. Define sequences of convex functions {u,(gl)},

{u,(f)} C C?(9) as the solutions to the Monge-Ampere equations

Mu,(;)(x) = ,u,(j)(x) dr in Q
u,(j)(x) =wu;(z) on 0N, 1 =1,2. (31)

As a function of z,

klim n%(:c — ) det D*uy(y) dy = det D*uy(x)
—oo Jo

uniformly on compact subsets of 2. Thus for compactly supported ¢ € C(Q),

lim go(x)u,(:)(x) dx

k—oo

0
= lim //go(x)n}c(:v—y) det D*uy(y) dydz
aJa

k—o00

= /(p(x) det D*uy(x) dx:/go(x) dMuy (z) (32)
Q Q

which implies that ,u,(:)(m) dx — dMu,(z). Analogously, ,u,(f) () dx — dMuy(z).
Since |, n%(x —y) dy < 1 for all £k and x € Q and Mu;(Q2) < 400, using

(30) we find that the sequences {Mug)(Q)} and {Mu,(f)(Q)} are bounded by
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max{Mu; (), Muy(Q)}. By Fact 3.2 then, u,(:) — uy and uﬁf) — uy uniformly
in Q.

Set pr(z) = [, n%(x —y) dMo(y). Immediately we have pg(x) de — 0. By

definition, ,u,(cl)( ) > pr(z) and /L,(f)( ) > pr(x) since Muy > o and Muy > o.
Note that since uk ( )dxr = det DQuk (x) dz by (30), HJI(;)( ) = det D2u,(;)(x)

for v € Q, © = 1,2. Since the function det ()711 is concave on the collection of
positive semi-definite matrices,

(det D((1 = () + X (@)=

(1= A)(det D>’ ()7 + A(det D*uf (2))r

> (1= Npu(@) 7 + Apy()

= pilo)” (33)

v

so that
det D*((1 — )\)u,(j)(:c) + )\u,(f) (x)) dz > p(z) dx.

Passing to weak limits using Fact 3.3 gives

Thus (29) holds for convex uy, us € C*(£2). Since any convex uy, us € C(2) may
be approximated uniformly on compact subsets of 2 by C?(Q) convex functions,
(29) holds in general by Fact 3.3. A straightforward induction on k completes
the proof of the lemma. ]
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