Journal of Convex Analysis
Volume 22 (2015), No. 3, 827-852

A Robust Version of
Convex Integral Functionals

Keita Owari

Graduate School of Economics, The University of Tokyo,
7-8-1 Hongo, Bunkyo-ku, 113-0033 Tokyo, Japan
owari@e.u-tokyo.ac.jp

Received: June 25, 2014
Accepted: September 13, 2014

We here study the pointwise supremum of convex integral functionals of the form
T (&) = supg ([ f(w,E(w)Q(dw) —¥(Q)) on L>(, F,P) where f : @ xR — R is a
proper normal convex integrand, v is a proper convex function on the set of probability mea-
sures absolutely continuous w.r.t. P, and the supremum is taken over all such measures. We
give a pair of upper and lower bounds for the conjugate of Z; - as direct sums of a common
regular part and respective singular parts; they coincide when dom(vy) = {IP} as Rockafellar’s
classical result, while both inequalities can generally be strict. We then investigate when the
conjugate eliminates the singular measures, which a fortiori yields the equality in bounds, and
its relation to other finer regularity properties of the original functional and of the conjugate.
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1. Introduction

Let (2, F,P) be a probability space and f : @ x R — (—00, 00| a measurable
mapping with f(w,-) being proper, convex, Isc for a.e. w. Then & — (&) :=
Jo f(w,&(w))P(dw) defines a convex functional on L> := L>(Q, F,P), called
the convex integral functional. Among many others, R. T. Rockafellar obtained
in [22] that under mild integrability assumptions on f, the conjugate I;(V) =
SUPgeroo (V(§) —1£(€)) of I is expressed as the direct sum of regular and singular
parts (which we call the Rockafellar theorem):

I3 (v) = Ip-(dv, /dP) + sup v(§), Vv e (L), (1)

&cdom(Iy)

where f*(w,y) :=sup,(zy — f(w,z)) and v, (resp. v5) denotes the regular (resp.
singular) part of v € (L*)* in the Yosida-Hewitt decomposition. In particular,
if Iy is finite everywhere on L*, the conjugate I7 “eliminates” the singular
elements of (L*°)" in that I7(v) = oo unless v is o-additive. The latter property
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implies the weak-compactness of all the sublevel sets of I} |r1 and the continuity
of I; for the Mackey topology 7(L>, L') and so on (e.g. [23, Th. 3K]).

This paper is concerned with a robust version of integral functionals of the form

Im@wzam(LfW@w»@ww—wQQ,feLw

QeQ

where Q is the set of all probability measures () absolutely continuous w.r.t. P,
and v is a convex penalty function on Q. (see Section 2 for precise formulation).
As the pointwise supremum of convex functions, 7y, is convex, lower semicon-
tinuous if so is each I1,o(§) := [, f(w,&(w))Q(dw), and is even norm-continuous
as soon as it is finite everywhere. On the other hand, it is less obvious what the
convex conjugate Z;  is, when singular measures are eliminated, and whether
the latter property yields finer regularity properties of Zy. and Z; .

Our main result (Theorem 3.1) is a robust version of the Rockafellar theorem
which consists of a pair of upper and lower bounds (instead of a single equality)
for 73 on (L*)*. Both bounds are of forms analogous to (1) with a common
regular part, but a difference appears in the singular parts. They coincide in
the classical case Iy = Zys,,, while the subsequent Example 3.3 shows that
both inequalities can be strict and one may not hope for sharper bounds in
general. The same example shows also that the everywhere finiteness of Zy , is
not enough for the property that Z7_ eliminates the singular measures, while
the lower bound in Theorem 3.1 provides us a simple sufficient condition in a
form of “uniform integrability”. In Theorem 3.4 and its corollaries, it is shown
that given dom(Zy.) = L*> (plus a technical assumption), the condition is even
necessary, and is equivalent to other finer properties of Zy, and Z;_, including
the weak compactness of sublevels of 77 5|1, the Mackey continuity of Z, on
L among others, which are guaranteed solely by the finiteness in the classical
case.

Certain class of robust optimization problems are formulated as (or reduced to)
the minimization of a robust integral functional 7y, over a convex set C C L.
Our initial motivation of this work lies in the Fenchel duality for this type of
problems with (L>°, L') pairing:

Il Z1,/(€) = = min (], (n) + 5up(=6, 1), )

cec nell

The Rockafellar-type result provides us the precise form of IJ’EW| 11, hence of
the dual problem, while the classical Fenchel duality theorem tells us that a
sufficient condition for (2) is the 7(L*>, L')-continuity of Z;. at some point
& € CNdom(Zs,), or in another view, the finiteness implies (via the norm
continuity) the (L, (L*)*)-duality which reduces to the (L>, L')-duality if
Z; ., eliminates the singular elements of (L>)*.
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Our motivating example of minimization of Z; - is the robust utility mazimization

maximize u(§) := (Eo[U(+,&)] +~v(Q)) over a convex cone C C L™ (3)

inf
QeQ
where U : QxR — R is a random utility function. In this context, each Q € Q is
considered as a model used to evaluate the quality of control £ via the expected
utility Eq[U(+,€)] = [, U(w,&(w))Q(dw), but we are not sure which model is
true; so we optimize the worst case among all models @) penalized by v(Q) ac-
cording to the likelihood. Note that (3) is equivalent to minimize Zj, , with
fu(w, ) = —U(w, —x) over the cone —C. The corresponding Fenchel duality in
(L*°, L'} constitute a half of what we call the martingale duality in mathematical
finance; given the (L>°, L')-duality with a “good” cone C having the polar gen-
erated by so-called local martingale measures, the theory of (semi)martingales
takes care of the other half.

2. Preliminaries

We use the probabilistic notation. Let (€2, F,P) be a complete probability space
and L° := L°(Q, F,P) denote the space of (equivalence classes modulo P-a.s.
equality of) R-valued random variables defined on it. As usual, we do not
distinguish a random variable and the class it generates, and a constant ¢ € R is
regarded as the random variable clg. Here 14 denotes the indicator of a set A
in measure theoretic sense while §4 := ool 4c is the one in convex analysis. The
P-expectation of £ € L? is denoted by E[¢] := [, {(w)P(dw) and we write L :=
LP(Q, F,P) and || - || := || - ||ze for each 1 < p < co. Any probabilistic notation
without reference to a measure is to be understood with respect to P. Especially,
“a.s.” means ‘P-a.s.”, and identification of random variables is always made by
P. For other probability measures () absolutely continuous with respect to P
(Q < P), we write Egl-] for Q-expectation, LP(Q) := {& € L° : Eg[|{[f] < oo}
(which is a set of P-classes!) etc, explicitly indicating the measure that involves.
We write Q ~ P to mean () and P are equivalent (@) < P and P < Q).

The norm dual of L™ is ba := ba(), F,P), the space of all bounded finitely
additive signed measures v respecting P-null sets, i.e., sup 4o [V(A4)] < o0, V(AU
B) =v(A)+v(B)if ANB =0, and v(A) = 0if P(A) = 0 (see [12, pp. 354-357]).
The bilinear form of (L*,ba) is given by the (Radon) integral v(§) = [,&dv
which coincides with the usual integral when v is o-additive. We regard any
o-additive v € ba as an element of L' via the mapping v — dv/dP which is an
isometry from the subspace of such v’s onto L!. In particular, the set

Q := {Q : probability measures on (2, F) with @ <« P}

is regarded as {n € L' : n > 0,E[p] = 1}. A v € ba is said to be purely
finitely additive if there exists a sequence (A,) in F such that P(A4,) 1 but
|v|(A,) = 0 for all n, and we denote by ba® the totality of such v € ba. Any
v € ba admits a unique Yosida-Hewitt decomposition v = v, + vs where v, is the
reqular (o-additive) part, and vy is the purely finitely additive part (e.g. [7, Th.
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[11.7.8]), thus ba = L' & ba® with the above identification. We denote by ba
the set of positive elements of ba and ba3 := bay N ba® etc.

2.1. Convex Penalty Function and Associated Orlicz Spaces
We make the following assumption on the penalty function ~:

Assumption 2.1. v: Q — R, is a o(L!, L)-Isc proper convex function such
that

Jnf (@) =0; (4)
Qo € Q with Qp ~ P and v(Qo) < oc; (5)

{Q e Q: v(Q) <1} is o(L', L*)-compact
(< closed and uniformly integrable).

We denote Q. :={Q € Q: 7(Q) < oo}, the effective domain of 7.

Remark 2.2. (4) and (5) are normalizing assumptions and the latter one is
equivalent to saying that Q, ~ P, i.e., for each A € F, P(A) =0 iff Q(4) =0
for every Q € Q,. Given the lower semicontinuity of v, (6) implies that the
infimum in (4) is attained, and (6) is equivalent to appearently stronger

{QeQ: Q) <c}iso(L', L>®)-compact, Ve > 0.

Indeed, for any ¢ > 1, pick a Q. € Q, with v(Q.) < 1/c (by (4)), then v(Q) < ¢

implies 7 (£=Q + %Q.) < 1= - ¢+ 1% - 2 = 1, thus (6) implies the weak

compactness of {ﬁ@ +15Qc 1 1(Q) < c}, hence of {Q € Q, : ¥(Q) < c}.

In general, any lower semicontinuous proper convex function v on Q defines a
function

€)= sup (Eole] =9(Q)) on {€ €17 & € Moo, 'Q)f 2 12U LL.

Regardless of Assumption 2.1, p,, restricted to L™ is a o(L>°, L')-lsc finite-valued
monotone convex function with p,(§ + ¢) = p,(§) + c if ¢ is a constant, whose
conjugate on L' is v(n)Lo(n) + ool o(n). In financial mathematics, such a
function is called a convex risk measure (up to a change of sign). Then (4) reads
as p,(0) = 0, (5) as py(els) = 0 for some ¢ > 0 = P(A) = 0, while (6) is
equivalent to saying that p, has the Lebesgue property on L™ (see [13, 5, 17]):

Slip [€nlloe < 00, & — € as. = Py(f) = hTanp’Y(fn)'

To a penalty function v satisfying Assumption 2.1, we associate the gauge norm

e, =t {3 > 02 (6/3) < 1} = sup 2D e 10
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In view of (5), this is indeed a norm on the Orlicz space
L ={¢e L%: 3a > 0 with p,(al¢]) <o} ={E€ L% |£]|,, < oo},

which is a solid subspace (lattice ideal) of L° (i.e., £ € LP* and [(] < [£] a.s.
= ¢ € LP), and (L”,|| - |,,) is a Banach lattice. We consider the following
subspaces of L too:

MP = {¢e L°: Ya >0, p,(alé]) < o},

MP = {5 € L": VYo >0, limpy (alg]Lyesny) = 0} :

Both M and M} are solid as subspaces of L°. These Orlicz-type spaces
are studied in [19] where v corresponds to ¢f (more precisely ¢y = 71lg +
ool o) and ¢ = p, in the notation of the current paper. In general under
Assumption 2.1,

L™ C M € M* C L C Ngeo, L'(Q),

while all inclusions can generally be strict ([19, Examples 3.6 and 3.7]). From the
last inclusion, p. is well-defined on L7 as a proper monotone convex function,
and it is finite-valued on M*» while not on L?* (unless M** = Lf7), and M} is
the maximum solid subspace of L° to which p, retain the Lebesgue property (as
the order-continuity; see [19, Theorem 3.5]), and is characterized by a uniform
integrability property [19, Theorem 3.8]: for £ € M*,

e M & {€dQ/dP: v(Q) < ¢} is uniformly integrable, Ve > 0. (7)
Actually, by the same argument as in Remark 2.2, we have only to consider the
case ¢ = 1.

2.2. Robust Version of Integral Functionals

In the sequel, let f: Q x R — R be a proper normal convex integrand on R, i.e.,

f is F ® B(R)-measurable

and f(w,-) is an lIsc proper convex function for a.e. w.

(8)

Since F is assumed P-complete, the first part is equivalent to the measurability
of epigraphical mapping (see [24, Ch. 14] for a general reference). As immediate
consequences of (8), f(-,€) is F-measurable for each £ € L° and f* is also a
proper normal convex integrand where

fH(w,y) i==sup(ry — flw,z)), weQ yeR,

z€R

Given such f and 7, we define a robust analogue of convex integral functional

Tiy(§) = sup (Eq[f (- &) —7(Q) = py (f(-,€)), &€ L™ (9)

QeQy
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This functional is well-defined as a proper convex functional on L°° as soon as:
S € L st (&) € M7, (10)
3770 € LP s.t. f*(',ﬁo)Jr e L, (11)
Indeed, since f(-,€) > n—f* (-, m0)*, (1) implies £(-,€)~ € L C Moo, L(Q),

so Eg[f(-,€)] is well-defined with values in (—oo, 00| for each @ € Q. and
§ € L, thus so is Ty, (§) = supgeo, (Eq[f(+,§)] —7(Q)), while (10) shows that

Zs (&) < 00, thus Iy, # oo. Also, Zy ., is convex as the pointwise supremum of
convex functions. Note also that

[€€L=: f(,€)" € M} Cdom(T;,) € {€ € L™ s [ € L7} (12)
where dom(Zy ) :={{ € L™ : Z;,(£) < oo}. In particular, by (5),
¢ € dom(Zy,) = &(w) € dom f(w,-) for a.e. w. (13)

If MP» = LPv, all three sets in (12) coincide, so p, (f(-,£)T) < oo as soon
as Zy,(€) < oo. In general, however, p, (f(-,{)") = oo may happen even if
¢ € dom(Zy ).

We next check that 7y, has a nice regularity on L.

Lemma 2.3. Under Assumption 2.1, (10) and (11), Z;., is o(L>, L*)-lower
semicontinuous, or equivalently Iy ., has the Fatou property:

sup |[€nlloe < 00, & — € a.s. = Ip(€) < limnianf(fn). (14)

Proof. Suppose a = sup,, [|€u]lcc < o0 and &, — & a.s., then automati-
cally & € L>. With ny as in (11), f(-,&) > —aln] — f*(-,m0)" € L C
ﬂQEQ7 LY(Q). Hence for each Q € Q,, Fatou’s lemma shows that Eg[f(-,£)] <
liminf, Eq[f(-, )], and we deduce (14) as

sup (Bq[f( )] = 1(Q)) < sup (liminfEq[f(- &) - 1(Q))

QeQ, QEQy "
< lin}linf Qsélg (EqQlf (&) —7(Q))-

The equivalence between (14) and the weak*-lower semicontinuity follows from

a well-known consequence of the Krein-Smulian and Mackey-Arens theorems
that (see e.g. [11]) a convex set C C L™ is weak*-closed if and only if C' N {¢ :
1€]loe < a} is L%-closed for all a > 0. O

2.3. Robust f*-divergence
We proceed to the functional that plays the role of I+ in the classical case. Let

Frwyz)= s (y—2f(w1), we (y2) eRxR,.

z€dom f(w,-)
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Noting that (aj.,a}.) C dom f C [a}.,af.] where af. := limg s f*(-, k)/k, we
have

0 ify=2=0,
fwy, 2) = y-aﬁ(w) ify=z0, 2=0, (15)
zf*(w,y/z) if z> 0.

Lemma 2.4. Suppose (8). Then f* : QOxRxR, — R is a proper normal convex
integrand on R x Ry, i.e., it is F @ B(R) ® B(R;)-measurable and (y,z) —

ff(w,y,2) is a lower semicontinuous proper convex function for a.e. w € §.
Also, for a.e. w € Q,

2y < zf(w,x) + f*(w,y, z), Va € dom f(w,-), Yy € R, ¥z > 0. (16)

Proof. Since f is normal, there exists a sequence of measurable functions
(&n)nen C L° such that {&,(w)}, N dom f(w,-) is dense in dom f(w,-) ([23],
Proposition 2D). Modifying the sequence as &, 1= Enl s en)<ooy T S0l {f( en)=0c0}
where & € domZ;,, we have for a.e. w, £,(w) € dom f(w,-) and {&,(w)}, is
dense in dom f(w,-). Thus

f*(wa Y, Z) = sup(ﬁn(w)y - Zf('a gn(“’)))

n

Consequently, f* is a normal convex integrand as the countable supremum of
affine integrands with f*(-,0,0) = 0. (16) is obvious from the definition. O

Now we define H s+ (n|Q) = ]E[f* (-,1,dQ/dP)] for n € L', Q € Q,, and

H () : (M (nlQ) +7(Q)), ne L (17)

= inf
QEeQy

In view of identification {v € ba : oc-additive} = L', we define also for any
o-additive v € ba,

Hp(W|Q) = Hype (dv/dP|Q),  Hyey(v) = Hy o (dv/dP).

Since f*(-,y,1) = f*(-,y), we recover Hp(n|P) = Hp 54, (n) = Ip+(n) in the
classical case. Under the above assumptions, H s«(-|-) and H -, are well-defined.
Lemma 2.5. Under Assumption 2.1, (8), (10) and (11), Hs-(:|-) and Hy- ., are
well-defined as proper convex functionals respectively on L' x Q, and L', and it
holds

Elng] < Zpo (&) + Hpen(n), VEE L™, Vne Ll (18)

Proof. Let ¢g := dQ/dP for each ) € Q,. In view of (13), we see that

f*('anan) > 577 - wa(ag) > 577 - wa('ag)Jr € L17 (19)
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for any € € dom(Zy,,) (#0). 7 € L' and Q € Q. thus Hy- (4]Q) = E[F*(- 1, )]
> —oo is well-defined, convex on L' x Q, (since f* is convex), and proper since

Hy-(noglQ) = Eq[f*(-,mo)] with ny € LP as in (11) (then notpg € L'). Taking
the expectation in (19)

H0Q) +~(Q) = Elgn] — (Bolf (- §)] —7(Q) = E[¢n] — L4 (£) > —o0,

for any { € dom(Zy,), n€ L' and Q € Qy, s0 M- 5 (n) =infoeg, (Hy(n|Q)+7(Q))
> —oo and we have (18) (which is trivially true when Z;.(§) = oo0). The
convexity of H -, follows from that of Hs(-|-) + v(-) and of Q,. O

Remark 2.6. Under assumption (22) in the (main) Theorem 3.1 below, H -+
(resp. H -+ ) is weakly lower semicontinuous on L' x Q. (resp. L'), and for each
n € L', the infimum infgeg, (Hy+(n|Q) +7(Q)) is attained (see Appendix A).
Though we could give direct proofs here, we will not use these properties, and
the lower semicontinuity of H- ., will be obtained as Corollary 3.2 to the main
theorem which does not internally use that property.

Note also that when f (hence f* too) is non-random, all the integrability as-
sumptions are trivialized, in which case H«(+|-) is called the f*-divergence while
H s+  is a slight generalization of robust f*-divergence (the latter is a special case
with 7(Q) = 0p(Q) with P C Q), and the joint lower semicontinuity etc are
found e.g. in [9, Lemma 2.7]. In fact, if f is finite (P(f(-,2) < o0, Vz) =1 &
limjy oo [*(+,¥)/|y| = 00 a.s.), we have from (15) that

Eqlf*(-,dv/dQ)] if v < Q,
400 otherwise.

Hp(v|Q) = {

Here are some typical examples of penalty function v and associated integral
functionals.

Example 2.7 (Classical case). The “classical” integral functional I;p(¢) :=
E[f(-,€)] corresponds to the penalty function vp(Q) := dpy(Q) which clearly
satisfies Assumption 2.1, and p,,(§) = E[¢]. Then M{" = M*» = L/ = L', and
the integrability assumptions (10) and (11) are identical to the ones in [22]:

350 € L™ with f(',g())Jr € Ll and 3770 € Ll with f*(',T]())Jr S Ll,

under which (1) holds true ([22], Th. 1), and since I p(n) = Hz+(n|P), it reads
as

Lip(v) = Hp-(1,|P) +  sup  vy(§), Vv € ba.
g&cdom(Iyp)

We can also consider other probability P < P and Iy,p := Iy, where yp = d;py,
but we need a little care when P o P (then (5) is violated): here we consider
I p as a functional on L*°(P) rather than the space of P-equivalence classes of
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P-essentially bounded random variables. Equivalently, Iy p = I,p with g(-,2) =
f(, x)%ﬂ{dp/d]p>0}, and its conjugate is

I3 p(v) = Hp- (13| P) + 00l xpy + sup  vs(§). (20)
§6dom(lf,p)

Example 2.8 (Homogeneous case). The formulation (9) covers the follow-
ing form

Ifﬂ’(f) = 2;;7% EQ[f(af)] = If,5P(§)7

where P C Q is a nonempty convex set. dp clearly satisfies (4), and (6) (resp.
(5)) is equivalent to the weak compactness of P itself (resp. 3Q € P with @ ~
P), and pp(§) := ps,(§) = supgep Egl€] is a positively homogeneous monotone
convex function, called sublinear expectation or coherent risk measure (modulo
change of sign). In particular, M?* = LP7, while M;” C MP?" is possible (see
[19, Example 3.7]).

Example 2.9 (Polyhedral case). This is a special case of Example 2.8. Sup-
pose we are given a finite number of probability measures P, ..., P, < P which
generate a polyhedral convex set P = conv(P, ..., P,). This P is clearly (convex
and) weakly compact in L', (5) is equivalent to %(Pl, oty Py) ~ P, and we have
MpP = MPP = LPP =, L'(Ps) since

=S B [el) < e = max Enllel] < 3 Erllcl

1<k<n
k<n k<n

In particular, noting that Ir, p4+..4x.pP,) = AMilpp + -+ Ay p,,

Zyp(§) = Sup I1q(§) = max I;p(§),  dom(Z;p) =<, dom(/s p,).

1<k<n

In [28, Cor. 2.8.11], the conjugate of pointwise maximum of finitely many convex
functions is obtained, which reads in our context as (compare to (25) below): if

dOm(Iﬂ'p) 7& (Z),

Z; p(v) = min {¢*(v): ¢ € conv(Ispy,.... [tp,)} (21)
20) .
= min / = min ¢ Hs(1,|Q) + ooly,, + sup  v(&) ;.
min () 2 i { R
Example 2.10 (Entropic penalty). Let ven(Q) be the relative entropy of @
w.r.t. P
dQ dQ
= P):=E
PYent(Q) zlog:v(Q| ) |:dIP, d]P):|
This function satisfies Assumption 2.1: Yent(P) = 0, hence (4) and (5), while (6)
follows from the de la Vallée-Poussin theorem since lim, o, %% = 0o, Let

xT
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L% .= {¢c L°: Ja >0, Elexp(alé])] < oo} (exponential Orlicz space),
M®» = {¢ e L": Va > 0, Elexp(al¢|)] < oo}  (Morse subspace).

In this case, pent(§) := pron (§) = logE [exp(£)] whenever £~ € L*e». Hence,
M = MPr = M®>» C L% = [P7 and M*>» C L% if (Q, F,P) is atom-
less (e.g. exponential random variable). The integrability assumptions (10) for
&0 € L™ and (11) for gy € L read as E [exp(af(+,&))] < oo for all a > 0 and
E [exp(ef*(-,m0))] < oo for some € > 0, respectively. Moreover, the correspond-
ing integral functional is explicitly written as

T e (§) = logEfexp (f(+,€))], V§ e L™.

3. Statements of Main Results
3.1. A Rockafellar-Type Theorem for the Convex Conjugate

The following is a robust analogue of the Rockafellar theorem for the conjugate
of :Z'ﬁ7
I;,(w) == sup (v(§) = Zy,(€)), v € ba=1ba(Q,F,P).

geL>

Theorem 3.1. Suppose Assumption 2.1, (8), (11) and
3o € L™ such that f(-,&)" € MP. (22)

Then for any v € ba with the Yosida-Hewitt decomposition v = v, + v,

Hf*ﬁ(yr) + sup Vs(g) < I;:;y(y) < Hf*,w(yr) + sSup Vs(£)> (23)
§€Dy o &edom(Zy )

where Dy, :={& € L™ : f(-,&)" € My} C dom(Z;.,) (by (12)).

A proof is given in Section 4.1. In contrast to the classical Rockafellar theo-
rem (1), our robust version (23) consists of two inequalities instead of a single
equality. But the possible difference appears only in the singular part, thus

Corollary 3.2 (Restriction to L'). Under the same assumptions as in The-
orem 3.1,

I, (n) = Hy-»(n) (H-(Q) +7(Q)), ¥ne L

= inf
QeQy
In particular, Hs- -, is weakly lower semicontinuous on L*, and

Zy(€) = sup (E[¢n] — Hpey(n), &€ L™ (24)

neLt

Proof. The first assertion is clear from (23), by which the conjugate H -,
is lower semicontinuous for any topology consistent with the duality (L, L'),
while (24) is a consequence of o(L>, L')-lower semicontinuity of Z; , (Lemma 2.3)
via the Fenchel-Moreau theorem. O
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In the classical case of Example 2.7, Dy, = dom(Zs,) = {{ € L™ : f(-,§)" €
L'} (since My = LP» = L'), hence (23) reduces to a single equality which is
exactly (1) as in the Rockafellar theorem [22, Theorem 1]. The original version of
[22] is slightly more general, where the integral functional is defined with respect
to a o-finite (rather than probability) measure p for R%valued random variables
£ € L®(Q, F, u;RY). There are also some extensions replacing L>(Q, F, u; R%)
by some decomposable spaces of measurable functions taking values in a Banach
space. See in this line [14], [4], and [23] for a general reference.

In the polyhedral case of Example 2.9 (v = ép and P = conv(Py, ..., F,)), we
still have Dy, = dom(Zy,) = (<, dom(/; p,). Thus (23) reduces to

T;.,(v) = min Hy- (41Q) + sup {(€) s & € Nycy dom(ln)} . (25)

This is slightly sharper than (21) in the sense that regular and singular parts
are separated.

To the best of our knowledge, Rockafellar-type result for the robust form (9) of
convex integral functionals (including the homogeneous case of Example 2.8) is
new. A possible complaint would be the difference between singular parts in the
upper and lower bounds in (23). In the full generality of Theorem 3.1, however,
both inequalities can really be strict and one can not hope for sharper bounds
as the next example illustrates (see Appendix B for details).

Example 3.3 (Badly Behaving Integrand). Let (2, F) := (N,2%) with P
given by P({n}) = 27", and (P,), a sequence of probability measures on 2N
specified by P({1}) = 1; P,({1}) = 1 —1/n, P,({n}) = 1/n. Then P =
conv(P,;n € N) is weakly compact in L'(N,2Y,P), thus v = dp is a penalty
function satisfying Assumption 2.1 and p,(§) = sup, Ep,[¢] if £ € LY. In this
case, L™ is regarded as the sequence space > with the norm ||¢||o = sup,, |£(n)],
and v € ba® (N, 2Y,P) if and only if v vanishes on any finite set, or equivalently,
for any v € ba.,

veba, & [v]-liminf&(n) <v(§) < |v| -limsup(n), V& e =L>. (26)

n

(Such v # 0 exists, thus ba’, \ {0} # 0; see [1, Lemmas 16.29 and 16.30]). Now
we set

fn,z) =nze*, neN=Q, zeR. (27)

Then Z;, (&) = sup,, (1= 2)&(1) et M +-£(n) et M) <2||¢ ]| el s0 dom(Z;.,)

L, and limp o0 sup, Ep, [£(, €)1 5(.e>n3) = limsup, &(n)* ™" (Lemma B.1),
thus
0€ Dy, ={£ €l limsupé(n) <0} C dom(Zs,) = L*=. (28)

As for Ty, dom(Z;,) C bay since Iy, is increasing, and Hy-,(0) = 0 since
fr(-,0) = inf; f(,2) = 0, thus (23) reads as supeep, v(§) < Zj,(v) <
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SUD¢edom(Z;.) v(€) on ba®.. On the other hand, for v € ba?, SUPgep, v(€) =0,
SUP¢cdomz, V(§) = 400, and (Lemma B.2):

Zj,(v) = swa(fvl| =), Vv € bal.

In particular, Z7 (v) = 0 if v € U] = {v € bai : |lv]| = v(N) < 1}, 0 <
Z;.,(v) <ocifv € bai \US :={v € bai : [[v| > 1}, and lim 500 veat \v2 L, (V)
= 00. In summary,

(a) Zj, coincides with the lower bound supeep, () = 0 on U3, while

(b) onba}\U3, T is strictly between the upper and lower bounds and it runs
through the whole interval of these bounds (in this specific case, [0, 00]).

3.2. Finer Properties in the Finite-Valued Case

We now consider the regularities of Z¢., and H- ., in terms of the dual paring
(L, L'). In the classical case of Example 2.7, the singular part of 7 in (1)
is trivialized (i.e., d{0}) as soon as Iy := Ty py is finite-valued, then I} reduces
entirely to I;+. It implies that all the sublevels of I are o(L', L>)-compact (see
(23, Th. 3K]), which is equivalent to the continuity of I for the Mackey topology
7(L>®, L"), and I; admits a o-additive subgradient at every point (weak* subd-
ifferentiable). Consequently, we can work entirely with the dual pair (L>°, L').

In the robust case, the “triviality of singular part of Z3 .” should be understood
as
Vv € ba, I} (v) < oo = v is o-additive, (29)

Le. that Z3 = eliminates the singular measures, which still makes sense even
though 77 itself need not be the direct sum of regular and singular parts. This
guarantees in particular that (23) reduces to a single equality (of course). In
the case of Example 3.3, Dy, C dom(Z;,) = L, and Z; (vs) < oo as long
as vg > 0. Thus dom(Z;,) = L™ is not enough for (29), while from (23),
D, = L™ is clearly sufficient. In fact, given the finiteness (plus a technical
assumption), Dy, = L is also necessary for (29), and equivalent to other basic
(L>, L*)-regularities of Z;., and 7% ., which follow solely from the finiteness in
the classical case.

Theorem 3.4. In addition to the assumptions of Theorem 3.1, suppose dom(Zy )
= L*> and
3¢, € L™ with f(-,&))” € M". (30)
Then the following are equivalent:
(1) Dj,=1L>, ie., f(-,)F € My for all § € L>;
(1)) R C Dy, i, f(,x)T € MY for all z € R;
(#4i) I, eliminates singular measures in the sense of (29);
() {neL': Hsp(n) <c}iso(L, L>)-compact for all c € R;
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(v)  Z;. is continuous for the Mackey topology T(L>, L');

(vi) Zf (&) = lim, s~ (&) if sup,, [|€n]lee < 00 and &, — & a.s. (the Lebesgue
property);

(vit) Ly~ (&) = maxyepr (E[§n] — Hyp (1)), d.e., the supremum is attained in
(24), V€ € L.

Here implications (i) < (ii) = (i) = (iv) < (v) = (vi) and (v) = (vii) are
true without (30).

A proof will be given in Section 4.2.

Remark 3.5. The finiteness of Z; ., already implies that f(-,§)" € LP, V€ €
L> (in particular f is finite-valued), while the additional assumption (30) is
made to guarantee f(-,£)t € M?r for all £ € L™ (see (49) and the subsequent
paragraph). These coincide in the homogeneous case (Example 2.8; including
the classical case) since then L?* = M?7, but in general, M C L7 is possible.
A sufficient condition for (30) is that

3770 € M with f*(',ﬁo)Jr € Mp«,’ (31)

(then f(-,&)~ € M?» for all £ € L), which is identical to (11) (contained in
the standing assumptions) in the homogeneous case.

Remark 3.6. The equivalence between (iv), (vi) and (vii) for convex risk mea-
sures on L*, ie., for p,|r~ with penalty function v as in Assumption 2.1 is
known ([13] and [5]) followed by some generalizations: [16, 17] for convex risk
measures on Orlicz spaces, and [19, 20| for finite-valued monotone convex func-
tions on solid spaces of measurable functions among others.

From (i) = (v), we derive a simple criterion in terms of integrability of f for
the (L*°, L')-Fenchel duality for the minimization of robust integral functional
Zs~. Here we recall Fenchel’s duality theorem (see [21, Th. 1]): if (E, E') is
a dual pair, ,1 are proper convex functions on F, and if either ¢ or ¢ is
7(E, E')-continuous at some x € dom(p) N dom(e)), then

. _ 3 * / *( a0

inf (p(2) +4(2)) = — min (¢™(2') + 97 (=2)).
Putting £ = L™, E' = L', p = Z;., and ¢ = d¢ with C C L™ convex, (i) = (v)
tells us that

Corollary 3.7 (Fenchel Duality). Let v be a penalty function satisfying As-
sumption 2.1 and f a proper normal convex integrand. If f(-,z)* € My for all
x €R, and f*(-,no)" € LP¥ for some ng € L7, then for any convex set C C L,

inf Zy.,(€) = — min (oo (~7) + fupwm).

£€C neLl reC

If in addition C is a convex cone, the right hand side is equal to —min,cco H p«(—n),

where C° = {n € L' : E[¢n] < 1, V¢ € C} (the one-sided polar of C in (L>, L')).
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The subdifferential of Zy., at & € L™ is the following set of v € (L*)* called
subgradients:

0L (&) :={v e (L™) : v(&) —Ls,(&) > v(f) —Is,(E), VE € LY.

We say that Z;. is subdifferentiable at & if 0Z;.(§) # 0. In view of (24),
n € 0Zp~ (&) N L' (then n is called a o-additive subgradient of Z;., at &) if and
only if it maximizes n' — E[¢n| — H - ,(n'), thus (vii) is equivalent to saying
that for every £ € L™, 0Z;.(£) N L' # 0. Note also that 9Z;,(§) C dom(I;Zﬁ)
since I;Z’,y(l/) = supg,eLw(z/(f’) —Zr4 (&) < v(€) =Ly (8) < 0 if v e 0Ly, ().
Thus (iii) implies 9Z;,(§) C L'. Summing up,

Corollary 3.8. Under the assumptions of Theorem 3.4, (i)—(vii) are equivalent
also to

(vitg) 0 # 0Ly () C L* for every & € L™.

The weak compactness of the sublevels of H s« , can be viewed as a generalization
of the de la Valle-Poussin theorem which asserts that a set C C L! is uniformly
integrable if and only if there exists a function g : R — (—o00, oo] which is coer-
cive: limjy 00 g(y)/y = 00 and sup,cc Elg(|n])] = sup,ec Hy,op, (In]) < 00 (e.g.
[6, Th. 11.22]). The coercivity condition is equivalent to saying that dom(g*) = R.
Now we have as a consequence of (ii) < (iv):

Corollary 3.9 (cf. [9] when g is non-random). A set C C L' is uniformly
integrable if and only if there exists a convexr penalty function v on Q satisfying
Assumption 2.1 as well as a proper normal convex integrand g with g*(-,x) €
M, Vo € R, such that sup,cc Mg~ (1) < 00.

Proof. Let f = ¢*, then f* = ¢g** = g (since normal). Then Dy, = L™ by as-
sumption and H, ., = Hy- , is well-defined while sup, .. H, () < 0o guarantees
(11) as well. Now the sufficiency is nothing but (ii) = (iv), while the necessity
is clear from the above paragraph. O

3.3. Examples of “Nice” Integrands and Robust Utility Maximiza-
tion

When f is non-random and finite, R C Dy, is automatic, while f*(y) € My"
for any y € dom f* # () (since constant). Here are some ways to generate “nice”
random integrands.

Example 3.10 (Random scaling). Let g : R — R be a (non-random) finite
convex function # 0, and W € LY be strictly positive (i.e., (W > 0) = 1).
Then put

flw,z) :=g(W(w)z), V(w,x)e QxR

In this case, f*(w,y) = ¢*(y/W(w)) and R C Dy, is true if

35 > 0, p > 1 such that g(—dW»)" v g(sWP)* € MP. (32)
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Note that [Wz| = §|W(22/8)| < L (WP + 25 |z|?) where %—I—% = 1. Applying
the (quasi) convexity of g twice, (32) implies for each x € R

24 - 20 -
V) < o000 v g (~soilal) v (sglel) € M
Also, since g £ 0, dom g* \ {0} # 0. If y € dom g* and y > 0 (resp. y < 0),

gOWP)* + g*(y) g(=dWP)* + g*(y)
yo —yd '

0O<W<14+WPL<1+ i resp. <1+

In both cases, (32) implies W € M?7, and consequently, n, = yW € M? and
f*(omy) = ¢*(y) € L*>*. Thus (31) (= (11)) follows from (32) as well. If in
addition ¢ is monotone increasing, g(—W?)* < ¢(0)", thus the half of (32) is
automatically true.

Example 3.11 (Random parallel shift). Let f be a finite normal convex in-
tegrand satisfying (11) and R C Dy, and B € L°. Then put

fe(w,z) = f(w,z+ B(w)), (w,z)€ QxR (33)

By convexity of f, f(-,2+B) < = f (-, %x)—i—%ﬁf(, (14+€)B) and f (-, 1%695) <
< f(-,xz+ B) + = f(-, —eB), thus putting 'y (z) = f(-,ax)"/a,

1+ 1+e
S () B < dat) < o () 4 TB),
en
Fo) = Tre(B) < alo9)  J(9) + T(-B) (3

where f5(-,y) = f*(-,y) — yB, and (35) follows from (34) by taking conjugates.
Thus if
Jde > 0 such that I'1 . (B) € M and I'.(—B) € L, (36)

then R C Dy, , and fj satisfies (11) ((31) if f* does). Moreover, (35) implies
in this case
M) <00 & Hpy(n) <oo = nB € L,

and My - is explicitly given in terms of Hy- . as

Hye 4(n) = Hype 4(n) —E[nB], Vn € dom(Hy; ) = dom(Hy- ). (37)

We can combine the preceding two examples:

Example 3.12. Let ¢ : R — R, W and B be as in Examples 3.10 and 3.11,
and put
h(-,x) = g(Wz + B) = g(W(x + B/W))

This h satisfies (11) and R C Dy, , if (g, W) satisfies (32) and (36) holds with
f = g. Note that if we apply Example 3.11 to f(-,z) = g(Wz) and B/W, then
ho2) = fx + B/W) and e.. f((1+£)B/W) = g((1+2)B).
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Our initial motivation was a duality method for robust utility mazimization of
the general form (3) with random utility function U : 2 xR — R. See [10] for the
financial background of the problem. A motivational example of random utility
is of the type Up p(-,7) = U(D 'z + B) where U : R — R is a proper concave
increasing function and D, B € L° (with D > 0 a.s.) correspond respectively to
the discount factor and a payoff of a claim. Then the problem is to

maximize uaBﬁ@)?:&QJEQK“D7%*-3ﬂ+”ﬂQ»::—ZmBnPf)(3@

over a convex cone C C L*™ where fp p(-,2) = —U(—D 'z + B) is a proper
normal convex integrand of the form in Example 3.12. The full detail of this
problem in more concrete financial setup will be given in a separate future paper
together with an application to a robust version of wtility indifference valuation.
Here we just give a criterion in terms of “integrabilities” of D and B for the
duality without singular term as well as its explicit form when U 1is finite on
R. Tt constitutes a half of what we call the martingale duality method (see e.g.
[2, 25, 3] for the other half in the classical case and [18]' for a partial result in
the robust case). For the case dom(U) = R, see [26] when D, B are constants;
[27] with bounded B, and [9] for dom(U) = R with constant D, B; see also [10]
for more thorough references. The following is an immediate consequence of
Corollary 3.7 and Example 3.12.

Corollary 3.13. In the above notation, suppose U is finite on R, and

3,6 > 0 with U(=0D~U49)) " € M, U(—(1+¢)B)” € M2, U(eB)™ € L.
(39)
Then for any nonempty convex cone C C L*°, it holds that

Sup up,p4(§) = min (Hv,,(Dn) + E[DBn]), (40)

¢ec necy,

where V(y) 1= sup,cp(U(x) — zy) and Cy, :={n € C°: Hy~(Dn) < co}.

Here C can be any convex cone and the possibility of both sides being oo is not
excluded; it does not happen iff Cy # 0. If in addition Cy° :== {n € C}, : n >
0 a.s.} # (), we can replace “mingece” by “infnec‘c;,e” etc with a little more effort
and certain regularities of U. Choosing a “good” cone C, these conditions as
well as the dual problem have clear financial interpretations and consequences
(see [2] for a good exposition in the classical case).

A couple of features deserve attention: (i) We directly invoke Fenchel’s theorem
to the functional up g, = —Zy, ,,(—) by means of our main theorem, instead
of interchanging “supgcc” and “infgeg”, and invoke a classical duality (see [2, 3]
and its references) under each @, so we do not need to mind what happens under
“extreme” @) € Q.; (ii) embedding the randomness D, B to the utility function

!There an earlier version of this paper (still available as arXiv:1101.2968) was used.
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U instead of transforming the domain C to D~!C + B, we retain the “good
form” of C (which is essential for the probabilistic techniques to work well), and
obtain a criterion for the duality in terms solely of B and D (when U is finite).
Those integrability conditions are weak even in the classical case where v = dypy
and D = 1 (then (39) reads as U(—(1 +¢)B)~,U(¢B)~ € L' for some ¢ > 0
complementing the result of [3]).

4. Proofs
4.1. Proof of Theorem 3.1

The upper bound is simply a consequence of Young’s inequality (18) and v =
Vp + Vs:

T )= swp ((€) — Ty () + 1)) S Hyn(v) - sup (6.

¢cdom(Zy ) ¢cdom(Zy )

The lower bound is more involved. First, fix v € ba and define

L(Q,8) = v(§) = Eolf (Ol +7(Q), Q€ Qy, & €Dy

It is finite-valued on Q. x Dy, convex in Q € Q, and concave in { € Dy ,.
Moreover,

Lemma 4.1. With the notation above, it holds that
inf L,(Q,¢) = inf L,(Q,%). 41
gof sup L,(Q§) = sup inf L,(Q,¢) (41)

€y £€Ds £€Ds

Proof. We claim that for any £ € Dy, and ¢ > 0, A(§) = {Q € 9, :
L,(Q,§) < ¢} is weakly compact in L'. Again let vg := dQ/dP for each
Q) € Q,. For the uniform integrability of A.(£), pick a @y € Q, with v(Qy) =0
(see Remark 2.2) and observe that

Eol/(-6)] < B |2, YY) < b (07(,6)) 4 13(Q) <00, (42)

since & € Dyy. Thus Ac(§) C {Q € Q:7(Q) <2(c— (&) +py(2/(€)))},
hence A.(§) is uniformly integrable by (6) and so is AL(E) = {f(-, &)™

L,(Q,¢&) < c} by (7) since € € Dy,

To see that A.(§) is weakly closed, it suffices to show that it is norm-closed
since convex. So let (Q,), be a sequence in A. converging in L' to some Q,
then passing to a subsequence, we can suppose without loss that g, — ¥¢ a.s.
too. From the previous paragraph, (f(-,£)"q, )» is uniformly integrable, hence
by the (reverse) Fatou lemma, we have Eq[f(-,£)] > limsup, Eq, [f(-,£)] and
consequently,

L(Q,€) = v(§) = Eqlf (- )l +7(@)
< v(&) +lim inf ~Eq, [£(-,€)] + lim inf 4(Q)

< Timinf (4(€) — Eq, [f(, )] + 7(Qn) < c.
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We deduce that A.(€) is weakly closed, hence weakly compact. Now (41) follows
from a minimax theorem (see [19, Appendix A]). O

Noting that I;,V(V) > supgepm(v(f) —Z1,(8) = SUD¢ep, infgeo, L,(Q,§), we
deduce from Lemma 4.1 that for any v € ba,

I;,(v) = inf sup L,(Q,§) = inf sup (v(§) —Eq[f(-§)]+7(Q)). (43)

T Qe9, £eDy 4 QeQy £€Dy

Lemma 4.2. Letn,(,v € L' such that ¢ > 0 a.s. and

fr ) = sup (an—¢f(2)) > C as. (44)

z€dom f

Then there exists a é € L° such that

f(,é) <00 a.s. and &n— (-, &) > C as. (45)
Proof. This amounts to proving that the multifunction
Sw) = Az € dom f(w,") : 2n(w) — P(w)f(w,z) = ((w)}

admits a measurable selection. S is nonempty valued by (44), and measurable
since g(w, z) = Y (w) f(w, x) —xn(w) (with the convention 0-oco = 0) is a normal
convex integrand (see [24, Prop. 14.44, Cor. 14.46]), and S(w) = dom f(w,-) N

{z: g(w,z) < —=C(w)}. On {¢) > 0}, we have simply S = {z: f(,z) —a] <

—%} which is closed since f is normal. Thus

;o ) Sw) ifwe {¥ >0},
Sm&-{w if we {1 =0},

is a closed-valued measurable multifunction with domS" = {w : S'(w) # 0} =
{1 > 0}, thus the standard measurable selection theorem (see [24], Cor. 14.6)
shows the existence of & € LY such that £'(w) € S'(w) = S(w) for w € {y > 0}.

On {¢ = 0}, the multifunction S need not be closed-valued. So we explicitly
construct a selector. First, on {¢) = n = 0}, we can take any & € domZ;.(#
() by assumption), which satisfies {(w) € dom f(w,-) for a.e. w by (13), and
Eon — Uf(-,&%) = 0 > ( on {¢p = n = 0} since (44) reads as ¢ < 0 when
Y =n=0.

Next, we put

£ = % ((a;{/\%) + (a;v%)) on {1 = 0,n # 0},

where aji (w) = limy 400 [*(w,z)/z as in (15). Recalling that dom f(w, -)
{a}.(w)} if af.(w) = af.(w), and otherwise (a;.(w),a}.(w)) C dom f(w,:) C



K. Owari / Robust Integral Functionals — 845
[ar. (W), af.(w)], we have £"(w) € dom f(w, -) for w € {¢p = 0,1 # 0}. Also, (44)

reads as a}rn > ( when ¢ = 0 and 1 > 0, hence

€' —0f(,€) == 3¢+ 5 (a7 VO > ¢ on {1 =0,7> 0}

Similarly, (44) reads as ayn > ¢ on {¢) = 0,7 < 0}, hence

(4 V() + 3¢ > ¢ on {w=0,9 <0}

N | —

((afn V) + (aznAQ)) =

N | —

' =

Now & = ¢'1 {(6>0} —I—foﬂ{lpzomzo}—1—55”1{1#:0,#0} is a desired measurable selection.
]

Proof of Theorem 3.1. The upper bound is already established at the be-
ginning of this section. For the lower bound, it suffices to show that for any
V=1, + Vs € ba,

a <Hpq(r), B< sup v(§) = a+ B <Ij,(v). (46)
€€Dy 4

In the sequel, we fix an arbitrary v = v, + v5 € ba and «a, f as in (46), and we
denote

dv, . dQ
=D and g = B

n: VQ € Q,.

By the assumption on [, there exists a £ € Dy, with v4(&s) > 5, and by the
singularity of v, there exists an increasing sequence (A,,), in F with P(A,) 11
and |vs|(A,) = 0 for all n, so that v4({;14e) = v5(&) > . On the other hand,
the assumption on « implies that

@ < Hp-(1Q) +7(@Q) = E [J* (\n.%0)| +7(Q). ¥Q € Q..
Then for each Q € Q,, there exists a (g € L' with
El(g] > a—(Q) and (o < f*(-,n,%q) as.
(even if & := f* (-,n,1bg) & L': since &~ € L', choosing € > 0 so that E[®] —¢ >
a, we have limy E[(® — ) A N] > a by the monotone convergence theorem, so

(P —e) A Ny with a big Ny does the job.) Therefore, Lemma 4.2 implies that
there exists a 5% € L° such that

f('a g%) < oo and 52277 - wa('a g%) > CQ a.s. (47)

Note that this does not guarantees that 5% is in Dy, (if it was, there would be
nothing to prove anymore). So we approximate §% by elements of Dy,. Let
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B, = {|&| < n}n{|f(-. &) < n} and C,, := A, N B, then P(C,,) 1 1 since
f(-.€0) < oo as. Put

¢o =E&gle, +&1cg, YneN.

Then for each n, £ € Dy, since [|£3 [0 < 1+ [|€s]loo < 00 and

f'(’fg)Jr = f(? §%>+]]‘Cn + f(a gs)Jr]lC,Cl <n+ f(, fs)Jr € quw
by the solidness of the space. On the other hand,

v (€5) — Eq [f(-,€5)] = E [£5m — Yo f(+£5)]
=E [1¢, (£0n — Yo f(-,£0))] + E [Lee (& —vof(-, )]
> Elole,] +E [Teg (§n — v f(+,&))]
= E[Go] + E[Leg (&n — Yo f (&) — Go)]-

=:12Q

Note that Zg € L' since f(-, &) € Noco, LY(Q) (by & € Dy5), thus lim, E[1 e =g
= 0. Therefore, noting that v,(§5) = vs(1ceép) = vs(Leeds) = vs(&s),

sup (v(§) — Bl /(- ¢)]) = sup (v (€5) — Eqlf (-, €0)] + vs(£5))

fG’Df’,Y

> limnsup (El¢o) + E[lceZq) + vs(&s))
= EKQ] + Vs(gs) > o= V(Q) + B

In view of (43), we have

T3, () > il sup (v(€) — Eqlf (- 6] +7(Q)) > a + A.

Q€Qy ¢epy

Since v < My« (v) and B < supgep, vs(§) are arbitrary, this completes the
proof. O

4.2. Proof of Theorem 3.4

In the sequel, the assumptions of Theorem 3.4 excepting (30) are supposed
without notice. The implication (i) = () is trivial since R C L*, and (i) =
(i) is clear from (23) of Theorem 3.1, while (i) = (7) follows from (cf. [22, 23])

agﬁgba.s., CL,bER = f(af) Sf(’aa)Jr_'_f(’ab)Jr‘ (48)

Indeed, the assumption implies the existence of a [0, 1]-valued random variable
a such that £ = aa + (1 — a)b a.s. Since f(w,-) is convex for a.e. w, we see
that f(w,{(w)) < a(w)f(w,a)+ (1 — a(w))f(w,b) < f(w,a)t + f(w,b)" for a.e.
w € .
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Given dom(Zy,,) = L™ and o(L*°, L')-Isc of Z; ,, (Lemma 2.3) as well as 7 |1 =
H s« o (Corollary 3.2), (iv) < (v) is a special case of the following (with £ = L*
and E' = L'):

Lemma 4.3 ([15], Propositions 1 and 2). Let (E, E’) be a dual pair and ¢
a o(E, E")-lsc finite convex function on E with the conjugate ©* on E'. Then ¢
is T(E, E')-continuous on E if and only if {x' € E' : p*(z') < ¢} is o(E', E)-
compact for each ¢ € R.

Proof of (iii) = (iv). Put E = L*, E' = ba, then 7(L*, ba) is the norm-
topology while the finite Isc convex function Zy., on the Banach space L™ is
norm-continuous (see [8, Ch. 1, Cor. 2.5]). Thus A, := {v € ba : Z;,(v) <
¢} is o(ba, L®)-compact from Lemma 4.3, a fortiori {n € L' : Hp,(n) <
c} = A.n L' = A, (by Corollary 3.2 and (41)) is o(L', L>)-compact since
o(L', L) = o(ba, L*)| .. O

Proof of (v) = (vi). This follows from the observation that

sup [|&allee <00 and &, — & as. = &, — ¢ for (L™, L1).

Indeed, for any weakly compact (= uniformly integrable) subset C C L',
sup E[|¢ — &il[n]] < sup E[|§ — &alln|Lgy>ny] + sup E[|€ — &l 0] L gn1<n)]
necC necC necC

< 25Up [[€nlloc SUDE[[n[T > ny ] + NE[JE = &l
n ne

Taking a diagonal, we see qc(§ — &) = sup, ¢ |[E[(§ — &)n]| — 0, while g¢c with

C running through (convex, circled) weakly compact subsets of L' generates
T(L*>, LY). O

Proof of (iv) = (vii). Fix an arbitrary 7y € dom(H ) (# 0) and £ € L™.
Observe that

1+ 1o
2

EE(n+mno)] =E {25 } < Iy, (26) + % (Hpen(n) + Hpe 5 (0)), ¥ € LY.

Hence E[£n] —H (1) < T (2) +|Ellollmolls + 5 H g o (10) — 5H - o (n). Putting
Cee =2 (c+ZLs(26) + ||€]loolImoll1) + Hpx o (m0) which does not depend on 7, we
see that

Elén] — Hyp () > ¢ = Hype () < Cog.

Consequently, {n € L' : E[¢{n] — H-,(n) > ¢} is weakly compact for each
¢ > 0, since it is contained in a weakly compact set {n € L' : H;(n) <
Cee} and n — E[&n] — Hy-,(n) is weakly upper semicontinuous. Therefore,
sup,cr1 (E[€n] — H - (1)) is attained. O
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From now on, we assume (30) (thus all the assumptions of Theorem 3.4) which
implies that
fG.T e M, VEe L™ (49)

Indeed, by dom(Z;,) = L™ and 3, € Dy, we have for all { € L> that

1
1
+ 50 (RA=1Df(&)7) <00, A>1.
Here the first term in the right hand side is 17, (2A — (2A — 1)&)) < o0. On
the other hand, if f(-,&))” € M*» as in (30), putting A = {f(-,&) > 0} with an
arbitrary £ € L™, we see that f(-,&14 + &(1ac) = f(-,6)T + f(-, &)L ae, hence
FCOT < f(E0a+ELac) + f(+,&)) . Therefore, for all A > 1,

py (VFC6)%) < 50y (A €L+ 6100) + 50y (2AF(,6) 7).

Proof of (vi) = (i). In view of (7) and (49), it suffices to show that for each
§e L,

lim sup Egq [f(-,f)*ﬂ{f(.,g)Jerﬂ =0, VYe>0.
N y@<1

Let Ay == {f(-,¢§) > N} € F (N € N), then P(Ay) — 0 since Z;, is finite.
Pick a &y € Dy, and put &y = (§ — o)L, so that {n + o = §lay + ol ag, -
Then f(-,&n + &) = f(-,§)Lay + f(+, &) Lag while for A > 1

£l ) < 370 M+ 60) + 2 7 6),

hence
FO8 Tay = (. E)ay € 30N +60) + 1 F(,E0) + F( ) Ly,

Note that since &, € Dy, and since f(-,&)” € L,

Ci = sup Eo[f(-,&)7 ] <oo and lim sup Eq[f(, &) 1ay] =0.
Q)< ¥ Qs

Also, Eg[f(, An + &0)] < py(f(5 AN +&0)) +7(Q) = Zr,(An + &) +7(Q),
while for each A\ > 1, we have supy [[An + &olloo < M|€]loe + (A — 1)|[€o] 00 < 00

and Ay + & — & a.s., thus Iy, (AXn + &) — L5, (&) by (vi). Hence for large
enough N > N, (say), Zr,(An + &) < Zp (&) + 1 =: Csy, so

Co+c+C
sup Eq[f(+,€)1ay] < =————+ sup Eq[f(- &) 1a,)
Y(@Q)<c Y(Q)<e

Now a diagonal argument yields that sup.g)<. E[f(-,§)"1ay] — 0. O
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Proof of (vii) = (iv). Under (49), limy,|, —oc Hs+~(1n)/||n]l1 = 00, i.e., Hy- 4 is
coercive on L'. For, since ||n|l; = E[sgn(n)n] where sgn(n) = Lys0 — <o) €
L=, f(nsgn(n)) < f(-,—n)" + f(-,n)" € M by (48), (49), and H-,(n) =
supge oo (E[En] — L4 (S)), we have

Hy-~(n) > Elnsgn(n)n] — Iy, (nsgn(n))

P (2f(~, _n)+> — Py (Qf('a n)+)
2

> n|nl — > —o0, Vn.

Then the coercive James’ theorem [16, Th. 2] applied to the coercive function
H s, on the Banach space E = L' implies the relative weak compactness of all
the sublevel sets {n € L' : H ,(n) < ¢} which are weakly closed since H« ., is
weakly lower semicontinuous. O

A. Lower semicontinuity of H + v

Lemma A.1. Under the assumptions of Theorem 3.1, H - 4 is jointly weakly
lower semicontinuous on L' x Q,, and infoeq, (Hs(n|Q) +~(Q)) is attained
for everyn € L.

Proof. Let & be as in (22) (so f(-,&)" € M), ¥g = dQ/dP for each Q € Q,,
and put K(c,a) == 2(c + py 2/ (+€)*) + alléolo) < 0. Then by (42) in the
proof of Lemma 4.1,

Inlly < a and Hp(v|Q) +9(Q) < ¢ = Y(Q) < K(c,a). (50)

Also, from (19) with & above and (7), we see that whenever (7,), is uniformly
integrable and sup,, Y(Q,) < oo, {f*(, Mns @Z)Qn)*}n is uniformly integrable.

To see that H - + 7 is weakly Isc, it suffices by convexity that for each ¢ € R,
Aoi={(ng) e L' x L' : Q € Q,, H+(n|Q) + v(Q) < ¢} is norm-closed. Let
(Mn, Y0, )n C Ae be norm convergent to (n,1q). Passing to a subsequence, we
can assume a.s. convergence too. By the above paragraph and the norm con-
vergence, (1,), and { f*(~,77n,z/JQn)_}n are uniformly integrable, while v(Q) <
sup,, 7(@n) < oo by (50) and lIsc of v. Thus by Fatou’s lemma,

Hy-(n/Q) +7(@Q) = E | (n.¥a)| +1(Q)
< limninf]E [f*(nn,an)] —I—limninfy(Qn)

< hmninf (E [f*(nman)] + V(Qn)) <c,

hence (n,1q) € A., obtaining the lower semicontinuity of H s« 4. In particular,
Hp(n]-) +(-) is weakly lower semicontinuous on Q., so another application of
(50) as well as (6) imply that the infimum infgeo, (Hs-(n|Q) + 7(Q)) is attained
for each n € L. O
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B. Some Details of Example 3.3

Let (N, 2N P) and (P,), be as in Example 3.3 with P = conv(P,,n € N) (closed
convex hull). The weak compactness of P follows from sup, P,({k,k + 1,k +
2,..})=sup{l/n: n>k}=1/k = 0as k — oco. Also p,(§) =suppcp Ep[{] =
sup, Ep, [¢] if & > 0 since P — Ep[¢ A N] is continuous for any N € N, so

suppep Ep[¢] = supy suppep Ep[§AN] = supy SUD pecony (P, ineN) Kp [§AN], while
if P=aiP, +- Py, then Ep[AN] = a,Ep, [AN]+---+aEp, [AN] <
max;<i<; Ep, [§ A N] < sup, Ep, [ A NJ.

Lemma B.1. Let f be given by (27) in Example 3.3. Then we have

lim supEp, [£(-,€)1is0.02n] = limsup &(n) e (51)

—00 p

Proof. Let h(z) := 2e® and fix £ € €. If ||{]| = 0, then both sides of (51)
are 0, thus we assume ||€||c > 0 (< h(]|¢]|) > 0). Note that for any N,n € N,
we have (by definition)

1

Er, (- OLycosm] = (1= 1) HE) Lo + AE) Lnnrsm.

In particular, Ep [f(, f)ﬂ{f(-,g)zN}] < h(f(l))ﬂ{h(g(l))zN}+h(f(n))ﬂ{nh(||§||oo)2N}a
thus

lim supEp, [f(-,§)1c0>ny) < lim sup  h(&(n)) =limsup h(&(n)) =: a.

N—oo p N=00 1> N/h(]|€]|so0) n

This is “<” in (51). If @ = 0, we are done; otherwise, for any ¢ > 0 and N € N,
there exists some ny, > N/(a —¢) > 0 with h(§(n%)) > o —e. In particular,
nyh(§(n%)) > N, hence

sup Ep [f( O Lsc0>m] = sup h(EM) L nnemy=ny = h(§(ny)) > a — €.

This proves “>" in (51). O

Since h(z) = xzte” is increasing, continuous and h(0) = 0, limsup,, h({(n)) = 0
& limsup, §(n) = 0, hence (28). Recall that dom(Z7, ) C bay (since Zy, is
increasing). Finally,

Lemma B.2. The conjugate Z;_ is explicitly given on ba’ as:

I7,(v) = leilo)x(HVH —e%), Yvebal. (52)

Proof. Let v € bas,.. Since Ep, [f(-,€)] = (1 — 1) h(&(1)) + h(&(n)), we have

hEm) S En f( )] S h(E(L)) + h(E(m).
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From (x) and (26), v(£§)=Z;(&) < |[v[|lim sup,, £(r) —sup,, A(§(n)) < [I€™ [l (7] -
ell€lle) < sup,so Z(||v|| — €”) which shows “<” in (52). Considering z° :=
(0,x,2,---) € £* with z > 0 (then ||7°||c = z and v(z") = z||v| since v
vanishes on finite sets), we deduce from (x) that

()2 5p (&) = M(E(V) — h(lElle)) > suplalv] —we). O
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