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Let E ⊂ B ⊂ R2 be bounded, convex sets. The monotonicity of the perimeters holds, i.e.
H1(∂E) 6 H1(∂B) . Here we give a quantitative estimate of the difference of the perimeters:
it shows how much the perimeter of B increases when B becomes larger and larger with respect
to E. We give an example showing that our estimate is sharp.
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1. Introduction

Let us consider two bounded convex sets E and B, with E ⊂ B ⊂ R2. It is well
known the monotonicity of the perimeter, i.e.

H1(∂E) 6 H1(∂B), (1)
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di problemi di localizzazione e di trasporto ottimo” (Legge5/2009 Regione Campania).
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Figure 1.1.

see, for instance, page 52 of [1] and Lemma 2.4 in [2]. In (1), ∂E is the boundary
of E, H1 is the 1-dimensional Hausdorff measure, thus H1(∂E) is the length of
the boundary of E, the perimeter of E for short. In [3], the following quantitative
version of (1) has been proven

H1(∂E) +
[h(E,B)]2

√

[diam(B)]2 + [h(E,B)]2
6 H1(∂B), (2)

where h(E,B) is the Hausdorff distance between E and B, diam(B) is the
diameter of B.

The deficit δ(E,B) between the perimeters in (2) involves the diameter of the set
B and the Hausdorff distance between E and B. In order to obtain an improved
version of estimate (2), the idea is to express δ(E,B) in terms of the measure
of the section of B orthogonal to the line segment which realizes the Hausdorff
distance between E and B.

More precisely, we establish the following

Theorem 1.1. Let us consider two closed, bounded and convex sets ? 6= E $
B ⊂ R2. Then

H1(∂E) +
4 |h(E,B)|2

2

√

(

H1(B∩L)
2

)2

+ |h(E,B)|2 +H1(B ∩ L)

≤ H1(∂B) (3)

where h is the Hausdorff distance and L is the orthogonal line to the vector
b − P (b) through P (b), with b ∈ B and P (b) ∈ E are such that |b − P (b)| =
h(E,B) (see Fig. 1.1).

Observe that the deficit δ(E,B) in (3) is greater than the one in (2), so we
improve the inequality (2). Moreover our estimate reveals to be sharp.

Indeed, let E be a square of side length l, T the triangle of base length l and
height h and B = E ∪ T as in Fig. 1.2.
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Figure 1.2.

Obviously we have

H1(∂E) = 4l, H1(∂B) = 3l + 2

√

(

l

2

)2

+ h2

h(E,B) = h, H1(B ∩ L) = l.

In this case, in estimate (3) equality occurs.

2. Proof of Theorem 1.1

Our arguments follow the ones of [3] but we are going to be more accurate in
the estimates. We recall that, since E and B are closed sets and E ⊂ B, the
distance h(E,B) can be written as follows

h(E,B) = max
x∈B

min
y∈E

|x− y|. (4)

Let b ∈ B and P (b) ∈ E such that

h(E,B) = |b− P (b)|. (5)

It turns out that b ∈ B \ E and P (b) is the projection onto the closed convex
set E. We consider the line L through P (b) orthogonal to h = b − P (b) 6= 0;
the minimality property of the projection P (b) tells us that such a line is a
supporting one for the convex set E. Set

L = {x ∈ R2 : 〈h, P (b)− x〉 = 0}

S+ = {x ∈ R2 : 〈h, P (b)− x〉 > 0}

then L = ∂S+ and E ⊂ S+. Since

E ⊂ B ∩ S+, (6)

we can use inequality (1) as follows

H1(∂E) 6 H1(∂(B ∩ S+)) 6 H1
(

[(∂B) ∩ S+] ∪ [B ∩ ∂S+]
)

6 H1((∂B) ∩ S+) +H1(B ∩ ∂S+). (7)

On the other hand

H1(∂B) = H1((∂B) ∩ S+) +H1((∂B) \ S+).
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Figure 2.1.

This equality allows us to link the length of ∂B ∩S+ with the length of ∂B and
∂B \ S+ so that (7) becomes

H1(∂E) 6 H1(∂B)−H1((∂B) \ S+) +H1(B ∩ ∂S+). (8)

We recall that L = ∂S+ and we remark that B∩∂S+ is the line segment joining
two suitable points ai, as ∈ L with ai = ih∗ + P (b), as = sh∗ + P (b) for some
h∗ verifying |h∗| = 1, 〈h∗, h〉 = 0 and for suitable −∞ < i 6 0 6 s < +∞, see
Figure 2.1.

Let us consider the closed triangle τ with vertices as, ai and b and note that

τ ⊂ B ∩ (R2 \ S+),

so we can use again (1) obtaining

H1(∂τ) 6 H1(∂(B ∩ (R2 \ S+))). (9)

In order to compute the perimeter of τ ,

H1(∂τ) = |ai − as|+ |as − b|+ |b− ai| ,

we note that

|ai − as| = s− i

|as − b| =

√

s2 + |h|2

|b− ai| =

√

i2 + |h|2.

In what follows (see Figure 2.2) we will denote by

d = s− i = |ai − as| , b1 = s, b2 = −i
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therefore

H1(∂τ) =

√

b21 + |h|2 +

√

b22 + |h|2 + d

=

√

b21 + |h|2 +

√

(d− b1)2 + |h|2 + d

=: f(b1) ≥ min
b1∈[0,d]

f(b1)

= f

(

d

2

)

= 2

√

(

d

2

)2

+ |h|2 + d. (10)

Recalling that d = H1(B∩∂S+) = |ai−as|, inequalities (9) and (10) merge into
the following

H1
(

(∂B) \ S+
)

+H1
(

B ∩ ∂S+
)

> H1
(

∂
(

B ∩ (Rn \ S+)
))

> H1(∂τ) > 2

√

(

d

2

)2

+ |h|2 + d,

and so

H1
(

(∂B) \ S+
)

> 2

√

(

d

2

)2

+ |h|2. (11)

Plugging this estimate into (8), we get

H1(∂E) 6 H1(∂B)− 2

√

(

d

2

)2

+ |h|2 + d, (12)

i.e.,

H1(∂E) + 2

√

(

d

2

)2

+ |h|2 − d 6 H1(∂B). (13)
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Hence

H1(∂E) +

(

2
√

(

d
2

)2
+ |h|2 − d

)(

2
√

(

d
2

)2
+ |h|2 + d

)

2
√

(

d
2

)2
+ |h|2 + d

6 H1(∂B), (14)

which is equivalent to

H1(∂E) +
4|h|2

2
√

(

d
2

)2
+ |h|2 + d

6 H1(∂B). (15)

Recalling that |h| = h(E,B) and d = H1(B ∩ L), we get the conclusion.
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