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1. Introduction

In the whole paper I will be the closed interval I := [0,1] in R. By B(y, €) we
will denote the closed ball of a metric space centered at y with radius € > 0.
If X is a Banach space Bx will be its closed unit ball, that is, its closed ball
centered at the origin with radius 1.

In 1997 was introduced [16] the concept of a-dense curve v, in a bounded set B
of a metric space (F,d) as a continuous map 7, : I — E with image v,(/) C B
and satisfying that for every x € B there is some t € [ such that the distance

d(7,(t),7) <, (1)

for a given nonnegative real number a.
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Given a continuous real map f defined on a bounded set B of (£, d), an a-dense
curve 7, allows us to obtain an approximation method (for details see [17], [18])
to turn the global optimization problem

inf{f(z) : € B}

into the unidimensional
inf{f(7,(t):t €},

provided that it is possible to define such a curve for arbitrarily small a.

The infimum value of « for which the inequality (1) holds, coincides with the
Hausdorff distance [13, IV, Problem D] from the image of the curve 7,(I) to
the set B. Hence, in any metric space (F,d), the parameter o measures how
different is a bounded set B from a special subset of B of type v,([), compact,
connected and locally connected, i.e., a Peano continuum, as it is known in the
classical book of Hocking-Young [10, p. 124].

It is immediate to check that given a bounded set B of (E, d) it is always possible
to define an a-dense curve v, in B for any value o > diam B, the diameter of B.
This curve 7, may be obtained, for instance, by defining a constant map from /
to a fixed point of B. However, for small values of «, it may not be possible to
define an a-dense curve in a bounded set, even compact and connected, as we
will point out by means of an example (see the set defined in (6)).

The infimum of the values of a for which there exists an a-dense curve in a
bounded set B of a metric space expresses the degree of nondensifiability (briefly
DND) ¢, of B (see Definition 2.2). Whenever B is a set such that for arbitrarily
small « it contains an a-dense curve, B is said to be densifiable. That means
that a bounded set B is densifiable if and only if B is the limit, in the Hausdorff
metric, of Peano continua of the form v,(/) when « tends to zero. The den-
sifiable sets will then have a DN D equal to 0 and they form a special class of
precompact and connected sets [20, Proposition 1] which contains in particular
the family of curves of Peano type or space-filling curves, as also known from
[21].

In 1930 Kuratowski [14] defined the notion of measure of noncompactness, briefly
MNC, related with some problems of General Topology and Darbo [7] used that
measure to extend the Shauder theorem to noncompact operators. Another rele-
vant M NC'is that of Hausdorff which was introduced by Gohberg, Goldenshtein
and Markus [9].

In 1977 appeared the measure of De Blasi [8], 3, a regular weak M NC' (briefly
oM NC'), which vanishes on the class of relatively weakly compacts of a Banach
space X. The theorem of Banas-Rivero [5, Theorem 4] states that 5 acts as an
upper bound for any c M NC|, say w, in the sense that there exists A > 0 such
that w(B) < AB(B) for all B € B, the class of bounded sets of X (we can also
say that § dominates w). Nevertheless, noticing every bounded set is relatively
weakly compact in a reflexive Banach space [6, Proposition 12.20], any cM NC
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is identically 0 in a such space and then the above inequality becomes a trivial
equality. Consequently it must be raised in nonreflexive Banach spaces.

The natural question, inspirated on Banas-Rivero’s result, is the problem of the
existence of an M NC' (in the strong sense) such that to act as an upper bound
for any other MNC'. In this paper we have given a positive answer to the
above question, firstly by settling an inequality of Banas-Rivero type satisfied
by our degree of nondensifiability ¢, (see inequality (28) and compare it with
[5, Theorem 4]). Secondly, by acting ¢, on convex hulls of bounded sets we have
obtained a new M NC/ that we have called degree of convex nondensifiability,
denoted by ®, which dominates any M NC' and, in particular, dominates the
MNC' of Hausdorff of the best possible form in infinite dimensional Banach
spaces (Theorem 3.7).

Finally, noticing the M NC"s are very often used in the theory of functional
equations and in particular the fixed point theorems derived from them, as we
can see in the literature devoted to this subject [1, 3, 4, 12, 22|, we also present
in this paper some relations between the most usual M NC"’s and the degree
of nondensifiability ¢,. Especifically we have compared ¢, with the Hausdorft
and Kuratowski M NC’s by means of inequalities (see Theorem 2.3, 2.5 and 2.7)
which are the best possible in infinite dimensional Banach spaces.

2. Degree of nondensifiability

To facilitate the comprehension of this manuscript we first introduce the notion
of MNC.

Definition 2.1. Let (E,d) be a complete metric space and B the family of
bounded subsets of E. A map ¢ : B —[0,400) is said to be a measure of
noncompactness if it satisfies:

i) Regularity, ¢(B) = 0 if and only if B is a precompact set.

ii)  Invariant under closure, ¢(B) = ¢(B), for all B € B.
iii)  Semi-additivity, ¢(B; U By) = max {¢(B1), ¢(Bs)}, for all By, By € B.

To have a measure of noncompactness in a Banach space it is needed to add the
two properties:

iv) Semi-homogeneity, ¢(AB) = || ¢(B) for any scalar A\ and B € B.
v) Invariant under translations, ¢(x + B) = ¢(B) for any vector x and B € B.

Given a nonvoid bounded set B in a metric space, since it is always possible to
find an a-dense curve in B for certain a > 0, the family I', p of a-dense curves
in B is nonvoid for sufficiently large . That allows us to introduce the notion
of degree of nondensifiability, briely DN D, as follows.

Definition 2.2. Let (E,d) be a metric space and B the family of nonvoid
bounded subsets of E/. Given a set B € B, let I', p be the class of all a-dense
curves v, in B for a given o > 0. Then we define the degree of nondensifiability
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as a map ¢, : B — [0, +00) such that
¢4(B) :=inf{a >0:T, 5 # 0}, forevery B € B. (2)

For example, in a finite dimensional space E with the metric induced by the
Euclidean norm, the DN D of its closed unit ball Bg is 0. Indeed, since Bg
is compact, connected and locally connected, by Hahn-Mazurkiewitz’s theorem
[21, Theorem 6.8], Bg is the continuous image of the unit interval I = [0, 1].
Then Bp is itself a curve, so it has density o = 0 and consequently ¢,(Bg) = 0.

By recalling that in a complete metric space (F,d), the Hausdorff measure of
noncompactness [3, p. 18] of a bounded subset B of F is defined as
X(B) :=inf{e > 0 : B is covered by finitely many balls of radius < e}, (3)

the next result proves that y is upper bounded by the DN D defined in (2).
Theorem 2.3. On the family B of bounded sets of a complete metric space
(E,d) one has

X(B) < ¢4(B), forall B € B. (4)

Furthermore, the above inequality is the best possible in infinite dimensional
Banach spaces.

Proof. Let B be a bounded set of E and § := ¢,(B
there exists a curve vy, in B with density o = 9§ +
given § there is a finite set I = {y; € 7,(I) :i = 1,.

). By (2), for a given € > 0
£, Smce Yo (I) is compact,
..,n} such that

n €
’Ya([) CUL,B (Z/iv 5) .

Since 7, is a-dense in B, for any x € B there exists y € ~v,(/) such that
d(x,y) < . The triangular inequality implies that B C U , B(y;,d +¢€). Then,
from (3), and taking into account that € is arbitrary, one has y(B) < 4, so the
inequality

X(B) < ¢4(B)
holds.

The sharpness of (4) is obtained by considering the closed unit ball By of any in-
finite dimensional Banach space X. Indeed, by [3, p. 23|, the M NC' of Hausdorff
verifies

On one hand, because of the curve y(t) := 0 for all t € I is 1—dense in By,
from (2), one has ¢,4(Bx) < 1. On the other hand, by [19, Theorem 12], we get
¢4(Bx) > 1 and then it follows that ¢,(Bx) = 1. Now we conclude that

X(Bx) = ¢4(Bx) =1 (5)

in any infinite dimensional Banach space X. The proof of the theorem is now
completed. O
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Observe that the MNC' of Hausdorff x and the DND ¢,, defined in (2), are
distinct even in finite dimensional spaces. Indeed, the set

B {(m,sin (1)) cze[~1,00U (0, 1]} U{(0,9):ye[-1,1]}  (6)

X

is connected and compact, so precompact, but is not locally connected. A
simple observation shows that it is impossible to define an a-dense curve in
B with a < 1, so ¢,(B) > 1. However, from the regularity of v, it follows that
x(B) = 0.

Remark 2.4. The set defined in (6) proves that ¢, is not a M NC because the
regularity fails. Likewise the example (6) shows that in a complete metric space
(E,d), the property

X(B) < ¢4(B) < 2x(B), forall B € B, (7)

is false.

However, on the subclass of bounded and arc-connected sets, the inequalities
(7) are true as we prove in the next result.

Theorem 2.5. Let x be the Hausdorff measure of noncompactness and ¢, the
degree of nondensifiability in a complete metric space (E,d). Then on B,, the
famaly of bounded and arc-connected sets in E, one has

X(B) < ¢,(B) <2x(B) forall B € B,. (8)

Furthermore, the inequalities (8) are the best possible in infinite dimensional
Banach spaces.

Proof. The first inequality of (8) is exactly Theorem 2.3, then it is only needed
to prove the second inequality of (8) and its sharpness. Consider a set B of B,
and let \ := y(B). By (3), for arbitrary €, B can be covered by finitely many
balls B(c;, \+%). In every B(c;, A\+5) we select a point of B, say b;, and since B
is arc-connected there exists a curve v : I — B passing through the b;’s. Hence,
there is at least a value t; € I such that ~(¢;) = b; for each i. Now, since given
an arbitrary point x € B there is some 4 such that » € B(c;, A + §), one has

d(z,v(t;) < d(z,c;) + d(ci, b)) <2\ +e.

This means that the curve 7 is a-dense in B with density 2\ 4 €. Because € is
arbitrary, v densifies B with density 2\ = 2x(B), so, by (2), we get

¢a(B) < 2x(B)

and then the second inequality of (8) follows.
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Now, it remains to prove the existence of a set in an infinite dimensional Banach
space for which the above inequality becomes an equality. An example is the
bounded convex set

D= {feLl[O,l]ifEOand /If(g;)dg;=1}

in the space L [0, 1] of all real Lebesgue-measurable functions defined on [0, 1] of
integrable modulus, endowed with the usual norm || f|| := f[o 1 |f(x)|dx. About
the set D we claim that its degree of nondensifiablity

¢4(D) = 2. (9)
Indeed, since D C By, o1, its diameter diam D < 2. Then any curve a-dense in

D has density o < 2 and consequently, by (2), ¢,(D) < 2. By assuming that
¢4(D) < 2, let n be a real number such that

¢4(D) <n<2. (10)
Consider in D the sequence { f,, := Py, 1]s 1 > 1}, where o] is the character-
istic function of the interval [O, ﬂ It is immediate that this sequence does not
have any convergent subsequence. Hence D is not compact and then necessarily
the density of any curve «, : I — L;[0,1] contained in D, because 7, () is
compact, must be positive. In particular ~,, () is weakly compact, so uniformly
integrable [6, Proposition 13.1]. That is, given € > 0 there exists § > 0 such that
for all g € v,(I) and for all Borel set A C I with Lebesgue measure A(A) < ¢

one has
/ g(z)dzr < e.
A

Thus given a curve 7, in D, since its density o > 0, noticing (10), we can

choose an € such that 0 < € < %(% — 1). From the uniform integrability of

o (I) determine the corresponding 6 > 0 that allows us to define an integer
m > max {1, %} and the Borel set A := [0, #} Then, given the function f,, :=
mPo, 1] € D, by a-density and uniform integrability, there exists g,, € v, (1)

such that

o> |lfm = gull = /[ V) = gul)]

407i]| (2) — gu(a) /[:n,l]' (2) — gu(a)

Vv

/[0772](fm(x) — gm(x))dx _|_/ (@)

[7::1]
= /[o,;] fm(a:)da:—Q/[O’M gm($)d$+/[(),1] gm(x)dz

2
>2—26>2—a<——1>,
Ui
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which means that o > 7. Then, since v, is arbitrary, by (2), the degree of
nondensifiability ¢,(D) > 7, which contradicts (10). Therefore (9) is true, as
claimed. On the other hand, since D C By, [0}, from (3), it is immediate that
X(D) < 1. Then, by (8) and (9), necessarily x(D) = 1, which proves that

Hence, the second inequality of (8) is the best possible in infinite dimensional
Banach spaces. Now the proof is completed. ]

In Remark 2.4, we noted that ¢, is not a measure of noncompactness. However,
in the next result we prove that ¢, has almost all properties of an M NC'

Proposition 2.6. Let (E,d) be a complete metric space and B the family of
bounded sets. Then, the degree of nondensifiability ¢, defined in (2) satisfies:

1) It is reqular on the subfamily B, of bounded and arc-connected sets.

2) It is invariant under closure.
3) It is semi-additive on sets By, By # () of B,, provided that BiN By # ().

Furthermore, if E is a Banach space, then ¢, also satisfies:

4) It is semi-homogene, that is ¢y (AB) = | ¢4(B) for any scalar X\ and
BeB.

5) It is invariant under translations, that is, ¢,(x + B) = ¢4(B), for any
r€eFE, BekB.

Proof. 1) Let B be a set of B, such that ¢,(B) = 0. Then, given € > 0, there
exists an e-dense curve v, in B, so v.([) is a compact contained in B. Hence,
there is a finite set

Fo={z,ey():i=1,..,n}

such that for any x € v.(I) the distance d(z, F') < e. Now, from the definition
of e-dense curve and the triangular inequality, it follows that for any y € B the
distance d(y, F') < 2¢, which means, because € is arbitrarily small, that B is
precompact.

Conversely, assume that B is a precompact set of B, and let € be a positive
number. Then there is a finite set G := {y; € B:j =1,...,m} such that for
any y € B the distance

d(y,G) <e. (11)

On the other hand, as B is arc-connected, there exists a continuous function
v, : I — B which passes through the points of G. By (11), . is e-dense in B
and, since € is arbitrary, we then have ¢,(B) = 0. Consequently the regularity
of ¢, on the subclass B, follows.

2) The invariance under closure of ¢, is a direct consequence of the fact that
the distance d(B, B) = 0 for any subset B of (E,d).
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3) To prove the semi-additivity when ByN By # (), we put o := ¢4(B;), j = 1,
2, and assume that a; < ap. Then, by (2), given € > 0, there exist curves v;
which are (aj +¢€)-dense in B; for j = 1, 2. Therefore, by connecting v, with 7,
passing through a point of BiN By, we obtain a curve ~ that densifies the set
ByU By with density a < asp + €. Noticing € is arbitrary, we get

Gq(B1 U Ba) = ag = max {¢,4(B1), ¢4(B2)}

which proves the semi-additivity of ¢,.

4) Now assume that (E,||||) is a Banach space. Then, if A = 0, the set A\B =
{0} € B, and by regularity ¢,(AB) = 0, so the equality ¢,(AB) = |\ ¢4(B)
trivially follows in this case. Suppose that A # 0 and let 0 := ¢,(B); then,
from (2), given € > 0 there exists an (6 + |—§|)—dense curve 7, in B. Now define

a curve v, as v,(t) == Ay (t), t € I. Then it is immediate that v,(I) C AB.
On the other hand, given a point ¥ € AB one has %y € B and then, since 7, is
(0 + |—f\|)—dense in B, there is a value ¢, € I such that

€

1
—y —.(t <9 .
HAy vt <o+ 75

Now multiplying by |\| we have

Iy = MBI < [A[0+ e
and noticing v, (t) = A\v.(t) for all t € I, we get

[y = @I < [A[6 + ¢,

which means that the curve v, is (|A| 0 + €)-dense in AB. Since € is arbitrary, v,
is |A| 0-dense in AB and then, by (2), ¢,(AB) < |\|d. Finally, by supposing that
the above inequality is strict, let u be a number so that ¢ ,(AB) < pu < |A|0;
then, by (2), determine a u-dense curve in AB, Yy, o for every x € B there
exists ¢t € I such that

Az =7.(0)] <

By dividing the above inequality by |A| we have Hm — %7u<t> H < £ That means

Al
that the curve 1v,(t) is fy-dense in B and then, by (2), ¢4(B) < f- But by
the choice of i, one deduces that ¢,(B) < ﬁ < 0, which is a contradiction since

0 := ¢,4(B). Hence ¢,(AB) = |A| 0 and consequently the semi-homogeneity of ¢,
follows.

5) The invariance for translation is immediate if we take into account that if
a curve 7 is a-dense in B, given a vector x, the curve v, (t) := x + ~(t) is also
a-dense in the set x + B. Conversely, if v, is an a-dense curve in x + B, the
curve y(t) :== —z + v,(t) is also a-dense in B. O
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By recalling that the Kuratowski M NC' [3, p. 20] is defined by
k(B) :=inf{e > 0: B is covered by finitely many sets with diameter < ¢},

in the next result we find a relation between x and ¢,.

Theorem 2.7. Let (E,d) be a complete metric space, k the Kuratowski MNC
and ¢4 the degree of nondensifiability on the family B of bounded sets of (E,d).
Then

k(B) < 2¢,4(B), forall B € B. (12)

Furthermore, inequality (12) is the best possible in infinite dimensional Banach
spaces.

Proof. Let B be a bounded set and § := ¢,4(B). Then, by (2), given € > 0 there
exists an a-dense curve v, in B with density a = § + . Since 7, (I) is compact,
given { there is a finite set /' = {y; € 7,(/) : i = 1, ...,n} such that

€
Yoll) € UL B (31, 7)

By a-density, for any = € B there exists y € 7,(I) such that d(z,y) < a. Then
from the triangular inequality we get

B C U?:lB <y175 + g) 5

which means that B is covered by finitely many set with diameter < 20 + e.
Consequently (12) follows.

About the second part of the theorem, consider the unit closed ball B~ of the
space [ of all real bounded sequences with the supremum norm. Thus we have
K(Bj=) =2 and x(Bj~) = 1, by virtue of [3, Theorem 2.5, p. 23]. On the other
hand, from (5), we get x(Bj=~) = ¢,4(Bj~) = 1 and then

This completes the proof. ]

Remark 2.8. The set B defined in (6) is so that ¢,(B) > 1 but, from the
compactness of B, one has x(B) = 0. Therefore, in general, a relation of type

¢4(B) < k(B) < 2¢4(B), forall B € B

is false.
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3. Degree of convex nondensifiability in Banach spaces

From now on (X,|| - ||) will be an infinite dimensional Banach space and, as
usual, conv(B) will denote the convex hull of a set B C X, while B will mean
the closure of B. B will be the family of bounded subsets of X. We recall that
the closed unit ball of X is denoted by Byx.

By means of the notion of degree of nondensifiability ¢, given in Definition 2.2,
we now define the concept of degree of convex nondensifiability of a bounded set
of a Banach space (X, || - ||)-

Definition 3.1. The degree of convex nondensifiability is a map ® : B —
[0, +00) defined as

®(B) := sup{¢,(conv(A)) : A C B}, (13)

for every B € B.

Firstly, we observe that ® is well defined because for every bounded set B
of a Banach space X, the closure set B is also bounded. Then every subset
A C B is bounded and, by [11, Lemma B, p. 60], conv(A) is also bounded, so,

in particular, conv(B) is bounded. Choose a real M > 0 such that

B C MBx hence conv(B) C MBy.

Therefore, for any A C B, given an arbitrary curve v in A, for every x € A we
get
[z =@ < [lz]] + [[v(®)]] < 2M, for any t € [0, 1].

That implies that any curve v in A is 2M-dense, so by (2),
¢y4(conv(A)) < 2M for all A C B,

consequently @ is well defined.

Secondly, we emphasize that, in general, ® and ¢, are different as we point out
by means of the following example.

Example 3.2. Let By, be the closed unit ball of L;. Then ¢,(Br,) = 1, but
®(By,) = 2.

Indeed, by (5), By, satisfies ¢,(Br,) = 1, so the first part of the example follows.
To prove the second part, we firstly observe that for any A C By, the closed
unit ball of any Banach space X, an arbitrary curve v : I = [0,1] — X with
v(I) C conv(A) C Bx satisfies

le =~ < |lz]| + ||I7(@)]| <1+ 1=2, for any = € conv(A) and all t € [0,1],

which means that « is 2-dense in conv(A). Then, by (2), ¢,(conv(A)) < 2 for
all A C Bx. Hence, by (13), ®(Bx) < 2 and in particular we get

O(By,) < 2.
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On the other hand, the set

D= {feLl[O,l]ifZOand /If(x)d:vzl}

satisfies, by (9), ¢4(D) = 2. Then as D is a convex set contained in By, from
(13), ®(Bg,) > 2. Hence we deduce that

&(BL,) =2

and consequently the example follows.

A relevant property of ® is showed in the following result.

Theorem 3.3. The degree of convexr nondensifiability ® defined in (13) is an
MNC' on the bounded sets of any Banach space X .

Proof. Let B be the family of bounded subsets of X. Firstly we claim that ¢
is monotone on B with respect to the inclusion. That is, given B, C' € B with
B C C, then ®(B) < &(C). Indeed, by (13),

py(conv(A)) < ®(C) for all A C C.
Then, since B C C, in particular we have

pq(conv(A)) < ®(C), for all A C B,
so, by (13), we get

®(B) := sup{¢,(conv(A)) : A C B} < ®(0).

Assume that B € B is precompact. Then, since X is complete, B is compact.
Then conv(B) is also compact by virtue of [11, Theorem C, p. 61]. Therefore,
given any subset A C B, since conv(A) C conv(B), one deduces that conv(A)
is precompact and convex, so conv(A4) € B,, the family of bounded and arc-

connected sets of X. Noticing ¢, is regular on B,, by Proposition 2.6, we have
py(conv(A)) =0 forall AC B
and, from (13), that means that
®(B) =0.

Conversely, let B € B be so that ®(B) = 0. Then, by (13), ¢ (conv(A)) = 0 for
any A C B, so, in particular, ¢,(conv(B) = 0, which means that conv(B) is
densifiable. Now, from [20, Proposition 1], conv(B) is precompact which implies
that B is also precompact. Then the regularity of ® is proved.

That ¢ is invariant under closure is an immediate consequence of the invariance
under closure of ¢,.
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About the semi-additivity, let By, By be bounded sets of X. Firstly, we claim
that for any subsets A; C By, As C B one has

¢4(conv(A; U Ay)) < max{¢,(conv(A;)), ¢ (conv(As))}. (14)

Indeed, by denoting 01 := ¢,(conv(A;)) and &3 := ¢,(conv(A,)), from (2), given
e > 0 there exist two curves 7, and 7, in conv(A;), conv(As), respectively, such
that

conv(A;) C v,(I)+ (01 + €)Bx (15)

and
conv(As) C v5(I) + (02 + €) Bx. (16)

Noticing conv(A;) U conv(Ay) C conv(A; U Ay), it follows
Y1(1) Ury(l) C conv(yy) U conv(vy,) C conv(Ay) U conv(As) C conv(A; U As)

and then

conv(y; (1) U~vy(l)) C conv(A; U Ay).
Since v4(I) Uv4(1) is compact, by [11, Theorem C, p. 61], conv(~y,(I) U ~v5(I))
is a compact and convex set of X, so is, in particular, compact, connected and
locally connected. Then, by Hahn-Mazurkiewicz’s theorem [21, Theorem 6.8],
there exists a continuous map ~ : I — X such that

() = conv(y; (1) Us(1)). (17)

Now, we see that 7 is a é-dense curve in conv(A; U Ay), where 0 := max {0y, d2}.
Indeed, let x be a point of conv(A; U As), then

i=1 i=1
with z1,..., 2, € Ay and x,41,..., %, € Ay for some 1 < r < m. Hence, from

(15) and (16), there exist t1,...,%, € I such that
lx; — v, ()] <6 +e€ foralli=1,...,r
and
|vi — o) < d2+€ foralli=r+1,...,m.
Now by defining
Y= Z A (t:) + Z Aiva(ti)
i=1 i=r+1

it follows that y € conv(v,(I) U ~,(I)). Taking into account (17), there exists
t € I such that y(¢) = y. Then, from (18), we have

lz =yl < D Al = ()l + D Al = 7a(ts)l]
i=1

i=r+1

S(+6)) N+ (G246 Y N<d+te

=1 i=r+1
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which proves that v is a (§ + €)-dense curve in conv(A; U Ay). Then, since € is
arbitrary, v is a d-dense curve in conv(A4; U As) as we said. Therefore, by (2),
¢4(conv(A; UAs)) < § and, in consequence, inequality (14) holds as we claimed.

On the other hand, from (13), given any ¢ > 0, there exists A, C By U By =
B, U B, such that
®(B; U By) < ¢y(conv(A,)) + e. (19)

By defining 141 = BN AE and Ay := By N A, it follows A, = A; U Ay. Then,
since A; C By and Ay C By, from (14) and (13), we have

ba(conv(A,)) < max{gy(conv(Ay)), d(conv(43))} < max{®(By), ®(By)},
which means, noticing (19), that
® (B U By) < max{®(By), ®(Bs2)} +e.
Thus, since € is arbitrary, we get
O (B U By) < max{®(By), ®(B2)}. (20)

Now, by assuming that the inequality (20) is strict and supposing, for instance,
that max{®(B;), ®(Bs2)} = ®(By), from the monotonicity of ¢, we have

(I)(Bl) < q)(Bl U Bg) < maX{CI)(Bl), q)(Bg)} = (I)(Bl),
a contradiction. Thus (20) is an equality, so the semi-additivity of ® follows.

About the semi-homogeneity of ®, from (13) and noticing that from Proposition
6 ¢, is semi-homogene, by assuming A # 0, we put

I\ ®(B) := |\ sup{¢,(conv(A)) : A C B} = sup{e¢,(Aconv(A)): A C B}.

Then, taking into acount that conv(AA) = Aconv(A) and AA = A for any
subset A of X, we obtain

sup{p (Aconv(4)) : A C B} = sup{d,(conv(\A)) : A C B}
= sup{¢,(conv(AA)) : NA C AB} = sup{¢,(conv(AA)) : \A C AB} = ®(AB).

This proves that |[\| ®(B) = ®(AB) for A # 0. Since the equality trivially follows
when \ = 0, ® is semi-homogene.

Finally, it remains to prove the invariance under translations. We need to note
the two immediate properties, conv(z + A) = x + conv(A) and z + A = z + A,
for any vector z and any subset A. Then, from (13) and taking into account
that from Proposition 2.6 ¢, is invariant under translations, we have

®(z + B) = sup{py(conv(A)): A C z + B}
= sup{p,(conv(A)): A C z + B}
(conv(A)): —z + A C B}
= sup{¢y(x + conv(—z + A)) : —x + A C B}
= sup{¢y(conv(—z + A)): —x + A C B} = ®(B).
This completes the proof. ]
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Now, with the aim to prove that the degree of convex nondensifiability dominates
any M NC and to compare this result with the corresponding theorem for a
regular weak M NC, briefly e M NC', we reproduce here the definition of De
Blasi’s measure [8] and Banas-Rivero’s theorem [5, Theorem 4].

Definition 3.4. On the bounded subsets of a Banach space X, the measure of
De Blasi is a map 3 : B — [0, 4+00) defined as

p(B) (21)
:= inf{e > 0: B C K + eBy, for some relatively weakly compact K of X}.

The measure of De Blasi is an upper bound to any o M NC' defined on the class
B of bounded sets of a Banach space X in the following sense:

Theorem 3.5 (Banas-Rivero). Let ¢ : B — [0, +00) be any cMNC'. Thus,

¢(B) < ¢(Bx)B(B) (22)
for any B € B.

The validity of the preceding theorem cannot be extended to a general M NC
as proves the following example.

Example 3.6. In the space L; [0, 1] the inequality (22) fails by taking ¢ = x,
the measure of noncompactness of Hausdorff, and B := {r, : n € N}, the set of
Rademacher functions [3, p. 32].

Indeed, for every n the norm |[|r,|| = 1 [3, p. 185], so B is a bounded set of
Ly [0,1]. Moreover, by [2, Lemma 6.3.2], the sequence (r,), -, weakly converges
to 0. Thus {r, : n € N} is a weakly compact set of L, [0,1]. Therefore, from
(21), B(B) = 0. Now, noticing [3, p. 185], one has x(B) = 1, which proves that
(22) fails and then the example follows.

Now we are ready to prove that the degree of convex nondensifiability satisfies
an inequality similar to (22) for any M NC' in any Banach space.

Theorem 3.7. Let (X, ||-]|) be a Banach space, B the family of bounded subsets
of X and ® the degree of conver nondensifiability defined in (13). Then ®
dominates any MNC' ¢, i.e.

»(B) < ¢(Bx)®(B), forall B € B. (23)

Furthermore for ¢ = x, the Hausdorff MNC, the above inequality is the best
possible in Banach spaces of infinite dimension.

Proof. Given a bounded set B, let ¢ := ¢,(B). Then taking into account (2),
given € > 0 there exists a curve vy, : I — B such that B C ~.(I) + (6 + €)Bx.
Then noticing any M NC| even in metric spaces, is monotone [3, p. 19], we have

¢(B) < ¢(7.(1) + (0 + €) Bx). (24)
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Now we claim that
P(V(I) + (6 + €)Bx) < (6 + €)¢(Bx). (25)

Indeed, ~y,.(I) is compact, so precompact. Then, for arbitrary small n, v.(I) can
be covered by finitely many closed balls B(z;,n), that is

Ve(I) C UL Bz, m) = ULy (zi + nBx) .
Hence, again by monotonicity, it follows

¢(v(I) + (6 + €)Bx) < ¢(Ui; (zi + nBx) + (6 + €)Bx)
= ¢(UiL, (7, +nBx + (6 + €)Bx)). (26)

By the semi-additivity and invariance under translations of ¢, we have
O(Uiy (@4 1By + 0+ ) Bx)) = max {9l +nBx + (6-+)Bx)}
= ¢(nBx + (0 + €)Bx). (27)
+

Now, since nBx + (0 +€)Bx) C (n+6
homogeneity of ¢, we get

€)Byx, by the monotonicity and semi-

¢(nBx + (0 +€)Bx) < ¢((n+ 6+ €)Bx) = (n+ 0 + €)¢(Bx).

Then, from (26), (27) and noticing 7 is arbitrary, the inequality (25) follows as
claimed. Therefore, according to (24), we obtain

6(B) < (6 + )6(Bx), for any ¢ > 0,
which means that ¢(B) < d¢(Bx). Now, since § := ¢,(B), we conclude that
8(B) < 6(Bx)ou(B), for all B € B. (28)

Let A be any subset of B, by the monotonicity of ¢, from (28) and noticing (13),
we have

$(A) < ¢(conv(A)) < ¢(Bx)og(conv(A)) < ¢(Bx)P(B).

In particular, by taking A = B, the inequality (23) follows.

About the second part of the theorem, let B := {e, : n = 1,2,...} be the stan-
dard basis of the Banach space ¢y of null sequences at infinity with the supremum
norm and let us take ¢ = x, the Hausdorff M NC'. Then, as |le; —¢;|| = 1 for
all 7 # j, and the distance from any infinite subset of B to any vector of ¢ is
not smaller than 1, from (3), we have x(B) = 1. On the other hand, from (5),
X(Bx) = ¢4(Bx) = 1. Then, because (23), necessarily

o(B) > 1. (29)
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Now we claim that ®(B) = 1. Indeed, we firstly note that B is closed because
of the property |le; —e;|| = 1 for all i # j. Let A be a subset of B and v an
arbitrary curve in conv(A). Given any x € conv(A) and any (t), t € I, we write

r=> " e, and y(t) =", fie; with oy, 3; > 0and > oy =>"1" B, = 1.
Then, since |a; —ﬂj| < 1 for any i, j, it follows that ||z —~(¢)|| < 1. That
means that any curve v in conv(A) is 1-dense, so, by (2), ¢,(conv(A4)) < 1.
Since this is valid for any A C B = B, by (13), we obtain

o(B) < 1,

which jointly with (29) allows us to conclude that ®(B) = 1, as claimed. Then,
we have

X(B) = x(Bx) = ®(B) =1,
which proves the sharpness of (23). The proof is now complete. ]
Remark 3.8. The inequality (23) can be strict.

Indeed, by virtue of Example 3.2, in the Banach space X = L; the closed unit
ball By, satisfies

¢4(Br,) = 1; ®(Bg,) = 2.

On the other hand, from (5), in any Banach space the Hausdorff MNC' ¥,
satisfies

X(Bx) = ¢4(Bx) = 1.

Hence, by taking B = By, and ¢ = Y, the left-side of (23) is equal to 1 whereas
the right-side is equal to 2.

Corollary 3.9. In infinite dimensional Banach spaces the degree of convex non-
densifiability ® and the Kuratowsk: and Hausdorff MNC'’s are comparable.

Proof. If in (23) we take ¢ = k, the Kuratowski M NC, we have
k(B) < k(Bx)®(B), forall B € B.

On the other hand, in [15, Proposition 2] one proves that x dominates any
MNC, so in particular £ dominates ®. Then

®(B) < ®(Bx)k(B), forall B € B.

Hence, since x(Bx) = 2 because of [3, Theorem 2.5, p. 23], by dividing the above
inequalities by k(Bx), we get

%K(B) < ®(B) < &(Bx)k(B), for all B € B,

which means that ® and k are comparable. Now, noticing [3, Theorem 2.7, p.
23], k and y, the Hausdorff M NC, are comparable. Therefore ® is comparable
with both M NC"s, k and x. [
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