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In this paper we present some results concerning the family CW of sets with constant width
and the family DM of diametrically maximal (or diametrically complete) sets. In particular
we prove (Theorem 5.1) that CWW = DM in Hilbert spaces.
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1. Introduction

Convex bodies of constant width in Euclidean spaces have been studied for many
years.

In Minkowskian spaces, the class of diametrically complete, or diametrically
maximal sets, has been introduced and studied around one century ago.

It is well known that in Euclidean spaces of any dimension this class coincides
with the class of convex sets of constant width. (See the definitions below).

For two-dimensional spaces these two classes again coincide, but already in three-
dimensional (also ”good”, but not Euclidean) normed spaces in general the two
classes are different.

These two notions can be extended to all infinite-dimensional Banach spaces; in
this setting they have been considered only rather recently.

It is more or less known, or at least guessed, that in (infinite-dimensional) Hilbert
spaces, for convex sets diametrical completeness is the same as constant width;
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the classical proof of this equivalence given in Euclidean spaces uses compactness
arguments, so does not extend directly to the infinite-dimensional situation.
This fact was pointed out by R. Phelps (see [9, p. 832]). In fact, a proof of
this equivalence in Hilbert spaces is contained in a recent paper (see [15], also
for a short history of the problem); but it is based on results utilizing a rather
awkward notion.

Here we start from the classical proof concerning the equivalence in the Euclidean
case, which has a clear geometrical flavour, and we extend it to Hilbert spaces.
Also, we discuss the intermediate results, pointing out which among them hold
in general and which have an essentially Hilbertian character. In particular,
we discuss in details circular arcs, and the spaces where they satisfy certain
properties.

After indicating in Section 2 the notations and definitions needed, in Section
3 we prove some preliminary results and properties of circular arcs. Section 4
deals with width and related notions. The main result is proved in Section 5. In
Section 6 we discuss diametral points and we give some other results concerning
sets belonging to our classes. Finally, in the last Section 7 we discuss some other
general facts.

2. Definitions and notations
Let X be a Banach space of dimension at least two, and X* its dual.

A plane is a two-dimensional linear variety (not necessarily containing the origin
0).

For x € X and r € R", we set:

Bla,r)={ye X :lls—yl[<r};  Sr)={yeX:|lz—yll=r}

We also set: Bx = B(0,1); Sx = 5(0,1).

Given a nonempty bounded set A, let bdry(A) denote its boundary and §(A)
its diameter:

6(A) = sup{||lz —y|| : z,y € A}.

We shall assume that the sets A, or C' (this will usually denote a convex set),
considered in the following, are always nonempty and bounded.

If f e Sx«, set

ap(A) =sup f(z);  Br(A) =inf f(z);  ws(A) = ar(A) = Br(A);

wy(A) is called the width of A in the direction of f; we also define the minimal
width, or thickness of A:

w(A) = fé%)f(* we(A).
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Similarly, we can define the (mazimal) width of A:

W(A) = sup wys(A).
fESxx

We say that A has constant width if w;(A) = w(A) for all f € Sx-.

In general, in the literature, only convex bodies of constant width are considered:
in fact, the above property for a set does not imply its convexity (think of a ball
without the origin).

Recall that in infinite-dimensional spaces convex sets of constant width can have
empty interior (see [8, Section 3]); so we shall consider the following class.

We denote by CW the class of closed convex sets of constant width.

A bounded set A is said to be diametrically mazimal, or also diametrically
complete, if
d(AU{x}) > 6(A) for every = ¢ A.

An equivalent formulation for this property is the following (see for example [2,
Proposition 3.1]):

A= (1 B(a,6(A)).

a€A

We denote by DM the class of diametrically maximal sets (these sets are always
closed and convex).

As a general reference concerning these notions, we still suggest the classical
survey [3], together with Section 2 in [10].

If uw € Sx, set
L.(A) = sup{||a; — as|| : a1,a2 € A; a; — az = Au for some \ € R};

this is called the length of A in the direction of u.
Also, set
I(A) = inf [,(A).

UESx

3. Preliminary results; circular arcs

It is well known that CWW C DM always; the converse inclusion is true in
Euclidean spaces: see for example [18, Section 7.6], where one can find (in
English) more or less the original proof of this fact.

Proposition 3.1. Let A be a closed, bounded set; then
- w(A) =inf{wr(A) : f € Sx-, f attains its norm at Sx};
- W(A) =sup{ws(A) : f € Sx=-, f attains its norm at Sx}.

Proof. It is enough to recall that every Banach space is subreflexive (Bishop-
Phelps Theorem): the set of norm attaining functionals is dense in X*. O
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Given a bounded set A, we say that x € A is diametral if sup,¢ 4 ||z —al|| = 6(A).
Lemma 3.2. Let A € DM, then every x € bdry(A) is diametral.

Proof. Trivial: in fact, sup,c4 ||z — al| = §(A) — e (¢ > 0) for some = €
bdry(A) would imply that B(z,e) could be added to A without increasing its
diameter. 0J

Definition. Let ¢ € X, r > 0, and a,b € S(¢,r); a,b,c not collinear. Set
2y = Aa + (1 — A\)b. We define the (minor) circular arc (of S(c,r)) as

c,L})(C,r): {y:c%—ru 0< AL 1}.
[lzx = <]
Definition. We say that X has the arc inclusion property (AIP) if given a,b €

Sx, any circular arc ab.,) with r > 1 is contained in By.

Remark 3.3. Let X have the AIP; then, any circular arc ab.,) with a,b € Bx
and r > 1 is contained in By: in fact, a point in such an arc not contained in
Bx would also belong to an arc with end points on Sx. Moreover, if A is an

intersection of balls of radii < 7 and ab., is a circular arc with a,b € A, then

C,L?)(cm) C A.

The next fact is known: see for example [18, Theorem 7.6.4.].

Lemma 3.4. Hilbert spaces have the AIP.

The last part of Section 2 in [16] contains some results on AIP. We shall now char-
acterize Minkowskian planes with the AIP, precising in particular [16, Lemma
2.12].

We first prove the following general result.

Proposition 3.5. If a space X satisfies the AIP, then it is strictly conver.

Proof. Assume that X is not strictly convex. This means that there is a seg-
ment joining two different points a, b, which is contained in Sx. Set u = (b—a)/3:

then we can see that —a,b € Sx, but —aby, )¢ Bx. In fact: note first that

1/2(—a)+(1/2)b—u
1/2)(—a)+(1/2)b—ul|

—a, u, b are not collinear; moreover, let my _, = u + T Clearly

My, —q € —aby,1y but [[my || =14 ||ul| > 1.
Thus X lacks the AIP. O
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a

Proposition 3.6. Let dim(X) = 2; then X has the AIP if and only if X is
strictly conver.

Proof. The ”only if” part is contained in the previous proposition.

"If” part. Assume that X is strictly convex, dim(X) = 2. Consider a,b € Sx

—~

and let ab.,y be a circular arc with r > 1.
We have: r = [|c —al| <|lc]| +1; [[c]| < |le—al| + [Ja]| = 7+ 1.
If ¢ = 0, then r = 1 and there is nothing to prove.

If ¢ # 0, then according to [11, Proposition 14], the two spheres S(0,1) and
S(c,r) meet in at most two points, in this case a and b. These points split
S(c,r) into two components: one of them (closed) is inside B(0,1), the other
one is into its complement.

To be convinced that one of the two components is inside B(0, 1), we indicate a
point of S(c,r) which is in B(0,1).

Take, on the half-line from ¢ and going to 0, a point ¢’ such that ||c — || = .
If |le=0| <r,thenr =|lc—0||+||0—{| and so ||[0={|| =7 —||lc = 0|| <
r—(r—-1)=1

If fle = 0| > 7, then || = 0] = |lc = 0| = [le = || = [[e]] = < 1.

In any case, ¢ € Bx. O

Remark 3.7. Note that if X is strictly convex, then for r > 1 (¢ # 0), the

—~

points in ab., different from a and b lie in the interior of By.

—~

Corollary. Let dim(X) = 2. Then given a,b € Sx, any circular arc ab.,y with
r > 1 is contained in Bx.

Proof. It is enough to observe that given X, there is a sequence of strictly
convex unit balls converging to By. O

The next example shows that general Minkowskian spaces need not have the
AIP.
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Example 3.8. Let X = R?® with the max norm. Let 1 < r = 3/2; ¢ =
(—%,0, —%); a=(1,1,0); b = (0,1,1). Consider the circular arc with center
¢ and radius 3/2, which contains a and b; both a and b also belong to S(0,1).
Take y = c+ G(a—c) + 3(b =) = (=3,0,—3) + §[(5 1,3) + (5, 1,3)] =
(_%7()? _%> + (%7 %a %) = (17 %7 1)3 thus y ¢ B(Ov 1)‘

Remark 3.9. Since it is possible to renorm R?® with a strictly convex (and
smooth) norm, arbitrarily near to the max norm, the previous example shows
that when dim(X) > 2, the ”if” portion of the Proposition 3.6 fails (and this,
even if the inequality for the radius of the arc is strict).

We conjecture that the following is true.

Conjecture. If dim(X) > 3, then X has the AIP (if and) only if X is Hilbertian.

4. Length, width, thickness

Given a point u € X, u # 0, let J(u) be the set of norm-one functionals for which
f(u) = ||ul]; according to Hahn-Banach theorem, this set is always nonempty.

Take a set A; let ||u|| =1 and f € J(u) (f(u) =1). Then a — b= I, a,b € A,
implies that |la — b|| = |A| = |f(a — b)| < ap(A) — Br(A) = ws(A), so:
L(A) < wp(A).

Remark 4.1. Note that even for a convex set C', we can have (for f € J(u)) :
L.(C) < ws(C); moreover, if also f € J(u') with u # o/, in general we can have

L.(C) # 1 (C).

Lemma 4.2. [(A) < w(A) always.

Proof. Let u € Sx; if we take any f € J(u), then [,(A) < ws(A). By passing
to the inf and using Proposition 3.1 we obtain the asserted inequality. O
Remark 4.3. It is clear that in general, in any space, if A is not convex we can

have [(A) < w(A).

Theorem 4.4. Let C be a bounded convex (closed) set. Moreover, assume that
one of the following assumptions holds: X 1is reflexive, or C' has nonempty
interior.

Then I[(C) = w(C).

Proof. In view of the previous result, we must prove that we always have [(C') >
w(C).

Take £ > 0. Let u € Sx give a direction such that ,(C) < I(C) + ¢.

Now set z. = (1,(C) +e)uand T : 2 — 2 + z..

We claim that C NT(C) = 0 (for a related fact see [6, (1.6)]).
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In fact C NT(C) # § would imply the existence of z € C such that x = Ty =
y + ze for some y € C. Therefore v —y = \u for A = [,(C) +¢; ||z —y|| =
l|zc|] = 1.(C) + €, a contradiction proving the claim.

Thus there exists a hyperplane, say 11 = g~ '(¢) (g € Sx+), separating C' and
T(C): g(z) <c<g(z) forall z € C, z € T(C).

Soy e Cimplies y + 2. € T(C) = g(y + 2.) > ¢ = g(y) > ¢ — g(2.).

Thus ¢ — g(2.) < g(y) < cVy € C, and then a,(C) — 3,(C) <c—(c—g(z)) <
2] = 1.(C) +e.

Therefore w(C) < wy(C) < 1,(C) +e < (C) + 2.

Since € > 0 is arbitrary, this proves that w(C) < I(C), as claimed; so the
conclusion. O

The previous result has been proved, for convex bodies in Minkowskian spaces,
for example in [1, Th. 3] and in [6, (1.5)]; the last paper, also contains, for the
same setting, Proposition 4.5 below, and the fact that a constant width set C
satisfies the equality in Remark 4.6 below (see [6, (1.5) and (1.4)]).

For the sake of completeness, we prove the following simple result, that will be
used later (for a proof of the first equality, see [4, Lemma 3.5]).

Proposition 4.5. We always have:

W(A) =6(A) = sup l,(A).

uESx

Proof. The equality §(A) = sup,cg, l.(A) is trivial.

Let ¢ > 0. Take z,y € A with ||z —y|| > §(A) —e. If f € J(z —y), then
wi(A) = ag(A) = Be(A) = |f(z —y)| = llz =yl > 0(A) —&; this implies
W(A) > 0(A).

Conversely, given € > 0, choose f € Sy, such that w;(A4) >

there exist x, y € A such that f(z) — f(y) > ws(A) —e > W(A) — 2¢. Thus
8(A) > |z —y|| > f(z) — fly) > W(A) — 2¢, hence §(A) > W(A). This
concludes the proof. O

Remark 4.6. According to the previous result, a (closed, bounded convex) set
C' is of constant width if and only if w(C) = 6(C) for every f € Sx; Theorem
4.4 shows that, if X is reflexive, this is also equivalent to

1,(C)=94(C) forall u € Sx.

But this is true in every space. In fact, the last condition implies (by Lemma
4.2) 6(C) = 1,(C) < w(C) < W(C) < §(C). Conversely, if C € CW, then
according to [14, Proposition 1.1] the closure of C'— C' := C + (—C) coincides
with B(0,0(C)), so 1,(C) = §(C) for every u € Sx.
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5. Main result

We are proving now the main result, extending to Hilbert spaces the equality

CW =DM.
Theorem 5.1. In any Hilbert space, CWW = DM.

Proof. Since CW C DM always, we must prove that in Hilbert spaces DM C
Cw.

Let C' € DM. We can assume, eventually after a rescaling, that §(C) = 1.

Assume, by contradiction, that C' ¢ CW. According to Theorem 4.4, w(C) =
[(C) while C ¢ CW implies that w(C) < 1.

Set w(C) =1—-d (0 <d<1). Let ¢ € (0,d/3); take f € Sx-» such that
wp(C) <1—d+e. Let u e Sy be a point where f assumes its norm; we have
1,(C) < wy(C). Now take a,b € C such that a — b = Au for some A > 0 and
1.(C) —e < ||la — b||; we can also assume that a € bdry(C'). We have

wi(C)—e < 1—d=w(C)=1(C) < 1,(C) < ||la—b||+¢ (1)
and therefore:

l—d—e<|la=bl| <L(C) <ws(C);  wy(C)—|la—bl]| <2e. (1)
Now we can assume that a = 0 (so f(b) < 0); if
[y={zeX:f(z)=0/(C)(£0)}; Ih={zxeX:f(z)=0a/C) (=0}
then we have (by (1')):

dist(0,1I;) + ||a — b]| < af(C) — Bf(C) = ws(C) = a4 (C) = dist(0,1I;) < 2¢;

dist (b, ) + [Ja — b]] < o (C) — B4(C) = wy(C) = dist(b, IT) < 2e.

But sup.cc |la — ¢|| = 6(C) = 1 (Lemma 3.2); so there exists ¢ € C such that
lall = llg —all =1 —e.

Note that ¢, b, a cannot be collinear since ¢ = Au for some A € R would imply
llg—al] <L(C) <ws(C)<l—d+e<1l—e.

So we can reason on the 2-dimensional space Y generated by b and ¢. In Y we
consider an orthonormal basis consisting of u, v, where f(v) = 0: then b = b,u
with b, < 0. Set ¢ = q,u + q,v, and we can assume ¢, > 0.
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B (C) as(C)

I |1,

Y

Take ¢ = c,u + c,v € Y such that ||c — q|| = ||c = b|]| = 1.
We want to prove that dist(c, I1y) < 1. If ¢, <0, this is trivial; so let ¢, > 0.
We have: 1= [lc—q|* = [|e|[* + [|4||* — 2(cuqu + cvg) >

> ||C||2+(1_€)2_20v(h if Gu < 0
T el + (1 —e)* = 2¢uqu — 2¢0q,  also if g, > 0.

In any case, since ¢, < ay(C) < 2¢ (¢ € C), we have —2¢,q,, > —4ec,, and then:

QCva > ||C||2 + 82 — 2 — 4€||C||

Now observe that t* — 4et strictly increases with ¢ if ¢ > 2e: since ||c|| >
o—c|| = 1b]] > 1 —ws(C) >1—(1—d+¢e)=d—e (> 2), we have:

2c,q, > (d—¢)*+e*—2e—4e(d—¢) > d* —6de —2¢. But q, < ||q]| =1—¢ < 1;
dt 2 d5 _ dt 11 42
so, if e > & we obtain: 20U>20qu>d————_ Fd? > 4y/e

Since ¢, > 0, then ¢, > 0; thus ¢, > ¢,q, > 2+/¢.

307

Therefore, since 1 = ||c — b||? = (¢, — b,)? + (¢,)?, we have 1 > (¢, — b,)? + 4e.
So dist(c,IIy) = ¢, — Bf(C) < ¢y — by +2e <1 —-4e+2e < 1.

This shows that the circular arc of center ¢ and radius 1 = 6(C'), passing through
b and ¢, is not contained in the strip between II; and Ily; so neither in C'. But
C' contains b and ¢, so this gives a contradiction with the AIP (see Lemma 3.4).
This proves the theorem. O

6. Diametral points

Given a set A and x € bdry(A), we say that = is strongly diametral if there
exists @ € A such that ||z — al| = 0(A).

In any infinite-dimensional Banach space, given ¢ € (0,1) there exists a sym-
metric, bounded closed and convex body C without diametral pairs, such that
(1—¢e)Bx C C C By (see [17]).
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The next example shows that an infinite-dimensional space X can contain a
set C' € CW with a point z € bdry(C) such that x is not strongly diametral
(compare with Lemma 3.2).

Example 6.1. Consider cg; let C be the set of all sequences with all components
in [0,1]: we have C € CW. If x = (1/2,1/3,1/4,...,1/n, ...), then sup,c¢ ||z —
al| = 1> ||z — yl| for every y € C.

We can observe that, in the previous example, if we consider the functional
f=1(01/2,1/4,...,1/2",...), then w;(C) is not attained.

Other quantities are attained in reflexive spaces, as indicated by the next propo-
sition.

Proposition 6.2. Let C' be a closed, bounded and convex set of a reflexive
Banach spaces X. For every f € X*, wy(C) is attained; also, for every
u € Sx, 1,(C) is attained.

Proof. Let X be reflexive; thus C' is weakly compact, and then so is C' — C.
Therefore any continuous linear functional f attains its supremum on C'—C'. We
also have w;(C') = sup f(C—C). Moreover [,,(C') = sup{||z|| : z € (C—C)NRu},
which is compact. O

We conclude by proving the implication C' € DM = C' € CWV under different
assumptions; the next theorem is partially known: see [13, Proposition 2.1] (see

also [10, p. 98]).

We say that a convex set C' is smooth if for every x € bdry(C') there is at most
one hyperplane supporting C' at z.

Theorem 6.3. If C' is smooth and every point x € bdry(C) is strongly di-
ametral, then C' € CW. In particular, in finite-dimensional spaces, smooth
diametrically complete sets are of constant width.

Proof. Suppose that some set C', satisfying the assumptions, is not in CW: so,
by Proposition 4.5, w(C') < 6(C'). Since support functionals of C' are dense, there
also exists f € Sx«, supporting C' at some point z, such that a;(C) — ;(C) <
o(C).

Take y € C such that ||y — z|| = §(C), then let g € J(y — x). We have: §(C) >
wy(C)  9(y) — 9(2) = lly— ol = 3(C), 0 4y (C) — 5,(C) = w,(C) = 6(C). But
then g supports C' at z: in fact g(c) > g(x) for all ¢ € C since g(c) < g(z) for
some ¢ € C' would imply 6(C) = ||y — c[| = g(y) — g(c) > g(y) — g(z) = J(C).

Then the smoothness of C' implies g = f: so we have a contradiction, proving
that C' € CW. u
7. Final considerations

In this paper we have studied the condition CW = DM.
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Denote by B the class of closed balls. Clearly, B C CW.

There are spaces where DM = B, so where the three classes DM, CW and B
coincide: these have been characterized as the P; spaces (see [5]).

The equality CW = B holds in C(K) spaces (see [8, Theorem 4.3]), as well as
in some finite-dimensional spaces (see [7, Proposition 3.8]).

It seems to be rather difficult to characterize the spaces where CW = B, or
CW = DM. For some recent results on this, see [12]; see also [9].

We finally note that there can be a big difference between w(C) and W (C) for
a a set C € DM, as the following example shows.

Example 7.1. Consider, in C[—1, 1], the set A of all functions f(z) such that
—1<f(x)<0,if -1 <2 <0;0< f(z) <1,if 0 <z < 1. It is simple to see
that A € DM; w(A) =0; W(A) = 1.
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