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In this paper, motivated by the idea of the split feasibility problem and results for solving
the problem, we consider generalized split feasibility problems and then establish two Halpern
type strong convergence theorems which are related to the problems. Furthermore, we prove
strong convergence of an iterative scheme generated by the shrinking projection method. As
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1. Introduction

Let H be a real Hilbert space and let C' be a nonempty, closed and convex subset
of H. A mapping U : C' — H is called inverse strongly monotone if there exists

*The third author was partially supported by Grant-in-Aid for Scientific Research No.
15K04906 from Japan Society for the Promotion of Science.

ISSN 0944-6532 / $ 2.50 (© Heldermann Verlag



918 S. Akashi, Y. Kimura, W. Takahashi / Iterative Methods for Split ...
a > 0 such that
<$ - Y Uxr — Uy> > OéHU.’L’ - UyH27 vx>y eC.

Such a mapping U is called a-inverse strongly monotone. Let H; and Hs be two
real Hilbert spaces. Let D and () be nonempty, closed and convex subsets of H;
and H,, respectively. Let A : H; — H, be a bounded linear operator. Then the
split feasibility problem [7] is to find z € H; such that z € DN A7Q. Recently,
Byrne, Censor, Gibali and Reich [6] considered the following problem: Given
set-valued mappings A4; : H; — 271, 1 <i<m, and B; : Hy — 2H2 1 < j <n,
respectively, and bounded linear operators T : Hy — Hy, 1 < j < n, the split
common null point problem [6] is to find a point z € H; such that

z € (ﬁ A;10> N (ﬁ Tj—l(Bj—l())),

where A;'0 and B;lo are null point sets of A, and B;, respectively. Defining
U = A*(I — Pg)A in the split feasibility problem, we have that U : H; — H;
is an inverse strongly monotone operator, where A* is the adjoint operator of
A and Py is the metric projection of Hy onto (). Furthermore, if D N A™!Q is
nonempty, then z € DN A~1(Q is equivalent to

Z = PD<] — )\A*<] — PQ)A)Z, (1)

where A > 0 and Pp is the metric projection of H; onto D. Using such results
regarding nonlinear operators and fixed points, many authors have studied the
split feasibility problem and generalized split feasibility problems including the
split common null point problem; see, for instance, [6, 8, 15, 31]. In the study,
the authors used established results for solving the problems. In particular,
established convergence theorems have been used for finding solutions of the
problems. On the other hand, we know many existence and convergence theo-

rems for inverse strongly monotone mappings in Hilbert spaces; see, for instance,
[10, 16, 18, 20, 24, 26].

In this paper, motivated by the ideas of these problems and results, we con-
sider generalized split feasibility problems and then obtain strong convergence
theorems which are related to the problems. We first obtain some fundamental
properties for inverse strongly monotone mappings and resolvents of maximal
monotone operators in Hilbert spaces. For example, we extend the result of
(1) from metric projections to nonexpansive mappings. Then using these prop-
erties, we establish two Halpern type strong convergence theorems for finding
a solution to the generalized split feasibility problem. Furthermore, we prove
strong convergence of an iterative scheme generated by the shrinking projection
method. The results are generalizations of strong convergence theorems which
have already been obtained. As applications, we get new and well-known strong
convergence theorems which are connected with the split feasibility problem and
an equilibrium problem.
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2. Preliminaries

Let H be a real Hilbert space with inner product (-, -) and norm || - ||, respec-
tively. For x,y € H and A € R, we have from [23] that

lz+ ylI* < ll2ll* + 2(y, = + y); (2)

1Az + (1= Nyll* = Mal* + (L = Myll* = M1 = Nz — ylI* (3)

Furthermore we have that for z,y,u,v € H,
2(z —y,u—v) =z —ol* +lly — ull® = lz = ul* = ly — 0. (4)

Let C' be a nonempty, closed and convex subset of a Hilbert space H. The nearest
point projection of H onto C' is denoted by Pg, that is, ||z — Pez|| < ||z — y|
for all z € H and y € C. Such Pp is called the metric projection of H onto C'
We know that the metric projection Py is firmly nonexpansive, i.e.,

|Pox — Pey||? < (Pow — Poy,x — y) (5)

for all z,y € H. Furthermore (x — Pox,y — Pox) < 0 holds for all z € H and
y € C; see [21]. Let @ > 0 be a given constant. A mapping A: C' — H is said
to be a-inverse strongly monotone if (x —y, Az — Ay) > o ||Az — Ay|)* for all
z,y € C. It is known that [|[Ax — Ay|| < (1/a) ||z — y|| for all z,y € C if A is
a-inverse strongly monotone. Let B be a mapping of H into 2f. The effective
domain of B is denoted by dom(B), that is, dom(B) = {z € H : Bx # 0}. A
multi-valued mapping B on H is said to be monotone if (x — y,u —v) > 0 for
all z,y € dom(B), u € Bx, and v € By. A monotone operator B on H is said
to be maximal if its graph is not properly contained in the graph of any other
monotone operator on H. For a maximal monotone operator B on H and r > 0,
we may define a single-valued operator J, = (I +7B)~': H — dom(B), which
is called the resolvent of B for r. Let B be a maximal monotone operator on H
and let B™'0 = {z € H : 0 € Bz}. It is known that the resolvent J, is firmly
nonexpansive and B~!'0 = F(J,) for all » > 0, where F(J,) is the set of fixed
points of J,. It is also known that ||Jyz — J,z| < (J]A — p| /A) ||z — Jxz|| holds
for all A\, x> 0 and = € H; see [21, 11] for more details. As a matter of fact, we
know the following lemma [20].

Lemma 2.1. Let H be a real Hilbert space and let B be a maximal monotone
operator on H. For r > 0 and x € H, define the resolvent J.x. Then the
following holds:

s—t

(Jox — Jyx, Jox — x) > || Jex — Joz||?
forall s,t >0 and z € H.

Furthermore, for a mapping A of C into H, we know that F(J\(I — AA)) =
(A + B)~'0 for all A > 0; see [4]. We also know the following lemmas:
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Lemma 2.2 ([3], [30]). Let {s,} be a sequence of nonnegative real numbers,
let {a,} be a sequence of [0,1] with > 7 o, = o0, let {B,} be a sequence of
nonnegative real numbers with Y .| 3, < 0o, and let {~,} be a sequence of real
numbers with lim sup,,_, . 7, < 0. Suppose that

Sn+1 S (]- - an)sn + an’Yn + ﬁn
foralln=1,2,.... Then lim, ., s, = 0.

Lemma 2.3 ([13]). Let {I},} be a sequence of real numbers that does not de-
crease at infinity in the sense that there exists a subsequence {I,,} of {I,} which
satisfies I,,, < I, 41 for all i € N. Define the sequence {T(n)}n>n, of integers
as follows:

7(n) =max{k <mn: Iy < Ik},
where ng € N such that {k <ng: I}, < [y1} # 0. Then, the following hold:

(i)  T(ng) <7(no+1) < -+ and 7(n) — oo;
(1) Iy < LTrgyr and 15 < Trnypr, Vo> ng.

Let H be a Hilbert space and let .S be a firmly nonexpansive mapping of H into
itself with F'(S) # (). Then we have that

(x =Sz, Sx—y) >0 (6)
for all z € H and y € F(S). In fact, we have that for all z € H and y € F(S5)
(x — Sz, Se—y)=(x —y+y— Sz,Sr—y)

= (r—y,Szr—y)+(y — Sz,Sx —y)
> ||Sz —y|* — [|Sz — y[|* = 0.

From [27], we also have the following lemmas.

Lemma 2.4. Let H, and Hy be Hilbert spaces. Let A : Hy — Hy be a bounded
linear operator such that A # 0. Let T : Hy — Hs be a nonexpansive mapping.
1

Then a mapping A*(I —T)A : Hy — H; is m-mveme strongly monotone.

Lemma 2.5. Let H, and Hy be Hilbert spaces. Let B : H; — 21 be a mazimal
monotone mapping and let Jy = (I + AB)™! be the resolvent of B for A > 0.
Let T : Hy — Hs be a nonexpansive mapping and let A : Hy — Hy be a bounded

linear operator. Suppose that B'0 N A™*F(T) # 0. Let \,r > 0 and z € H.
Then the following are equivalent:

(i) z=JI—-1A1-T)A)z;
(ii) 0€ A*(I —T)Az + Bz;
(1ii) 2 € BT'ONAT'F(T).

For a sequence {C),} of nonempty, closed and convex subsets of a Hilbert space
H, define s-Li, C),, and w-Ls, C, as follows: x € s-Li, C,, if and only if there
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exists {z,} C H such that {z,} converges strongly to z and z, € C, for all
n € N. Similarly, y € w-Ls, C, if and only if there exist a subsequence {C,,}
of {C,} and a sequence {y;} C H such that {y;} converges weakly to y and
y; € C,, for all 1 € N. If C satisfies

Co = s-LiC,, = w-LsC,, (7)

it is said that {C,} converges to Cj in the sense of Mosco [14] and we write
Co = M-lim, o C,. It is easy to show that if {C,} is nonincreasing with
respect to inclusion, then {C,,} converges to () ~, C;, in the sense of Mosco. For
more details, see [14]. The following lemma is easily deduced from the theorem

for a strictly convex reflexive Banach space with the Kadec-Klee property proved
by Tsukada; see [28].

Lemma 2.6. Let {C,} be a sequence of nonempty closed conver subsets of a
Hilbert space H. If Cy = (.2, Cy is nonempty, then Po,u — Pgyu for any
ue H.

3. Main results

In this section, we first prove a strong convergence theorem which is related
to the split feasibility problem and generalizes Wittmann’s theorem [29] in a
Hilbert space.

Theorem 3.1. Let H, and H, be Hilbert spaces. Let B : Hy — 2" be a
mazimal monotone mapping and let Jy = (I + AB)~! be the resolvent of B for
A > 0. Let T : Hh — Hs be a nonexpansive mapping. Let A : Hy — Hy be
a bounded linear operator. Suppose that B~'0 N A™'F(T) # 0. Let {u,} be a
sequence in Hy such that u, — w. Let vy = x € Hy and let {x,} C Hy be a
sequence generated by

Tt = Qntin + (1 — ), (I — MA* (I — T) Az,

for all n € N, where {\,} C (0,00) and {a,,} C (0,1) satisfy

1 o0
O<0J§)\ngm, ;|>\n—/\n+1’<00,
o o
lim o, =0, Zan =00, and Z lan1 — ap| < 0.
n—oo
n=1 n=1

Then the sequence {x,} converges strongly to a point zg € B0 N A F(T),
where 20 — p3710mA71F(T)u.

Proof. Put y, = J\, (I — \,A*(I — T)A)z,, and let z € B7'0N A~'F(T). We
have z = Jy,(z — \yA*(I — T)Az). Since J,, is nonexpansive and (I — T) is
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%—inverse strongly monotone, we have that

Y — 2|2 (8)
|, (I — MA*(I = T) Az, — Jy, 2|7

< |lzp — MA (I = T) Az, — z||2

= ||lzn — 2||* = 2Au(zp — 2, AS(I — T)Az,) + (N2 |A*(I — T) Az, |)?

= ||&n — 2||* = 2\ (Axy — Az, (I — T)Az,) + (M) |A*(I — T) Az,

< Nl — 2[12 = A |(T = T) Az |)* + V) HA* (I — T) Ay, A*(I — T) Azy,)
= |lzn — 2] = M |(I = T) Az || + (M) (AA*(I — T) Az, (I — T)Ax,)
<l = 2l° = A (T = T) Az [|* + (An)? JAA | |(1 = T) A ||

= 21" + XA |AA™| = 1) (1 = T) Az

From 0 < a < A, < ||A—,14*|\ we have that ||y, — z|| < ||z, — z|| for all n € N.

Since {u,} is bounded, there exists M > 0 such that sup,cy ||u, — 2|| < M.
From z,+1 = a,u, + (1 — ay)y,, we have that

[2nt1 = 2]l = llowm(un = 2) + (1 = o) (yn = 2)|

< ap [|un — 2| + (1 — ) [|lzn — 2]

Putting K = max{M, ||z, — z||}, we have that ||z, — z|| < K for all n € N. In
fact, it is obvious that ||z; — z|| < K. Suppose that ||zx — z|| < K for some
k € N. Then we have that

[k = 2l < crllug = 2[ + (1 = aw)llex — =]
< apK + (1 —Oék)K =K.

By induction, we obtain that ||z, — z|| < K for all n € N. Then {z,} is bounded.
Furthermore, {Az,} and {y,} are bounded. Since

(I —T)Ax,||* < 2((I — T)Az,, Az, — Az) < 2||(I — T)Ax,||||Az, — Az|,

{(I = T)Az,} is bounded. Then we have that {A*( — T)Axz,} is bounded.
Putting v, = x,, — \,A*(I — T')Az,,, we have that

Tpy2 — Tpg1 = Qpg1Upg1 — Qply
+ (1 - 04n+1)JAn+1(33n+1 — A1 AT = T)Axp i)
— (1= ap)dy, (xy — AA* (I = T)Ax,)
= (1 — Qn)Up + g1 (Ung1 — Un)
+ (1 = anpi){ay (T = A1 AL = T) Az 1)
— DU+ Ia U — I, Un + I, U} — (1 — an) JIa, U
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Then we have from Lemma 2.1 that

|Znt2 — Tpiall
< ant1 — anl lunll + @ |[tner — un]
+ (1 — aps)||Tns1r — A1t AL = T)Axpq — (T — MA™ (I = T) Az, ||
+ (1= anp)[Iaavn = In,vnll + |y — an[[ Iy, onll
< st — an| [Jun|l + ansr |tntr — wn|
+ (1= )||(I = X1 A = T)A)xpg1 — (I = Myt A(I = T) Az,
+ (I = A\t A1 = T)A)z, — (x, — MA (I — T)Ax,)||
+ (= anp) [ a0 vn = In,vnll + lamsn = am [ Jx, onll
< ant1 = anl [lun]l + ana[[tn1 — un]
+ (1 = anp )| Znt1 — ol + [Angr — M| [[A*(I = T) Az, ||
+ lant1 — o[ In, onll + [ Tx 100 — Ix, val]
< ant1 — anl uall + ana[[tner — unl]
+ (1 = ang)[ensr = 2ol + [Angy = Al [|AT(L = T) Ay |
|)‘n+1 - )‘n’
An+1
< ans1 — an| Junl + anaflunts — |
+ (1 = )| @ns1 = Zol| £ [Angs = M| AL — T) Az, |

+ lania — an[[ Iy, vnll + [ F0ns10n = |

+lanes =l all + 2=l ).
Using Lemma 2.2, we obtain that
|#nt2 = Tnia]| — 0. (9)
We also have from (3) that
1 = 2all® = o (un — 20) + (1 = ) (yn — 24)|?
= agllun = 2a* + (1 = o) |yn — zal* = (1 = a)l|un — yul®
and hence

(L= an)llyn = zall* = llZnss — 2all® — anllun — 20l* + an(1 — )l — yall®

From «,, — 0, we get
Yn — Tn — 0. (10)

From > 77 |\, — Any1| < 0o, we have that {),} is a Cauchy sequence. Then

n=1

we have A\, — X\ € [a,1/||AA*||]. Using v, = x, — \yA*(I — T)Ax, and
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Yn = I, (I = \yA*(I — T)A)z,, we have from Lemma 2.1 that

[ 730 (I = X A™(I = T) A)zy, ynll (11)
= [ (I = A0 A™(] = T)A)zy — Jr, (I = A A™(I = T) A) |
= || Jag(I = Mo A*(I = T) Az, — Jpo (I — MA*(I = T) A)z,
+ Iag (I = MA™(I = T)A)z,, — I, (I = \A* (I = T) A, |

SN =20A™ (I = T)A)xy = (I = A A™ (I = T)A)n || + (| Ixgvn — Jx, vnll

Ao — A\p
< Do = Al 47 = 1) |+ 2 o
0

We also have from (10) and (11) that
|20 = Jag (I = A0A™(I = T) A)ay| (12)
< zn = ynll + [lgn = Sng (I = 2 A™(I = T) A)zy|| — 0.
We will use (11) and (12) later.

Put zp = Pg-1pna-1pryu. Let us show that limsup,, ., (v — 2o, yn — 20) < 0.
Put [ = limsup,,_, ., (v — 20, Yn — 20). Then without loss of generality, there
exists a subsequence {y,,} of {y,} such that | = lim; . (v — 20, yn, — 20) and
{yn;} converges weakly to some point w € Hy. From ||z, — y,|| — 0, we
also have that {x,,} converges weakly to w E H;. On the other hand, from
An — Ao € [a we have \,, — Ay € [a, =] Using (12), we have that

1
’ IIAA*II]’

|Tn, — Ing(I — XNgA™ (I — T)A)z,, || — 0.

HAA*II

Since Jy,(I — AA*(I — T)A) is nonexpansive, we have w = Jy,(I — \gA*(I —
T)A)w. We have from Lemma 2.5 that w € B~'0N A™'F(T'). Thus we have

I = lim(u — 29, Yn, — 20) = (u — 29, w — zo) < 0.

Since z,11 — 20 = n(uy — 20) + (1 — ) (Yn — 20), we have

|Zns1 — ZOHQ <(1- O‘n)2 3n — ZO||2 + 2000 (Un — 20, Tnt1 — 20) (13)
S (1 - Ckn) ||xn - ZO||2 + 2an<un — Uy Tpy1 — ZO>
+ 2an(u — 20, Lnt1 — Tp + Tpn — Yn + Yn — ZO>'

From Lemma 2.2, we have that x,, — z9. This completes the proof. O

Next, we prove another strong convergence theorem.

Theorem 3.2. Let H, and H, be Hilbert spaces. Let B : Hy — 2" be a
maximal monotone mapping and let Jy = (I + AB)™! be the resolvent of B for
A > 0. Let T : Hy — Hs be a nonexpansive mapping. Let A : Hy — Hy be
a bounded linear operator. Suppose that B~'0 N A F(T) # 0. Let {u,} be a
sequence in Hy such that u, — w. Let v1 = x € Hy and let {x,} C Hy be a
sequence generated by

Tp4+1 = /ann + (1 - ﬁn)(Qnun + (1 - aﬂ)J)\n ([ - )\nA*<I - T)A)In)
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for alln € N, where {\,} C (0,00), {8} C (0,1) and {a,} C (0,1) satisfy

O<a<A\ 0<c<p,<d<1,

1
n S TR
| A=Al

o
lim o, =0 and g Qa, = 00.
n—od 1
n—

Then the sequence {x,} converges strongly to a point 2o € B~'0 N A7'F(T),
where zg = Pp-19n4-1p(1)U.

Proof. Let z € B7'0N A7 F(T). As in the proof of Theorem 3.1, we obtain

that
| Ix, (2 — MgA* (I — T)Ax,) — Z||2 (14)
< ”xn - ZH2 + An(An HAA*H -1) H(I - T)AanQ
2
< ln — 2"

Let y, = anty + (1 — )y, (2, — A\yA* (L — T)Ax,,). We have that
lyn = 2] =l (un = 2) + (1 = an) (Jx, (20 = M AL = T) Azy) = 2)|
< ap flup =2l + (1 — o) [|zn — 2| -
Using this, we get that
[2n1 = 2]l = {1820 = 2) + (1 = Bu)(yn = 2)
< B llan = 2l + (1 = Ba) lyn — =]l
< B llen — 2l + (1 = Ba)(an lun = 2[| + (1 = an) [lzn — 2[])
= (1= an(l = Bu))llzn — 2l + an(l = Bp)[lun — =|.
Since {u,} is bounded, there exists M > 0 such that sup,,cy [|u, — 2| < M.
Putting K = max{||z; — z||, M}, we have that ||z, — z|| < K for all n € N. In

fact, it is obvious that ||z; — z|| < K. Suppose that ||z — z|| < K for some
k € N. Then we have that

[2r41 = 2] < (1 = an(l = Bp))|ze — 2] + (1 = Bi) luw — 2]
S (1 — Oék(l — ﬁk))K + ak(l — 5k)K =K.
By induction, we obtain that ||z, —z|| < K for all n € N. Then {z,} is bounded.
Furthermore, { Az, }, {y,} and {J,,(z, — \yA*({ —T)Ax,)} are bounded. Take
20 = Pg-19na-1pmu. Putting z, = Jy, (I =\ A*(I =T)A)z,, from the definition
of {x,,} we have that
Tp+1 — Tp = 6711'71 + (1 - Bn){anun + (1 - an)zn} — Tn

and hence

Tp+1 — Tp — (1 - 5n)anun - ann + (1 - 671)(1 - an)zn — Tp

= (1= 0G){zn — Tn — anzn}.
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Thus we have that

<$n+1 —Tp — (1 - ﬁn)anunv Tp — ZO> (15)
- (1 - 571)<ZTL — Tp, Tn — ZO> - (1 - ﬁn)<anzna Ly — ZO>
= - (1 - ﬁn)<xn — Zny Tp — ZO> - (1 - 6n)an<zna Tp — ZO>-

From (4) and (14), we have that

2(x, — 2n, Ty — 20) (16)
= [0 — 2001* + 120 = zall* = 120 — 20
> ||z — 20[1* + |20 — @nl|® = [J25 — 20|

= [|2n — 3311”2
From (15) and (16), we have that
— 2(xp — Tpi1, Ty — 20) (17)
= 2(1 - ﬁn)an<unaxn - ZO)
- 2(1 - ﬁn)<xn — ZnyLp — ZO) - 2(1 - ﬁn)an<zna Ly — ZO>
S 2<1 - 6n)an<um Ly — ZO>
- (1 - 6n)||zn - anQ - 2(1 - 6n>an<zn7mn - ZO>'

Furthermore, using (4) and (17), we have that

2011 = 200> = 120 — Znga[|* = [0 — 20|12
S 2(1 - 6n)an<un7 Tp — ZO>
- (1 - Bn)Hzn - an2 - 2<1 - 6n)an<zna Tn — ZO>-

Setting I}, = ||z, — 20]|?, we have that

Do = D= |l — 2|
S 2(1 - Bn)an<una Tn — ZO)
— (1= Ba)llzn = @all® = 2(1 = Ba)an(za, T — 20)- (18)

Noting that
|Zni1 — 2al] = |(1 = Bu)an(un — 20) + (1 = Bn) (20 — 7)) || (19)
< (1 - ﬁn)(Hzn - xn” + anHun - Zn”)

and hence

2
Zns1 = zall? < (1= Ba)* (120 — 2l + anllun — 22l]) (20)
=(1- ﬁn)QHZ'n - anQ
+ (1 - 671)2 (2anHzn — || [Jun — 2all + O‘ZHUn - ZnHQ)
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Thus we have from (18) and (20) that

FnJrl - Fn S Hxn - xn+1H2 + 2(1 - ﬁn)&n<unu Tn — 20>
- (1 - ﬁn)Hzn - anQ - 2(1 - Bn)Oén<Znawn - ZO)
<(1- ﬁn)2||zn - anQ

+ (1 - ﬂn)2<2an”zn - "EnHHun - Zn” + ai”“ﬂ - zn||2)

- 2(1 - 6n)05n<zn; Tn — ZO>
and hence

D1 — Iy + Bu(1 = Ba)|l2n — $n||2
< (1 - ﬁn)2(2anuzn - mnHHun - an + ai”un - Zn||2)
+2(1 = Bp)an (un,  — 20) — 2(1 — Br)an(zn, Tn — 20)- (21)

We will divide the proof into two cases.

Case 1: Suppose that there exists a natural number N such that I5,.; < I,
for all n > N. In this case, lim,,_., [}, exists and then lim, o (I,41 — [,) = 0.
Using lim,, .o @, = 0 and 0 < liminf, . 3, < limsup, .. 0, < 1, we have
from (21) that

T [~ o, = 0. 2
From (19) we have that
i [ = ] = 0. 23
We also have that
[Yn = zull = llanun + (1 = an)zn — 2 (24)

= ap||u, — z,|| — 0.
Furthermore, from ||y, — 24|l < [|yn — 24|l + ||2n — 2n||, we have that

lim ||y, — z,|| = 0. (25)

Take X\ € [a, ||A—114*H]' Putting v, = x, — A\, A*(I — T') Az,,, we have from Lemma
2.1 that
|, + (1 — ap) Ing (I — MA (I = T)A)x, — y,|| (26)
= (1 —an)|| eI = XA (I —=T)A)x, — I\, (I = \A* (I —T)A)z,||
(1 — )| Ing(I = XA (I = T)A)zy, — Jng(I — NA (I = T)A)z,,
+ Jng (I = NA (I = T)A)xy, — Jn, (I — MA (I — T)A)z,,|
< (1= {[[(I = WA (I = T)A)zn = vnl| + | I3g0n = Jx,val[}

)
< (T =an) ¢ o = Al AT = T) Az || + [ Drgvn = vall o -
0
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We also have

[0 — Tag (I = M A™(I = T)A),| (27)
< lzn = ynll + [y — (anun + (1 = an) Jag (1 = M A (L = T)A)z,)|
[ omttn + (1= an)Jag (I — AgA* (I — T)A)
— a1 = 2A*(I = T) )|
= [0 = Ynll + [[yn — (anun + (1 = ) 5 (I = AA™ (L = T)A)zy)||
F |t — Jag (I — NoA*(I — T)A)z, .

We will use (26) and (27) later.

We show that lim sup,, ., (u — 2o, yn — 20) < 0, where 29 = Pg-19n4-1p(r)u. Put
[ = limsup,,_,, (u— 20,Yn — 20). Then without loss of generality, there exists
a subsequence {y,,} of {y,} such that | = lim; .. (u — 20, Yn, — 20) and {yn, }
converges weakly to some point w € Hy. From ||z, —y,|| — 0, we also have that
{xn,} converges weakly to w € Hj. On the other hand, since {\,} C (0,00)
satisfies 0 < a < A\, < ||A—,14*H7 there exists a subsequence {)\nij} of {\,,} such

that {)\nij} converges to a number A\ € [a, HA—il*H]' Using (26), we have that
||anij umj + (1 o O‘nij)‘])\() (I o )\OA)Inij o ynij || — 0.

Furthermore, using (27), we have that

[, = Jng(I = NA*(I = T) Al
+ ”ynz] - {anij unij + (1 - O‘nz‘j)JAo(I - )‘OA*(I - T)A)ifnz]}n
ey, — Jng(I = Mo A*(I = T)A)z,, | — 0.

S ||$nz‘j - ynij

+ Qn,,

Since Jy,(I — MA*(I — T)A) is nonexpansive, we have w = Jy,(I — AgA*(I —
T)A)w. From Lemma 2.5, we have that w € B~'0 N A~ F(T). Then we have
that

= hm(u—zo,ymj — 29) = (u — zg, w — 29) < 0.

Jj—0o0

Since Y, — 20 = @n(Un — 20) + (1 — o) (Iy, (@, — M A* (I — T) Azy,) — 29), we have
from (2) that

Yy — 20”2 < (1- an)2 |5, (Tn — A A (L = T)Azy,) — ZOH2

+ Zan <un — 205 Yn — ZO) .
From (14), we have

1y — 20l1> < (1 — ) |0 — 20|” + 200 (U — 20, Yn — 20) -
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This implies that

21 — 2o

< Byl = 20lI” + (1 = Ba) llgn — 20]”

< Bl = 2oll* + (1= 8a) (1 = )l — 20l|” + 200 (un = 20,4 — 20))

= (@L + (1= 8.)(1 - O‘n>2) |25 — ZOH +2(1 = Ba)aw (un — 20, Yn — 20)

< (1= (1= Ba)an) l2n = z0ll* +2(1 = Bp)cvn (un — 20,y — 20)

= (1= (1= Ba)aw) lzn = 20[* + 2(1 = Ba)evn (un — 1, yn — 20)

+2(1 = Bp)an (u — 20, Yn — 20) -

By Lemma 2.2, we obtain that z,, — 2.
Case 2: Suppose that there exists a subsequence {I},,} C {I,} such that I},, <
I, 41 for all 7 € N. In this case, we define 7 : N — N by

T(n) =max{k <n: Iy < Ik}

Then we have from Lemma 2.3 that I74) < Ir(n)41. Thus we have from (21)
that for all n € N,

Brny(1 = Brm) | 2r(ny — o)1 (28)
< (1= Brny)* 200 (m)l|2r(m) = Ty [ tr ) = 2r () |
+ (1= Brmy) 2 ([t m) = 2 II?
+ 2(1 = Br(n)) r(n) (Ur (n), Tr(n) — 20)
—2(1 = Brn)) r(n){Zr(n), Tr(n) — 20)-

Using lim, ., = 0 and 0 < liminf, . 3, < limsup,_,. 6, < 1, we have
from (28) and Lemma 2.3 that

lim ||27(n) — Z7m)|| = 0. (29)

n—oo

As in the proof of Case 1 we have that

nle ||$7- (n)+1 — $T(n)|| =0. (30)
and
nhjgo HyT(n) - ZT(n)” =0. (31)

Since [|Yr(n) — Trm) || < |Yrem) — Zra) || + | 2r() — T7(ny ||, We have that

nh_)ngo Hy'r(n) - xT(n)H =0. (32)

For 29 = Pp-19na-1r(1)u, let us show that limsup,, . <zo — Uy Yr(n) — zo> > 0.
Put
[ = lim sup <ZO — Uy Yr(n) — ZO> .

n—oo
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Without loss of generality, there exists a subsequence {y,(,)} of {yrm)} such
that [ = lim;_, <u — 20, Yr(n;) — zo> and {yT(m)} converges weakly to some point
w € Hy. From ||y, — x,| — 0, we also have that {z,(,,} converges weakly to
w € Hy. As in the proof of Case 1 we have that w € B~'0N A™'F(T). Then
we have

= ilirgo(zo — Uy Yr(ny) — 20) = (20 — U, w — 29) > 0.

As in the proof of Case 1, we also have that

9y = 2o]|” < (1= tr))? [|wimy = 20]|” + 20trm) (ttrmy = 20, Yoy — 20)
and then
1% 7(y+1 — 201> < By ||27en) — 20H2 + (1= Brw) || Yr ) — 20H2
< (L= (1= Brw)arm) || rem) — 20|
+2(1 = Br(m)) @rn) (Ur(n) — 20, Yr(n) — 20) -
From I7(,) < I7(n)+1, we have that

2
(1= Brn)rm)) ||@rm) — 20| < 2(1 = Brn) ) r () (Urn) — 20, Yr(n) — 20)-
Since (1 — Br(n))arm) > 0, we have that

2
HCET(") - ZOH < 2<u7(n) — 205 Yr(n) — ZO>
= 2<u7(n) = U Yr(n) — ZO> + 2<u — 20, Yr(n) — ZO>

Thus we have that

lim sup HxT(n) — 20H2 <0

and hence ||-(») — 20]| — 0 as n — oo. From (30), we have also that z ¢, —
Trny+1 — 0. Thus ||2:0)11 — 20| — 0 as n — oco. Using Lemma 2.3 again, we
obtain that

l#n = 20l| < |27y 11 = 20] = 0

as n — oo. This completes the proof. ]

In the end of this section, we prove strong convergence of an iterative scheme
generated by the shrinking projection method, which was first proposed by Taka-
hashi, Takeuchi, and Kubota [25].

Theorem 3.3. Let H, and H, be Hilbert spaces. Let B : Hy — 2H1 be a
mazimal monotone mapping and let Jy = (I + AB)~! be the resolvent of B for
A>0. Let T : Hy — Hy be a nonexpansive mapping. Let A : Hy — Hy be
a bounded linear operator. Suppose that B~'0 N A7YF(T) # 0. Let {u,} be
a sequence in Hy such that u, — w. Let x; € Hy, C; = Hy, and {x,} be a
sequence generated by
Yn = I, (I = \A (I —T)A)z,,
Cnr ={z € Hy:[lyn — 2[| < [[n — 2]} N Ch,

xn+1 - Pcn+1un+1
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for all n € N, where {\,} C (0,00) satisfies

0< A and limsup A\, > 0.

< -
" lAA n—oo

Then the sequence {x,} converges strongly to a point zo € B~10 N A7*F(T),
where zg = Pp-19na-1p(1)U-

Proof. We first show that the sequence {z,} is well defined. Let x € H,
and y = Jy(I — NA*(I —T)A)z with 0 < A < 1/||A*A|. As in the proof of
Theorem 3.1, we have ||y — z||* < ||z — z||* for z € B~'0N A~'F(T) and thus

0#B'ONATF(T)Cc{z€ H :|y—z| <z — 2|}
Moreover, since
{zeH :lly—zl <le—zl} = {z€ Hi:lly— 2| < o — 2"}
={z € H :lyl* — ll=* < 2(y — =, 2)},
it is closed and convex. Applying these facts inductively, we obtain that C,, is

nonempty, closed, and convex for every n € N, and hence {z,} is well defined.
Let Cop = (o2, Cy. Then since Cyp D B'0NATIF(T) # 0, Cp is also nonempty.
Let z, = Pg,u for every n € N. Then, by Lemma 2.6, we have z,, — 2y = Pg,u.
Since a metric projection is nonexpansive, it follows that
[0 = 20ll < [l2n = znll + [l2n — 20l
= | Pe,un — Po,ull + [lzn — 2ol

< lun = ull + [[2n — 20/ = 0,
and hence z,, — zg.

Since zg € Co = (), Cn, we have ||y, — z|| < ||, — 20| for all n € N. Tending
n — oo, we get that y, — 2. By the assumption of {\,}, there exists a
subsequence {\,,} of {\,} converging to \g > 0. We know that J,,, A*, T', and
A are all continuous, thus {Jy,(I =X A*(I=T)A)zx,} and {(I -XgA*(I-T)A)zx,}
are convergent sequences and therefore bounded. Using Lemma 2.1, we have
[yn, = (I = XA = T)A)zy, ||

= ||Jan, (I = My, A*(I = T) A) g, — Jag(I = M A* (I = T)A)y,

= ||J)\ni (I =X\, AY(I = T)A)xp,, — Jrg(I — N\, AY(I = T)A)y,

+ (I = A\, A"(I = T)A)xy,, — Jag (I — XNgA™ (I — T)A)z,, ||
|)\ni B )‘0|

Ao
+ [An, = Aol AT = T) Ay,

< ||J>\0(I - /\mA*(I - T)A)J}m - (I - AnzA*<] - T)A)IMH

— 0.

On the other hand, by the continuity of Jy,(I — \gA*(I —T)A), we have
| Ing (I — M A (I = T)A)x,,, — Jn,(I — MNA*(I — T)A)z|| — 0.
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Hence we have
|20 — Jag (I — M A* (I — T)A)z||
< Nzo = Yl + Ny, = Iaa (I = X0 A™(I = T) A)ay, |
+ [0 (I = XoA*(I = T)A)zy, — o (I — AgA*(I — T)A)zo|| — 0.
This implies 2p € B~'0N A7 F(T) by Lemma 2.5. Since zy = Pg,u € B~'0N

AT'F(T) and B7'0N A7'F(T) C Cy, we have zp = Pp-19n4-1p(1yt, which
completes the proof. O

4. Applications

Let H be a Hilbert space and let f be a proper, lower semicontinuous and
convex function of H into (—oo, 0o]. Then the subdifferential df of f is defined
as follows:

Of(x)={z€H: f(x)+(z,y —x) < f(y), Vy € H}

for all x € H. By Rockafellar [17], it is shown that 0f is maximal monotone.
Let C be a nonempty, closed and convex subset of H and let i be the indicator

function of C, i.e.,
, 0, ifzxeC,
ic(x) = )
oo, ifxé&C.
Then ic : H — (—00, 00| is a proper, lower semicontinuous and convex function

on H and hence Jic is a maximal monotone operator. Thus we can define the
resolvent Jy of di¢c for A > 0 as follows:

I = (I + Nig) 'w, Yo € H, A > 0.

On the other hand, for any u € C, we also define the normal cone N¢(u) of C
at u as follows:

Ne(w)={z€ H:(z,y—u) <0, Vy € C}.
Then we have that for any z € C
Oic(x) ={z€ H :ic(x)+ (z,y —x) <icly), Yy e H}
={z€H:(z,y—1) <0, VyeC} = Ng(z).
Thus we have that
u=Jyx < (I +M\ic) v =usr€ut \ic(u)
&z eu+ ANg(u) & v —ue ANg(u)
s (r—uy—u) <0, YyeC
& Po(z) = u.
Putting B = 0i¢ in Theorems 3.1 and 3.2, we have J,, = P¢ for any n € N.
Using this fact, we can obtain strong convergence theorems in a Hilbert space.

We first obtain the following theorem of Wittmann [29] from Theorem 3.1; see
also Halpern [12] and Takahashi [22].
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Theorem 4.1 ([29]). Let C' be a nonempty, closed and conver subset of a
Hilbert space H. Let U be a nonexpansive mapping of C into itself such that
FU)#0. Letwe C, xy=x € C and let {x,} be a sequence in C generated

by
Tpi1 = apu+ (1 —a,) Uz,

for all n € N, where {a,,} C (0,1) satisfies

o0 o0
lim o, =0, E o, =00 and E la, — apy| < o0,
n—oo

n=1

Then {x,} converges strongly to a point zy of F(U), where zy = Ppyu.

Proof. Set Hi = Hy,=H, B=0ic, T =UPs, A=1 and u, = u for alln € N
in Theorem 3.1. Then we have that F(T) = F(U) and J, = P¢ for all A > 0.
Furthermore, putting A, = 1 for all n € N, we have that for z; = z € C and
n €N

Tpr1 = auu+ (1 —a,)Uz,
=au+ (1 — ) PeUPoxy,
= a,u+ (1 — o) PeTx,
=apu+ (1 —ay)Po(z, — (I —T)x,)
=apu+ (1 —ay)Pc(l—=1-I"(I = T)I)x,

Thus we have the desired result from Theorem 3.1. O]

We also get the following theorem from Theorem 3.2.

Theorem 4.2. Let Hy and Hy be Hilbert spaces and let C' be a nonempty, closed
and convex subset of Hy. Let T : Hy — Hy be a monexpansive mapping. Let
A : Hy — Hy be a bounded linear operator. Suppose that CN AT F(T) # (. Let
u€ Hy, vy =z € Hy and let {x,} be a sequence in Hy generated by

for all n € N, where {\,} C (0,00), {£,} C (0,1) and {a,} C (0,1) satisfy

1
0<a<\, 0<c<pB,<d< 1,
||A*A||

lim o, =0 and Zan_

n—00
n=1

Then {x,} converges strongly to a point zyof C N A'F(T), where 2y =
Pena-1p(ryu.

Furthermore, we obtain the following theorem from Theorem 3.3.
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Theorem 4.3. Let Hy and Hy be Hilbert spaces and let C' be a nonempty, closed
and convex subset of Hy. Let T : Hy — Hy be a nonexpansive mapping. Let
A : Hy — Hy be a bounded linear operator. Suppose that CNATYF(T) # (. Let

uw€ Hy, vy € Hi, Cy = Hy, and {z,} be a sequence generated by
Yn = Po(I — \A* (I = T)A)z,,
Cnpr ={z € Hi: |lyn — 2| < [lzn — 21} N Ch,
Tnt1 = Po,, Unt

for all n € N, where {\,} C (0,00) satisfies

0< A, <

and limsup A, > 0.
[ A] P

Then the sequence {x,} converges strongly to a point zo € C N A F(T), where
20 = Pena-1p(r)u.

Let C' be a nonempty, closed and convex subset of a real Hilbert space H, let
f:C xC — R be a bifunction. Then we consider the following equilibrium
problem: Find z € C' such that

f(z,y) 20, VyeC. (33)
The set of such z € C is denoted by EP(f), i.e.,
EP(f)={2€C: f(z,y) >0, Yy € C}.

For solving the equilibrium problem, let us assume that the bifunction f satisfies
the following conditions:

(A1) f(z,x) =0 for all x € C;

(A2) f is monotone, i.e., f(z,y) + f(y,z) <0 for all z,y € C;
(A3) limsup, , f(tz+ (1 —t)z,y) < f(x,y) for all z,y, z € C;
(A4) f(z,-) is convex and lower semicontinuous for all z € C.

We know the following lemmas; see, for instance, [5] and [9)].

Lemma 4.4 ([5]). Let C be a nonempty closed convex subset of H, let f be a
bifunction from C x C to R satisfying (A1)—(A4) and let r > 0 and z € H.
Then, there exists z € C' such that

f(z,y)+%<y—z,z—:v> >0

forally e C.
Lemma 4.5 ([9]). Define the resolvent T, : H — C of f forr >0 as follows:

Trx:{zeC’:f(z,y)—l—%(y—z,Z—@20, VyEC}

for all x € H. Then, the following hold:
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(i) T, is single-valued;
(i) T, is firmly nonexpansive, i.e., for all x,y € H,

T,z — Toy||* < (Thx — Ty, z —y);

(i) F(T,) = EP(f);
(iv) EP(f) is closed and conver.

Takahashi, Takahashi and Toyoda [20] showed the following. See [2] for a more
general result.

Lemma 4.6 ([20]). Let C' be a nonempty, closed and convexr subset of a Hibert
space H and let f: C x C' — R be a bifunction satisfying the conditions (Al)—
(A4). Define Ay as follows:

A(r) = {zeH: f(x,y) > {y—=x,z2), Yye C}, ifxeC,
7, ifzdC.

Then EP(f) = A;l(O) and Ay is mazimal monotone with the domain of Ay in
C. Furthermore,
To(x) = (I +rA;) Yx), Vr>0.

We obtain the following theorem from Theorem 3.1.

Theorem 4.7. Let Hy and Hy be Hilbert spaces. Let C' be a nonempty, closed
and convex subset of Hy. Let f : CxC — R satisfy the conditions (A1)—(A4) and
let Ty, be the resolvent of Ay for A\, > 0 in Lemma 4.6. Let T : Hy — Hj be a
nonexpansive mapping. Let A : Hi — Hy be a bounded linear operator. Suppose
that EP(f)NATYF(T) # 0. Letuw € Hy, v, =x € Hy and let {x,} C Hy be a
sequence generated by

Tpr1 = auu+ (1 — )Ty, (I — \A* (I = T)A)x,

for all n € N, where {\,} C (0,00) and {a,,} C (0,1) satisfy

1 o
O<a§>\ngm, nZ:l|)\n—)\n+1|<OO,
o o0
lim «,, =0, Zan =00, and Z |1 — ap| < oc.
n—oo
n=1 n=1

Then {x,} converges strongly to a point zy of EP(f) N ATYF(T), where zy =
PEP(f)mAle(T)U-

Proof. Define Ay for the bifunction f and set B = A; and set w,, = u for all
n € N in Theorem 3.1. Thus we have the desired result from Theorem 3.1. O
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As in the proof of Theorem 4.7, we obtain the following result from Theorem
3.2. See also [1].

Theorem 4.8. Let Hy and Hy be Hilbert spaces. Let C' be a nonempty, closed
and convex subset of a real Hilbert space Hy. Let f : C' x C — R satisfy the
conditions (A1)—-(A4) and let Ty, be the resolvent of Ay for A\, > 0 in Lemma
4.6. Let T : Hy — H, be a nonexpansive mapping. Let A : Hy — Hy be a
bounded linear operator. Suppose that EP(f) N A™'F(T) # 0. Let u € H,,
r1 =2 € Hy and let {x,} C Hy be a sequence generated by

for all n € N, where {\,} C (0,00), {£,} C (0,1) and {a,} C (0,1) satisfy

0<a<A 0<c<pB,<d< 1,

1
n S M A= ALY
A=A

[o.¢]
lim o, =0 and E ,, = 00.
n—oo 1
n—=

Then {x,} converges strongly to a point zy of EP(f) N A7 F(T), where zy =
Pep(pyna-1ru.

Using Theorem 3.3, we finally get the following theorem.

Theorem 4.9. Let Hy and Hy be Hilbert spaces and let C' be a nonempty, closed
and convex subset of Hy. Let f : C' x C — R satisfy the conditions (Al)—(A4)
and let T\, be the resolvent of Ay for A\, > 0 in Lemma 4.6. Let T' : Hy — Hy
be a nonexpansive mapping. Let A : Hi — Hy be a bounded linear operator.
Suppose that EP(f) N A™YF(T) # 0. Let u € Hy, x1 € Hy, C; = Hy, and {z,}
be a sequence generated by

Yn =Th, (I = N\A* (I = T)A)x,,
Chy1 = {Z € Hy:lyn — 2] < ||3jn - ZH} NCy,

Tp41 = PCn+1un+1

for all n € N, where {\,} C (0,00) satisfies

0< A and limsup A, > 0.

1
n S T
[ A=Al n—oo

Then the sequence {x,} converges strongly to a point zo € EP(f) N A~ F(T),
where 2y = Pgp(fna-1p(T)U.
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