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For a convex body C in a Banach space F we consider the class S(C) of closed sets A C E
satisfying the support condition with respect to C. If C is a ball with radius r, then S(C)
is exactly the class of uniformly r-prox-regular sets. We prove that the intersection operator
(A,C) — ANC is uniformly Hausdorff continuous and has a uniformly continuous selection
on the family of pairs (A4, C) such that C is closed and uniformly convex, rA € S(C) with
r € (0,1), and ANC # (). We also deduce some new sufficient condition for affirmative solution
of the splitting problem for selections.
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1. Introduction

The problems of the continuity and the existence of continuous selections for
the intersection operator arises in many applications and such theories as the
theory of dynamic systems with phase constraints, differential inclusions theory,
set-valued analysis, optimal control theory, etc. Consider two Hausdorff contin-
uous multifunctions A : T'— 2F and C' : T'— 2F from the metric space (T, or)
to subsets of the Banach space E. What properties of the multifunctions are
sufficient for the multifunction ¢t — F(t) := A(t) N C(t) to be Hausdorff con-
tinuous and to have a continuous selection on 7?7 These and akin questions for
multifunctions with convex values were investigated by Moreau [17], De Blasi
and Pianigiani [7], Penot [18] and others. It was shown that to obtain the desired
properties of F'(-) one can assume that the multifunctions A(-) and C(-) are con-
tinuous, closed convex bounded valued and F'(¢) has nonempty interior for all
t € T. The aim of our article is to obtain the desired properties of F'(-) without
assumptions about convexity of A(t) and nonemptiness of the interior of F(t).
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If E = Ly, the sufficient conditions for F'(-) to have a continuous selection have
been obtained by Fryszkowski [12] and Goncharov, Tolstonogov [13] in terms of
decomposability. Balashov and Repovs in [3] showed that to obtain the desired
properties of F(+) it suffices to assume that A(t) is closed convex and C(t) is
closed and uniformly convex. The same authors in [4] reduced the convexity of
A(t) to some properties in terms of the modulus of nonconvexity. Instead of the
modulus of nonconvexity we use the support condition. An advantage of the
support condition approach is that it can be applied for any uniformly convex
Banach space, while the modulus of nonconvexity approach demands that the
convexity modulus of the Banach space is of the second order (see [4]).

The multifunction ¢ — F'(t) = A(t)NC(t) can be considered as the superposition
of the multifunctions t — A(t), t — C(t) and the intersection operator (A, C') —
ANC. So, since the multifunctions A(-) and C(-) are continuous, to obtain the
desired properties of F'(-) we need to obtain the continuity and the existence of
continuous selections for the intersection operator.

One more application of our results is the following splitting problem for selec-
tions, introduced by Repovs and Semenov [22]. Let A, B be closed convex sets
(in original setting) or sets from some other class (in more general setting) and
X =A+B:={a+blae€ A be B}. Do there necessary exist continuous
functions a : X — A and b: X — B with the property that a(x) + b(z) = z for
all x € X7 It was shown in [2] that the answer in the original setting is negative.
Balashov and Repovs [4, Example 4.1] showed that the answer to this question
is affirmative provided that the set A is closed and weakly convex with some
modulus ~(+) and the set B is closed and uniformly convex with modulus d(-)
concerted with ~y(+) by rather complicated relation. We show that instead of weak
convexity of A with the modulus v(-) one can assume that rA := {ra| a € A}
satisfies the support condition with respect to (—B) with some r € (0, 1).

The class S(C) of closed sets A C E satisfying the support condition with respect
to a convex body C' C F is sufficiently wide and includes both convex and smooth
sets. This class is a distant descendant of Federer’s class of sets with positive
reach [11]. Recall that a set A C R" is called a set with positive reach, if there
exists some neighborhood of A such that its every point has a unique metric
projection onto A. Akin properties of the metric projection in Hilbert space
were investigated by Shapiro [23]. Clarke, Stern and Wolenski [8] introduced
and studied the concept of the proximal smooth sets, which generalizes the
concept of sets with positive reach to a Hilbert space. Poliquin, Rockafellar
and Thibault [19] explored the concept of prox-regular sets and showed the
link between prox-regularity, proximal smothness, Shapiro property and some
other properties of sets in Hilbert space. Later concept of prox-regularity was
extended on a Banach space by Bernard, Thibault and Zlateva in [5] and [6].
Colombo, Goncharov, Mordukhovich and Pereira [10], [14], [15] considered a
time-minimum problem with constant dynamics. In fact, they generalized the
concept of prox-regularity, substituting the norm of the space by a nonsymmetric
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norm. In other words, they substituted the unit ball by a bounded quasiball.
We use term "quasiball" for a closed convex set with the origin in its interior.
The following step of extension was made in [16], where weakly convex sets with
respect to an unbounded quasiball were considered. The properties of these
sets were used in [16] to investigate some minimization problems. It turned out
that the notion of weak convexity with respect to a quasiball is invariant to
translation of the quasiball in such a way that the origin remains in its interior.
This observation leads to the class S(C') of closed sets, satisfying the support
condition with respect to the convex body C'. This class generalizes the classes
of sets with positive reach, proximally smooth sets, uniformly r-prox-regular
sets, and weakly convex sets with respect to a quasiball.

The rest of the paper is organized as follows. In Section 2 we introduce the
support condition for sets and discuss elementary properties of such sets. Section
3 is devoted to the relations between the support condition, weak convexity and
r-prox-regularity. The main results (Theorems 4.1-4.4) are formulated in Section
4. The proof of Theorem 4.1 is given in Section 5. Section 6 is devoted to the
problem of continuity of the metric projection. Other main results are proved
in Section 7. In Section 8 we discuss the relation between the support condition
and the modulus of nonconvexity.

2. The support condition

Let E be a real Banach space. For a set A C E by int A and 0A we denote the
interior and the boundary of A, respectively. We use (p, z) to denote the value
of the functional p € E* at the vector x € E. For R > 0 and ¢ € E we denote
by Br(c) the closed ball of radius R with center c. We put Br = Br(0). A set
C C FE is called convex body if it is closed convex and int C' # ().

Definition 2.1. A set A C F is said to satisfy the support condition with
respect to a convex body C' C F if for all ¢t € (0,1) and for all a € A, ¢ € C the
relation

(A—a)Nt(intC —c) =0
implies that (see Fig. 2.1)

(A—a)N(intC —c) = 0. (1)

We use S(C) to denote the class of all closed sets A C E, satisfying the support
condition with respect to the convex body C' C E. If C' C E is a singleton, we
suppose that S(C') is the class of all closed sets A C E.

Remark 2.2. If we substitute a € A, ¢ € C with a € 0A, ¢ € OC in Definition
2.1, we get an equivalent definition. Indeed, for any convex body C C FE,
closed set A C E, number t € (0,1), and points a € A, ¢ € C the equality
(A—a)Nt(int C — ¢) = 0 implies that a € A, ¢ € 9C. On the other hand, by
closedness of A and C' the inclusions a € 0A, ¢ € 9C imply that a € A, c € C.
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Figure 2.1

Lemma 2.3. For any convex body C' C E the class S(C) includes all closed
convex subsets of E.

Proof. Let C' C E be a convex body, A C E be a closed convex set. We claim
that A € S(C). Suppose that t € (0,1), a € A, and ¢ € C are such that
(A—a)Nt(intC —c) = 0. It suffices to deduce (1). By the Hahn-Banach
separation theorem there exists a functional f € E* such that

(f,d —a) <t(f,d —c), Va' € A, V¢ € intC. (2)
Taking o' = a, we have
(f,d —¢c)>0, Vd €intC.
Using (2), we get
(f,d —a) <(f,d —c), Va' € A, V¢ €intC.
This implies (1). O

To clarify the geometrical meaning of the support condition, we compare it with
a more simple and visual property for a convex body C' to support a set A at a
point a.

Definition 2.4. A convex body C' C F is said to support a set A C F at a
point a € OA if there exists a point ¢ € C such that (1) holds.

Lemma 2.5. Let C' C E be a compact convex body, A € S(C). Then C supports
A at any point a € DA.

Proof. Fix a point a € OA. There exists a sequence {x;} C E \ A such that

klim T = a. (3)

Let us fix a point ¢y € int C' and for all £ € N let us denote

or =inf{t > 0| AN (zx +t(C — ) # 0}. (4)
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Since C' is compact and A is closed, it follows that for any k& € N there exists
cr € C such that the point

ap = T + ox(cr — co) (5)

belongs to A. Using once more the compactness of C' and taking a proper
subsequence {cy}, we suppose that {c;} converges to some ¢ € C. Bearing
in mind (3), (4) and that ¢y € int C, we deduce that limy_. 0r = 0. Hence,
without loss of generality, we assume that o, < 1 for all £ € N. Taking into
account (3) and (5), we get

klE.lO ap = a. (6)
The relations (5) and a; € A, z;, ¢ A imply that g, > 0. Thus, by (4) we have
AN (xp + op(int C' — ¢g) = 0. Hence, due to (5) we get (A — ag) N ox(int C' —
cx) = 0, wherein a; € 0A and ¢, € 9C. Since A € S(C), it follows that
(A—ag) N (int C —cx) = 0 for all k € N. Using the relations limy,_., ¢, = ¢ and
(6), we deduce that (A —a) N (int C' — ¢) = 0. So, C supports A at a. O

Remark 2.6. Under the assumptions of Lemma 2.5 the space E is finite di-
mensional, since the space includes a compact set C' with nonempty interior.

Lemma 2.7. Let A and C be convex bodies in a reflexive Banach space E, let
C' be bounded. Then C' supports A at any point a € DA.

Proof. Fix a point a € JA. By the Hahn-Banach separation theorem there ex-
ists a unit functional f € E* such that (f,a) = sup,c4(f, z). Using boundness of
C' and reflexivity of E, one can find a point ¢ € C such that (f, ¢) = inf,cc(f, z).
So, (1) holds. O

Remark 2.8. The assumptions of Lemma 2.5 about the compactness of C' and
of Lemma 2.7 about the boundedness of C' are essential. Really, let us consider
the following convex bodies in F = R?:

A={x = (v1,29) €R2| xr1 <0},

1
C—{x—(z1,$2)€R2|x1>O, 91;22—}.

T1
Lemma 2.3 implies that A € S(C'). However C' doesn’t support A at any a € 0A.

Remark 2.9. In infinite dimensional space E the condition A € S(B;) doesn’t
imply that the unit ball 28, supports A at any point a € 0A. Indeed, consider
the following set in the Hilbert space E = f:

A:{x:($1,$2,...)€£2’.’EkZO, VkEN}

Lemma 2.3 implies that A € S(B1). Nevertheless, the unit ball B, doesn’t

support A at the point a = (1,3,%,...,+,...) € 0A.
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In the latter example the interior of A is empty. However, there is a more
complicated example of a set A € S(B;) in fy such that A is the closure of its
interior, but the unit ball 28, doesn’t support A at the point a =0 € JA. This
example is given by the formula

A= {LE‘: ($0,$1,$27...) Egg

4.z¢z<xk>s:cs},

k=1

where

er(t) = {07 4 i

[t =% [

Remark 2.10. The fact that a convex compact body C' C E supports a set
A C F at any point a € 0A doesn’t imply that A € §(C). Indeed, consider the
closed set A = {(0,0),(1,0)} in £ = R?. The unit ball B, supports A at any
point a € 0A, but A ¢ S(B,).

The following two lemmas state simple properties of the class S(C).

Lemma 2.11. Let C C FE be a convex body, x,y € E, A € S(C). Then
(A+2) e S(C+y).

Proof. Let us denote A’ = A+ x, C' = C +y. Assume that t € (0,1), a’ € A/,
¢ € C" are such that (A" —da') Nt(int C" — ') = (). Tt suffices to prove that

(A'—d)Yn(intC" — ) = 0. (7)

Denotea = a'—x,¢c = —y. Thena € A, c € C and (A—a)Nt(int C—c) = (A’
a')Nit(int C" — ) = ). Since A € §(C), it follows that (A —a)N (int C' —¢) =
This yields (7).

=

OJ

Lemma 2.12. Let C C E be a convex body, 0 < A < 7, A € S(C). Then
TA € S(AC).

Proof. Assume that ¢t € (0,1), ¢’ € TA, ¢ € AC satisty the condition (74 —
a)Nt(Aint C' — ') = . We need to prove that

(TA—d)Nn(\intC — ) = 0. (8)

Denote a = 1d/, ¢ = 3¢. Wehavea € A, c € C, 7(A —a) NtA(Int C' — ¢) = 0,
2 € (0,1). Bearing in mind that A € S(C), we get (A —a) N (intC — ¢) = 0.
By convexity of C' and using the inclusion ¢ € C, we deduce that 2(int C' —¢) C
int C' — ¢. Consequently, 7(A —a) N A(int C' — ¢) = 0. So, (8) holds. O
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3. Weak convexity, r-prox-regularity and the support condition
We say that M C E is a quasiball if M is closed convex and 0 € int M.

Let M C FE be a quasiball. Recall that the Minkowski functional of M is defined
by
pa(z) =inf{t > 0|z €tM}, VzeE. 9)

Remark 3.1. The Minkowski functional of any quasiball M C E is sublinear,
ie.

HM()\l-%l + )\2%’2) S )\1,UM<371) + )\Q[LM(I'Q), VI’l,iL‘Q € E, v>\1, )\2 2 0.
Through gy (z9, A) we denote the M -distance from the point zy € E to the set

ACE:
om(zo, A) = 32}; par(zo — a). (10)

Remark 3.2. For any quasiball M C FE and any set A C E the functions
fiar(+) and gpr(-, A) are Lipschitz continuous on E with the constant &, where
o=sup{r > 0| B, C M} =inf,con |||

Remark 3.3. For any quasiball M C E, set A C E, and point zy € F we have

on (o, A) =inf{t > 0| AN (zg —tM) # 0}.

Given a set A C E and a point xy € E, the M -projection of xy onto A or, in
other words, the set of best approrimations is

Py(0, A) = {a € A| par(zo — a) < on(0, A) } - (11)
For every n > 0 we also denote the set of nearly best approximations:
Pyy(xo, A) = {a € A| par(zo — a) < om(wo, A) + 1} . (12)
The set of unit M-normals for a set A C E at a point a € A is defined as
Nij(a,A)={2€0M|3t>0: ac Pylat+tz, A} (13)

Remark 3.4. If M = B, then the Minkowski functional p(-) is the norm
of E, the M-distance is the common distance, the M-projection is the metric
projection, and the set of unit M-normals is the set of unit proximal normals.

Definition 3.5. A set A C F is called weakly convex with respect to the qua-
siball M C F if

a € Py(a+zA), Yac A, Vz € Nyl(a, A). (14)

Lemma 3.6. Let M C E be a quasiball, AC E,a€ A, z€ OM, t > 0. Then
the following assertions are equivalent:
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(1) omla+tz,A)=t;

(i1) om(a+tz, A)>t;

(ii) a € Py(a+tz,A);

(w) AN(a+tz—tint M) =0.

Proof. Since z € M, by (9) it follows that py(2) = 1. Using (10) and a € A,
we get op(a+tz, A) < pp(tz) =t. Thus, (i) < (i).

Using (11), pap(2) = 1, and a € A, we obtain (ii) < (iii). Remark 3.3 implies
that (ii) < (iv). O

Lemma 3.7. For any quasiball M C E the following assertions are equivalent:

() AeS(M);
(i) A C E is closed and weakly convex with respect to M.

Proof. (i) = (ii). Assume that (i) holds. Then A is closed by Definition 2.1.
We need to prove that A is weakly convex with respect to the quasiball M.
Take any a € A and z € N;;(a, A). Due to (13) there exists ¢ > 0 such that
a € Py(a+tz, A). Lemma 3.6 implies that AN (a + tz — tint M) = (). Choose
7 € (0,1) such that 7 < ¢. Since M is convex and z € M, it follows that
7(z —int M) C t(z — int M). Hence, (A —a) N7(z —int M) = 0. Using (i), we
get (A—a)N(z—int M) = (. Lemma 3.6 implies that a € Py(a + z, A). So,
by Definition 3.5 (i7) holds.

(17) = (i). Assume that (i7) holds. It suffices to show that A € S(—M). Suppose
that t € (0,1) and a € A, 2 € M are such that (A —a) Nt(z —int M) = 0. We
need to prove that (A —a) N (z —int M) = 0. According to Remark 2.2, we
have z € OM. Lemma 3.6 implies that a € Py(a + tz, A). Using (i7), we get
a € Py(a+ z, A). Thus, by Lemma 3.6 we deduce that (A —a)N(z —int M) =
0. O

Remark 3.8. If E' is a strongly convex space, then §(8,) is exactly the class
of r-prox-regular sets [5], [6] and is the same as the family of sets satisfying the
support condition of weak convexity with constant r (see [1]). It can be easily
seen by comparing Definition 3.5 with corresponding definitions in the cited
works and using Lemma 3.7. For Hilbert space the class S(8,) is the same as
the class of proximally smooth sets [8]. In finite dimensional Euclidean setting
this class is the same as the class of sets with positive reach [11]. In more general
case, when M is a quasiball in a Banach space, the class S(M) was considered
in [10], [14], [15], [16].

Remark 3.9. The class of closed and weakly convex sets with respect to a
quasiball M is invariant to translation of M in such a way that the origin remains
in its interior (i.e., translated M is a quasiball). This is a direct consequence of
Lemmas 2.11 and 3.7.
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The modulus of convezity of a set M C E [20] is the following function for ¢ > 0:

a+b

5M(5):inf{5>0‘3a,b€M:%5( )gZM, ||a—b||:5}. (15)

As usual, the infimum of the empty set is +o0. If M = B, then the function
dp(+) is the modulus of convexity of the space E, introduced by Clarkson [9].

A set M C E is said to be uniformly convez if dp;(¢) > 0 for all € > 0.

Remark 3.10. If a set M C E is uniformly convex, then it is convex.

Proof. Let a and b be two different elements of a uniformly convex set M.
Then there exists 6 > 0 such that B (“TH’) C M. Fix any z € [a, “T”’} One
can find ¢ € [a,b] N By (L) and A = 2 € [0,1] with m,n € N such that
z=(1—= A)a+ Ac. The property z,y € M = rQﬂ € M applied n times yields

ze€ M. So, [a a—“’} C M and, analogically, [“T*b,b] C M. Thus, [a,b] C M. O

72

Remark 3.11. If there exists a uniformly convex body in E, then E admits an
equivalent uniformly convex norm, i.e. F is superreflexive.

Proof. Theorem 2.1 in [3] implies that any uniformly convex body M C FE is
bounded. Fix any ¢ € int M. Since B = (M —¢) N (¢ — M) is uniformly convex,
bounded and symmetric body, it is the unit ball of some uniformly convex norm,
equivalent to the norm of F. O

Proposition 3.12 ([16, Theorem 2.5.]). Let M C E be a uniformly convex
quasiball and A C E be a closed set. Then the following statements are equiva-
lent:

(i) A is weakly convex with respect to M ;

(ii) the M-projection mapping x — Py (x, A) is single-valued and continuous
onUy(A) ={z € E|0<op(z,A) <1};

(73) for any point xo € Up(A) and any sequence {ar} C A the condition
limy oo par (o — ar) = o (o, A) implies that {ay} converges.

4. Main results
The Hausdorff excess of Ay C E over Ay C E is

h*(Ay, Ay) = sup inf |la; — aqf. (16)

a1€A1 az€Az
The Pompeiu—Hausdorff distance between Ay C F and Ay C E is
h(Al, AQ) = max{fﬁ(Al, AQ), h+<A2, A1>}

Let (T, or) be a metric space. A multifunction F' : T — 2F is said to be
Hausdorff continuous if for any ty € T and € > 0 there exists 6 > 0 such
that h(F(t), F(to)) < € for all t € T, satisfying the inequality or(t,tp) < 0. A
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multifunction F' : T — 2F is said to be uniformly Hausdorff continuous, if for
any € > 0 there exists 6 > 0 such that h(F(t1), F(t2)) < e for all t1,t5 € T,
satisfying the inequality or(t1,t2) < 0.

Given a family ® of pairs (A,C), where A C E and C' C E, we say that the
intersection operator (A,C) — AN C is uniformly Hausdorff continuous on @,
if for any € > 0 there exists § > 0 such that h(A; N Cy, Ay N Cy) < € for all
(A1, C) € @ and (Ay, Cy) € @, satisfying the inequality h(A;, A2)+h(Cy, Cy) <
0.

Theorem 4.1. Letr € (0,1) and let ® be a family of pairs (A, C), where C C E
is closed and uniformly conver, A C E satisfies the inclusion

rd e S(0). (17)
Suppose that
(A}g)feé dc(e) >0, Ve>0 (18)
and
ANC#0, V(A C)ed. (19)

Then the intersection operator (A, C) — ANC is uniformly Hausdorff continu-
ous on P.

Recall that a function f : T" — E is called a selection of a multifunction F' :
T — 2F if

f(t)e F(t), vteT.
Given a family ® of pairs (A4,C), where A C E and C C E, we say that a
function £ : ® — F is a selection of the intersection operator (A,C)— ANC if

E(A,C)e ANC, V(A C) e d. (20)

Theorem 4.2. Under the assumptions of Theorem 4.1 the intersection operator
® > (A,C)— ANC has a uniformly continuous selection & : & — E.

Theorems 4.1 and 4.2 immediately imply the following one.

Theorem 4.3. Let (T, o7) be a metric space, r € (0,1). Suppose that the mul-
tifunctions A : T — 2% and C : T — 2F are such that for anyt € T the set C(t)
is closed and uniformly convex, A(t) satisfies the inclusion

rA(t) e S(C(t)), VteT. (21)

Suppose that
inf5c(t)(€) >0, Ve>0

teT
and

Fit)=At)nC(t)#0, VteT.
Then the following statements hold:
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(1) if the multifunctions A : T — 2F and C : T — 2F are Hausdorff con-
tinuous, then the multifunction F(-) is Hausdorff continuous and has a
continuous selection f: T — E;

(i) if the multifunctions A : T — 2F and C : T — 2F are uniformly Hausdorff
continuous, then the multifunction F(-) is uniformly Hausdorff continuous
and has a uniformly continuous selection f T — E.

Theorem 4.4 (On the splitting problem). Let B C E be uniformly convet,
rA e S(—B), (22)

wherer € (0,1). Then for X = A+ B there exist uniformly continuous functions
a:X — Aandb: X — B such that a(z) + b(x) = x for all x € X.

5. Proof of Theorem 4.1
The diameter of A C F is defined as

diam A = sup ||z —y||. (23)
z,yeA

Remark 5.1. The modulus of convexity for any convex set M C F is a nonde-
creasing function and

dm(e) < =, Ve e (0,diam M), (24)

DN ™

dp(e) = +o0, Ve > diam M. (25)

Remark 5.2. For any z € E and ¢t € R the moduli of convexity of sets M C E
and C' = tM + x are related by the following equation:

Sc([tle) = [tou(e), Ve > 0. (26)

Proposition 5.3. The modulus of convexity of any convex set M C E satisfies
the following inequality:

dn(Ae) < Xop(e), VA e (0,1), Ve > 0. (27)

If ¢ < diam M, the inequality (27) is proved in [3, Lemma 2.1]. If ¢ = diam M
and dy(e) < +oo, this inequality can be proved in the same way. In all other
cases (25) implies that dy/(€) = +o00 and (27) holds trivially.

Theorem 2.1 in [3] implies the following proposition.

Proposition 5.4. If a set M C E is uniformly convex, then it is bounded and

1
diam M <1+ ——,
- ou(1)

where we take #(1) = 0 in the case of §p(1) = +oo.
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Lemma 5.5. Suppose that a uniformly convex quasiball M C E is such that
M C Bg, where R > 0. Then for any z,y € E'\ {0} we have

oo (5 = ) =™ ooy

Proof. Let us denote

x Y a+b
a= , b= , c= ,
finr () far(y) 2

5 = S (la — b).

Since a,b € M C Bg, it follows that [|c¢|| < R. Bearing in mind (15) and
closedness of M, we get Bs(c) C M. Hence, (1+ %) ¢ € M and, therefore,

par(c) < 1j%. Taking into account (24), we have § = dp/(|la — b)) < M <R

and, consequently,

)
pa(c) <1— R (28)
Denote py = ppr(z), po = par(y). Without loss of generality we assume that
p2 < py1. Using Remark 3.1 and the equation uy(a) = 1, we obtain

(x4 y) = pr (1 — p2)a + pz(a + b))
< (1 — p2) - (@) + po - prr(a +b) = pa — po + 2p0 - pun (c).

By (28), we get

) o .
NM(I+1/)§N1+N2_%:Nl‘i‘/@_}_%mm{,ul:/@}- O
Lemma 5.6. Suppose that a uniformly conver quasiball M C E is such that
M C Bp for some R > 0. Let A € S(—M) and xg € E be such that opr(z9, A) =

00 < 1; leteg > 0 and 0 < n < min{%,%}. Suppose that ay €

Py (xg, A), a € P{(xg, A) (see (12)). Then

3
|la — ao|| < =¢o.
2

Proof. By (11), (12) we have max{ s (zo—a), ptar(zo—ao)} < 0o+n < 141 < 3.
If &g > diam M, then |la — ao|| < £diam M < 3¢, and the proof is completed.
Therefore we assume that g < diam M. Using (24), we get

€
Ry < 6p(0) < 50 (29)
If o9 = 0, then g € A, a9 = 7o and, using (29), we get ||a — || < Rnp < .
So, in this case the required inequality also holds true. Therefore, we suppose

that o9 > 0. Let us denote z = ”"‘)g;oao, r =1x9—a,y = (1 — )z Since
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A e §S(—M), it follows by Lemma 3.7 that A is closed and weakly convex with
respect to M. By (13) we get z € N1 (ag, A). Using Definition 3.5, we have
ap € Py(ap + 2z, A). Lemma 3.6 implies that op(ag + 2, A) = 1. Taking into
account that gy < pp(x) < 09 + 1, we obtain puy(z 4+ y) = par(ag + 2 —a) >
om(ao +2,A) =1> ppy(x) + par(y) —n. Thus, Lemma 5.5 yields

o <Hqu<x> N /vbMy(y) H) = min{gfz — 0o} < 5MQ(§0>' (30)

By Proposition 5.3 we have 2260 < 5, <Z—g> Using (30) and Remark 5.1, we get

©0

—r Y o ing i —z ozl = =l |ew@)—eol
i@ || S Qg' Taking into account that pa(x) ool T k() 20
<fn vz _ lacwl e deduce that
o’ ||pm(y)  eo 00
Yy x
la —aoll = 0o | —F~ — —
par(y) oo
x x x
S 0| T +@oH -2 HSRnJreo-
pa(x) 0o par(@)  pa(y)
Using (29), we complete the proof. O

Lemma 5.7. Let a set C C E be uniformly conver and let a set A C E be such
that rA € S(C) with r € (0,1). Suppose that ANC # 0, a € AN (C + B.),
where € satisfies the following inequalities:

. o 50(60) (1 — T)50(60)50(T€0)
0<€<m1n{2, Sy R (31)
with €9 > 0 and
1
=1 ) 2
Ry + 5o (D) (32)
Then there exists ag € AN C' such that
3
la —aol| < 50 (33)

Proof. If ¢g > diam C', we take ag as an arbitrary element of AN C. Then
a € AN(C+B.) implies that ||a — ap|| < diam C' + ¢ < g9 +e. By (31), in this
case (33) holds. Therefore, we assume that

gg < diam C.

According to (23), there exist ¢;, co € C' such that ||c; —cs|| > €. Using (15) and
closedness of C', for 0 = d¢(go) and ¢y = 932 we get B,(cy) C C. By (32) and
Proposition 5.4 we deduce that C' C B, (c). So, M = 1(cy — C) is a quasiball
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and B,,, C M C Bpg,;, = Br with R = & Lemmas 2.11 and 2.12 imply

that A € S(—M). The relation B,, C M ;ields B. C —=M and therefore
a€ C+B,=co—rM+B,. C cy— (r + %T) M. Consequently, py(co—a) < r+n,

__er __ _er
where n = <& = 5o(e)”

If a € C, then we take ap = a and (33) holds trivially. Therefore we assume
that a ¢ C. Since C = ¢y — rM, it follows that pp(co — a) > r. Denote
z = —9=2 - According to Remark 3.2, the function ¢(t) = op(co — tz, A) +t

pn(co—a)’
is continuous. Taking into account that AN (cg —rM) = ANC # (), we get
©(0) = onm(co, A) < r. Due to ¢(r) > r, there exists ty € [0,7] such that
o(ty) =, ie., onm(co — toz, A) = r — tg. According to Proposition 3.12; there
exists ag € Py(co — toz, A). Hence, ag € co — toz — (r —to)M C co—rM =C
and

par(co —toz —a) = pp(co —a) —to <r—+n—1ty = onm(co—toz, A) + 1.
Consequently, a € P),(co — toz, A). Let us denote xg = ¢y — toz, 0o = 1 — to.
The relationships (26), (31), R = %, n = %, 1 —r < 1— g imply that

7 < min {%, %}. Applying Lemma 5.6, we complete the proof. [
Lemma 5.8. Let Ay, Ay, C,Cy C E be such that Cs is uniformly convex, rAs €
S(Cy), r € (0,1) and A;NC; # 0 fori=1,2. Suppose that for some g9 > 0 we

have

. . [0 Geye0) (1= )iy (E0)dey(rso)
1 (s, A9+ 17(Ch, ) < min { 3, 2e0), B0 ,
with
R=1+ L
502(1).
Then

h+(A1 N Cl,Ag N Cg) < 2¢y.

Proof. Fix a number ¢ such that

. . fer beylen) (1= niy(eo)icy(ren
h (Al,A2)+h (01702)<€<m1n{2, or R .

Let us denote v = 5 (¢ — h* (A1, Ay) — ht(Cy, (). Fix an arbitrary point 2y €
A; N Cy. According to (16), there exist as € Ay and ¢y € Cy such that

H(lz - 131” < h+(A1,A2) —|—’}/, HCQ - l’1|| < h+(Cl, CQ) + Y-

Consequently, ||as — c2f| < hT(A;, As) + hT(C1,Cy) + 2y = € and therefore
as € Ay N (Cy 4+ B.). Due to Lemma 5.7 there exists x5 € Ay N Cy such that
las — x| < 3eo. Since [jay — z1]| < € < 2, it follows that |21 — x5 <
laz — || + [Jag — x1]] < 22¢. This completes the proof. O]

Lemma 5.8 implies Theorem 4.1.
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6. The continuity of the metric projection

Remark 6.1. The definition of the Minkowski functional (9) implies that for
any quasiball M C E we have

tuenr(2) = pu(z), V¢>0, Vz € E.
Remark 6.2. If the quasiballs M, My C E are such that M; C M, then

:uM2(Z) < IMM1(Z)7 Vze L.

Lemma 6.3. Let My C E and My C E be quasiballs. Suppose that B, C M,
for some o > 0. Then

h* (M, M
%) MM2(Z>7 Vz € E.

fiar, (2) < (1 +

Proof. Let us fix any h > h* (M, M;). Since B, C M, it follows that B, C
ng. Therefore My C M; + B, C (1 + g) M. So, using Remarks 6.1 and
6.2, we get piar, (2) < (1+2) pay,(2) for any 2 € E. Passing to the limit as
h — h*(Ms, M;), we complete the proof. ]

The definition of the M-distance (10) and the Lipschitz continuity of p/(-) (see
Remark 3.2) imply the following remark.

Remark 6.4. If a quasiball M C E satisfies the inclusion B, C M for some
o > 0, then for all z € F and A, Ay C E we have

h(Ay, As)

|QM(I7A1) - QM(ZE,AQ” < T

Lemma 6.3, Remark 3.2, and Remark 6.4 yield the following lemma.

Lemma 6.5. Let My, My C E be quasiballs and B, C My for some o > 0.
Then for all x1,x9 € E and Ay, Ay C E we have

N |21 — o] + h(A1, As)

g

OM, (5U27 Az)

ht(My, M

As a consequence of Theorem 4.1, we obtain the following theorem about con-
tinuity of the set of nearly best approximations (12).

Theorem 6.6. Let U be a family of quads (M, A, x,n), where M C E is a
uniformly convex quasiball, A € S(—M), x € E, n > 0. Suppose that there exist
positive numbers r, R, o such that

B, C M C Bp, om(z, A)+n<r<1, V(M Azn) eV,

inf  dp(e) >0, Ve>0.
(M,Ax,m)eV
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Then the multifunction (M, A, z,n) — P}, (x, A) is uniformly Hausdorff continu-
ous on V, i.e., for all 3 > 0 there exists T > 0 such that for all (My, Ay, z1,m) €
U, (M, Ag, x9,m2) € U we have

h(My, Ma) 4+ h(Ay, Ao) + ||v1 — 22| + olm — | < 7
= h(Py} (z1, A1), P} (22, 45)) < .

Proof. For any (M, A,z,n) € ¥, we denote
C(M,A,x,n) =z — (om(z, A) +n) M. (34)
Consider the family
o={(A,C)|C=C(M,A ,x,n), (M,A,z,n) € V}.

If (A,C) € ®, then C =z —tM, where t = gpr(x, A)+n <r <1, (M, A x,n) €
V. According to Lemmas 2.11 and 2.12, we have rA € S(—tM) = S(C'). Using
Remark 5.2 and Proposition 5.3, for any € > 0 we get dc(e) = 0y (£) > dar(e).
Hence,
inf dc(e) > inf  Op(e) >0, Ve >0.
(A,C)ed (M,A,z,n)ed

Fix an arbitrary § > 0. By Theorem 4.1 there exists v > 0 such that for all
(A1, Ch) € @, (Ay,Cy) € & we have

h(Ay, A2) + h(C1,Cy) <y =  h(A1NCANC,) < L. (35)
Let us denote o
=R, (36)
Fix two quads (M, Ay, z1,m) € ¥ and (Ms, Ag, z2,m2) € ¥ such that
h(My, M) + h(Ay, As) + ||z — xa|| + o|m — n2| < T (37)
It suffices to show that
h (P} (w1, A1), Py (22, 42)) < B (38)

We denote
0i = om, (T4, Ay), Ci=C(M;, A, x;,m;), i=1,2.

Note that o; +7; < r < 1. Lemma 6.5 implies that

h(Ml, MQ) + h(Al, Ag) + ||$1 — $2||

lo1 — 02| <
o
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Using (34), (36), (37), we get

h(Ay, As) + h(Cy, Cy)
< h(Ay, Az) + [Jor — 22| + B ((01 + m) My, (02 + 12) Ma)
< (A1, Ay) + ||lw — x| + (Jor — 02| + |m — m2]) R+ (01 + mi)h(My, M)

T(l-kﬁ):'y.
o

So, according to (35), we get h(A; N Cy, Ay N Cy) < B. Taking in account that
Py (w5, A;) = A; N Cj for i = 1,2, we obtain (38). ]

IN

The assumption of Theorem 6.6 about uniform convexity of quasiballs may be
substituted by the assumption about uniform convexity of sets to be projected
onto. Doing so, we obtain the following theorem.

Theorem 6.7. Let ¥ be a family of quads (M,C,x,n), where M C E is a
quasiball, C' C E is closed and uniformly conver, x € E, n > 0. Suppose that
there exist positive numbers R, Ry, o such that

B, C M C Bp, om(z,C)+n <Ry, Y(M,C,z,n) €V,

inf 50(8) >0, Ve>D0.
(M,C,x,n)ew

Then the multifunction (M, C,x,n) — P}, (x,C) is uniformly Hausdorff contin-
uous on .

Proof. For any quad (M, C, z,n) € ¥ we denote A(M, C, z,n) = z—(on(z, C)+
n)M. Fix an arbitrary r € (0,1). Lemma 2.3 implies that rA(M, C, z,n) € S(C)
for any (M, C,z,n) € U. Bearing in mind that P}, (z,C) = CNA(M, C,z,n) and
applying Theorem 4.1 for the family ® = {(A,C)| A= A(M,C,z,n), (M,C, z,n)
€ U} by the analogous reasoning as in the proof of Theorem 6.6 we get the
desired statement. O

7. Proofs of Theorems 4.2, 4.4
The Minkowsk: difference of A C E and B C E is
A*B={zcE|z+BCA}.

Lemma 7.1. Let A C E be closed convex and B C E be bounded. Then A+B *
B=A.

Proof. By definition of the Minkowski difference the inclusion a € A+ B * B
is equivalent to a + B C A + B. According to Radstrom’s lemma [21, Lemma
1] the latter inclusion is equivalent to the inclusion a € A. O
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Lemma 7.2. Let X C FE be closed convex, xg € E, B,(r9) C X C Br(xg),
0>0,R>0,6€0,0], =2 Then X C X * Bs+B..

Proof. Let us denote Xg = X — xy. Thus, B; = g‘Bg C gXo, B. = +Br =
g%g D gXO. Due to convexity of Xy and using the inequality 6 < o, we get

Xo=Xo* $Xo+ 2X, C Xy * B; + B.. O

Lemma 7.3. Let C; C E be closed conver and By, (o) C Cy C Bgr(zg) for
somexg € E, 01 >0, R>0. Let Cy C FE satisfy the inclusion Cy C Cy+ By, for

some h > 0. Suppose that o9 > max{0,0; — %} Then the sets D, = C; * B,
and Dy = Cy £ B, satisfy the inclusion Dy C Dy + B, with € = hit

201 °

Proof. At first we suppose that oy > %h. Since the set X = C} * By _3n/2
is closed convex and B, (xg) C X C Bg(xg), it follows by Lemma 7.2 that
XcXxX=* B2 +B.. According to Lemma 7.1, we have C + B, x Bo—n2 =
C,+ B, X8, * By, _an2 = C1 * B,,—3n/2. Consequently,

DyCcCy+B, 2B, CCi+9B, = B, _np=0C x By _3n/2
IXCXi%gh/Q—i—%E:Cl i%gl—i_%g:Dl—i_%s.

Now we suppose that o < %h. We claim that
D, C Cy + %3h/2_01. (39)

If oy > %7 then Dy C Cy + By, £ B, CC1+ By, £ By, _pjo = C1 + Bapjoo, -
The latter equality follows from Lemma 7.1. So, in this case (39) holds true. If
o < %, then Dy C Cy + By, = B,, C C1 + By, C C1 + By jo—p, and (39) also
holds true.

Since o € C; £ B,,, C1 C Bg(xy), it follows that C; C 29+ Br C C; *
B,, + Br. Thus, by (39) we have

Dy CCy % By, + Br+ Bano—oy = D1+ Brisnjo—or- (40)

Using the inclusions By, (x9) C C1 C Br(zg), we get R > oy. Bearing in

mind that oy < %h, we deduce that (% — al) (J—}j — 1) > (0. Consequently,

R+%—0 < %f = ¢. Using (40), we complete the proof. O

Lemma 7.4. Let Q) be a family of closed and uniformly convex sets C C E and

érelg dc(e) >0, Ve >0. (41)

Then there exist uniformly continuous functions z : Q@ — E and o : Q — [0, +00)
such that
EBU(C)(Z(C)) C C, VC € Q (42)

and

inf o(C) >0, Ve>D0. (43)

1
Ce: diam C>e



G. E. Ivanov / Continuity and Selections of the Intersection Operator — 957

Proof. For any C € () we define

o(C) = %sup{a >0 3z e E: B,(r) CC}l (44)
First we claim that

0(C) — o(Co)| < %h(Cl, ), VCi,Ch e Q. (45)

Suppose the contrary: there exist C,Cy € § such that o(C)) — o(Cy) >
th(C1,Cs). Fix a number oy such that 20(Cy) > oo > 20(Cs) + h(Cy, Cs).
Due to (44) there exists a vector z € E such that B,,(r) C C;. Hence,
Boo(2) C CotBrcy.cn)- S0, by Lemma 7.1 we deduce that By _nc,.c0) () C Co.
Using (44), we get 20(Cy) > o9 — h(Cy,Cy). This contradicts the inequality
oo > 20(Cy) + h(Cy,Cy). Thus, (45) holds true.

Now we claim that
Cx Boo(c) £0, VC eQ. (46)

Indeed, let us fix C' € €. Consider the sequence of embedded closed convex
bounded sets D, = C % B2-1/k)o(c)- Remark 3.11 implies that E is reflexive.
Hence, ey Di # 0 is nonempty. This yields (46).

Let us denote

i, Q) = Cne% dc(e), €>0.

The assumption (41) means that §(e,§2) > 0 for all ¢ > 0. If a set C' € Q) satisfies
the inequality diam C' > ¢ for some € > 0, then there exist ¢, cy € C such that
|lcr — co|| > €. Using (15), (44), we get 20(C) > dc(€) > (e, 2). Thus, we have

diamC >e¢ = 20(C) >6(,Q), VC €Q, Ve > 0. (47)
For any C' € Q let us define the closed and uniformly convex set
D(C)=C % B, ). (48)

We claim that the multifunction D(-) is uniformly Hausdorff continuous on €2,
namely,

, 2e6(e,Q)
h 7 7
(Cl, 02) < min {8, 3R }
= h(D(C1),D(Cz)) <2, VC,C €0, Ve >0,
where

1
1
=150

Indeed, fix any € > 0 and Cy,Cs € Q such that h(Cy,C) < min {57 2&63(;9)}.
Suppose that diamC; < e. Fix any ;1 € D(C}), xo € D(Cy). As x5 € Cy,
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there exists ) € C; such that ||z}] — x2|| < h(Cy,Cy) < €. Hence, [|z1 — x2]| <
e+||z1 — 2| < e+diam Cy < 2e. So, in this case we get h (D(CY), D(Cy)) < 2e.
If diam Cy < & we have the same inequality. Now suppose that min{diam C}
diam Cy} > . Using (47), we get 2min{o(C1),0(Cy)} > (e,2). Bearing in
mind (46), we fix x; € C; % Boo(cy), © = 1,2. Since by Proposition 5.4 we have
diam C; < R, it follows that By, (c,)(z;) C C; C Br(w;) for i = 1,2. Lemma

7.3 and (45) imply that h (D(C}), D(Cy)) < % < 2¢. Thus, the uniform
continuity of D(-) is proved.

Since for any C' € Q) the set D(C') is nonempty, closed and uniformly convex, it
follows that Py, (0, D(C)) is a singleton. Let us define z(C') € E by

{z(C)} = P», (0, D(C)).

Theorem 6.7 and the uniform continuity of D(-) imply that function z : Q2 — E
is uniformly continuous. According to (45), the function o : Q — E'is Lipschitz
continuous. The inclusion z(C) € D(C') and the equality (48) imply (42). The
inequality (43) follows from (47). O

Proof of Theorem 4.2. According to Lemma 7.4 applied to the family 2 =
{C Cc E|JACE : (AC) € &}, there exist uniformly continuous functions
z2:Q — Eand 0:Q — [0,+00) such that

B,(0)(2(C)) CC, VO e (49)
and

inf o(C) >0, Ye>0. (50)

1
CeN: diam C>e

For any C' € Q2 we put
M(C)=-(z(C)—C). (51)

Since z(-) is uniformly continuous, it follows that the multifunction M(-) is
uniformly continuous on 2. The inclusion (17) implies that

AeS(—M(C)), V(AC) e d. (52)
Using (49), (51), we obtain
%O'(C)/T C M(C), V(' € (. (53)

Since by (26) we have dy(cy(e) = Ldc(re) for any € > 0, C' € Q, according to
(18) it follows that

i(e, Q) = 61}61?2 du(cy(e) >0, Ve >0. (54)
Let us denote .
R=1+ (55)
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According to Proposition 5.4, for any C' € §2 we have
diam M(C) < R, VC € Q. (56)

Let us define ¢ : ® — E. Fix any (4,C) € ®.
If C is a singleton, then we define (A, C) by

{84, 0)} =C. (57)

Suppose that C' is not a singleton. Then M (C') is a uniformly convex quasiball.
By (19), (51) we deduce that AN(z(C)—rM(C)) = ANC # () for all (A,C) € P.
Hence, due to Remark 3.3 we get

ome)(2(C), A) <r, V(A,C)ed. (58)

By (17), Lemma 3.7 and Proposition 3.12 it follows that Py c)(2(C), A) is a
singleton. We define £(A, C') by

{6(A, C)} = Pu(ey(2(C), A). (59)

We claim that £ : ® — E is a selection of the intersection operator, i.e. (20)
holds true. If (A,C) € ® is such that the set C' is a singleton, then (20) is a
consequence of (19) and (57). If the pair (A, C) € & is such that C includes more
than one element, then by (11) we have {(A, C) € 2(C) — onm(ey (2(C), A)M(C).
Bearing in mind (58) we get {(A,C) € 2(C) —rM = C. Using the inclusion
Py (2(C), A) C A, we obtain (20).

To prove the uniform continuity of the function £ : & — E let us fix an arbitrary
e > 0. Using (49) — (59) and applying Theorem 6.6 to the family

U = {(M(C), A, 2(C),0)| (A,C) € ®, diamC > e},

we deduce the existence of v € (0, ¢) such that for any (A;,Cy) € @, (Ay,Cy) €
we have

(min{diam Cy, diam Cy} > e, h(A;, A2) + h(C1,Cy) < %)

60
= [€(A1, C1) — €(A2, Cy)|| <& (60)

We claim that
h(Al, AQ) + h(Ch Cg) <7 (61)

= "5(141,01) — 5(142,02)” < 25, V(Al,cl) € (b, V(AQ,CQ) c D,

Indeed, fix any pairs (A;, Cy) € ®, (A, Cy) € ® such that h(A;, A2)+h(Cy, Cs) <
7. If min{diam C, diam Cy} > ¢, then by (60) we have ||£(A;, C1)—E&(Az, Cy)]| <
e < 2e. Now suppose that min{diam C;,diam Cy} < e. In this case, using
the inclusions &(A;, C;) € C; for i = 1,2, we have [|[{(A1,C) — (A2, Cy)|| <
h(C1, Cs) + min{diam C},diam Cy} < v + & < 2e. Thus, (61) is proved. So, the
function £ : & — E is uniformly continuous. ]
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Proof of Theorem 4.4. Let us consider uniformly continuous multifunctions
A(xz) = Aand C(z) = x— B. Lemma 2.11 implies that rA(z) = rA € S(—C(x))
for all x € X. According to Remark 5.2, we have inf,cx dc()(e) = dp(e) > 0
for all € > 0. By Theorem 4.3, there exists a uniformly continuous selection
a: X — E of the multifunction X 3 x — A(x)NC(x). Putting b(x) = x —a(z),
we complete the proof. ]

8. The support condition and the modulus of nonconvexity

The modulus of nonconvezity for a set A C E (according to [4]) is
Va(€)

= inf{'yZO | B, (:C1+x2

2

)ﬂA#@, Vg, 29 € A Ha:l—a:gHgg}, e>0.

Proposition 8.1. Let M C E be a uniformly convex quasiball. Suppose that
the modulus of nonconvexity for a closed set A C E and the modulus of convexity
of M are related by the following inequality:

1A() < bu(e), Ve > 0.

Then for any point xo € Uy(A) = {x € E| 0 < oy(z,A) < 1} and any
sequence {ag} C A the condition limy .o par(zo — ax) = on(xo, A) implies that
{ax} converges.

If M = 98B,40), d > 0, then Proposition 8.1 in fact is deduced in the proof
of Theorem 1.1 in [4], though the statement of this theorem is weaker: for
any xo € Up(A) the set Py(zo, A) is a singleton. If M is a uniformly convex
quasiball, Proposition 8.1 can be proved in the same way.

Lemma 8.2. Let C C E be uniformly convex. Assume that the modulus of
nonconvexity for a closed set A C E and the modulus of convexity of C' are
related by the following inequality:

14() < dele), Ve > 0.
Then A € S(C).

Proof. Fix a point ¢y € C' and consider a quasiball M = ¢y — C'. Using Remark
5.2 and Propositions 3.12 and 8.1, we deduce that A is weakly convex with
respect to M. Applying Lemma 3.7, we complete the proof. ]

Lemma 8.2 and Remark 5.2 imply that Theorems 4.3, 4.4 remain valid if we
substitute (21) by

ryaw)(€) < dcwy(re), Ve>0, VteT

and (22) by
rya(e) < dp(re), Ve > 0.
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Akin results were obtained in [4] (see Theorem 3.6 and Example 4.1) under some
more complicated assumptions. Note that the notion of nonconvexity modulus
is effective only in the spaces with modulus of convexity of the second order, as
shown in [4]. While the support condition, considered here, is effective in any
uniformly convex Banach space.

Acknowledgements. The author thanks the referee for very useful comments.
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