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1. Introduction

Convexity of sets and functions has played a key role in the development of op-
timization and its applications. It has proved to be a powerful tool for Lagrange
multiplier theory and numerical methods of optimization. However, verifying
convexity is, in general, difficult numerically for real polynomials, especially
when the degree of the polynomial is four or higher. The SOS-convexity ([1, 13])
is a numerically tractable relaxation of convexity for a real polynomial and it
can easily be checked whether a real polynomial is SOS-convex or not by solving
a related semi-definite programming problem.

Recent research on SOS-convexity and polynomial optimization has produced
numerically attractive semi-definite programming (SDP) relaxation schemes for
solving various classes of polynomial optimization problems [13, 17, 19, 21]. In
particular, under mild conditions, SOS-convex optimization problems such as
the minimization of SOS-convex polynomials subject to SOS-convex inequality
constraints enjoy exact SDP relaxation [19, 21] (strong duality [18]) in the sense
that the optimal values of the given SOS-convex problem and its sum-of-squares
polynomial relaxation problem (dual semidefinite program) are equal and the
relaxation problem (dual problem) attains its optimum.

Exact semidefinite programming relaxation or strong duality involving dual
semidefinite programs is a highly desirable property particularly for noncon-
vex global polynomial or quadratic optimization problems because such prob-
lems can efficiently be solved via interior point methods. In recent years, it
has received a great deal of attention in the literature due to its applications to
emerging areas such as robust optimization (see [5, 7, 8, 16] and other references
therein).

This has provided us with the motivation for introducing, in this paper, a numer-
ically tractable relaxation of p-convexity (see [24, 25]), called p-SOS-convexity
(see Definition 2.1), generalizing SOS-convexity for real polynomials. Using
p-SOS-convexity, we examine strong duality results for various classes of non-
convex polynomial optimization problems which enjoy semidefinite programs as
their dual programs.

We make the following contributions which extend the numerically attractive fea-
tures of SOS-convex polynomials and the associated convex optimization prob-
lems to a broader class of p-SOS-convex polynomials and to the associated non-
convex optimization problems, involving strong SOS-convex polynomials (where
p > 0) and weak SOS-convex polynomials (where p < 0).

(i) We introduce the notion of p-SOS-convexity for a real polynomial and show
that a real polynomial is p-SOS-convex if and only if it is a sum of a SOS-
convex polynomial and pl| - [|?, where p € R and || - || is the Euclidian norm.
This characterization shows us whether a real polynomial is p-SOS-convex
or not can be numerically checked by solving a semidefinite programming
problem. This is a key distinguishing feature of p-SOS-convexity that is
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generally not shared by p-convexity [10, 14, 24, 25, 26]). Importantly, we
obtain that every quadratic function is a p-SOS-convex polynomial and also
deriwe a new characterization of SOS-convexity.

(ii) Under an easily checkable Lagrange multiplier condition, we establish that
strong duality holds with attainment of their optimal values for a class
of non-convex polynomial optimization problems. Consequently, we derive
corresponding strong duality results for minimax p-SOS-convex polynomial
optimization problems. In particular, we present a necessary and sufficient
condition for strong duality of (not necessarily convex) minimaz quadratic
optimization problems with quadratic constraints.

(iii) As an application, we establish strong duality results for the following
classes of nonlinear programming problems: p-SOS-convex fractional pro-
gramming problems and robust optimization problems.

(iv) Finally, we establish that the Lagrange multiplier condition completely
characterizes strong duality for an important class of extended trust-region
problems (see [5, 9, 16] for recent work to extended trust-region problems).

The outline of the paper is as follows. Section 2 gives various characterizations
of p-SOS-convexity, including the characterization for the gap between p-SOS-
convexity and p-convexity. Section 3 presents strong duality results for p-SOS-
convex polynomial optimization problems and derives strong duality results for
minimax polynomial optimization problems including quadratically constrained
minimax quadratic programming problems. Consequently, in Section 4, we de-
rive strong duality results for fractional optimization problems and robust opti-
mization problems. Section 5 presents necessary and sufficient Lagrange multi-
plier condition for strong duality of a class of extended trust-region problems.
Section 6 provides a discussion on a potential generalization and application
of the present work to minimax trust-region problems, including the study of
trust-region problems under data uncertainty.

2. Generalized SOS-Convex Polynomials

We begin this section by fixing notation and preliminaries of convex sets, func-
tions and polynomials. Throughout this paper, R™ denotes the Euclidean space
with dimension n. The nonnegative orthant of R" is denoted by R’} and is de-
fined by R := {(21,...,2,) € R" : 2; 2 0}. Moreover, the Euclidean norm on
R™ is denoted by || - |-

We say A is convex whenever pa; + (1 — p)ag € A for all p € [0, 1], a1, ay € A.
A function f: R™ — R is said to be convex if for all u € [0,1] and all z,y € R™,

FI =z +py) = (1 —p)f(z) + pf(y).

The function f is said to be concave whenever — f is convex. The positive semi-
definiteness of an n x n matrix B, denoted by B = 0, is defined by (z, Bx) = 0,
for each x € R™. Moreover, a function f : R" — R is said to be p-convex
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[10, 14, 24, 25, 26] if there exists some real number p such that for all p € [0, 1]
and all z,y € R,

F( =z +py) £ (1= @) f(@) + nf(y) — pp(l — wlz -yl

We say that a real polynomial f is sum of squares if there exist real polynomials
fj»j=1,...,r,such that f = Z;Zl fj?. The set consisting of all sum of squares

real polynomial is denoted by 2. The degree of a polynomial f is denoted by
degf. Moreover, the set consisting all sum of squares real polynomial of degree
at most d is denoted by ¥2. We say a matrix polynomial F' € R[z]"*" is a SOS
matrix polynomial if F(z) = H(x)H(z)" where H(z) € R[z]™*" is a matrix
polynomial for some r € N.

A real polynomial f on R™ is called SOS-convex [1, 13] if the Hessian matrix
function H : x — V2f(z) is a SOS matrix polynomial, equivalently, for all
z,y € R and for all A € [0,1],

M@)+ 1 =Xf(y) = fAz+ (1= A)y)

is a sum of squares polynomial in R[x;y]. Moreover, we say f is SOS-concave if
— f is SOS-convex. For properties of SOS-convex polynomials and related opti-
mization problems, see [1, 2, 13, 17, 19]. The class of SOS-convex polynomials
includes separable convex polynomials and convex quadratic functions as their
special cases. The important feature of SOS-convexity, which distinguishes from
convexity for polynomials is that one can numerically check whether a polyno-
mial is SOS-convex or not by solving a related semi-definite optimization (fea-
sibility) problem [21]. Clearly, a SOS-convex polynomial is convex. The gap
between SOS-convex polynomial and convex polynomial is completely charac-
terized in [2].

A numerically tractable relaxation of the p-convexity for real polynomials is
given as follows.

Definition 2.1 (p-SOS-Convexity). Let p € R. A real polynomial f on R"
is said to be p-SOS-convex if there exists some real number p such that for all
z,y € R™ and for all A € [0, 1],

M (@) + @ =Nf) = pA1 = Nllz =yl = fAz + (1 = N)y)

is a sum of squares polynomial in Rlz;y]. If p > 0, then f is called a strong
SOS-convex polynomial with modulus p. If p = 0, then f is a SOS-convex
polynomial. If p < 0, then f is called a weak SOS-convex polynomial with
modulus p.

Clearly, it follows from the definition that strong SOS-convexity implies SOS-
convexity which, in turn, implies weak SOS-convexity. Moreover, a p-SOS-
convex polynomial is SOS-convex if and only if if p > 0. Now we give a basic
characterization of the p-SOS-convex polynomial.
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Theorem 2.2. Let f : R® — R be a real polynomial and let p € R. Then
following statements are equivalent:

(i)  f is a p-SOS-convex polynomial;
(ii) There exists a SOS-conver polynomial h : R — R such that f(x) =
h(z) + pllz||*.

Proof. Let z, 2o € R*, A € [0,1] and z), = Az; + (1 — A)zy. Note that
lzall? = A|lz1||? + (1 = N)||z2]|*> = A(1 = A)||x1 — x2]|%. Suppose that f is p-SOS-
convex polynomial. It means that, for all x;, o € R™ and for all A € [0, 1],

M) + (1= X f(x2) — pA(1 = N)||z1 — 22> — fFO21 + (1 — N)ag) € X2
Equivalently, for all x1, zo € R™ and for all \ € [0, 1],

M (1) + (1= N f(@2) + plloall® = Al [1®
= p(1 = Naa|* = fAz1 + (1 = Nz2) € 22,

that is, for all x1, o € R” and for all A € [0, 1],

M(x1) 4+ (1= N f(22) — pAl|z1]|* — p(1 — )22 ?
— [fO1 + (1= Nzo) — pl Az + (1 = Na|)?] € 52

It means that f — p|| - || is a SOS-convex function. O

We now show that every quadratic function is a p-SOS-convex polynomial where
p is the least eigenvalue of the Hessian of the quadratic function. Recall first
that, for a matrix A, the least eigenvalue of A is denoted by Ymin(A).

Corollary 2.3. Let the quadratic function f : R® — R be given by ¥ Az +
a’z + ag, where A is a symmetric (n x n) matriz, a € R™ and ag € R. Then, f
is p-SOS-convex with p = Ymin(A).

Proof. The quadratic function f can be written as, for each x € R",
fx)=2"Az +a"2 4+ ap = 27 (A — Yuin(A) L)z + a* 2 4 ag + Yin (A)|| 2]

Since (A — Ymin(A)I,) = 0, the function h(z) = 27 (A — Y (A) L)z + aTx + a
is a convex quadratic function which is SOS-convex, and, for each z € R",
f(x) = h(z) + Ymin(A)]|z||*. Tt now follows from Theorem 2.2 that f is a p-SOS-
convex function with p = vy (A). O

Let us give an example of a p-SOS convex function that is neither quadratic nor
SOS-convex.

Example 2.4. Let f(x1,22) = 2% + 2129, Then, f is not convex and so is not
SOS-convex. However, f(x1,22) = h(zy,x9) — (22 + 23), where h(z1,z9) =
2§ + 179 + 23 + 22 is SOS-convex. So, f(z1,zs) is p-SOS-convex with p = —1.
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The following characterizations of SOS-convex functions of [2] play an important
role in obtaining corresponding characterizations for p-SOS-convex polynomials.

Lemma 2.5 ([2]). Let f : R — R be a real polynomial function. Then the
following statements are equivalent:

(i)  f is a SOS-convex polynomial;

(i1)  f(x)— f(y) = V() (x —y) is a sum of squares polynomial in R[z;y];
(111) yTV2f(x)y is a sum of squares polynomial in R[x;y];

() V2f(x) is a SOS matriz.

Corollary 2.6. Let f : R" — R be a real polynomial function and let p € R.

Then following statements are equivalent:

(i)  f is a p-SOS-convex polynomial;

(11) (Vf(x) —Vfly),z—y)—2pllz — yl|* is a sum of squares polynomial in
Rlz;y].

Proof. By Theorem 2.2, (i) is equivalent to the following statement: There
exists a SOS-convex polynomial / : R® — R such that f(z) = h(x) + pllz||?. So,
Vf(z) = Vh(z)+ 2pz. By Lemma 2.5,

h(x) = h(y) — (VA(y), = — y)

is a sum of squares polynomial and h(y) — h(z) — (Vh(z),y — x) is a sum of
squares polynomial. So, (Vh(z)—Vh(y),x —y) is a sum of squares polynomial.
Notice that

Vi) =Vfy),z—y) —2pllz—y|?
= (Vh(z) + 2pz — Vh(y) — 2py,x — y) — 2p||lz — y||’
= (Vh(z) = Vh(y),z — y).

Thus (Vf(z) — Vf(y),z —y) — 2p||z — y||* is a sum of squares polynomial.
Conversely, suppose that (Vf(z) — Vf(y),z —y) — 2pllz — y||* € £2. Then

(Vf(x)—2px — (Vf(y) —2py),z —y) € T°. (1)

Let h(z) = f(z) — pllz||>, * € R™. Then (1) is equivalent to the following
statement:

(Vh(z) — Vh(y),z —y) € B2 (2)
By the mean value theorem,
h(z) = h(y) = (Vh(z),z —y), (3)

where z = Az + (1 — \)y for some A € (0,1). By (2),

(Vh(z) = Vh(y),z —y) = (VA(z) = Vh(y), Az = y))
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This implies that (Vh(z) — Vh(y),z —y) € X% By (3), we have h(z) — h(y) —
(Vh(y),z —y) € X% So, by Lemma 2.5, h is a SOS-convex polynomial. Since
f(z) = h(z) + p||z||?, = € R", it follows from Theorem 2.2 that f is a p-SOS-
convex polynomial. O

The special case of p = 0 in the preceding corollary gives us a new characteri-
zation of SOS-convex polynomials as follows.

Corollary 2.7. Let f : R® — R be a real polynomial function. Then the fol-
lowing statements are equivalent:

(i)  f is SOS-convex;
(i5) (Vf(z)—Vf(y),x—y) is a sum of squares polynomial in R[z;y].

Proof. The conclusion follows easily from Corollary 2.6 by letting p = 0. ]

Corollary 2.8. Let f : R" — R be a p-SOS-convex polynomial. Suppose that
there exists T € R™ such that V f(z) = 2pz and f(Z) = p||Z||>. Then f —p| - ||
15 a sum of squares polynomial.

Proof. Let f: R"™ — R be a p-SOS-convex polynomial. Then by Theorem 2.2,
there exists a SOS-convex polynomial h : R® — R such that f = h+pl| - ||*. By
assumption, Vh(z) = 0 and h(z) = 0. Since h is SOS-convex, it follows from
Lemma 2.5, h(x) — h(Z) — VI(Z)T (x — T) is a sum of squares polynomial. Since
h(z) = h(z) —h(z) — Vh(Z)" (x— ), h is a sum of squares polynomial and hence
f—=pll - ||? is a sum of squares polynomial. O

From Lemma 2.5 and Theorem 2.2, we can get easily the following useful char-
acterizations of p-SOS-convex functions.

Corollary 2.9. Let f : R" — R be a real polynomial function. Then the fol-
lowing statements are equivalent:
(i)  f is a p-SOS-convex polynomial;

(@)  flx) = fy) = V)" (x —y) = pllz =yl is a sum of squares polynomial;
(i11) yT(V2f(x) —2pl)y is a sum of squares polynomial, where I is an identity
matriz,

() V2f(x)—2pl is a SOS matrix.
Proof. [(i) < (ii)] If f is p-SOS-convex then by Theorem 2.2, f(-) = h+p|-||%

where h is SOS-convex. Let x,y € R" be arbitrary. From the SOS-convexity of
h and Lemma 2.5,

hz) = h(y) — Vh(y)" (x —y) = o(z,y),

where ¢ is a sum of squares polynomial in z and y. Multiplying by p the identity

l[* = llyl* = 25" (x — ) — o — y[* = 0
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and adding it to the preceding equality yields (ii).
Conversely, suppose that (i) holds. Let x,y € R™ be arbitrary. Then

f@) = fly) = Vi) (@ —y) = plle = yl* = olz,y), (4)

where o is a sum of squares polynomial in = and y. Let h = f — p| - ||*
Subtracting the identity

plell? = pllyll* = 209" (x — y) = pllz — ylI* = 0

from (4) yields

h(z) = h(y) = Vh(y)" (v — y) = o(z,y).
So, by Lemma 2.5, h is SOS-convex. Hence, f = h+ p|| - ||* and (i) follows from
Theorem 2.2.

The conclusion follows because (i) < (iii) and (i) < (iv) follow easily from
Theorem 2.2 and Lemma 2.5. ]

The set of convex and SOS-convex polynomials in n variables of degree d are
denoted by C), 4 and XC),, 4, respectively. Using this definition, Ahmadi and
Parrilo [2] obtained the following characterization of the classes of SOS-convex
and convex polynomials.

Lemma 2.10 ([2]). Chy = SChq if and only if n =1 or d = 2 or (n,d) =
(2,4).

Now, denote the set of p-convex polynomials and p-SOS-convex polynomials in n
variables of degree d with modulus p by C’ﬁ . and f]C’f;d respectively. As a conse-
quence of Lemma 2.10 and Theorem 2.2, we obtain a complete characterization
of the gap between p-convexity and p-SOS-convexity of polynomials.

Theorem 2.11. CN’ﬁ’d = Zéid if and only ifn =1 ord =2 or (n,d) = (2,4).

Proof. It is clear that EC‘Z,d C C’id. We consider the cases that n =1 or d =2
or (n,d) =(2,4). Let p € C’Z}d. Then p—pl|-||> € Cpa. Ifn =101 (n,d) = (2,4),
from Lemma 2.10, p—p|- || € £C, 4. Thus by Theorem 2.2, p € £C", ;. If d = 2,
p—0pl|l-|I> € CoyUC,  UR,, from Lemma 2.10, p—pl|| -||> € 2Cp 2 UXC, 1  UR,,
and hence from Theorem 2.2, p € ECN’Z’2 .

Assume that n # 1, d # 2 and (n,d) # (2,4). Then from Lemma 2.10, there
exists a polynomial h € C, 4 which is not in £C, 4. Thus h + p| - ||? is a p-
convex polynomial. Suppose that h + p|| - ||* is a p-SOS-convex polynomial.
Then from Theorem 2.2, h is a SOS-convex polynomial. This is a contradiction.
So, b+ p|| - ||* is not a p-SOS-convex polynomial. Hence Zé’zyd C C’,’id, but

£Cha# Chg O
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3. Strong Duality with SDP Duals
Consider the polynomial optimization problem:

(P) inf f(z)

st. gi(z)£0,i=1,...,m,

where f and ¢; : R — R, ¢ = 1,...,m are polynomials and the feasible set of
(P) is given by K := {x € R" : g;(x) =0, ¢ = 1,...,m}. We assume that
K #10.

Let
argmin(P) :={zx e K : f(z) = f(y),Vy € K}.

The point € K is said to be a minimizer of (P) if for any = € K, f(z) = f(Z).
We say that the Kuhn-Tucker condition holds at & € K whenever

AXERY) V(@) + D AVe(@) =0, Xg@® =0, i=1L....m.  (5)

It is well known that if z € K is a minimizer of (P) and a suitable constraint
qualification holds, then the Kuhn-Tucker condition holds at z.

The Lagrangian dual problem for (P) is given by

sup inf {f(x) + Z )\igi(x)} )

R™
AeR™ TE€

which can equivalently be written as

sup {u: f(x)—l—Z/\igi(x)—uiO,‘v’xER"}.
i=1

(A u)ERT xR

The dual problem for (P) is the sum-of-squares-polynomial relaxation of the
preceding problem which is given by

(D)  sup {WHZAig@-—ueEZ},

(AR ERT XR i=1

-----

Note that the dual problem (D) is a form of the Lasserre SDP relaxation problem
[21].

It is well known (see [4, 21]) that problem (D) can be equivalently rewritten as
a semi-definite linear programming problem which can be solved efficiently. For
instance, consider the quadratic polynomial optimization problem:

(QP;) Minimize 27Qox + clz +

subject to 2TQux +cfr+0; £0, i=1,...,m.
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We assume throughout the paper that )y and @Q;, ¢ = 1,...,m are n X n
symmetric matrices, ¢; € R™ and «; € R.

The dual problem D for (QP4) collapses to the semidefinite program

(QDy)  sup {Mi( 2(Qo + 2t M) Co+ D0y Aic u))>0}'

HER ;20 (co+ 2205, )\ ic) 2(a0 + 200 N —

In passing, observe that, for (QPy), the dual problem (QDy) is equivalent to
the Lagrangian dual problem of (QPq).

Recall that optimal values of (P) and (D) are denoted by inf (P) and sup (D).
When the optimal values of (P) and (D) are attained at some feasible points
they are denoted by min (P) and max (D) respectively.

Theorem 3.1 (Strong Duality: Necessary as well as Sufficient Condi-
tion). For the problem (P), let f and g;,i = 1,2,...,m be polynomials, and
let d = max{degf, degg,...,deggm}. Then, the following statements hold:

(i) If the Kuhn-Tucker condition (5) holds for (P) at a local minimizer T with
the Lagrange multipliers N; = 0,5 = 1,2,...,m, and if f and g; are re-
spectively po-SOS-convex and p;-SOS-convex for i = 1,2,...,m such that
po+ o Aipi 2 0, then argmin(P) # (), min (P) = max (D) and (), f(2))
is a maximizer of (D);

(i) If argmin(P) # 0, min (P) = max (D) and (D) attains its mazimum, then
the Kuhn-Tucker condition (5) holds at each minimizer of (P).

Proof. (i) We first note from the definition of p-SOS-convexity that f+3 ", \igi
is po + Dty Aipi-SOS-convex. Then, f+ 3 ", Aig; is SOS-convex if and only if
po+ > i Aipi = 0. So, it follows from Lemma 2.5 that

Xm:Xgl Zm: (%) — |Vf(x Xm:/_\ J(Z)| (v —7)

is a sum of squares polynomial. It then follows from the Kuhn-Tucker condition
at T that f+> ", \;g; — f(Z) is a sum of squares polynomial and so,

i Nigi — () €53 (6

So, from (6), we obtain that argmin(P) # () as Z is a global minimizer of (P).
Moreover, max,cg x,>o{ft © [+ Doiq Nigi —p € X3} 2 f(z). This together
with the inequality, inf(P) = sup(D), which holds by construction, yields the
required equality,

T) = : Nigi —pEXT P,
f(@) Me%§f>o{” Y Ngi—n d}

=1
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and (), f(Z)) is a maximizer of (D).

(1) Assume that argmin(P) # (), min (P) = max (D) and (D) attains its maxi-
mum. Let Z € K be an arbitrary minimizer of (P). Then,

f(z) = max {M3 f‘f‘z)\igi—ﬂezi}-

MER,)\Z@O -
=1

So, there exist \; > 0,4 = 1,2,...,m and g € R such that f(z) = p and
f+30" Nigi — p € ¥2. This gives us that f+ >.7" \igi — f(Z) € X2 Thus,
there exists 0 € £2 such that, for each z € R", f(z) + >1", Migi(z) — f(z) =
o(z). Letting x = z, we see that > .7" \igi(%) = o(z) > 0. As 7 € K and
Ai > 0,0 =1,2,....,m, > ", Ngi(Z) = 0 and o(Z) = 0. This shows us that
Z is a minimizer of ¢ since for each € R”, o(z) > 0 = o(z). Then, by the
necessary condition for a minimizer of ¢ and z, we obtain that Vo (z) = 0.
Hence, Vf(zZ) + 1", AiVgi(Z) = 0 and so the Kuhn-Tucker condition (5) is
satisfied at .

O

Now we provide an example of a non-convex polynomial optimization for which
strong duality holds with a SDP dual program, verifying statement (i) of The-
orem 3.1.

Example 3.2 (Non-convex polynomial problem with strong duality).
Consider the problem (Py):

(Po) Minimize 2%+ x129
s.t. 224+ 4+ 3+ 230, 20 S 0.

Let f(x1,m2) = 28 + 1179, g1(1,02) = 22 + 411 + 3+ 22 and go(z1, 12) = 79. As
shown in Example 2.4, f is (—1)-SOS-convex. Clearly, g; is 1-SOS-convex and
go is SOS-convex. The feasible set of (Pg) is K := {(x1,12) € R? | (z1 +2)? +
23— 120, 29 < 0}. Note that, for any z € K, 2§ + x120 =2 2% =2 1 = f(—1,0).
Thus, (Z1,Z2) = (—1,0) is a minimizer of (Py).

Let A =4and \y = 1, pg = —1, py = 1 and py = 0. Then Vf(Z,Z,) +
)\1Vg1(:7:1,:i2) + )\Qng(:El,:EQ) = O, )\191(55’1,@2) =0 and )\292(3731,552)_: O, that
is, the Kuhn-Tucker condition holds at (Z1, Z3) with the multipliers A; = 4 and
Ay =1, and pg + A\ip1 + dopy = 3 = 0. It is easy to check that f(z1,7s) =
SUD e 2002014 ¢+ A1g1 + Aaga — i € X3} Moreover, we see that

f(@1,22) + Mgi(T1, 22) + Aega(z1, 12) — f(Z1, Z2)
= ng + 2129 +4x% +4x§ + 1621 + 22 + 11
= (21— 1)24+2(22 = 1)? +5(z1 + 1> + (21 + 20 + 1)?

1 2T
+ (1 — 22+ 1)+ <$1+§x2+1> +Zx%.
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So, flzi,22) + Magi(z1,m2) + Aoge(w1,20) — f(Z1,72) € X Hence
MaX,er A, 2002014 [ + Aigr + Aege — 11 € B3} 2 f(21,Z2). So, f(71,72) =

maXueR/\le,)\gzO{M S f g+ Aege — 8} and ()\1,)\2, p) = (4,1,1)is a
maximizer of the dual problem of (Py). Thus the statement (i) of Theorem 3.1
holds.

Minimax Polynomial Optimization

Consider now the following minimax programming problem
P inf
(P1)  inf jnax p;(@)
st. gi(x)£0,i=1,...,m,

where p; and g¢; are polynomials on R” for all j = 1,...,r and ¢ = 1,...,m.

-----

max;eq1,..mydegg;}. Let K = {x € R" | g;(x) =0, 2—1 m};é@

Notice (P4) is equivalent to the following optimization problem

(Pl) inf t

2ERM teR
st.  pi(z)
gi(x)

t, g=1,.
0,t=1,.

A TIA

Let z* be a local minimizer of (Py), then (z*,t*) is a local minimizer of (fil),
where t* = maxjcq,.  p;(2*). If a suitable constraint qualification for (Py)

holds such as the Mangasarian-Fromovitz constraint qualification for (Py), that
is, there exist d; € R™ and dy € R such that Vp;(z*)Tdy < dy (j € I(z*,t))
and Vg;(z*)"dy < 0 (i € I(z*,t*)), where [(z*,t*) = {j : pj(a*) —t* =0} U {i :
gi(z*) = 0}, then the following Kuhn-Tucker condition hold: there exist 5]- >0,
j=1,...,rand \; 20,4i=1,...,m such that

Z(S Vp;(x Z)\ng ) =0, Ngi(z*)=0,i=1,...,m, (7)

77777

A:{aewmgo, i=1,...,m 251:1}.
=1

We associate with (P1) the following dual problem:

(Dy) sup { Zéjpj%—z&gz MGZQ}

where

SEA, AeRm
HER
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Consider the minimax quadratic polynomial optimization problem (QP):

P) inf TA; T 4

(QP) inf  max {27 Ajz+a;o+ )
st. TQur4clr+a; Z20,i=1,...,m,

where A;,j =1,2,...,rand Q;, i = 1,...,m are (n X n) symmetric matrices,

a;,j = 1,2,...,r and ¢;, © = 1,...,m are vectors and (3;,7 = 1,2,...,r and

a;, © = 1,...,m are scalars. The corresponding SDP dual problem of (QP)

becomes:

(QD)  sup
SEANERT uER
I 2(22:1 0;A; + 000 i) 22:1 00 + D iy AiCi -0
(O2ioy djag + 300 Ne)™ 20201, 058 + 2o i — ) ) T

Theorem 3.3 (Minimax problems and strong duality). For the problem

(Pq), letp;,j=1,2,...,7 and g;,i = 1,2,...,m be polynomials. Let argmin(P)

# 0. Suppose that the Kuhn-Tucker condition (7) holds at a local minimizer x*

of (Py) with multipliers § € A and A € RT. Then, the following statements

hold:

(i) If pj and g; are respectively p;-SOS-conver and p,~S0S-convez for j =
1,2,...,r and i = 1,2,...,m such that }7_, 0;p; + >y E\i& > 0, then
min (Py) = max (D) and (5, X\, max;jeq1, . pj(z*)) is a mazimizer of

(Dl); 7777
(1) Ifpj(x) =2"Ajz+alx+ 0, for each j =1,2,...,7 and gi(z) = 2" Q;x +
f wta; with Y7y 0;A;4+ 37 \iQ; = 0, then min (QP) = max (QD) and

.....

Proof. (i) Let * be a minimizer of (Py) at which Kuhn-Tucker condition (7)
holds with § € A and A € RY such that \;g;(Z) =0,i=1,...,m and 6; = 0

..........

and h(z*) = 0. As in the proof of Theorem 3.1, Y27, d;p; + >, g5 — t* € X
and hence (8, ), t*) is a feasible solution of (D). Thus max (D) > t*. As
the opposite inequality, * = max (Dy), always holds, we get that min (Py) =
max (D7) and (9, A, t*) is a maximizer of (Dy).

(41) The conclusion follows using the same line of arguments as in (i) by not-
ing the fact that Y7, d;p;(z) + 212, Aigi(x) is SOS-convex if and only if
Do 034+ 20 Qi = 0. O
We now show that the existence of Lagrange multipliers, satisfying the Kuhn-

Tucker condition at each minimizer of (QP) together with an eigenvalue condi-
tion, is necessary for strong duality of (QP).
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Theorem 3.4. Minimazx QQPs: necessary and sufficient condition For the prob-
lem (QP), let A; and Q; be (n x n) symmetric matrices for j = 1,...,r and
i=1,...,m. Let argmim(QP) be non-empty. Then, min (QP) = max (QD)
if and only if at each minimizer of (QP) the Kuhn-Tucker condition (7) holds
with & € A and X € R} and Y74 8;A; + 337 Qs = 0.

Proof. Assume that min (QP) = max (QD). Let Z be a minimizer of (QP)

.....

7= max(QD)

p m
- . . (2T O. T N — oy > n
562%32%1, {M- Zléjf](:v)+2)\l(x Qir+cr+a;)—p20VereR }
HER J= =

As a non-negative quadratic function is sum of squares, it follows that there
exist 6 € A, A € R and o € X3 such that, for each z € R”,

D 6ifi(r) + Y N Qi+l r + ;) — = o(x). (8)
j=1 i=1
Letting x = Z in (8), we get
D 6ifi() —q=0(x) - > NEQiT + T+ ;) 2 a(x) 2 0.
j=1 i=1

On the other hand, by definition, ¢ = >77_, 9;f;(Z). So, ¢ = Y_7_, 0;f;(%) and
hence,

D Xi(@" Qi+ cfw + i) = o(2) 2 0.
=1

As 7 is feasible for (QP) and A € R™, 37" N(z27Q:% + ¢f'Z + ;) = 0 and
o(z) = 0. This shows us that  is a minimizer of o since for each x € R,
o(z) > 0 = o(z). Then, by the first-order necessary optimality condition, we
obtain that Vo(z) = 0. Thus, Y77, 6;Vf;(7) + 2%, Mi(2QiT + ¢;) = 0 and
so the Kuhn-Tucker condition (7) is satisfied at z. Note that §; = 0 whenever
g # (%) because Y _,0;(fj(z) —q) = 0. Moreover, by the second-order
necessary optimality condition, V20(Z) = 0, which is equivalent to the condition
that Z;:l (SjAj + Z:il )\ZQ,L > 0.

The converse implication follows from the same line of arguments as in Theorem
3.1 (i) as Y07 0; A5+ 31 \i@Q; = 0 if and only if 377, 0;(x" Ajz +afx+5;) +
S Ai(@T Qi + cf'x + o) is an SOS-convex polynomial. O

Now consider again the quadratic polynomial optimization problem:

(QP;) Minimize 27 Qoz + 'z + ag
subject to z7Qux +clr+0a; £0, i=1,...,m,
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and its dual problem

2(Qo + >-10 MiQs) co+ ity NG ) }
D : == =1 0.
(QD:) ueig,lggo {'u ( (co+ Zi:l Aici)T 2(ap + Zi:l Ao — ) ) T

As a consequence of Theorem 3.4, we obtain the following characterization of
strong duality for quadratic programs. A related result for the model (QP;)
was given in [3] under the Slater condition.

Corollary 3.5. For the problem (QP1), let Q; be (nxn) symmetric matrices for
i=0,...,m. Let argmin(QPy) be non-empty. Then, min (QP;) = max (QDy)
if and only if at each minimizer of (QP1) the Kuhn-Tucker condition holds with
N >0,i=1,2,....m and Qo+ > i, NQ; = 0.

Proof. The conclusion follows from Theorem 3.4 by letting r = 1. [

4. Strong Duality for Classes of Nonlinear Programs

In this Section we derive SDP dual problems for classes of nonlinear program-
ming problems involving p-SOS-convex polynomials. We begin with fractional
programming problems.

Fractional Programs

Now, consider the following fractional programming problem

(FP) inf p(z)

z€R™ q(l’)

st. gi(x) 20, i=1,...,m,

where p, ¢ and g;, for i = 1,...,m, are real polynomials on R", and p(z) = 0, and
q(z) > 0 over the feasible set. Let K :={z € R" | g;(x) £0, i=1,...,m} # 0.

Let z* € K be an optimal solution of (FP) and let pu* = zgi; Then z* is an
optimal solution of the following optimization problem:

inf {p(z) — pq(z)}

z€R™
st. g(x) 20, i=1,...,m.

Thus if the Mangasarian-Fromovitz constraint qualification holds for (FP) holds,
that is, there exists d € R™ such that Vg;(z*)'d < 0 (i € I(x*)), where
I(z*) = {i: g;(z*) = 0}, then

0= Vp(z*) + Z AiVgi(z*) — 1" Vq(z") (9)

for some A € R™ with \;jg;(z*) =0 for all i = 1,...,m.
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We associate with (FP) the following SDP dual problem

(FD)  sup {M:p+ZAigi—uq€E§}7

XERT, peR P

where d is the smallest even number such that d = max{degp,degy,
maX;e{1,...,m} deggi}-

Theorem 4.1. Let p, q and g; be p,-SOS-convex, BO-SOS—conve:c and p;-SOS-
convez polynomials respectively for each i = 1,...,m. Assume that K := {z €
R™ : gi(z) < 0,a = 1,...,m} # 0. Let * € K at which the Kuhn-Tucker

condition (9) holds with multiplier A € R™ and p* = ZE::*; If Do+ D0 Nipi —

= max (FD).

p(z*)
q(z*)

pp, =0, then z* is a minimizer of (FP) and

Proof. Let z* € K be an optimal solution of (FP) at which the Kuhn-Tucker

condition (9) holds with multiplier A € R™ and u* = zgz; Let h(z) = p(z) +

P Nigi(x) — prq(z), x € R". Then Vh(z*) = 0 and h(z*) = 0. Since h is
(Po + 2oy Aipi — 11 p,)-SOS-convex and py + >0 Aips — p*py 2 0, h is a SOS-
convex polynomial. Hence, it follows from Lemma 2.5 that h € ¥2. So, (A, u*)
is a feasible point of (FD) and hence p* < sup (FD). Hence, we conclude that
x* is a minimizer of (FP) and min (FP) = max (FD) as the opposite inequality
always holds. ]

Robust Optimization Problems

In this subsection, we show how our Theorem 3.1 can be used to derive SDP dual
problems for optimization problems (P) in the face of data uncertainty. The
problem (P) in the face of data uncertainty in the constraints can be captured
by the following nonlinear programming problem:

(UP) min f(z)

st gi(r,v;) 20, i=1,...,m,

where v; is an uncertain parameter and v; € V; for some convex compact set V;
in R? and g; : R" x R? — R is a function such that for each fixed v; € V;, g; (-, v;)
is a polynomial.

We only consider the simple case of finite uncertainty, where V; = {v},... v’

for any ¢ € {1,...,m}. Then, the robust counterpart of (UP) takes the form

(RP) min{f(z):¢/(z,v]) <0, j=1,...,8, i=1,...,m},

z€ER™

where the uncertain constraints are enforced for every possible value of the
parameters within their prescribed uncertainty sets V;, i =1,...,m.
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The SDP dual problem for (UP) is given by

(DP)  sup {u f+ZZAJ : ueEd}

M >0,ueR =1 j=1

where d is the smallest even number such that d > ky = max;<j<m1<j<s;{degf,
Theorem 4.2. Let f be po-SOS-conver polynomial and for each vl €V, gl (-, v))
be pl-SOS-convex polynomial. Let F = {z € R" | ¢/(-,v)) £0, i=1,-,m, j =
1,2,...,8} #0. Assume that x* € F at which the Kuhn-Tucker condition holds
with multipliers X, i =1,2,...,m, j =1,2,..., ;. Ifpo+> 0 >0, Nipl 20,
then min (UP) = max (DP).

Proof. The conclusion follows using the same line of arguments as in Theorem
3.1. O

Related duality results for robust SOS-convex problems under various classes of
uncertainty sets, such as the ellipsoidal uncertainty sets and norm uncertainty
sets, can be found in [18, 19, 20].

5. A Class of Extended Trust-Region Problems

Although the Lagrangian conditions for strong duality in Sections 3 are easy
to check for quadratic optimization problems, it would be useful, in practice,
to know whether or not these conditions can be guaranteed for some classes of
quadratic problems under suitable conditions. To examine this, let us consider
the extended trust-region problem with linear inequality constraints

(QT) m1n{wTAx+a v =2l <, bz < Bii=2,...,m},
z€R

where A is a symmetric (n X n) matrix, a,b;, 7o € R" and «,; € R,a > 0,
i = 2,...,m. This extended trust-region model was examined recently in [16]
and they arise from the application of the trust region method for solving con-
strained optimization problems [11], such as nonlinear programming problems
with linear inequality constraints, nonlinear optimization problems with dis-
crete variables [9] and robust optimization problems [7] under matrix norm or
polyhedral uncertainty.

Our SDP relaxation problem for (QT) becomes

(DQT) sup

MER,)\Z'ZO

o\ (@ =200 + zm AT 20 |l wol2 = Ma = ST NG —p) ) S
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Recently, the problem (QT) was examined in [16] where a sufficient condition
was given for the equality between the values of (QT) and a related SDP re-
laxation problem that was formulated as a rank one relaxation problem. In the
following we obtain a necessary and sufficient condition for the equality between
the values (QT) and its dual problem (DQT) with attainment of their optimal
values.

Let fo(z) = 2T Az+a"x, g1(z) = ||x—z0||*—and g;(z) = bl z—f;,i = 2,...,m.
Define

U(fo,g1, s >gm) = {(f0($)7gl(x)v s 7gm(x)) NS Rn} +RT+1'

As seen in [15, 16], the epigraphical set U(fo, g1, - - -, gm) Plays a key role in the
study of the model problem (QT). Clearly, if A = 0, then the set U(fo, 91, - -, gm)

1S convex.

The set U(fo, g1,---,9m) has been shown to be a convex set for some (not nec-
essarily convex) quadratic functions f. For instance, if g; = 0, for i = 2... ,m,
then U(fy, 1) is always a convex set (see [23]). Note also that if the joint-range
set {(fo(z),q91(x),...,gm(x)) : x € R"} is convex then U(fo, g1,...,9m) is also
convex. For sufficient conditions for convexity of the joint-range set involving
quadratic functions, see [5, 6]. Sufficient conditions using Z-matrices for con-
vexity of the epigraphical set of the form U(fi, fo, ..., fm), involving quadratic
functions f;,i = 1,2,...,m,, may also be found in [15].

More recently, the following sufficient condition for convexity of U( fo, g1, - - -, Gm)
was given under the dimension condition that

dim Ker(A — ymin(A)L,) = s + 1,

where dimspan{bs,...,b,} = s. Recall that the kernel of A is denoted by
Ker(A) := {d € R" : Ad = 0}. The dimension of a subspace, L, is denoted by
dim L.

Lemma 5.1 (Theorem 2.1 in [16]). Let fo(z) = 2T Ax + o’z +r, gi(z) =
|z — 20l — a and g;(x) = blx — G5, i = 2,...,m. Let A be a symmetric (n x n)
matriz, a, o, b; € R" and r, a, B; € R. Let dimspan{bs,...,b,} =s. Assume
that

dim Ker(A — ymin(A)L,) = s + 1. (10)

Then U(f07glv"'7gm) = {(fO(x)vgl(x)vvgm(x)) BN ANS Rn} +RT+1 is a
convex set in RTH.

The example below shows that the dimension condition may fail for a non-convex
quadratic program while the set U(fy, 1, -, gm) is convex.

Example 5.2. Consider the extended trust-region problem (QTy):
(QTy) Minimize —z? — 2y
s.t. (z1+3)2+ 22 <1,
T2 é 0.
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Let f(56’1,962) = —1’% — T, 91(%,362) = (351 + 3)2 + SU% — 1 and 92(1'1,1'2) = T2.

Then
Jo(wy,22) = (21, 22) <_01 8) (2) +(0,-1) (2) )

n(ar,z2) = o)~ (3O -1 and - gafonaz) = 0.0 (7).
Let A=(3'9),a=(2%),20=(3),a=1,b=(9) and 5, =0.
Since dim span{b; } = 1 and dimKer(A —vmin(A)L2) = 1, dimKer(A — vmin(A) I2)
< 2, and hence the dimension condition fails.

However, it is worth noting that the related convex minimization problem

min  {f(z1,22) — (=1)[[(21, 22) = (=3,0)[|* : ga (21, 22) S 7, go(1,22) < 52}

(z1,22)€R?

attains its minimum on the ball (z; 4+ 3)* + 73 = 1 + 7 with Ty < sy, for each
(r,s) € D :={(u,v) € R? : g1(x1,72) < u, go(z1,72) < v} as shown in Example
5.5 below.

This prompts us to give the following more general sufficient condition for con-
vexity of the set U(fo, 91, -, Gm)-

Lemma 5.3 (Epigraphical convexity in extended trust-region prob-

lems). Let f:R"™ — R be a po-SOS-convexr polynomial, xg € R", a € R and

g1(x) = ||z — 20| — . Let gi(x), i =2,...,m be convex functions. Assume that

D :={(r,s9,...,8m) | g1(x) =7, gi(z) = s;, i =2,...,m, forsomex € R"} #

0. If for each (1, S2,...,8n) € D, the (SOS-) convex minimization problem
fellgg{f(@ — pollz — ol - gu(x) 7, gilw) S 55, 1 =2,...,m}

attains its minimum at some T € R™ with g1(z) = r and ¢;(Z) < s;, 1 =2,...,m,

then U(f7 g1, - -- 7gm) = {(f<$>7gl(x)7 s ,gm<l’)) SRS Rn} + RT—H is a conver
set in R™*,

Proof. If py = 0, then f is convex and hence U(f, g1, ..., gm) is convex. Assume
that py < 0. Define an optimal value function i : R™*! — R U {400} by

h(r,sa,...,Sm)
- Mo — e 12 Y <
min{ /(@) : o = ol —a <
= gi(x) S s, i=2,....m}, (r,82,...,8,) €D

400, otherwise.

We can easily check that the set D is convex and that the set U(f,g1,...,gm)
is the same as the epigraph of the function h. Let (7, sa, ..., 8;,) € D. Then by
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assumption, there exists z € R” such that ¢1(z) = r, ¢;(z) < s, 0 = 2,...,m
and
ilgli@{f(x) — pollz = zol*: lz —zol* —a S 7, gi(x) S 55, i =2,...,m}

= [(&) — pola+ ).
Moreover, we have,

h(r,s2,. .., Sm)

= min{f(z) — pollz — zo[* + pollz — wo|* : [l — o> —a = 7,
TeR™

gi(r) < s, i=2,...,m}

gkﬁ{f@) — poll = ol + pola +7) : ||z — wo|* —a =7,

1\

gi(x) < s, i=2,...,m}
= (%) = pola+7) + po(a +7)
= f(@)

= h(r,s2,...,8m).

Hence h(r, s, . . ., 8m) = Mingern{ f(x) — po|lx — 0>+ pola+7) : ||z —20||> — <
r, gi(z) £ s, 1 =2,...,m}. For any z € R", f(z) — pollz — zo||* + po(a + 1) =
7@) pollallP—2p08 5~ polzolP+po(a-+r). Since £ is po-SOS-convex, f—poll-|?
is convex and hence f(x) — pollz — xo||* + po(a + 7) is also convex. Hence, the
function A is convex (see Lemma 1 in [12]) and then the epigraph of h is convex
in R™™ and so U(f, g1, .., 9m) is convex in R™*L, O

It is worth noting that it is easy to show that if f is a quadratic function then
the dimension condition (10) guarantees our hypothesis of Lemma 5.3.

We now establish a necessary and sufficient condition for strong duality of ex-
tended trust-region problems, extending recent work in [5, 16].

Theorem 5.4 (Extended trust-region problems: optimality and dual-
ity). For the problem (QT), A be a symmetric (n X n) matriz, a,b;, o € R
anda, B € Roa > 0,1 =2,....,m. Let f(z) = 2T Az+a"z, g1(z) = ||z—20|]*—a
and let g;(x) = bz —B;,i=2,...,m. Assume that U(f, g1,...,gm) is a convex
set and that there exists T € R™ with |7 — xo|> < a and bIT < 3, i=1,...,m.
Then the following statements are equivalent:
(i) The feasible point x* is a minimizer of (QT);
(i) The point x* is a feasible point of (QT) such that there exists (A,..., \5) €
R™ satisfying
2A* + a + 2N\ (x* — x0) + Dy Aib; =0,
)\T(”iL'* - xOHQ - Oé) = 07 )‘Z(b’ir t = 61) = 072 = 27 cee, MM (11)
A+ NI, = 0;
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(@ii) The point x* is a feasible point of (QT), min (QT) = max (DQT) and
(A, f(2z*)) is a mazimizer of (DQT).

Proof. [(i) = (ii)] Assume that z* is a global minimizer of (P). Then, the
following inequality system has no solution:

gi(x) 20, i=1,....m, f(z) < f(x¥).
So, (f(z*),0) ¢ intU(f,g1,--.,9m), where

intU(f, g1, 9m) = {(f(2),01(x), ..., gm(x)) : © € R"} + int RTT

is a convex set, where int A is the interior of a set A in R", as f and g; are all
continuous functions and

U(f 91, 9m) = {(f(2), 1(x), ..., gm(2)) : © € R"} + R

is a convex set, by assumption.

Now, by the convex separation theorem, there exists (i, 15, . . ., 1) € RTT1\ {0}
such that, for all x € R",

Ho(F (@) = F(@) + D wigile) 2 0.
i=1
The strict feasibility assumption guarantees that yuf; # 0. So, for each z € R,
F@)+> Ngilz) = f(a7).
i=1

where \f = Z—O, i = 1,...,m. Letting = = z*, we see that > " \g;(z*) >
0. Since z* is feasible for (P), it follows that Ajg(z*) = 0, i« = 1,...,m.
Let h(z) = f(x) + >0, Afgi(z) — f(z*). Then, z* is a global minimizer of
h, and so, Vh(z*) = 0 and V?h(z*) = 0. Now, Vh(z*) = 0 give us that
V() + 37", AiVgi(z*) = 0. On the other hand, V?h(z*) = 0 is equivalent
to the condition that A + A7I, > 0. Hence (i¢) holds.

[(1) = (7i7)] This implication directly follows from statement (iii) of Theorem

3.1.
[(i13) = (i)] As x* is a feasible point of (QT), it now follows from (iii) that
min (QT) = max (QDT) = f(x*). Hence, x* is a global minimizer of (QT). O

Example 5.5 (Extended trust-region with strong duality). Consider again
the extended trust-region problem, examined in Example 5.2

(QTy) Minimize —? — xy
s.t. (r1 4+ 3)? + 235 < 1,
T2 § 0.
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Let f(171,£132) = —1’% — T, 91(%7562) = (351 + 3)2 + 35% — 1 and 92(1'1,362) = T2.

Then
v = ) (3 0) (32) + 00 ().

gi(an,2) = [|(era2) — (<3,0)7—1 and  go(wr,as) = (0, 1) () .

X2

Let A=(3'9),a=(2%),20=(3),a=1,b=(9) and 5, = 0.
It is clear that f is (—1)-SOS-convex.

Now we show that U(f,gi,g2) is a convex set. Let D = {(r,sy) € R? :
g1(x1,29) S 1, gox1, 22) < 89} and let (r, s2) € D be any fixed vector. Consider
the convex minimization problem:

min_ {f(z1,22) — (=1)[[(z1,22) — (=3,0)[]” : g1 (w1, 22) £ 7, ga(1,22) < 50}

(z1,22)€R?
Since its feasible set is compact, the minimization problem has its minimizer

(T1,Z2) € R?. By Fritz-John necessary optimality theorem in [22], there exist
Ao =0, A1 =2 0and Ay 2 0, not all zero, such that

) (50

M +3)?+75—1—1r)=0, (13)
Ao(Zy — 53) = 0, (14)
(Z1+3)°+75 <1+, (15)

Ty < 9. (16)

If (7, +3)2+75—1—7r <0, from (13), Ay = 0 and so from (12), Ay = 0,
and so from (12), Ay = 0, and consequently, (Ag, A1, A2) = (0,0,0). This is a
contradiction. Hence (Z; +3)? + 73 = 1+ 7 and Ty < o, that is , ¢1(Z1,Z2) =7
and go(T1,T9) = so. Hence by Lemma 5.3, U(f, g1, g2) is a convex set in R3.
For any feasible point (z1,xs) of (QTo), f(z1,79) = —a? = —16, and hence
x* = (xf,23) = (—4,0) is an optimal solution of (QTy). Let \j =4 and A} = 1.
Then

zg;:g;zfiﬁlzﬁﬁ S(@-@) 0

Ml2" = @ol* —a) =0, Naj =0,
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and

A+ NI, = (g 2) = 0.

The SDP dual problem (QTg) becomes

2A + 2)\1]2 a — 2)\1130 + )\le
: > .
(DQTo) IRt ((a — Dz + eb)T 200 laoll? = ey — 1)) =0
21202220

Thus (DQTy) is

sup  Q p: 0 2\ =1 | =0
A@’Efigo 6\ Ao —1 18X\ —2u

Since sup (DQTo) = sup  ,ex {0 : [+ g1+ Aogo — pu € X2}, f(at,23) =

A1Z0,2220

sup (DQTy). Let u* = f(a},23) = —16. Then we can check that

N =2 0 6]
0 2N: AN—1 | =0
6A7 A5 —1 18X —2u°

and hence (A}, A\;,n*) is a maximizer of (DQTy) and so, min(QTy) =
max (DQTy). Hence, Theorem 5.4 holds.

6. Conclusion and Further Research

In this paper we used the generalized notion of SOS-convexity, called p-SOS-
convexity, to obtain strong duality results for classes of non-convex polynomial
optimization problems. As a result, we were able to provide necessary as well as
sufficient conditions for strong duality of quadratic optimization problems. The
approach in the present work suggests that our strong duality results may extend
to minimax trust-region problems with linear inequalities under an appropriate
condition such as an extended dimension condition of the form in (10). This
will permit one to study trust-region problems in the face of data uncertainty by
way of examining robust counterparts [7, 16, 18, 20] of the uncertain problems
as they are often formulated as minimax optimization problems.

On the other hand, our notion of p-SOS-convexity can also be further extended
in the sense that a real polynomial p(x) of even degree d on R™ is p-SOS-convex if
and only if p(z) — p(3_1_, 22)¥? is SOS-convex for some p € R. This notion may
allow us to treat a broader class of non-convex optimization problems involving
higher degree polynomials than the class of non-convex quadratic optimization
problems. They will be examined in a forthcoming study.
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