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1. Introduction

Nonsmooth optimization problems appear frequently in practical applications
such as economics, mechanics, and control theory. There are several methods
for solving nonsmooth optimization problems, and they can be divided into two
main groups: subgradient methods and bundle methods. We want to mention
the latter ones because of their proven efficiency in solving relevant problems.
Bundle methods were first introduced by Lemaréchal [12] and have been de-
veloped over the years based on subsequent works of Kiwiel [9], Lemaréchal,
Nemirovskii, and Nesterov [13]. The main idea of bundle methods is to estimate
the Clarke subdifferential [3] of the objective function by accumulating subgra-
dients from past iterations into a bundle, and then to generate a trial step by a
quadratic tangent program using information stored in the bundle.

Extending Lemaréchal’s algorithm to the nonconvex case, Mifflin [16] gives a
bundle algorithm using the so-called downshift mechanism for the nonsmooth
minimization problem

minimize  f(x)

subject to h(x) <0

where f and h are real-valued locally Lipschitz but potentially nonconvex func-
tions on R™. Subsequently, Mékeld and Neittaanméaki [14] present a proximal
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bundle method for the above problem adding linear constraints. This method
uses the improvement function

F(y,r) = max{f(y) — f(z),h(y)}

for the handling of the constraints. While these works use a line search proce-
dure which admits only weak convergence certificates in the sense that at least
one of the accumulation points of the sequence of serious iterates is critical,
we are interested in using a nonconvex bundle technique along with a suitable
backtracking strategy. This brings to stronger convergence certificates, where
every accumulation point of the sequence of serious iterates is critical. Recently,
Gabarrou, Alazard and Noll [7] showed a strong convergence for the case where
f and h are lower-C"! functions in the sense of [23, 22]. However, a convergence
proof for upper-C! functions still remains open.

In present framework we consider a more general constrained optimization prob-
lem of the form
minimize  f(x)
subject to h(z) <0 (1)
reC

where f and h are real-valued locally Lipschitz but potentially nonsmooth and
nonconvex functions, and where C is a closed convex set of R™. For solving this
problem, we propose a nonconvex bundle method based on downshifted tangents
and a proximity control management mechanism, in which a strong convergence
certificate is valid for both classes of lower-C'' and upper-C* functions. Our work
follows a classical line of bundling techniques [12, 9, 13, 19, 17|, and develops
the optimization method for constrained problems presented in [16, 14]. Instead
of using the improvement function to deal with the presence of constraints, we
address problem (1) through a progress function, which is motivated by an idea
for smooth problems in [21] and was successfully extended to nonsmooth cases
in [1, 7]. We slightly refine some elements of the bundle method, such as the
exactness plane, the cutting plane and the management of the proximity control
parameter in order to offer several advantages over previous methods.

The motivation of this paper relies on the fact that many application problems
are addressed by minimizing lower-C! functions. For instance, some problems
in the context of automatic control are quite successfully solved in [19, 17, 18,
7, 5] by applying optimization techniques of bundle type to lower-C* functions.
In particular, the problem of maximizing the memory of a system [5] can be
reformulated as minimizing upper-C! functions.

The rest of the paper is organized as follows. Sections 2-5 present elements of
the proximity control algorithm. In Section 6 we introduce a theoretical tool in
the convergence proof which is referred to as the upper envelope model. Some
preparatory information on semismooth, lower-C' and upper-C! functions is
given in Section 7. The central Sections 8, 9 prove global convergence of the
algorithm.
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2. Progress function

Following an idea of Polak in [21, Section 2.2.2], to solve problem (1) we use the
progress function

F(y,x) = max{f(y) — f(x) — ph(x)1, h(y) = h(x)1},

with ¢ > 0 a fixed parameter and h(x); = max{h(x),0}. Here x represents the
current iterate, and y is the next iterate or a candidate for the next iterate.

Let Of(z) denote the Clarke subdifferential of f at z. For functions of two
variables, the notation 0; stands for the Clarke subdifferential with respect to
the first variable. We first remark that F(z,xz) = 0. Moreover, F'(-,x) is also
locally Lipschitz, and by [4, Proposition 2.3.12] (see also [2, Proposition 9]),

O F(z,x)=0f(x) if h(xz) <0,
O1F(x,xz) C conv{0f(x) UOh(z)} if h(xz) =0, (2)
O1F(x,xz) = Oh(x) if h(z) >0,

where conv signifies convex hull, and where equality holds if f and A are regular
at x in the sense of Clarke [3]. Recall that the indicator function of a convex set

C C R" defined by
io(z) = 0 if x € C,
e 400  otherwise,

we have ic(+) is a convex function, and dic(x) is the normal cone to C at x,
Ne(x)={g€R":g"(y—2) <0 forall y € C},

if x € C, and the empty set otherwise. It is worth to notice that if C is a
polyhedral set having the form

C={rcR":a/z<b,i=1,...,m},
where a; and b; are respectively given vectors and scalars, then
dic(z) = Ne(z) = {har + - + A 2 N = 0,0 = 0 if o] 2 < b;}
for all x € C (see [22, Theorem 6.46]). Motivated by [1, Lemma 5.1] and [2,

Theorem 1], we now establish the following result.

Lemma 2.1. Let f and h be locally Lipschitz functions, then the following state-
ments hold.

(i) If z* is a local minimum of problem (1), it is also a local minimum of
F(-,x*) on C, and then 0 € 0, F (a*, x*) 4+ Oic(x*). Furthermore, if x* is
an F. John critical point of (1) then 0 € O\ F(x*,x*) 4 Oic(x*) in the case
where f and h are regular at x*.
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(1) Conversely, if 0 € 01F(z*,2*) + Jic(x*) for some x* € C then only one
of the following situations occurs.
(a) h(xz*) > 0, in which case x* is a critical point of h, called a critical
point of constraint violation.
(b) h(z*) < 0, in which case x* is an F. John critical point of (1). In
addition, we have either h(z*) =0 and 0 € Oh(z*) + Jic(x*), or x* is
a Karush—Kuhn—Tucker point of (1).

Proof. (i) Let z* be a local minimum of problem (1), then h(z*) < 0,z € C,
which gives h(z*); = 0, and so

Fy, ") = max{f(y) — f(=*), h(y)}.

Moreover, there exists a neighborhood U of z* such that f(y) > f(2*) for all
y € U N C satisfying h(y) < 0. We will show that F(y,z*) > F(z*, z*) for all
y € UNC. Indeed, if h(y) > 0 then

F(y,z%) 2 h(y) > 0 = F(27,2%).
If h(y) < 0 then f(y) > f(«*), and therefore
Fly,«) = f(y) = f(&") 2 0 = F(z", 2%).

This means that z* is a local minimum of F(-,2*) on C, which implies 0 €
O F(z*, %) + Oic(z¥).

Now assume that z* is an F. John critical point of (1), i.e., there exist constants
Ao, A1 such that

0 € MOf(z") + MOh(z") 4 Oic(z"),
)\0207 >\1 207 >\0+>\1 = 17
Then if h(z*) < 0, we have \; = 0, A\g = 1, and by using (2), 0, F(z*,2*) =

Jf(z*), which implies 0 € Oy F'(z*, 2*) 4+ Oic(x*). In the case where f and h are
regular at z*, if h(z*) = 0 then 0, F(z*, 2*) = conv{df(z*) U Oh(x*)}, and thus

0 € N0f(z") + MOh(z™) + Jic(z*) C 01 F(z*,2*) + dic(z").

(73) Suppose that 0 € O F'(z*, 2*) + dic(z*) for some z* € C. Then by (2), there
exist constants \g, A\; such that

0e /\Oaf(x*) + Alah(l’*) + aZc(ZL’*),
Mo =0 A >0, Ao+ A = 1.

If h(z*) > 0 then 0, F(z*,2*) = Oh(x*), and so 0 € Oh(z*) + dic(z*), that is, z*
is a critical point of h.
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If h(z*) < 0 then O F(z*,2*) = Of(«*), which gives A; = 0, and therefore x* is
a Karush-Kuhn-Tucker point and also an F. John critical point of (1).

In the case of h(z*) = 0, we see immediately that z* is an F. John critical point
of (1). If z* fails to be a Karush-Kuhn-Tucker point then A\g = 0 and we get
0 € Oh(x*) 4+ Oic(x*). The lemma is proved completely. ]

3. Tangent program and acceptance test

In accordance with Lemma 2.1, it is reasonable to seek for points x* satisfying
0 € 01 F(z*,2%) 4+ dic(x*). We present our nonconvex bundle method for finding
solutions of problem (1), which generates a sequence 27 of estimates converging
to a solution z* in the sense of subsequences.

Denote the current iterate of the outer loop by z, or 27 if the outer loop counter
J is used. When a new iterate of the outer loop is found, it will be denoted
by a, or /T, At the current iterate x, we build first-order working models
¢k (-, z), which approximate F(-,x) in a neighborhood of z. These working
models are updated iteratively during the inner loop, and have to satisfy the
following properties for every k:

¢r(+, ) is convex;

o ¢p(z,x) = F(x,z) =0 and 01¢x(z,x) C O F(z, ).

The latter is valid when the so-called eractness plane mo(-,z) = g(x)" (- — z)
with g(x) € 01 F(x,x) is an affine minorant of ¢ (-, ). Note that due to (2) we
can choose g(z) € 0f(x) if h(z) <0, and g(z) € Oh(zx) if h(z) > 0.

Once the first-order working model ¢ (-, ) has been decided on, we define an
associated second-order working model

D) = el 2) + 5~ ) QU — ),

where Q(z) is a symmetric matrix depending only on the current iterate . Now
we find a new trial step y* via the tangent program

minimize Py (y, ) + ||y — x| 3)
subject to y € C

where 7, > 0 is called the prozimity control parameter. Note that this program
is strictly convex and has a unique solution as soon as we assure Q(z)+ 7,1 > 0.

In the sequel, we write 01(¢(y,z) + ic(y)) for the Clarke subdifferential of
o(y, x)+ic(y) with respect to the first variable at y. Let us note that 0, (¢(y, x)+
ic(y)) C 019(y,x) + dic(y), and that equality need not hold. The necessary
optimality condition for tangent program (3) gives

0 € n(dr(y" ) +ic(y") + (Qx) + D) (y" — ).
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Therefore, if y* = z then 0 € 9,¢y(z, ) + dic(x), and so 0 € & F(x, ) + dic(z)
due to the fact that 01¢x(x,x) C O1F(x,z). The consequence of this argument
is that once 0 & 0, F (z, x) + dic(z), the trial step y* will always bring something
new. From this time forth we suppose that 0 & 0, F(z, z)+dic(z). Then y* # z,
and since y* is the optimal solution of program (3), we have @y (y*, z) + Z||y* —
z||? < ®p(z, x), which gives ®p(y*, ) < ®p(z,2) = 0. In other words, there is
always a progress predicted by the working model @ (-, z), unless x is already a
critical point of (1) in the sense that 0 € 01 F(x, z) + Odic(x).

Following standard terminology, y* is called a serious step if it is accepted as the
new iterate, and a null step otherwise. In order to decide whether y* is accepted
or not, we compute the test quotient

F(y*, z)

Pk =5
(I)k<yk7 .’ﬂ)

which measures the agreement between F(-,x) and ®,(-, z) at y*. If the current
model ®, represents F' precisely at y*, it is awaited that p, ~ 1. Fixing a
constant 0 < v < 1, we accept the trial step 3* already as the new serious step
a7t if p, > . Here the inner loop ends. Otherwise 3" is rejected and the inner
loop continues.

Remark 3.1. The algorithm assures that z* € C, F(z%,z) < 0 and h(z™") <
h(x)y. Additionally, if the current iterate x is feasible, then the serious step ="
is strictly feasible and f(z) < f(x), otherwise, h(z™) < h(x). Indeed, assume
that the serious step z* is accepted at inner loop counter k, which means z+ =
y* € C with pp = v > 0. This combined with ®,(y*, ) < 0 gives F(z™,z) < 0,
and so h(xt) < h(z), using the fact that h(zt) — h(z)y < F(at,x). If x is
feasible, then F(z*,z) = max{f(z%) — f(z),h(z")} < 0, which implies that
f(z™) < f(x) and h(xt) < 0. Otherwise, h(z") < h(z)y = h(z), and in this
case, a slight increase of f might occur but not exceeding ph(z). This helps our
approach to avoid being trapped at an infeasible local minima of f alone, which
is a possible advantage.

4. Working model update

Suppose that y* is a null step, we will improve the next model ¢y (-, ). Notice
that the exactness plane is always kept in first-order working models. To make
Gr41(+, x) better than ¢y (-, z), we need two more elements, referred to as cutting
and aggregate planes. Let us first look at the cutting plane generation.

The cutting plane my(-, z) is a basic element in bundle methods which cuts away
the unsuccessful trial step y*. The idea is to construct my (-, z) in the way that
y* is no longer solution of the new tangent program as soon as my(-,z) is an
affine minorant of ¢y, (-, ). For each subgradient g, € 9;F(y*, x), the tangent
te(:) = F(y*,2) + g (- — y¥) to F(-,x) at y* is used as a cutting plane in the
case where F'(-, x) is convex. Without convexity, tangent planes may be useless,
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and a substitute has to be found. We exploit a mechanism first described in
[16], which consists in shifting the tangent down until it becomes useful for
¢r+1(+, ). Fixing a parameter ¢ > 0 once and for all, we define the downshift as
sk = [te(z) + c||y® — x||?]4, and introduce the cutting plane

my (-, ) = ti(-) — sk = ar + gy (- — ),
with a, = mg(x,2) = t1(z) — sp = min{tx(z), —c||y* — z||*}. Note that since
Yyt #wap < —clly* —z* <0.

Remark 4.1. Let ¢p1(-, ) = max{m;(-,x) : i = 0,...,k}, then ¢p41(-, z) is
convex, and ¢pi1(x,x) = F(x,x2) = 0, O1¢g11(z,x) C 01 F(x,z). Indeed, since
Gr+1(+, ) is a maximum of affine planes, and m;(z,z) = a; < 0 = mg(x,x) for
i > 1, we get convexity of ¢py1(-,2), and also ¢pi1(z,x) = 0, O1¢p1(x, x) =
omo(x,z) ={g(x)} C 01 F(z,x).

Next we see that the optimality condition for (3) can be written as
(Q(.T) + Tk])(x - yk> = g;’c< + hl:7 for g]: € al¢k<yk7x)a hlt S aZC(yk) (4)

If ¢p(-,x) = max{m;(-,z) : i = 0,...,r} then there exist Ao, ..., A, being non-
negative and summing up to 1 such that

Ge=>_ Mg o(yFx) =) Ama(y", @),
=0 1=0

We call g; the aggregate subgradient as traditional, and build the aggregate plane
mi(a) = ai + g (- —2)

with af = Y7o Mia; = ¢r(v*, ) + g; " (x — y*). Then ¢p(v*, z) = mi(y*, z) <
dr+1(yF, ) if we require that mj(-,z) is an affine minorant of ¢y (-, z) at y*.
To avoid overflow, when generating the new working model ¢511(+, z), we may
replace all older planes corresponding to A; > 0 by the aggregate plane. This
construction follows the original lines as proposed in [9]. It does not change
neither the conclusion of Remark 4.1, nor the definition of aggregate planes.

Remark 4.2. Typically, the new working model ¢y (-, z) can be given by

¢k+l('7 m) = maX{mO('? m)v mk<'> ‘7:)’ mZ(a 'T)}a

which satisfies the required properties of a first-order working model.

As we pass from z to a new serious step ™, the planes m(-, z) = a+g¢g' (-—z) from
previous serious steps may become useless at zt since we have no guarantee that
m(zT,z) < F(at,2%) = 0. But we can recycle the old planes by using again
the downshift mechanism as

m('aer) = m(,x) - S+7 S+ = [m(w*,x) + CH‘T+ - ‘TH2]+'

For more details, we refer to [17].
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5. Proximity control management

The management of the proximity control parameter 75, is a major difference
between the convex and nonconvex bundle methods. In the convex case, the
proximity control can remain unchanged during the inner loop. In the absence of
convexity, the parameter 7, has to follow certain basic rules to assure convergence
of the algorithm. The central rule which we have to respect is that during the
inner loop, the parameter may only increase infinitely often due to the strong
discrepancy between the current working model ¢, and the best possible working
model. Assuming the trial step y* is a null step, as a means to decide when to
increase 7 or not, we compute the secondary control parameter

~ Mk<ykax)
Pk —CDk(y’“, z)’
where My (-, z) = max{my(-,z), my(-,2)} + (- — )" Q(x)(- — z) with my(-,z)
the exactness plane at the current iterate x, and my(-, ) the cutting plane at
x and y*. If p, ~ 1 which indicates that little to no progress is achieved by
adding the cutting plane, the proximity parameter must be increased to force
smaller steps. In the case where g is too far from 1, we hope that the situation
will be improved without having to increase the proximity parameter. Fixing
parameters 7 and 6 with 0 < v < ¥ < 1 < 6 < 400, we make the following
decision

Tk if ﬁk < 5/7

Te+1 = o~ ~

o Ot if pp 2 7.
Let us next consider the management of the proximity parameter between serious
steps v — at, respectively, 27 — 2771, To do this we use a memory element Tf,
which is computed as soon as a serious step is made. Suppose that the serious
step 271! is achieved at inner loop counter k;, that is 7+ = y% with Pk, = -

We consider the test
F(yks ad) 2

Pk; = (—kj) =T,

(I)kj (y 7T )

where 0 < v < T" < 1 is fixed throughout. If p;;, < I' then we memorize the

last parameter used, that means T}j 11 = Tg;- On the other hand, if pp, > T
then we may trust the model and store 7'? = 0*17',%. < gy At the first

inner loop of the jth outer loop, the memory element Tf serves to initialize

T = maX{T}j, —Amin(Q;) + £} or 1 =T > g+ Kk with A\yin(-) the minimum
eigenvalue of a symmetric matrix, and 0 < x < 1 fixed, which assures always
that @); + 7,1 > 0 during the jth outer loop.

Figure 5.1 shows a flowchart of the algorithm, while the detailed statement is
presented as Algorithm 5.1.
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NTTURT 1 _t
start—— untla'hze rhm outer loop
put j =1
E—
g lize Q k=1 -
PE— initialize Q;, 7, put k = .
Ji=i4t | [ initialize working model s ez
yes

no |
pe =T —> T_?H =Tk tangent program k=k+1

yes
recycle planes |‘_| It =P ‘J— @ Tht1 = 0T Th+1 = Tk
| no

IS
yes
| cutting and aggregate plane o
update working model

Figure 5.1: Flowchart of proximity control algorithm. Inner loop is shown in
the lower right box

Algorithm 5.1. Proximity control algorithm with downshifted tangents.

Parameters: 0 < 7 <7< 1,0<vy<I'< 1,1 <0< 400,0< kK1,
0<g<+00,qg+Kr<T < +o00.

> Step 1 (Outer loop initialization). Choose initial guess 2! € C, fix

memory control parameter 77, and put outer loop counter j = 1.

o Step 2 (Stopping test). At outer loop counter j, stop the algorithm if
0 € 01F(27,27) + dic(2?). Otherwise, take a symmetric matrix @; respecting
—ql X @Q; X ql, and goto inner loop.

> Step 3 (Inner loop initialization). Put inner loop counter £ = 1 and
initialize control parameter 7 = HlaX{T}i, —Amin(®;) + £}, where Ayin(+) denotes
the minimum eigenvalue of a symmetric matrix. Reset m; = T"if 4 > T, and
choose initial working model ¢;(-,27) using the exactness plane mg(-, 27) and
possibly recycling some planes from previous loop.

> Step 4 (Tangent program). At inner loop counter k, let
() = Gl 0!) + 50 =) Q- = @)
and find solution y* (trial step) of the tangent program

minimize  $y(y, 2’) + Ely — 27[]?
subject to y € C.

o Step 5 (Acceptance test). Compute the quotient

F(y*,a7)

PE= Dk, a9)



1070 M. N. Dao / Bundle Method for Nonconvexr Nonsmooth Constrained ...

If pr > v (serious step), put Pt = yk, compute new memory element

# Tk if Pr < F,
T~ =

g+ 017, if pp > T,

and quit inner loop. Increase outer loop counter j and loop back to step 2. If
pr <7 (null step), continue inner loop with step 6.

> Step 6 (Working model update). Generate a cutting plane my(-, z7) at null
step y* and counter k using downshifted tangents. Compute aggregate plane
mj(-,27) at y*, and then build a new working model ¢ (-,27) by adding the
new cutting plane, keeping the exactness plane and using aggregation to avoid
overflow.

> Step 7 (Proximity control management). Compute secondary control pa-
rameter

with My (-, 27) = max{mo(-,27), my(-,27)} + 3 (- — 27) "Q;(- — 27), and then put

e if prp <7,
7’ pr—
. O if pr. = 7.

Increase inner loop counter k& and loop back to step 4.

6. Upper envelope model

To analyse the convergence of the algorithm, we adapt a notion from [17, 18] for
the progress function F. At the current iterate x of the outer loop, the upper
envelope model is defined as

¢ (y. x) = sup{my+ ,(y, ) : y* € B(a, M), g € 1 F(y*,2)},

where B(z, M) is a fixed ball large enough to contain all possible trial steps
during the inner loop, and where m,+ 4(-, ) is the cutting plane at serious iterate
x and trial step y* with subgradient g € 0y F(y™,z). We see immediately that
¢'(-,z) is well defined due to boundedness of B(z, M) and boundedness of all
possible trial steps during the inner loop which will be proved without using
the notion ¢! in Lemma 8.1(:) and Lemma 8.2(i). Furthermore, we have the
following result.

Lemma 6.1. Let f and h be locally Lipschitz functions, then the following state-
ments hold.

(i)  ¢'(-,x) is a convex function and ¢p(-,x) < ¢'(-,x) for all counters k.
(1) ¢l (x,2) =0 and 0,0 (z,z) = 0, F(x,z).

(iii) @' is jointly upper semi-continuous.
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Proof. (i) The first statement is followed from the definition of ¢'(-, ) and the
construction of ¢(-, x).

(44) By construction, my+ ,(z,z) < 0 and my 4(x, ) = 0, which implies ¢! (z, z) =
0.

We now take an arbitrary g € 0,¢'(z, z) and the tangent plane m(-,2) =g' (- —
7) to the graph of ¢!(-,x) at x associated with g. Since ¢!(-,z) is a convex
function, m(-,z) < ¢'(-,z). Fixing a vector v € R™, for each t > 0, by the
definition of ¢! (-, z), there exists a cutting plane at trial step y; with subgradient
g € O1F (y4, ) such that ¢! (z+tv, ) < my, 4, (x+tv, z)+t%. Note that my, 4, (-, z)
can be represented as my, 4,(-, ) = my, 5, (7, z) + ¢/ (- — x) and my, 4, (7, ) <
—c|lys — z||*. This gives

tg v =m(r +tv,r) < ¢ (v + tv,7) < my, 4 (T +tv, ) +
< —cllye — 2|* +tg/ v + 12
Let t — 0T, we get y; — z. By passing to a subsequence and using the upper
semi-continuity of the Clarke subdifferential, we may assume that ¢, — ¢ for

some g € 01 F(x,z). In addition, the above estimate also gives g'v < g/ v + ¢
for all ¢+ > 0, which infers g'v < g"v, and so

g v<max{g'v:g€oF(z,z)}

The expression on the right is the Clarke directional derivative of F(-,z) at z
in direction v. Since this relation holds true for every v € R", g € 01 F(x, ).
Hence, 019! (z, ) C 01 F(z, x).

It only remain to show 9, F(z,z) C 81¢'(x,z). In order to do this, we consider
the limit set

ﬁF(m,m) = {klirf ViF(y* 2) . y* — 2, F(-,2) is differentiable at yk} :

Here V1 F(y*, z) denotes the subgradient of F'(-, z) at y* in the case where F (-, z)
is differentiable at 3*. We use the symbol Q for the limit set, following Hiriart-

Urruty [8]. By [2, Proposition 5] (see also [4, Theorem 2.5.1]), O\ F(z,z) =
conv(@)F(w,x)). We will prove that @)F(a:,x) C 010 (x, ). Indeed, take g €

@)F(x,x), there exist y* — z and g, = V F(y*,z) € 0, F(y*, x) such that
gr — g. Let my (-, x) be the cutting plane drawn at y* with subgradient g, then
mi(y, ) < ¢! (y,x) for all y € R™ and

mk('u l’) = ap + gl—cr( - ZL’), ar = min{tk(‘r)? _C“yk - ZL’||2},

where t,(z) = F(y*, z) + g (x — y*). From y* — z, g, — g and F(z,x) =0, it
follows that a, — 0, and so my(y, ) — g'(y — x), which implies g' (y — x) <
¢! (y, x) for all y. This together with ¢! (x,z) = 0 gives g € 01¢' (x, ). We obtain
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@}F(a:,x) C 019! (z,x) and then 0, F(z,z) = conv(@)F(x,a:)) C 010 (z,z) due
to the convexity of 9,¢(z, ).

(i11) Let (y7,27) — (y,x), we have to prove that limsup ¢'(y?, 27) < ¢'(y, z).
Pick a sequence ¢; — 07, by the definition of ¢!, there exist cutting planes
Mg, (-, 27) = t.i(-) — s; at serious iterate 27, drawn at 2/ € B(2?, M) with
g; € O F(27,27) such that

¢T(yj7$j) < Mz g, (yja xj> + &5,

where t,;(-) = F(2/,27)+g, (-—27) and s; = [t.; (27)+c||27—27||*] 4. Since 27 —
and 27 € B(x?, M), the sequence 2’ is bounded. Passing to a subsequence, we
may assume without loss that 2/ — z € B(xz, M) and g; — g € 01 F(z,x) by the
upper semi-continuity of the Clarke subdifferential. This gives t.;(-) — t.(-) =
F(z,z)+g"(-—2), and so s; — s = [t,(z) + c[|z — z||?]4. It follows that

ij,gj(.7'Ij> = tzj(') —S; = tz() —Ss= mz,g('a .’L’)
as ¢ — 400, and then also

ij,g]’ (ij xj) =1, (y]) — S5 — tz(y) —Ss= mz,g(yv ZL‘),

where uniformity comes from boundedness of the g;. Therefore,

limsup ¢' (3, 27) < m.4(y,2) < ¢! (y, 7). O

j—+o0

7. Lower-C' and upper-C' functions

According to Mifflin [15], a function f : R" — R is semismooth at x € R" if f
is Lipschitz on a ball near x, and for d € R", {t;} C Ry, {6} CR™, {gx} CR"
satisfying ¢, | 0, 0/t — 0 € R", g, € Of(x + t.d + 0y,), the sequence g, d
has exactly one accumulation point. The following lemma can be seen as a
generalization of [15, Lemma 2].

Lemma 7.1. A function f : R® — R Lipschitz near x is semismooth at = if
and only if for any {dy} C R", {tx} C Ry, {gx} C R™ satisfying d, — d € R",
tk 1 0, gr € Of (x + trdy), we have

lim g dy, = f'(z;d).
Jm g di = f(z;d)
Proof. Assume that f is semismooth at z. Taking s; | 0, by Lebourg’s mean

value theorem established in [10, Theorem 2.1] and proved in [11, Theorem 1.7],
there exist ¢ € (0, sy) and g; € Of(x + t;dg) such that

S+ sedi) — f(x) = g} sdy.

Then t; | 0, x 4+ tidy — x, and by [22, Theorem 9.13], the sequence g; is
bounded, which gives g; " (dy,—d) — 0. Observing that g; € 0f(z+t;d+0;) with
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Or = ti(di — d), Ox/ti = di, — d — 0, due to semismoothness of f, the sequence
g;"d has exactly one accumulation point, and so does g;' dy = g; " d+g; " (dr,—d).
On the other hand,

f($+3kd)—f(90)+f($+8kdk)—f($+8kd)

Sk Sk

The second term tends to 0 as & — 400 since f is Lipschitz near x and
d,, — d. This implies that limy_ o g;'dr = f'(;d). Now for any sequence
tk l 0, [ 8f(ac + tkdk), then [ 8f(x + tkd + Qk) with gk = tk<dk — d),
Or/ty = di, — d — 0. We merge two sequences {t;} and {¢;} into {7}, and two
corresponding sequences {gi} and {g;} into {7%} such that 7, | 0. Then again
by semismoothness of f and the above argument, all three sequences g, d, g; " dy,
and v, dj, have exactly one accumulation point, which implies limy,_. o g di =
limy_ o0 g5 d, = f'(z;d). Conversely, writing t,d + 0}, = t; (d + 0)./t;) with
dr, = d+ 0/t — d, we complete the proof of the lemma. O

Corollary 7.2. Let f : R" — R be semismooth at x € R™. Then for any
y* — x, gp € Of(y*) and for e > 0,

g (@ = y*) < (@) = f(y*) +elle — o]
for infinitely many k.

Proof. Let y* — z and g, € 0f(y*). Passing to a subsequence, we may assume
without loss of generality that dj = ”Z:—:ill —das k — +o0. Set ty = ||y* — x|,

then y* = z + t,d; and by Lemma 7.1,

Tk _
lim w = f'(z;d).
k—too [|y* —

We also have

fOh) — f@) _ flo+ted) — f(2)
ly* — x| ty
[z +tpd) — f() n [z + trdy) — f(x + t3.d)
2% (73

converges to f'(x;d) as k — 400 due to Lipschitzness of f near x. Hence,

Gl =y f@) - fWY)
lz = ¥l Rl

as k — 400, which completes the proof. O
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We recall here the notion of lower-C* and upper-C* functions introduced in [23]
and [22]. A function f : R™ — R is lower-C! at (or around) zy € R", if there
are a compact set S, a neighborhood U of z(, and a jointly continuous function
g : U x S — R whose partial derivative with respect to the first variable is also
jointly continuous, such that
F(x) = max gz, 5

for all z € U. The function f is upper-Ct at xq if —f is lower-C! at zy. For the
following, we collect some facts on lower-C' and upper-C* functions.

Remark 7.3. According to Proposition 2.4 and Theorem 3.9 in [23], if f is
lower-C* at xo then f is regular and semismooth at zy, but the converse need
not be true.

Lemma 7.4. Let f : R" — R be locally Lipschitz. For all xq € R™, the following
statements are equivalent.
(1) f is lower-C" at xy.

(1) Of is strictly submonotone at xy in the sense that

_ T _
lim inf (9a gy) (z—y)
=7y |z =yl

T, Yy—T()

2 0,

whenever g, € 0f(z), g, € 0f(y).
(i4i) For every e >0 and x,y close enough to xo,
gy (x—y) < f(x) = fly) +elz -y,
whenever g, € 0f(y).
Proof. The equivalence of (i) and (ii) is already established in [23, Theorem
3.9]. We will show that (i7) and (iii) are equivalent.

* (it) = (d¢i1). For any distinct x,y, by Lebourg’s mean value theorem, there
exist A € (0,1) and g, € 0f(z) with z = Az + (1 — A)y such that f(z) — f(y) =
g, (r — y). Take arbitrary g, € df(y) and note that z —y = A(z — y), we can
write

f@) = f) =g, (x—y)+(g:—gy) (x—y)
(9: —9)" (2 =)
Iz =yl

T

=g, (x—y)+ |z —yl|.

Assume that Jf is strictly submonotone. Then, for fixed o € R™ and ¢ > 0,
there exists § > 0 such that for any distinct z,y € B(xo,0),

(9: —9) " (= —v)

> —c.
|z =yl ~
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Now for every x,y € B(xg,0), © # y, we also have z,y € B(xg,0), z # y, and
thus (i7i) holds due to the above expression and estimate.

* (i1) = (i1). Let o € R™ and € > 0 be fixed. If (i7i) holds true, we can pick
x,1y in a neighborhood of xy such that

9, (x = y) < f(2) = fy) + 5o = gl

and also -
9: (y =) < fly) = @) + 5lly — 2.

After adding these inequalities, reversing the sign and taking the limit inferior,
we get (i7). O

By applying Lemma 7.4 to function — f, we obtain immediately the following

Corollary 7.5. Let f : R® — R be locally Lipschitz. Then f is upper-C at
xo € R™ if and only if for every e > 0 and x,y close enough to x,

90 (x—y) < f(2) = fly) +elz =yl
whenever g, € 0f(x).

8. Analysis of the inner loop

In this section we show that the inner loop terminates with a serious iterate after
a finite number of steps. The current iterate z is fixed, and so is Q) := Q(z).
Assume that the inner loop at serious iterate x turns infinitely, then either 7y is
increased infinitely often, or 75 is frozen from some counter ky, onwards. These
two scenarios will be analyzed in Lemmas 8.1 and 8.2. Denote by F the feasible
set of problem (1), i.e., F = {x € C: h(z) < 0}, we have the following results.

Lemma 8.1. Let f and h be locally Lipschitz on R™ such that at every point of
F, f is semismooth or upper-Ct, and h is semismooth. Suppose that x* € F
and that the inner loop at serious iterate x produces an infinite sequence of null
step y* and the proximity control parameter is increased infinitely often. Then
the following statements hold.

(1)  y* — 2 and Pp(v*, ) = F(z,2) =0 as k — +oo.
(1) 0€ 0,F(x,x)+ dic(x).

Proof. (i) We see that the proximity parameter 73 is never decreased in the
inner loop, which combines with the assumption on 74 implies that 7, — +o0.
Since y* is the optimal solution of the tangent program (3),

Ti(w = y") € O(Pr(y", 2) +ic(y"))-

Using the subgradient inequality and noting that ®(z,z) = 0,7 € C,y* € C,
we get
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which implies

T, 1
0< Fllz = yHIPP < =oely 2) = 5 = ") (Q + mD)(w — o)

—o(y", %) < llg(@)lllle — y*.

Here we recall that Q47,1 = 0 and mq (-, z) < ¢p(+, 2) with mo(+, z) = g(x) (- —
7) the exactness plane at x. It thus follows 7|z — y*|| < 2||g(x)|. This gives
y* — x since 7, — +o00. Using again the above estimate, we have ¢, (y*, z) — 0,
and so @ (y*, z) — 0.

(i) Let

/N

gr = (Q + ) (z — y*) € ion(y*, x) +ic(y")),
then the sequence g; is bounded since ||gi| is proportional to 7|z — v*| <
2||g(x)|| for k large enough. Passing to a subsequence if necessary, we may
assume without loss that g; — g* for some g*. We claim that g* € 0, F'(z,z) +
Jic(z). For all y € R", the subgradient inequality gives

gi' (v — ") < oy, @) +ic(y) — ou(y", z) —ic(y®)
< ¢T(y7 :U) - ¢k(yk7$) + ZC(y)a
due to Lemma 6.1 and the fact that ic(y*) = 0. Passing to the limit in the
above estimate and using the results in part (i), we get
g (y—2) < ¢'(y,7) +icly)

for all y € R™. This together with ¢'(z,2) = 0 and ic(z) = 0 gives g* €
01(¢"(z,2) +ic(x)). Using again Lemma 6.1, it implies that g* € 0, F(z,x) +
We now prove g* = 0. Since the inner loop at serious iterate x turns infinitely,

pr < v for all k. Moreover, the proximity parameter 7 is increased infinitely, so
there is an infinity of counters k where p, > 7. Therefore,

F(yk,l‘) - Mk(ykax)
_q)k(ykvx)

Y= <pp—pp= (5)
It has already been shown in part (i) that —®x(y* 2) > 7|]|z — ¢*||*>. Fixing
0 <0 <1 and using 7, — 400 we have

lgill < (1+ 8)mella — o,

and then
1

~0u(yt o) > 15 gl - o] (6)

for k large enough. Next we estimate the difference F(y*,z) — My (y*, ). By
construction,

Mo, 2) 2 malyt ) + 56— )7 QU — )
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with my (-, ) = () — [ti(2) +clly* — 2|°]+, where t)(-) = F(y*, 2) + g; (- — y*)
and g, € 01 F(y*, ). This gives

F(y,2) = Mily¥, ) < [tn(e) + lly? — 2Pl = 50" - 0) QU - o).

Let us first consider the case when f and h are semismooth at . Then F(-,z)
is semismooth at = due to [15, Theorem 6]. For each ¢ > 0, using y* — x and
Corollary 7.2, and passing to a subsequence, we find k(¢) such that for k > k(¢),

g (& =) < Fla,2) = F(y*,2) +elle — "],
which implies

to(z) = F(y",2) + g (x — y*) <elle = 4",
and then for k£ large enough,

F(y",z) = Mi(y*, ) < (1 +0)ella — ¢ (7)

In the case where f is upper-C! and h is semismooth at x, notice that

F(y*,z) = max{f(y") — f(x),h(y")}

since the algorithm assures the feasibility of x when the starting point is feasible.
If f(y*) — f(z) < h(y*) then F(y* z) = h(y*), O1F(y*,z) = Oh(y*), and so
te(z) = h(y*) + gf (x — y*) with g, € Oh(y*). Using again Corollary 7.2, for k
large enough,

tr(z) < h(z) +ellz — y*|| < ellz — ¥,
which yields (7). On the other hand, noting that the exactness plane mq(-, z) =
g(z)"(-—x) is based on g(x) € f(z) since h(x) < 0, and then applying Corollary
7.5, we get

mo(y",x) = g(x)" (" —2) = —f(2) + f(y") —ellz — "]

for k large enough. Now if f(y*)—f(x) > h(y*) then F(y*, z) = f(y*)— f(z), and
(7) holds true due to the fact that My (y*, x) > mo(y*, z) —|— T(yF—2)"Q(y* — ).

From (5), (6) and (7), we obtain

(1+5)
-

gkl < e

for k large enough. This holds for all ¢ > 0, so g* = 0, and the lemma is
proved. [

Lemma 8.2. Let f and h be locally Lipschitz functions. Suppose that the in-
ner loop at serious iterate x produces an infinite sequence of null step y* and
the proximity control parameter is increased finitely often. Then the following
statements hold.
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(i)  y* — 2 and Pp(v*, ) — F(z,2) =0 as k — +oo.
(i) 0€ 0, F(x,z)+ dic(x).

Proof. (i) Since the control parameter 7 is increased finitely often, it remains
unchanged from counter ky onwards, i.e., 7, = 7, := 7 for all k& > ky. This
means that pp < v and pp < 4 for all & > ky. We consider the objective
function of tangent program (3) for k > ko,

T 1
‘Ilk(yw%) = (I)k(yax) + §Hy - xHQ = ¢k(y7 ‘T) + EHy - ng)-i-‘rI’

where || - ||g+-1 denotes the Euclidean norm derived from the positive definite
matrix () + 7/. Then

1
Vi1 (y, 2) = dppa(y, z) + §Hy — l|Hprr-

It follows from the construction of ¢yi1(-,x) that ¢pi1(y,z) = mj(y,z) with
m} (-, z) the aggregate plane at null step y*. For y € C, we have

mi(y,x) = dn(y", 2) + g;" (y — y)
oe(W* 2) + [(Q+ D) (@ — ")) (v — v*) — by (y — ¥¥)
ey ) + (2 — ") (Q+7D)(y — "),

by using (4) and noting that A" (y — v*) < ic(y) —ic(y*) = 0 due to the
subgradient inequality. In addition,

V

ly — 2o = 10 —2) + (¥ — ¥*) 1B
=" = 2lgrs + 1y — V" orrs — 2(z — ") (Q + 1) (y — ¥*),

using the fact that (z —y) " (Q+71)(y —v*) = (y —y*) " (Q +7I)(x —y). Hence,
for y € C,

1 1
Ui (y,7) = on(y”, o) + §Hyk - x”é—&-'rl + 5”9 - yk“é-‘ﬂ'[
1
= Ue(y*,2) + Sy = v NG

1 k+1

Substituting y = y**! and remarking that y**! is the minimizer of W (y, ),

we have

1
Uy, ) + §||yk’drl — Y 1G4rr < rnr (VT 2) < Vi (2, 2)

= q)kJrl(iL’,l') =0.
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This shows that the sequence W (y*, z) is increasing and bounded above by 0,
so Uy (y*, x) — U* as k — +oo for some U* < 0. Letting k — +o00 in the above
inequality, we obtain £|ly*** — ¢*||%,, ., — 0, which implies

|5t — % — 0 as k — 4o0. (8)

On the other hand, proceeding as in the proof of Lemma 8.1, we have
Tlle = y* | <2lg@)ll, & = ko,
which proves that the sequence of trial steps 3* is bounded. By combining with

(8),

Iy = allGrs = 18" = @llG s

= (" =" Q+ D[ —2)+ () —x)] = 0 as k — 4oo.

Recalling that ¢ (y, z) = Wi(y,z) — 5lly — z[3,; and using the above conver-
gence results, we get

¢k+1(yk+1a l‘) - ¢/€<yk7 ZL’)

1
= Wt (v 2) — Wiy, @) — 3 (1 " = 215 = 1V = 2] 5srr)

(9)

converges to 0 as k — +o00.

We now claim that ¢py1(y*, ) — ¢r(y*,2) — 0, and then also @5, (y*, ) —
. (y*, ) — 0 as k — +o00. By the construction of the model ¢y, (-, z), there
exists a cutting plane mi, (-, 2) = a;, + g, (-—2x) at null step y*, ix € {1,...,k},
with g;, € 01 F(y™,z) such that ¢py1(y*, ¥) = m; (v*, ). Then

G (y", ) = mi (y, ) = 9, (y = ¥*) < G (y,2) — g5, (y — y")
for all . Therefore,

0 ¢k+1(yka$) - (bk(ykwr)

<
< e (W 2) — or(yF o) + |lgi Iy — v

and this term converges to 0 due to (8), (9) and boundedness of ¢;,. Here bound-
edness of the g;, € 9;F(y', x) follows from boundedness of the subdifferential of
F(-,z) on the bounded set of trial steps y* (cf. [22, Theorem 9.13]). We obtain

i1 (y*, ) — dr(yF, 2) — 0, and so

D1 (yF, ) — Op(yF, 2) — 0 as k — +oo. (10)

We next show that ®(y*, 2) — F(x,2) = 0, of course also ¢y(y*,z) — 0,
and then y* — x as k — +o0o. Assume this is not the case, then n :=
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limsupy,_, o Pr(y", 2) < 0. Choose € > 0 such that 0 < e < —(1 —7)n. Thanks
to (10), there exists ky > ko such that

1 (v, 1) < Pr(y,z) + €
for all k > k;. Since p < 7 for all k > k; > ko and @, (v*, 2) < Op(x,2) = 0,
FO,(y", 1) < Mi(y*, 2) < Py (v*, 2) < Pu(y*, z) + ¢,

using My (-, x) < Pri1(-,x) by construction. Passing to the limit, we get 41 <
1 + ¢, which contradicts the choice of €. That gives n = 0, as claimed.

By the definitions of ®, and 3* we have
T
Oy, x) + §||yk —z]? = Uy(y*, x) < Uy(z,2) = Py(z,x) = 0.

This together with ®(y*, z) — F(z,z) = 0 gives y* — 2 as k — +o0.

(7i) We observe that by the necessary optimality condition for (3) and the sub-
gradient inequality,

(z =y (Q+ 7Dy — ") < gy, @) +icly) — oe(y*,2) —ic(y")
<ol (y, ) +ic(y) — on(y*, x) —ic(y¥)

for all y. Passing to the limit and noting that ¢'(z,z) = ¢(x,z) = 0, ic(y*) =
ic(z) = 0, we obtain

0 < ¢T(y,$) + ZC(:U) - (bT(:c,x) - ic(l'),

which implies 0 € 9,(¢!(z, z) +ic(z)), and since 01! (z, z) = O, F(x, z), we are
done. O

We end this section with the following conclusion.

Proposition 8.3. Let f and h be locally Lipschitz on R™ such that at every
point of F, f is semismooth or upper-C', and h is semismooth. Suppose that
xl € F. Then the inner loop finds a serious iterate after a finite number of trial
steps.

Proof. Suppose that the inner loop at serious iterate x turns infinitely. Then,
as proved in Lemmas 8.1 and 8.2, we must have 0 € 01 F(z,x) 4+ Jic(z). This
contradicts the fact that the inner loop is only entered when 0 & 0, F(z,x) +
820(%) ]

9. Convergence of the outer loop

We show in this section a strong convergence of our algorithm under the as-
sumption that at every point of the feasible set F, f is lower-C' or upper-C*,
and h is lower-C!. By Proposition 8.3 and Remark 7.3, this assumption on f
and h assures that the inner loop always terminates finitely.
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Theorem 9.1. Assume f and h in problem (1) are locally Lipschitz on R™ such
that at every point of the feasible set F, f is lower-C' or upper-C', and h is
lower-C. Let x' € F be such that {x € F : f(z) < f(z')} is bounded, and
let 27 be the sequence of serious iterates generated by Algorithm 5.1. Then 2/
is a sequence of feasible points for (1), and one of the following two statements
holds.

(i)  The sequence 2’ ends finitely at an F. John critical point 27 of (1). In
the case j* > 1, 27" is even a Karush—Kuhn—Tucker point.

(77)  The sequence 1’ is bounded infinite, and every accumulation point x* is
an F. John critical point of (1). In particular, x* is either a critical point
of constraint violation, or a Karush—Kuhn—Tucker point.

We see immediately that the feasibility of sequence 27 follows from the feasibility
of 2! and Remark 3.1. If the sequence 2/ is finite, then the first statement of the
theorem holds due to the stopping test of Algorithm 5.1 and Lemma 2.1. In the
sequel, we focus on the case where the sequence 27 is infinite, and suppose that
in the jth outer loop, the serious step is accepted at inner loop counter k;, that
is, 271 = y%. At the jth outer loop and the kth inner loop, we denote more
precisely the proximity control parameter as T,Z, and write 7, for T]z]_. We also

write @; := Q(a?) for the matrix of the second-order model, which depends on
the serious iterates 7.

Lemma 9.2. Let f and h be locally Lipschitz functions, and let x* € F be
such that {z € F : f(x) < f(z")} is bounded. Then the sequence of serious
iterates &7 is bounded. In addition, F (%' 27) — 0, 7 ||l2/ — 277> — 0 and
|2d — x”lHQQﬁTij — 0 as j — 400,

Proof. Following Remark 3.1, the feasibility of ! gives f(2/™!) < f(27) and
h(zit) < 0 for all j. Thus, 27 is feasible for all j, and sequence f(z?) is
decreasing. This yields {z7 : j = 1,2,...} C {x € F: f(z) < f(z')}, and so
the sequence 27 is bounded.

Now for every accumulation point z* of the sequence z?, the local Lipschitz
continuity of f implies that f(z*) is an accumulation point of the sequence f(z7),
and then f(27) — f(z*) due to the monotone sequence theorem. Therefore,

liminf F (27T 27) > lim (f(2/) — f(27)) = 0.

j—+oo j—+oo

This together with F(z7™!, 27) < 0 gives F (27T, 27) — 0 as j — +o0.

Since 27+ = y* is the optimal solution of tangent program (3),

(Qj + 7, 1) (27 — 27*Y) € 0y (g, (7T, 27) +ic(2?™)).
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Using the subgradient inequality, we obtain
(xj _ fEHl)T(Qj + Tkj[)(ij _ xjﬂ)
< o, (27, 27) +ic(a!) =, (27, 2) —ic(2’™)
= — x, (xj+1,$j)

, . 1
= — q)k].(ﬁlfj—i_l,lfj) +

(@ = T TQ,(a — 7).

By noting that Q; + 73,1 = 0, this implies

1, . A 1 A , ) .
5”1“7 - x]+1||2Qj+Tij + 57—’%‘”1‘] - ‘%'J—HH2 < _(I)kj (xj+17x])'

Moreover, —y®; (277, 27) < —F(27*!,27) due to the acceptance test and the
fact that @ (27*!, 27) < 0. Hence,

S = 2 s+ 2l — 2 < — @)
Combining with F'(z7!, 27) — 0, we complete the proof. O

Lemma 9.3. Let f and h be locally Lipschitz functions, and let ' € F be such
that {x € F : f(z) < f(z')} is bounded. Suppose there exists an infinite subset
J C N such that 27 — x*, j € J. Let g = (Q; + 74, 1) (27 —27%) be the aggregate
subgradient belonging to 7' in the jth outer loop. Then if the sequence (g;f)jej
has a subsequence which converges to 0 we have that 0 € 0, F (z*, 2*) 4 Jic(z*).

Proof. Assume that there exists an infinite subset J’ of J such that g7 — 0,
j € J'. Since g} € d1(¢x,; (27T, 27) +ic(x/™)), for any y € R", the subgradient
inequality gives

g (y—a’™)
< ¢k]~ (y> lj) + ZC(:U) - (bkj (xj+17 lj) - ic($j+1>

= i, (y,27) — Py, (271, 27) + 5(55]“ —2)1Q;(@ —27) +ic(y)

< ¢kj (ywxj) - (bkj ($]+1,l’]) + §||Ij - $]+1||22‘7-+7'ij + ZC(y)
< ¢T(y7xﬂ) — ;F(mﬂ'l,xﬂ) + §||x3 — xﬂ—l—lHéj_i_Tij +ic(y).

Here the last estimate is obtained by Lemma 6.1 and the acceptance test of the
algorithm. By passing to the limit and using the hypothesis g — 0 and the
results from Lemmas 6.1(i7) and 9.2, we get

0< 0! (y,2") +ic(y).

It follows that 0 € 9y (¢! (2%, 2*) + ic(x*)) since ¢! (2%, 2*) = 0 and ic(z*) = 0.
Together with 9,¢!(z*, 2*) = 0, F(x*, z*), this ends the proof of the lemma. [
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Lemma 9.4. Under the hypotheses of Lemma 9.3, if ||g}|| = ¢ for some ¢ > 0
and every j € J then the following statements hold.

(1) TH, — 400 asjeJ, j— 4oo.

(i) There exists an infinite subset J* of J such that the T-parameter was
increased at least once during the jth outer loop for all j € J*. Suppose
this happened for the last time at stage r; for some r;. Then 27 —y" — 0
and ¢ (Y7, 27) = 0 as j € J*, j — +o0.

(71) If at every point of F, f is lower-C' or upper-C', and h is lower-C*, then
0 € O F(a*, %) + Oic(x*).

Proof. (i) Suppose on the contrary that the sequence (73,);cs has a bounded
subsequence, then by passing to a subsequence, we may assume without loss
of generality that (74,);cs is bounded. By combining with boundedness of the
(); and boundedness of the serious steps 27 shown in Lemma 9.2, there exists
an infinite subset J' of J such that 7, — 7, Q; — Q and 27 — 277! — Azr as
j € J,j — 4oo. It follows that gt — (Q + 7I)Az with ||(Q + 7I)Az| >
¢ > 0and gf'(a/ — /™) — AmT](Q + 7I)Az. According to Lemma 9.2,
gl (2) — a7t = |7 — xj+1|]2Qj+Tij — 0, which implies Az"(Q + 71)Az = 0.
Since @ + 71 is positive semidefinite symmetric, we deduce (Q + 71)Ax = 0,
that contradicts ||(Q + 71)Az|| > ¢ > 0. Hence, 7, — +00 as j — +o0.

(i1) For each outer loop counter j € J, either 7, > 7 or Tk, = 7 with 7/

T < +oc by the algorithm. But 7, — +o0 as j — +o00, j € J, set J~

I A

ied:in = Tf } therefore must be finite, which implies the infinity of set

Jr={jeJ > 77}. In the remainder of the proof, we will only work with
j € J*. Suppose that for each j, the 7-parameter was increased for the last
time at counter r;, then r; € {1,...,k; — 1} since at inner loop counter k; the
serious step is accepted. That means

Tkj et Tkjfl = e e = TT]'+1 = 67—7‘]"

Conforming to the update of the proximity control parameter the increase at
stage r; is due to the fact that

pr; <7 and p = 7. (11)

Noting that 7., = (9_17'kj — 400 and y'7 is the optimal solution of tangent
program (3), we have

7, (27 = y) € 0u(Pr,(y7, 27) +ic(y"”)).
By the subgradient inequality and the fact that ®, (z7,27) = 0, ic(2?) =

iC(yrj) = 07 ) .
T llo? =y |* < =@ (v, 27). (12)
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It follows that
Tr. . , . 1, . , . ,
0< o~ < 6, () — S =)@+ 7 D — )
< =0 (y7.27) < lg(@)||ll2? =y,
where mg(-,27) = g(27)7(- — 27) is the exactness plane at z7. This implies
7|27 =y || < 2||g(27)]]. Remark that the sequence g(z7) is bounded due to [22,
Theorem 9.13], and then 27 — 3" — 0 since 7., — +00. The term —¢, (y"7, z7)

therefore is squeezed in between two convergent terms with the same limit 0,
which gives ¢, (y"7,27) — 0.

(#71) We now consider
g = (Q+7,1) (@7 —y") € 0u(ey, (v, 27) +ic(y™)),

then as 7., — 400 and the (); are bounded, |/g;|| behaves asymptotically like
constant times 7, ||z7 — y'i|| < 2||g(«7)||, which implies boundedness of the
sequence g;. Therefore, possibly passing to a subsequence, we have g; — g for
some g. By using the subgradient inequality and Lemma 6.1, and noting that

iC(yTj) =0,
g (y—y7) <o, (y,27) +icly) — ¢, (y7,27) —ic(y™)
< 9Ny, 2?) +ic(y) — ¢, (y'7,27)

for all y € R™. Passing to the limit and using the results in part (ii), we obtain

g'(y—2") <oy, 2") +ic(y),

which implies g € 9y(¢! (2%, 2%) + ic(x*)) since ¢! (z*,2*) = 0 and ic(z*) = 0.
By Lemma 6.1, we deduce that g € 0, F (z*, 2*) + Jic(z*).

Let us next show g = 0. Fix 0 < < 1, it follows from 7., — o0 that for j
large enough, '
1851l < (1 +0)7, |27 — o™,

which combined with (12) gives

_(I)Tj (yrj ) lj)

gill<(1+0)—2r 2t 13
il < 1+ )2t (13)
On the other hand, from (11) we have

. _ Fly”,a7) = My, (y", o)

T = <pry =Py = . (14)

Remarking that

My, () 2 g, ) 5= 29) Q4 — o),
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where mrj('vxj) = tTj(') - [t?“j(xj) + CHyrj - xjHﬂJr? and tTj(') = F(yrjvxj) +
g9 (-—y") with g, € O F(y"7,27), we get

F(y,a7) — M,,(y",27)
. o 1, o
< [t (@) + elly — 27 |4 — 5(3/ i — 2 Qi(y" — 7).

For € > 0 fixed, we distinguish the following two cases.

Case I. The both functions f and h are lower-C' at z*, so is F'(-,z7). By the
assumption that 27 — x* and the fact that 2/ — ¢ — 0 proved in part (i),
thanks to Lemma 7.4, there exists j(g) such that

9o () —y") S F(2!,27) = F(y",a) +ella? —y"|
for every j > j(¢). This implies

t,(27) = F(y",2%) + g (z/ = y'7) <ella? =y,
and thus for j large enough,

F(y”,a’) = My (y7,27) < (1+0)ella? —y7|. (15)
Case II. The function fis upper—C1 and the function h is lower-C* at z*. By
the feasibility of 27, if f(y"7) — f(2z?) < h(y") then
F(y”,a’) = max{f(y”) — f(27),h(y")} = h(y"), OF(y”,a’) = Oh(y"™),

and therefore the tangent ¢, (-) = h(y™) + g,:( —y") with g,, € Oh(y'7). The
estimate (15) holds based on the inequality

tr,(27) < h(a?) +el|a? — y7|| < €lla? — 7|, for j large enough,

using Lemma 7.4. Conversely, if f(y7) — f(2?) > h(y") then F(y™,27) =
f(y"7) — f(27), and by recalling the exactness plane mg(-,27) = g(2?)7 (- — 29)
with g(z7) € df(a?), we have

P D o
My, (57, 09) — L (57— 29) Q5 — o)
> mo(y'7,a7) = —f(a7) + f(y7) — el — y7||

due to Corollary 7.5. This gives (15).
Now it follows from (13), (14) and (15) that

N (14 9)?
185l < =——-=¢
el

for j large enough. Since £ > 0 is arbitrary, we conclude that g = 0, meaning
0 € O F(x*,x%) + Dic(x*). O
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Proof of Theorem 9.1. As discussed just after the statement of the theorem,
the sequence 27 consists of feasible points for (1) and verifies statement (i) when
it is finite. Suppose that the sequence 27 is infinite, then it is bounded by Lemma
9.2. Let z* be an accumulation point of the sequence z7, we have h(z*) < 0,z2* €
C due to feasibility of 27 for all j, continuity of h(-) and closed convexity of C. Tt
follows from Lemmas 9.3 and 9.4 that 0 € 0, F(z*, 2*) + dic(2*). This together
with Lemma 2.1 gives the last statement of the theorem. ]

Notice that Algorithm 5.1 also works for solving the optimization problem

minimize  f(z)
subject to z € C (16)
where f is a real-valued locally Lipschitz but potentially nonsmooth and noncon-
vex function, and C a closed convex set of R™. In this case, we use the progress
function F(y,z) = f(y) — f(z) which has 0, F(z,x) = 0f(x), and remark that
the feasible set 7 = C. An immediate consequence of Theorem 9.1 is as follows.

Proposition 9.5. Assume f in problem (16) is locally Lipschitz on R™ such
that at every x € C, f is either lower-C' or upper-C'. Let x' be such that
{z € C: f(x) < f(z")} is bounded. Then every accumulation point =* of the
sequence of serious iterates ¥/ generated by Algorithm 5.1 is a critical point of
(16) in the sense that 0 € Of(z*) 4 Oic(z*).

Remark 9.6. Theorem 9.1 requires a feasible starting point 2! that can be
computed by minimizing h(x) on C, which is in the form of problem (16). This,
however, does not mean that we are interested in the global minimum of h(z)
on C. A nonpositive value of h is all what we need, so h(x) is minimized until
an iterate ! € C with h(z') < 0 is found.

In the case where the starting point is not necessarily feasible for (1), we will
work with the following assumptions from [1] and [7]:

(A1) f is weakly coercive! on the feasible set F in the sense that f(z’) is not
strictly decreasing as 27 € F, 27| — +oc.

(A2) h is weakly coercive on C in the sense that h(27) is not strictly decreasing
as 27 € C, ||27|| — 4o0.

Note that assumption (A1) holds when {z € F : f(x) < f(x')} is bounded, and
likewise, assumption (A2) is satisfied if {z € C : h(z) < h(z')} is bounded. The
following result can be seen as an extension of convergence theorems in [1, 7] to
our more general setting.

Theorem 9.7. Assume f and h in problem (1) are locally Lipschitz on R™ and
lower-C' on C such that (A1) and (A2) hold. Then the sequence of serious it-
erates 17 generated by Algorithm 5.1 either ends finitely at a point z* = 29" € C

LA function f:R™ — R is coercive on D C R™ if f(z) — +oc0 as z € D, ||z|| — +oo.
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with 0 € O\ F(x*, x*) + dic(x*), or is bounded infinite in which every accumula-
tion point x* satisfies * € C and 0 € 0, F(z*,2*) 4 Oic(x*). Furthermore, x* is
either a critical point of constraint violation, or a Karush—Kuhn—Tucker point

of (1).

Proof. We see in the proof of Theorem 9.1 that the feasibility of 2! is only used
when f is upper-C! in Lemmas 8.1 and 9.4, and when showing the boundedness
of the sequence 2/ in Lemma 9.2. The proof thus follows from Theorem 9.1 as
soon as the boundedness of the sequence 27 is shown. Let us first note that
2’ € C for all j due to Remark 3.1. If A(x7) > 0 for all 7, then also by Remark
3.1, the sequence h(x?) is strictly decreasing, and assumption (A2) implies that
the sequence z7 is bounded. If h(x7°) < 0 for some jy € N, using again Remark
3.1 we have f(z7™') < f(27) and h(2?*!) < 0 for all j > jo. Therefore, 27 € F
and the sequence f(z7) is strictly decreasing from j, onwards. This together
with assumption (A1) gives the boundedness of the sequence z7. [

In practice, a challenge is the lack of convexity, by which it is difficult to guar-
antee convergence to a single critical point. Some satisfactory results can nev-
ertheless be obtained from the following corollaries.

Corollary 9.8. Under the hypotheses of Theorem 9.1, for every € > 0 there
exists an index jo(¢) € N such that every j > jo(e), 27 is within e-distance of
the set

L={z"e€C:0€ 0, F(z",x%) + dic(z")}.

Proof. Suppose there exists ¢ > 0 and an infinite subsequence 2/, j € J, such
that ||27 — 2*|| > ¢ for all j € J and all z* € L. Since the sequence 27, j € J, is
bounded, it has an accumulation point x*, and by Theorem 9.1, z* € L. That
is a contradiction. ]

Corollary 9.9. Under the hypotheses of Theorem 9.1, if the set L in Corollary
9.8 is totally disconnected in the sense of [6, Definition 9.4.1], then the sequence
x? converges to a single point x* € C with 0 € O F(z*, z*) + Jic(x*).

Proof. Recall that [l27 —2/*!||3, . ; — 0 as j — +oo due to Lemma 9.2. Tn
J

each outer loop counter j, since T' > ¢+ Kk = —Anin(Q;) + K, 80O

WV

Tk T1 2 _)\min<Qj) + R,

J

and therefore Ay (Q; + 7;/) = &, which implies

|27 — xj+1||2Qj+Tkj1 > k|2 — 27t
It follows that ||z7 — 27T'||? — 0, and also 27 — 277! — 0 as j — +o0o. Now
let K be the set of accumulation points of the sequence 7. Then K is either a

singleton or a continuum (see [20, Theorem 26.1] and its following remark). On
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the other hand, K C L thanks to Theorem 9.1. Since L is totally disconnected,
i.e., for any two distinct points u and v of L, there exist disjoint open sets U
and V such that u € U, v € V and L C U UV, we can decompose K into the
union of two disjoint closed sets, and so K cannot be a continuum. Hence, K
must be a singleton. N

In the case where subgradients are inexact, working with the approximate sub-
differential

& f(x) = 0f(x) +eB,

where 0 is the exact Clarke subdifferential, and B the unit ball in some fixed
Euclidean norm, we have the following

Corollary 9.10. Assume f and h in problem (1) are locally Lipschitz on R"
such that at every point of F, f is lower-Ct or upper-Ct, and h is lower-C*.
Let ' € F be such that {x € F : f(x) < f(x')} is bounded, and assume that
subgradients are drawn from OfF(y,x), whereas function values are exact. Then
the sequence of serious iterates x7 is a bounded sequence of feasible points for
(1), and every accumulation point x* of the 27 satisfies h(z*) < 0,2* € C and
0 € OfF(x*,2*) + 0%ic(x*), where € = (1 + (7 — v)1)e.

Proof. Noting that in this case 9,¢!(z,r) = 95F(x, ), we proceed as in the
proof of Theorem 9.1, and have just to replace (7) and (15) by the following
estimates for every ¢’ > 0,

F(y*, x) — My(y",2) < (14 6)(¢' +¢)||z — y*|| for k large enough,
F(y7,27) — M, (y7,27) < (1+6) (' + ¢)||z’ — y'7|| for j large enough.

For a detailed proof in the case of unconstrained optimization, we refer to [18].
]

10. Conclusion

We have presented a nonconvex bundle method using downshifted tangents and
the management of proximity control, which is adapted for nonconvex nons-
mooth constrained optimization problems with lower-C' and upper-C* func-
tions. A global convergence of the algorithm was proved in the sense that every
accumulation point of the sequence of serious iterates is critical. Some satisfac-
tory convergence results for practical purpose have been given as corollaries.
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