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We investigate in this article the Pontryagin’s maximum principle for a class of control
problems associated with a coupled Cahn-Hilliard-Navier-Stokes model in a two dimensional
bounded domain. The model consists of the Navier-Stokes equations for the velocity v, cou-
pled with a Cahn-Hilliard model for the order (phase) parameter ¢. The optimal problems
involve a state constraint similar to that considered in [21]. We derive the Pontryagin’s max-
imum principle for the control problems assuming that a solution exists. Let us note that the
coupling between the Navier-Stokes and the Cahn-Hilliard systems makes the analysis of the
control problem more involved.
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1. Introduction

This article deals with some optimal control problems (with a state constraint)
associated with a two phase flow model. The purpose is to derive a Pontryagin’s
maximum principle for these control problems assuming that a solution exists.
The model consists of the Navier-Stokes equation coupled with a phase-field
system.

It is well accepted that the incompressible Navier-Stokes equation governs the
motions of single-phase fluids such as air or water. On the other hand, we are
faced with the difficult problem of understanding the motion of binary fluid
mixtures, that is fluids composed by either two phases of the same chemical
species or phases of different composition. Diffuse interface models are well-
known tools to describe the dynamics of complex (e.g., binary) fluids, [12]. For
instance, this approach is used in [4] to describe cavitation phenomena in a
flowing liquid. The model consists of the NS equation coupled with the phase-
field system, [9, 12, 11, 13]. In the isothermal compressible case, the existence of
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a global weak solution is proved in [10]. In the incompressible isothermal case,
neglecting chemical reactions and other forces, the model reduces to an evolution
system which governs the fluid velocity v and the order parameter ¢. This
system can be written as a NS equation coupled with a convective Allen-Cahn
equation, [12]. The associated initial and boundary value problem was studied in
[12] in which the authors proved that the system generated a strongly continuous
semigroup on a suitable phase space which possesses a global attractor. They
also established the existence of an exponential attractor. This entails that
the global attractor has a finite fractal dimension, which is estimated in [12]
in terms of some model parameters. The dynamic of simple single-phase fluids
has been widely investigated although some important issues remain unresolved,
[20]. In the case of binary fluids, the analysis is even more complicate and the
mathematical studied is still at it infancy as noted in [12].

As noted in [11], the mathematical analysis of binary fluid flows is far from
being well understood. For instance, the spinodal decomposition under shear
consists of a two-stage evolution of a homogeneous initial mixture: a phase sep-
aration stage in which some macroscopic patterns appear, then a shear stage
in which these patters organize themselves into parallel layers (see, e.g. [19] for
experimental snapshots). This model has to take into account the chemical inter-
actions between the two phases at the interface, achieved using a Cahn-Hilliard
approach, as well as the hydrodynamic properties of the mixture (e.g., in the
shear case), for which a Navier-Stokes equations with surface tension terms act-
ing at the interface are needed. When the two fluids have the same constant
density, the temperature differences are negligible and the diffuse interface be-
tween the two phases has a small but non-zero thickness, a well-known model is
the so-called "Model H" (cf. [15, 14]). This is a system of equations where an
incompressible Navier-Stokes equation for the (mean) velocity v is coupled with
a convective Cahn-Hilliard equation for the order parameter ¢, which represents
the relative concentration of one of the fluids.

The necessary conditions for optimal control problems governed by fluid me-
chanic models such as the NS systems have been studied by several authors (see
for instance [23, 24, 22, 21, 16, 17, 18, 3]). In [21], the authors studied a Pontrya-
gin’s maximum principle for optimal control problems (with a state constraint)
governed by the 3D NS equations. In order to overcome the problem associated
with the state constraint, the authors first defined a new penalty functional
depending on a small parameter ¢ with which they approximated the original
problem with a family of optimal control problems P, without state constraint.
A Pontryagin’s maximum principle is derived for the approximate problem P,
and the limit as € goes to 0 yields an optimality condition for the original control
problem with a state constraint.

In this article, we investigate the Pontryagin’s maximum principle for some op-
timal control problems associated with the Cahn-Hilliard-Navier-Stokes model.
Assuming that a solution exits, we derive the Pontryagin’s maximum principle
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following some idea from [21]. Let us point out that the coupling between the
Cahn-Hilliard equation and the Navier-Stokes systems introduces in the model
a coupling mapping Ry, which enjoys less regularity than the nonlinear term of
the associated Navier-Stokes equations. This adds to the level of difficulty of
the analysis of optimal control problems studied in this article.

The article is divided as follows. In the next section we present Cahn-Hilliard-
Navier-Stokes system and its mathematical setting. We recall from [7, 5, 6, 12,
11] some existence and uniqueness results for the model and we derive some a
priori estimates on the solution. We also present some estimates for the lin-
earized system. The third section presents the control framework and the the
main results is given in the fourth and fifth sections.

2. The CH-NS model and its mathematical setting
2.1. Governing equations

In this article, we consider a model of homogenuous incompressible two-phase
flow. More precisely, we assume that the domain M of the fluid is a bounded
domain in R2. Then, we consider the system

% — 1 Av+ (v-V)o+ Vp—KuVe = DQ,
dive = 0,

%‘f‘U'V@S—VgAM:O,

p=—1A¢+ af(d),

in M x (0, 400).

In (1), the unknown functions are the velocity v = (vq,v2) of the fluid, its
pressure p and the order (phase) parameter ¢. The quantity p is the variational
derivative of the following free energy functional

Fo) = [ (IVoF+aF)ds ©)

where, e.g., F(r) = [ f(¢)d¢. Here, the constants v; > 0, v3 > 0 and K > 0
correspond to the kinematic viscosity of the fluid, the mobility constant and
the capillarity (stress) coefficient respectively. Here vy, a > 0 are two physical
parameters describing the interaction between the two phases. In particular, vy
is related with the thickness of the interface separating the two fluids.

In (1), D is a linear operator from a real Hilbert space U to (L?>(M))2. The
norm in U will be denoted || - ||y and the scalar product (-, ).

A typical example of potential F' is that of logarithmic type. However, this
potential is often replaced by a polynomial approximation of the type F(r) =
Yt —~2r%, 1, 72 being positive constants. As noted in [11], (1); can be replaced
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by

% —vAv+ (v-Vv+ Vp=—-Kdiv(Vo ® Vo) + DQ, (3)

where p = p — K(2|Vo|* + aF'(¢)), since KuVo = V(K(2|Vo]* + aF(¢))) —
K div(Vp@ V). The stress tensor Vo Vo is considered the main contribution
modeling capillary forces due to surface tension at the interface between the two
phases of the fluid.

Regarding the boundary conditions for these models, we assume that the bound-
ary conditions for ¢ are the natural no-flux condition

0y = 9,A¢ =0, on OM x (0,00), (4)

where OM is the boundary of M and 7 is the outward normal to dM. These
conditions ensure the mass conservation. Note that (4) implies that

Ogit =0, on OM x (0, 00). (5)

From (5), we deduce the conservation of the following quantity

1
(61) = g [ olat)da, (©)
M Jm
where | M| stands for the Lebesgue measure of M. More precisely, we have

(o(1)) = (9(0)), Vt=0. (7)

Concerning the boundary condition for v, we assume the Dirichlet (no-slip)
boundary condition

v=0, on OM x (0,00). (8)
Therefore we assume that there is no relative motion at the fluid-solid interface.

The initial condition is given by
(U7 ¢)(0) = (U()’ (bO)a in M. (9)

2.2. Mathematical setting

We first recall from [11] a weak formulation of (1), (4), (8)—(9). Hereafter, we
assume that the domain M is bounded with a smooth boundary oM (e.g., of
class C?). We also assume that f € C?(R) satisfies

Irl—o0 (10)
[ < er(T+[r™7), VreR,

where ¢ is some positive constant and m € [1,+o00) is fixed. It follows from
(10) that

F ) < ep(Lafr™), 1) S ep(L+[r|™ ), vre . (11)
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Note that the derivative of the typical double-well potential f satisfies (10) with
m = 2. Let us now recall from [11] the functional set up of the model (1), (4),

(8), (9).
If X is a real Hilbert space with inner product (-, ) x, we will denote the induced
norm by | - |x, while X* will indicate its dual. We set

Vi ={ueCrX(M):divu=0in M}.

We denote by H; and V; the closure of V; in (L*(M))? and (Hj(M))? respec-
tively. The scalar product in H; is denoted by (+,-)z2 and the associated norm
by | - [z2. Moreover, the space V] is endowed with the scalar product

2

((,0) = DOt 0 0) 2, [l = ()2,

i=1
We now define the operator Ay by
AQU = —PlAU, Yu € D(Ao) = HQ(M) N ‘/1,

where P; is the Leray-Helmotz projector in L?(M) onto H;. Then, Ay is a self-
adjoint positive unbounded operator in H; which is associated with the scalar
product defined above. Furthermore, Ay’ is a compact linear operator on H;
and |Ap - |72 is a norm on D(Ay) that is equivalent to the H*—norm.

We introduce the linear nonnegative unbounded operator on L*(M)
ANQS: _A¢7 V¢GD(AN) :{¢€H2(M)a 877@5:0, on aM}a (12)

and we endow D(Ay) with the norm |Ay - |z2 + [{ - }|z2, which is equivalent to
the H?—norm. We also define the linear positive unbounded operator on the
Hilbert space LZ(M) of the L?— functions with null mean

Byé = —Ag, Vo € D(By) = D(Ax) N LA(M). (13)

Note that B;,l is a compact linear operator on LZ(M). More generally, we can
define B for any s € R, noting that |BJS\,/2 |2, s > 0, is an equivalent norm
to the canonical H*— norm on D(va/Q) C H5(M) N L3(M). Also note that
Ay = By on D(By). If ¢ is such that ¢ — (¢) € D(B]SV/Q), we have that
1BS2(6 — (0))|12 + |(¢)|z2 is equivalent to the H*—norm. Moreover, we set
H3(M) = (H*(M))*, whenever s < 0.

We introduce the bilinear operators By, B; (and their associated trilinear forms
bo, b1) as well as the coupling mapping Ry, which are defined from D(Ag) x D(Ay)
into Hy, D(Ag) x D(Ay) into L*(M), and L*(M) x (D(Ax) N H?*(M)) into Hy,
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respectively. More precisely, we set
(Bo(u, v), w) :/ (- V)] - wdz = bo(u, v, w), Y, v, w € D(Ay),
M

(By(u, 6), p) = /M (- V)dlpde = by (u, 6, p).

(14)
Vu € D(AO)v ¢7p S D(AN>:
(Folp.0).0) = [ Vo wlds = bi(w.0.10
M
Yw € D(Ay), ¢ € D(Ay) N H*(M), pe L*(M).
Note that
Ro(p, ¢) = PuVe.
We recall that By, B; and Ry satisfy the following estimates
[Bo(u, 0)lvye < elul 2 llullo], Vu,v € Vi, )
15
| Bo(u, v)|z2 < clul Y2 ||ul) 2 ]|v]| V2| Agu| 2, Yu € Vi, v € D(Ay),
|Bi(w, @)lvs < clul Fllul |6l Yue Vi, ¢ €V, »
16
|Bi(u, ¢)|r2 < clul 2 |ul V2| ¢l Angl 2, Yu € Vi, ¢ € D(Ay),
[Ro(Ané, p)lv < clAngl S8l loll, Vo € D(An), p € Vs,
[Ro(Ang, p)lz < cllpl?| Awpl 2| An o] 01115 (17)
Vo € D(Ay), p e D(AY).
We recall that (due to the mass conservation) we have
(9(t)) = (#(0)) = Mo, Vi>0. (18)

Thus, up to a shift of the order parameter field, we can always assume that the
mean of ¢ is zero a the initial time and, therefore it will remain zero for all
positive times. Hereafter, we assume that

(0(1)) = (#(0)) =0, Vt>0. (19)

We set
Y = H, x D(BY?). (20)

The space Y is a complete metric space with respect to the norm

(0, )% = K vz + 12| Vo1 (21)
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We define the Hilbert space V by
V =V, x D(By), (22)
endowed with the scalar products whose associated norm is

1w, O)IT = l[v]|* + [ By olz-. (23)
Finally we set

Hy=D(BY), Voa=D(BY?), H=H xHy, V=V xV. (24)

Throughout this article, we shall denote by ¢;, I{;, K several positive constants
that depend on the data (vg, o) and Q). We will also denote by ¢ a generic
positive constant that depends on the domain M. To simplify the notations, we
set (without loss of generality) 1) = =13 =a =K = 1.

Using the notations above, we rewrite (1), (4), (8)—(6) as

(40 4 Agv+ By(v,v) — Ro(Ano.¢) = DQ. in Vy, ae.in (0,7),
p=Ano+ af(¢), ae. in M x (0,7),
% + Axp+ Bi(v,¢) =0, in H1 a.e. in (0,7),

[ (v, 9)(0) = (vo, ¢0),

where hereafter D = Plf).

Remark 2.1. In the weak formulation (25), the term pV¢ is replaced by Ay V.
This is justified since f'(¢)V¢ is the gradient F(¢) and can be incorporated
into the pressure gradient, see [11] for details. For the sake of convenience, as
in [11] we will replace p in (25)3 by i = u — (i), that is 1 = Ano + f(¢) —
(f(9)), a.e. in M x (0, +00). Obviously we have (f(t)) =0Vt > 0.

Definition 2.2. Suppose that (vo, ¢o) € Y, Q € L*(0,T;U) and T > 0. A pair
(v,¢) is called a weak solution to (25) and (9) on [0,77] if it satisfies (25) and
(9) in a weak sense on [0,7] and

(v,9) € C([0,T]; Y) N L*([0,T]; V),
dv de (26)
— e L*([0,T]; vy — € L*([0,T]; Vy).
Yo, e o)
If (ug, o) € V, a weak solution (v, ¢) is called a strong solution on the time
interval [0, 7] if in addition to (26), it satisfies

(v,0) € C([0,T]; V) N L*(0,T; D(Ag) x (D(By) N H*(M)). (27)
The weak formulation of (25) was proposed and studied in [7, 5, 6, 12, 11] (see

also [2, 1, 8]), where the existence and uniqueness results for weak and strong
solutions were proved.
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2.3. Some a priori estimates
In this part, we first derive some a priori estimates on the solution to (25), (9).

Note that if (v, ¢) is a smooth solution to (1), by taking the scalar product in
H, of (1); with v, then taking the scalar product in L?(M) of (1)3 with u, we
derive that

d |1
dt {5'“’%2 * F(qb)} — (0, DQ)rz2 + |[v]|* + |Vul72 = 0. (28)

Proposition 2.3. For (vy,¢9) € Y and f € C*(R). The system (25), (9) has a
unique weak solution (v, )(t). Moreover, the following estimate holds:

(0. 8)(0) + / (lo()IP + 1a(s) 201 ) dis
< Qul|(v, )(0)2) + ¢ / IDQP.ds, Vit >0,

/0 (AN()Ea + 16(3) o) ds (20)

2.ds, Yt >0,

< Qul|(v, H)(O)2) + / DQ

0
2

d

_(U7¢)

7 L.ds, Yt >0,

ds < Qol|(v, &)(O)2) + ¢ / DQ

t
J
where hereafter, Qo will denote a monotone non-decreasing function independent
of the time t and the initial conditions.

V*

Proof. The existence and uniqueness of weak solutions is proved in [7, 5, 6]. To
derive (29), we proceed as in [11], (see Proposition 3.1 an Lemma 3.3 in [11]).
To derive (29), we proceed follows. We take the scalar product in L*(M) of
(25)3 with 2¢. Adding the resulting equation to (28) gives

dE
— — 20, DQ)rz + 2|vl* + 2|Vl = 0, (30)

where
E(t) = [(v,0) (1) + 2(F(o(t)), 1) 2 + Ce, (31)

and C, = 2Cp| M| > 0, IM| > 0 being the Lebesgue measure of M, and Cr > 0
is a constant large enough to ensure that F(t) is nonnegative.

Note that F'is bounded from below by a constant. With this choice of C,, we
can find Cf > 0 such that

[(w(t), (1)) < E(t) < Qo(l(v(t), &(t)2)- (32)
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It follows from (30) that

E 4 o)) +2Vut). < c|DQ

which gives

2 .ds, (34)

() + / (o) + 2V (s)[22)ds < E(0) + ¢ / DQ

and (29); follows from (34) and (32).

Using (25)1, we can check (using well known regularity result) that

2 .ds, (35)

/O (An6(3)s + 6(5) s )ds < Qoll(0, D) (O)) + / DQ

and (29), follows. Finally, it is clear that (29); follows from (29);, (29), and
(15)—(17). O

Proposition 2.4. Let Q € U, and (vy, ¢o) € V, the system (25), (9) has a
unique strong solution (v, ¢)(t). Moreover the following estimate holds:

(v, 2)O1F +/0 ([Aov(s)[z2 + [ By &(s)lL2 + [Byii(s)[12)ds

- (36)

< allw OO + o / DQ(s)[2ads.
| |awo| <alv.ookra [ 10e@ka 6
B (1) 2, < cil|(w, ) O)]I3 + 1 / DQ(s)[2ads. (38)

Proof. The existence and uniqueness of strong solution is proved as in [7, 5, 6].
We only need to prove (36). We introduce the function fi(t) = u(t) — (u(t)), and
we observe that (f(t)) = 0.

Taking the inner product in H; of (25); with 2A4,v, the inner product in L?(M) of
(25)9 and (25)3 with 2B%,fi+2£ B3¢ (€ > 0 small enough) and 2B%,¢ respectively.
Adding the resulting equalities gives

CZ—); + 2| Agvl72 + 26| By @l72 + 2| Byil7
= 2(Ro(An9, ¢), Aov)12 — 2(AN(f(0) — (f(#)), BNi) 12 (39)

- 2(31 (U, (]5), B]2\7¢)L2 — 2(BO(U, 1)), A0U>L2 + (DQ, Ao'U)LQ
+26(Bnji, BY¢)r2 + 26(By(f(9) = (f(9))), By o)1z,
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where

Note that

Y(t) = lo@)I + [ Bye(®)lL-.

12(Ro(AN®, @), Aov) 12| < 2|BN@| 2|V || Agv] L2

1 §
< SlAovlta + B30l + c Byolial Vo,

1
[2(Bo(v, 0), Agv)rz| < | Aov[zz + elvlzzlv]l*,

§
2(B1 (v, ¢), Byo)rz| < gIB?v(bliQ +c(olz2llvl® + [VelT| Brgl),

dy
dt

where

G(t) = eIVl BnolL: + [v]72 + [V[12) + Qol1¢lm) (1 + [ Byol7s).

_ 13 _
126(By i, Brd) 12| < Z|312v¢\%2 + 4¢| By i),

12(An(f(®) — (f(9))), BNii) L2]
< ¢|Byiiliz + c| By (f(d) — (f()))]72
< ¢|Byiili2 + Qo0 i ) (1 + | Bné|72)| By o 7s,

26(Bw (f(9) = (£(¢))), Byo)r2]

< 1B 0l + Q161 )1 + |Brofia) Baola

W 1Al + S 1B + (2 56 Baiis < GOV(1) + I DQL

Note that from (29), we have

<c /0 (IVo|7:|Bnol7 + 072 + V@72 + Qo(|dlu) (1 + | Bygl32)) ds

/Oty(s)ds <@ (T, |(v,¢)(0)\§{,/0t |DQ\%gds) ’

/Otg(s)ds

< Q (T, .0 [ |DQ|%2ds) .

Choosing & =

1
5

it follows from (46)—(49) that
t
Y0+ [ (Aovlis + |BRoLs + | Bi)ds
0

t
< atll(w, )O)2 + 1 / DQPads, Vit € [0,T),
0

(40)

(41)
(42)

(43)

(44)

(45)

(46)

(49)

(50)
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and (36) follows. We can easily check that (37) follows from (36) and (15)—(17).

To derive (38), we set w = %, = c(lj_qi) Then, differentiating (25); with respect
to time gives,

dvp

EJFA Y+ Bi(w,¢) + Bi(v,9) + An [ (¢)¢ = 0. (51)

We multiply (51) by Ay to derive that

d
Sl + Bl

(52)
< ‘bl(w7 ¢7 AN¢)| + |b1(1}, M AN,(p)‘ + |<ANf/(¢>¢7 AN¢>L2|‘
Note that
1
b1 (w, ¢, Any)| < Z'B?V/%'%Q + clw|72]| 0]l An o2, (53)
1
|b1(v, 9, Antp)| < Z|va/2¢\%z + clvla| Aov| 72 97, (54)
! ]_
(AT (D)0, Ant) 2| < 1|B}%v/2¢!%2 + Qo(llo D111 (55)

It follows from (52)—(55) and (36)—(37) that

et + / BY2(s)2ds < ca|(0. )O3 + / DQP.ds.  (56)

Finally, (38) follows from (56) and (25)s. Note that

BN 6l7. < d—¢ + ¢l Bi(v, 6)[72 + el AN F ()12 (57)
L2
2

<c|lo| +ellzllllolAvelz + Qo(l])- -
L2

2.4. Linearized system

Let (v, ¢) be a strong solution to (25) given by Proposition 2.2. We consider the
linearized system

( CCZZ,%) + AOw + BO<U7 w) + BO(w7 U) = RO(AN(b”l/}) =+ RO(ANw7 (b) + g1,

Ji=Awe+ £ @0
B 1 Awpt+ Bi(o,0) + Bi(w,8) = g,
\<w,w)(0) = (wo, %),

(58)
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or equivalently

rcé_@; + Agw + By(v, w) + By(w,v) = Ro(And, ¥) + Ro(Anth, &) + g1,
i=Axy+ [ ()0 = ([ (o),
% + Anji + Bi(v,v¢) + Bi(w, ¢) = ga,

[ (w,1)(0) = (wo, o),

Proposition 2.5. For (wg,v) € Y and g = (g1,92) € L*(0,T; H), the system
(59) has a unique solution (w,+) € L*(0,T;V)N C(0,T;Y). Moreover, the
following estimate holds true:

|(w, ) (13 + / (I(w, ) ()5 + [VAa(s)[72)ds
’ (60)

T
< 1) (o, o) 2 + ¢4 / lg(s)2ds.
0

Furthermore if (wo, o) € V, then the solution (w,) to (59) satisfies the regu-
larity
(w,¢) € L*(0,T; D(Ag) x D(BY)) N C(0,T;V).

and the following estimates hold:
T
I (w, ) ()] +/0 (lAow(s)[72 + [BRW(s)|z> + |Bniils)|)ds

T
< el (w0, wo)[[3 + 1 / 19(s) 2ads, (61)
0

[l
0

T
G|t <altwo il +e [ lao)fds

2
L

Proof. Since (v,¢) € L=(0,T;V) N L*(0,T; D(Ag) x D(B%), using the known
regularity results for parabolic equations such as the linearized Navier-Stokes
system (see e.g., [20]), we can rigorously prove the existence and uniqueness of
solution to (59) or (58). To derive (60), we multiplying (59); by w. Then we
take the duality of (59)y and (59); with Ay — EAnY and Anv respectively,
where ¢ > 0 is small enough and will be selected later. We derive that

d . _
Z(wlie + 1017 + [lwl* + (| AN 2 + VAl

= —bo(w,v,w) + (Ro(Ang, V), w) 2 + (Ro(AnY, §), w) 2 (62)
- bl(w> ¢7 ANw) - bl(”? @ZJ, AN¢) + g(ﬁﬂ ANQ/J)B

—&(f (D), Anb) 2 + (F (9)h, Anfi) 2 + (g1, w) 2 + (g2, Ant) 2.
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Note that
1
|bo(w, v, w)| < gllwll2 + clo))*wl, (63)
‘( (AN¢5¢)>U])L2‘ = ’b1<w7¢7 ANw)l
1, (64)
g(llwll +E|ANY[T2) + clwlTa | 9)1P| An gl 3s,
‘( (AN¢7 w)ﬂw)L2’ = ‘bl(wawaANqs)’
1 (65)
g(llwll2 + E|ANY[T2) + c(|wlFs + IVYI) 19117 |l,
E(f (D), An) 2| < gmng + Qo(|dla) 19117, (66)
EIf (00, Ani) | < €AY F ()02 AN il e -
1 67
< 2|Vl + Qoléla) 217,
b1 (v, 9, Antp)| < §|AN¢|%2 + clolza vl (68)
€1(, Aw)ia] < SAxla + Vil (69)
Let

Ni(t) = [w(t)[1> + V[
It follows from (62)—(69) that

a

— el + (1 =€) Vil + €| Avi [z < Mi(0)G(8) +clgr[Zz + clgnlzz, (70)

where
G(t) = c(lvl* + 181"l An o2 + [v]L2]v]1*) + Qo(l6]a)- (71)
and finally (60) follows from the Gronwall lemma. Note that G(t) € L*(0,T).

To prove (61);, we take the inner product of (59); with Agw in L*(M). Then
we take the inner product in L*(M) of (59), and (59)3 with B3 — {B%v and
B2%1) respectively, where £ > 0 will be selected later. We derive that

dy
Al + EBR L. + | Brals = As(t), (72)

where
A3(t) = — bo(w, v, Agw) — bo(v, w, Aow) + (R[)(BNgb, @D), Agw)LQ
+ (RO(Bqu (b)? 14011})[/2 - bl ('LU, (b? B]QVw) - bl(“? wa BJQ\fw)

— (f'(9), By )2 + E(By, Byji) iz — E(f (0)1, B3) 12
+ (g1, Aow) 2 + (92, BJQVQ/})LQ-

(73)
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We note that

oo, Agw)] < 5l Aol + elolBaol (71)
oo, v, Agw)] < 5l Agwl3s + ellolP|Agos o (75)
[(Ro(Ang, ¥), Aow) 2] + |(Ro(Bnv, ), Agw) 2|
< S Aowlts +E1BRI:) + P Byl 6l + el Byl 6w ~| Aol (76)
< S (Avwlia + E1BR 0L + el 1P| Brolial6 s + cl Bawlialof ol

[b1(w, &, Byw)| < |(Bi(w, ¢), By) 12|
1
< ([ Aowlie + By YIL2) + cllw]*[liello]* (77)
+cllwl?|ofin + cllwl*| @l |6]ae,
|(f(9)9, BRi)r2| < el(Anf (¢)¢, Brfi)r2]

£ ) (78)
< SIBwElz2 + Qo([élm)| BrylL.
€l(Bae, Bri)uel < |Bujlis + cl ol (79)
It follows from (72)—(79) that (with 0 < £ < 1 small enough)
DY | Agwl2s + §IBR 20 + (1= O Bufil2: < GOV(E) +clglza,  (80)

where

G(t) = C(HUHZM%ﬁHU|\2|A0U|%2+\¢|§11!¢\§12+\¢|H1!¢\H3+\¢|§zz+1)+@o(|¢\fﬂ)§
81
and (61); follows from the Gronwall lemma. Note that G(t) € L'(0,T).

It is easy to check that (61)s follows from (61); and the properties of the oper-
ators By, By and Ry given in (15)—(17). O

3. Control setting

For both physical and mathematical considerations, hereafter we take the state
space to be the space ) defined below. Physically, one needs to have some
smoothness on the solutions. Moreover, the coupling between the Navier-Stokes
and the Cahn-Hilliard equations make more involved the analysis of the adjoint
system associated to the control problem (see Appendix).

Hereafter, we assume the following regularity for the initial condition: uy =
(Uo, 90) e V.
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Then the control problem we will study in this article is given by:
(P) : inf L(v, ¢, Q) (82)
over all (v,¢,Q) € Y x L*(0,T;U) satisfying (25) and
F(v,0) € W, (83)
where

X is a Banach space with dual X* strictly convex,

W C X is convex and closed subset,

F : L*(0,T;V) — X is continuously Frechet differentiable,
Y = W20, 75 H) 1 L2(0, T D(A) x D(B3,)),

(84)

and W'2(0,T; H) is the space of all absolutely continuous functionals (v, @) :
[0,7] — H such that (%, 9) € L2(0,T; H). Note that Y C C(0,T;V).

dt’ dt

We will also define the space W(0,T) by
d
wo.) = {0 € FOTV). Svo e OV ()

Let us recall that W(0,7) C C(0,T; H).

The cost functional L is given by

L(v,6,Q) = / (6°(t, v(t), B(1)) + W(Q())dt, (6)

where
g°:[0,T] x V — RT is measurable in the first variable,

9°(t,0,0) € L=(0,T),

and for every k > 0, there exists an

(87)
Cy > 0 independent of ¢ such that
19°(t, w1, 1) = g°(t, 02, da)| < Cill(v1, 61) — (v2, @) |
vt € [0,T], [|(vr, do)l| + [[(vi, ¢1)[| < F,
h:U — R = (—o0,+00] is convex and lower semicontinuous,
there exist constants ¢; > 0, ¢y € R (88)

such that h(Q) > 1]|Q||% — c2 VQ € U.

We say that (v, ¢, Q) € Y x L*(0, T;U) is admissible for problem (P) if (v, ¢) € Y
is a solution to (25) which satisfies F (v, ¢) € W.

The purpose of this article is to obtain the Pontryagin’s maximum principle for
Problem (P) assuming that the solution exists.
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Lemma 3.1. Let (Von, Gon, Qn), (U0, @0, Q) € V X Uag and (v,, dn), (0, ) be the
solution to (25) corresponding to (vo,, Pon, @n) and (To, (;EO,Q) respectively. Sup-
pose that (Von, Pons Qn) — (Do, ¢o, Q) strongly in V x L2(0,T:U). Then there
exists a subsequence of (Un, ¢pn) (still denoted (v, n) such that (vn, ¢p) — (0, @)
strongly in ).

Proof. Let us recall that (v, ¢,, Q) satisfies

dé}tn + onn + B()(vn: Un) RO(ANan, ¢n) + DQna
¢n +AN/Ln+B1(Un7¢n) - 7 (89)

fin = Andn + f(Pn), (Un, $)(0) = (Von, Pon)-

Since (Von, Pon, @n) is bounded in V x L2(0,T;U), it follows from Proposition
2.4 that

T
H(Un>¢n)H%7+/ (| AovnlLz + [BYduliz + | Bufinliz)ds < C,
0

(90)
T d 2
/0 a(um gbn) L2 dS S Ov
where C' > 0 is independent of n.
If we set (w, 1) = (Vn, &n) — (Um, Om). Then (w, 1)) satisfies
(4 + Agw + Bo(vm, w) + Bo(w, v,)
= RO(AN¢m7w)+RO(ANw7¢n) +D(Qn_Qm>7 ( )
91
B )+ An(f(6n) — F(bm)) + Ba(vm, ) + Ba(w, d) = 0,
\ (U), ¢)(O) = (UOnv gbOn) - (UOTTH ¢0m)
We can prove as in Proposition 2.3 that
H(Una ¢n)(t) - (vm7 Qbm)(t)H%/'
T
[ o = o)) + BR 0= o) OEds g
T
< s ) = (om0l 1 [ 1@ = Q)5 .
and
d d ?
‘ ('Um ¢n) - _(Um7 ¢m)
dt dt L2(0.7:H) (93)

T
< ClH(UOna ¢On) - (UOma ¢Om)H§7 + Cl/ HQn - QmHZ2/1d5
0
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This shows that the sequence (v, ¢,,) is a Cauchy sequence in ), which proves
that

(Un; §n) — (8,6) strongly in V. (94)
We can pass in the limit in (89) to obtain that (7, ¢) € Y is the solution to (25)
corresponding to (¥, ¢o, Q). O

Let (v,, ¢, Q) be optimal for Problem (P). Hereafter, we denote by (F (vs, ¢.))*
the adjoint operator of F (v,, ¢,) and by D* the adjoint operator of D. To derive
a necessary condition for (v, ¢., @), we first define the following approximate
functions h. and g..

Let {e;} be an orthonormal basis of V and m = [e7!], the integer part of e !.
We denote by X, the finite dimensional space generated by {ej, es, -+ , e, } and
by P, : V — X,, the projection operator from Y to X,,. Let A, : ™ — X,
be the operator defined by:

Am(T) = ZTZ'GZ', for 7= (1,79, ,Tm) (95)

=1

and p,, be a mollifier in R™. We define ¢.(¢, v, ¢) by

ge(t,v,0) = /m °(t, Pp(v,0) — € Ay T)p(T)d7, ¥(v,0) € V. (96)

Let h. : U — R defined by

1
(@) = i, {510 - QulE + 1@} (97)
For € > 0, we define L. : Y x L*(0,T;U) — R by:
L€<U7 ¢7 Q)
T 1 T
= [ attoo) s h@yde+ ;[ 10~ Qe

0 0
1 [T]dv ?
% ) |at + Aov + Bo(v,v) — Ro(Ang, ¢) — DQ . dt (98)
1 (Tlde ?
% ), ldt + Axé + Bi(v, ) + An f(9) . dt

1
+ 5o (e +dwF (v, 9)).
Now we introduce the approximate problem

(P.): infLc(v,¢,Q) (99)
over all (v, ¢, Q) € Vo x L*(0,T;U), where

Yo=A{(v,9) €Y, (v,9)(0) = (vo, ¢0)}- (100)
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Lemma 3.2. Problem (P.) has at least one solution.

Proof. Let d = inf(L,) and (v, ¢n, Qn) € Vo x L*(0, T;U) such that

1
d S Le(vnvgbann) S d + —. (101)
n

From (98), we have

T
| 1@ < c (102)
0

Moreover, there exists f, = (f}, f2) € L?(0,T; H) such that

T
/ |ful22dt < C (103)
0
and
% + Agvn, + Bo(vn, vn) = DQy, + Ro(Andn, dn) + [,
90 4 At + Ba(on 0n) = f2, (0, 60)(0) = (00, 6o).

Since f,, is bounded in L*(0,T; H), it follows from Proposition 2.4 that

t
1(vn, @) ()1 +/ (|Aovalzz + [BR@uli + | Bwfinl12)ds < C,
0

/ r (dvn d%)
0 dt’ dt
Therefore, we conclude that there exists a subsequence (vy,, ¢y, Q) still denoted

(Una ¢n7 Qn) such that

(105)

2

dt < C.

L2

(U, &) — (0, qB) strongly in C'(0,7;Y) N L*0,T;V),

(vn, 6n) — (0,¢) weakly in L*(0,T; D(Ao) x D(BR)),
(d—%”, dL;”) — (%, (Zl—%) weakly in L2(0,T; H), (106)
Qn — Q weakly in L2(0,T;U).
Let us prove that
Ro(An¢n, dn) — Ro(An, 9)
and  By(vp, v,) — Bo(0,0) strongl~y in L*(0,T; Hy), (107)

Bl(vna ¢n> - Bl (177 (b)

and  f(¢,) — f(¢) strongly in L?(0,T; H>).
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For w € H,, we have

|<R0<AN¢7L7 ¢n> - RO(ANan (5)7 w>’
< |bi(w, ¢ — &, AnG)| + |br(w, b, An (S0 — 0))]

i (108)
< c|w|l|n — BV AN (dn — D)3 | And|SL | AP G117
+ c|wl[|gn ]| V2| AnGnl15 [ An (60 — )N IAN (B0 — )15,
which gives (since fOT |A%2(¢n — P)2.dt < C, fOT |A%2g5|%2dt <C)
T ~ ~
/ [Ro(Ann, b) — Ro(Anh, &) Zadt
0
T 7 7 7 3/27
ca/|wn—¢MAan—¢nmvu¢uﬂA§¢MMt
0
T 7 3/2 v
+c/|wmmmmmvmwn—@mvw<%—¢mﬂﬁ
0 (109)

T ~ ~
<c / An(6n — )]0 AX2d ot

+ 0/ |An (0 — )| 12| A (b — B)| 124t
— 0 as n — oo.
We can also check that
| Bo(vn, V) — Bo(0,0)] 2
312 om = U ol 2| Agval 2 (110)

+ o V2115112 Ao (0 — B) [ lom — B2,

< clvn —

which gives (since ||v, — 2| < C, ||7]] < C)
T
/ | By (v, 0) — Bo(B, 9)2adt — 0 as n — oo, (1)
0

This proves that By (v, vy) — Bo(0,7) and Ro(Anx¢ndn) — Ro(And, ¢) strongly
in L?(0,T; Hy). Similarly, we can also prove (107),.

Now using (106) and (107), we derive that

2

dt
= 112)

T
lim inf

n—oo 0

/
Z
0

dvy,
% + AOUn + BO(Una Un) - RO(AN¢na ¢n) - DQn

2
dt + A(ﬂ) + B() (U U) RO(AN¢7 ¢) - dt’
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T d¢ 2
0 L (113)
T d¢ 2
> [0+ Aot Bulv.o) + Avf(0)
0 14 L2
From (87), (96) and (106), we also have
T ~
| latvn00) ~ ae.5.0) i
0
. ~ (114)
<C [ (wn62) = @)t 0 asn -,
0
where C' is independent of n.
Since h, is convex and continuous, we derive from (106) that
T T R
lim inf / B, 60)dE > / he(5, 3)dt. (115)
oo Jo 0
From (106) and (84), we also have
lim F(vn, ¢n) = F(7,) (116)
and therefore
1 2 _ 1 2
T o+ dw F (v, 60)) = 5 (€ + dw F(0,0)) (117)

Since (vn, ¢n)(0) = (vo, ¢o) and (v, ¢n)(0) — (4,)(0) strongly in Y, we have
(9,0)(0) = (vo, ¢o). This shows that (7, ¢) € )y and finally it follows from (101)
and (112)—(117) that (9, ¢, Q) is optimal for problem (F,).

Lemma 3.3. Let (v, ¢, Q) be optimal for problem (P.). Then there exists a
generalized subsequence (Ve, e, Qc) such that (ve, ¢e) — (vi, p) strongly in Y
and Q. — Q. strongly in L*(0,T;U) as e — 0.

Proof. Since (v, ¢, Q) is solution to (F,), from (98) we have

T
L(0e00Q0) < L0, 6.Q2) = [ (0o + h(@)dt+ 5. (119
It follows from (96) that (see [21])

|g€(tvv*a ¢*) - go(tvv*v ¢*)| < C(H(U*a ¢*) - Pm(vhqb*)“ + 6)7 (119)

where C' is independent of e.
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From (118), (119), we deduce as in [21] that

limsup L(ve, ¢, Qc) < L(vi, duy Qi) (120)

e—0

From (98), we have

2

T
d
/ CZ; + AOUE + B0<U67 Ue) - RO(ANgbey gbe) - DQe dt < OG,
0 L2
' 2 ’ (121)
/ o T ANGe+ Bi(ve, &) + Anf(de)| dt < Ce,
0 L

(6 + dWJT(Um ¢e))2 S Ce.

Using (98), there exists f. = (f2, /%) € L*(0,T; H) such that

Cz}f + Agve + Bo(ve, ve) — Ro(Ande, ¢c) — DQ. = f1,
0c 4 A6+ Bu(ve,6.) + Anf(60) = 12, (122)
(Uev(be)( ) == <U07 (bO)u

and
fo=(f', %) — 0 strongly in L*(0,T; H). (123)

Using the same argument as in the proof of Lemma 3.2, we conclude that there
exists a subsequence (v, ¢, Q.) of (ve, ¢, Q) and (0,¢,Q) € YV x L*(0,T;U)
such that as € — 0, we have
) — (0,0) strongly in C(0,T;Y) N L*(0,T;V),
o) — (9,¢) weakly in L*(0,T; D(A) x D(B%)),
4 (ve,6) — 4(0,9) weakly in L*(0,T; H),
Q. — Q weakly in L2(0,T;U),
By(ve, ve) — Bo(0,0)
and  Ro(Anode, o) — Ro(Ano, ¢) strongly in L2(0,T, Hy),
Bi(ve, be) — Bu(0,9)
and  f(¢.) — f(¢) strongly in L2(0,T, Hy).

(ve, @

(ve, @

(124)

Taking the limit in (122), we derive that
% + 14077 + 30(67 @) = RO(AN&u QB) + DQ?

90 4 Bd+ Bi(0.9) + AvS (&) =0, (125)
(9, 95)(0) = (vo, ¢o)-
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More precisely, at the limit we derive that (ﬁ,gz;) is a weak solution to (125).
Since Q € L2(0,T;U), it follows from Proposition 2.4 that (7,¢) € Y is the
strong solution to (125).

From (84) and (124), we deduce that

F(ve, ) — F(v,¢) strongly in X as € — 0. (126)
By (121), we have
hII(l) dW‘F(Ue)¢e) - ’ (127)
which proves that 3
F(@0,0) e W (128)

since W is closed.

From (125) and (128), we obtain that

L(ve, 64, Qi) < L(0, 6, Q) (129)

since (vy, ¢x, Q) is optimal for problem (P).
From (87), (124) and (96), we also have

196t ves 6) = 9e(1,9,6)| < Cll(ve, 6) — (7 = ),
lime— ge(1, (1), $(t)) = ¢°(t, (1), 9) ¥t € [0,T], (130)
19:(t, (1), 6(1)) — g°(t, 0(1), 6(t))| < C(I(T, ) = Pua(0,9)|| + ),

where C' is independent of e.

Using (130) and the Lebesgue dominated theorem, we derive that

(131)

— 0 ase— 0.

Using the same argument as in [21], we also have

T T 5 5
it [ (1(Q0) + 510 = QuI)de > [ Q)+ 510 - Qi (132)

e—0
It follows from (129), (131) and (132) that
lim inf Le (ve, ¢, Qc) = L(,0,Q) > L(v,, by, Q.). (133)
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Therefore using (29) and (133), we conclude that (7, ¢) = (v,, $.), Q = Q. and
Q. — Q. strongly in L*(0,T,U). (134)
Let us prove that
(Ve, @) — (U, @4) strongly in V. (135)

Let (w,¥) = (e, @) — (vs, Px). Then (w, 1)) satisfies

'% + Agw + Bo(vy, w) + B(w, v)
= Ro(Ano», ) + Ro(Anth, de) + D(Qc — Q) + f1,

% + A?Vw + Bl(y*,w) + Bl(w,gbe) + AN(f((bE) - f(¢*)) = 627
((w,?)(0) = 0.

(136)

Following the proof of Proposition 2.5, we derive the following estimates on w.

II(w,@D)(t)H%Jr/O (|Aowl[72 + | By 72 )ds

2

dt (137)

LQ

IN

T T
o / (1Qe — QulB +1£.[2) ds. /

T
<6 / (19 — Qulds + | £.12) ds.
0

d
E(wuw>

It follows from (123), (134) and (137) that (v, ¢.) — (vs, ¢s) strongly in V.

We make the following assumption: for some r > 0,
F (s, ¢)R, — W has finite codimensionality in X, (138)
where

dz

R, = {(Z,@)Gy: dt
= Ro(An¢s, ) + Ro(Ang, ¢.) + DQ,

d /
d—f + Ane + Bi(ve ) + Bu(2,6.) + Ax S (0)9p =0, (139

(z,¢)(0) = 0, for some @ € M(O,T)},

T
Mo ={@erorw: [ e <}, 0
0

+ Aoz + Bo(vs, 2) + Bo(z, vy)
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4. Main result

Before we state the main result of this paper, we will first introduce some nota-
tions.

We define the linear operator A : V' — V* by
(Auy,up) = (Agur, va) + (A1, d2), (140)

for uy = (v1,¢1),u2s = (v2,¢2) € V, where (-,-) denotes the duality pairing
between V' and V* or between V; and V;*, i = 1,2.

We also define the following trilinear functional and associated operator
(B(u1, uz), us) = b(ur, uz, us) = bo(vy, v2,v3) + bi(v1, P2, P3), (141)
for uy = (v, ¢1), Uz = (v2, ¢2), ug = (v3, ¢3) in V.
We introduce the bilinear operator R : V x V — V* by
R(uy,u2) = (Ro(An o1, $2),0), (142)

for uy = (v, ¢1), us = (v, o) € V.

Finally we set
E(u) = (0, f(¢1)),  (E'(u1))us = (0, An f (1)¢2). (143)

for uy = (v1, ¢1), uz = (v2, $2) € H.

To simplify the notations, we will also set
B(uy) = B(ug,uy), R(uy) = R(uy,uy). (144)
Then we can check that

B,<U1)U2 = B(Ul, UQ) + B(UQ,Ul),

, (145)
R (uy)us = R(uy,us) + R(ug,uy), Yug,us € V.

With the above notations, if we set u = (v, ¢), ug = (vo, o) and DQ = (DQ,0),
then we can rewrite (25) as:

du

prina Au+ B(u,u) + Eu = R(u,u) + DQ, u(0) = uy. (146)

Let u = (v, ¢) be the strong solution to (146) given by Proposition 2.4. If we
set w = (w, ), wo = (wo, o) and g = (g1, g2), then the linearized system (59)
can be rewritten as:

%+Aw+B(u,w)+B(w, u)+ B (u)w = R(u,w)+ R(w,u)+g, w(0) = wo. (147)
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We will also consider the following adjoint system for which a result on the ex-
istence and uniqueness of solutions is given in Proposition A.1 in the Appendix.

—%ﬁﬂw+wﬁmm+uﬂwquﬁwww+%wgpw@ (148)

Let us now state and prove the main result of this article.

Theorem 4.1. Suppose that (87), (88), (84) and (138) hold, where (vy, dx, Q)
is optimal for problem (P) and we set u, = (v., ¢.). Then there exists (Ao, p, (o) €
R x W(0,T) x X* with (N, o) # 0 such that

2 At (B () p + (B () D + (F (00,62))G
—(RI(U*))*p € —X0g(t,vs, dy) a.e. in (0,7T), (149)
p(T) =0,

and
D*p(t) € Mg0h(Q«(t)) a.e. in (0,T),

/ (150)
(0,0 = F (102,04)) o x SO VO €W

Moreover if F (v,,¢") is injective, then (Ao, p) # 0.

Proof. Hereafter we set u. = (v, ¢¢), u? = (v?,¢?). Let

Z=A{(v,¢) €V: (v,9)(0) =0}. (151)

For © € Z and Q € L*(0,T;U), we set u? = u. + pO, Q° = Q. + pQ, where
(ue, Q) is optimal for problem (FP,). Then

(u?, Q) = (v2, ¢2,Q7) 152
(00 Q) = (0,60,Q.) strongly in Y x LA0. Tty as p— 0.
We notice that
B(u?) ; B(u) _ B/(ue)@ + pB(u,),
(153)
R(u?) ; R(uc) = R (u)® + pR(u.).
Therefore
B(u?) — B € !
we) ZBlud) _ g6,
(154)

€

— R'(u)© strongly in L?(0,T; H) as p — 0

R(uf) — R(uc)
Iz

since B(u.), R(uc) € L*(0,T; H).
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From (154), we also have

1
2ep Jo

alu€
dt

du? 2

dt

+ Auf + Eu? + B(uf,u?) — R(u?,uf) — DQ?

€7r e €7r e

L2

+ Au. + Eu, + B(ue, u.) — R(ue, u.) — DQ,

LQ} T (1s)

T
. / <q€, % + A + E'(u)0 + B (u)© — R (u.)0 — DQ> ds
0
as p — 0,

where ¢, is given by

1 du,
ge = [ CZ‘ + Au. + Eu, + B(ue, ue) — R(ue, ue) — DQel ) (156)

As in [21], we can check that

1 T T
lim = [ (602, 00) ~ g.to00)dt = [ (Valtiv,o).0)dn (157
=P Jo 0
1" 1
FR{C (Qp)—he(Qe))Jrg(llQ?—Q*HZ—IIQE—Q*IIZ)}dt
(158)
H/ (Vh(Qo) + Qe — Qu Qyydt a5 p— 0,
{(e+ dw (et 60)) — (e + d Flue,0))7)
(159)

€+ dWF(Uea ¢e)
N

€

(G F (ve000)  asp—0,
X+ X

where Vg.(t, v, ¢.) denotes the gradient of g. with respect to the variable (v, ¢.)

at (ve, o) and Vh(Q.) denotes the gradient of h, at Q., while . € ddy (F (ve,0c)),

Odw being the sub-differential of dy . Note that

L if Flue, @) € W,
[ rFees) 60

I1C] _
if F(ve, ¢e) € W,

since W is convex and closed and X* is strictly convex.

Let

€
A = , e =Aqe € L*(0,T; H). 161
P p q ( ) (161)

Since
LE(va ¢£7 'eo) B LE(UEJ Qbea Qe)
p

>0 Vp >0, (162)
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it follows from (98), (155)—(162) that

0 < )\E/O [<V96(t’ Ves (bE)a @> + <Vhe(Qe)7 Q)M + <Qe - Q*7 Q)L{] dt

T d ! 1 !
+ / <pe, d—(;) + A0 + E' (u)O + B (u)® — R (u)0 — DQ> dt (163)
0

+A<uw%@»meﬁV@xwerL%&ﬂU>

Taking © = 0 in (163) gives
D*pe = AVh(Qe) + Ae(Qe — Q) a.e. in (0,7). (164)

Taking @ = 0 in (163) yields

T /
- /0 AV et ve, be) + (F (v, @) "Ce, O)dt

(165)
dt

VO = (z,¢) € Z,

T d@ / / /
+ Pe, — + AO + E (u)© + B (u)O — R (u.)0© ) dt
0

which can be viewed as necessary conditions for (v, ¢, Q.).

We will now pass to the limit in (164)—(165) as ¢ — 0 to derive necessary
conditions for (v, ¢x, Q).

Let us set
Qe = AeVge@a Ve, 9256) + ('7:/ (Uea QbE))*CE € L2(07 T V*>' (166)

Then (a.) is bounded in L*(0,T;V*). Let p. € W(0,T) be the unique solution
to (see Proposition A.1 in the Appendix)
_ dp. '

Lt A+ (E (w)) e+ (B () e — (R

(ue))"Pe = —ae, P(T) = 0. (167)
Multiplying (167) by © and integrating over (0,7") gives

T d(—) / ’ ! T
/ <]5€, — + A0+ FE (u)® + B (u)® — R (u5)9> dt = — / (o, ©)dt,
0 0

dt
(168)
which implies that (see (165))

T
/ <p€ — Pes % + AO + E (u)®© + B'(u)© — R'(ue)@> dt=0 VO e Z.
0
(169)
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Since for every g € L?(0,T; H), there exists © = (z,¢) € Z such that (see
Proposition 2.5)

% + AO + E'(1)0 + B (u)® — R (u)® = ¢ a.e. in (0,7), (170)

it follows from (169) that p.(t) = p.(t) a.e. in (0,T). Therefore p. = (p!,p?) €
W(0,T) and satisfies (see Proposition A.1)

T

T
L ) (O + / (1L 72)(5) [3ds < o1 / affudt<C. (171)
0 0

We conclude that there exists p = (p', p?) € W(0,T) and a subsequence (p) of
(pe) such that

(pt,p?) — (p*,p?) strongly in L*(0,T; H) as € — 0,
(pt,p?) — (p',p*) weakly in L*(0,T;V) as € — 0,

(dd_lf’ dd—zf) — (dd—};:, dd_lf) weakly in L?(0,T;V*) as € — 0, (172)
(pL, p?)(0) — (p',p?)(0) weakly in H as e — 0.
From (160) and (161), we also have
L< A+ Gl <2 Ve>0. (173)
Therefore, there exists a generalized sequence (A, () of (A, () such that
Ae — Ao, C — (o weakly- star in X as e — 0. (174)

Using Lemma 3.3 and (172), we can pass to the limit in (164) and derive (150);.
Now let us pass to the limit in (165). First we note that

Vet ve, o) — B(t) weakly in L*(0,T;V*) as € — 0, (175)
where
B(t) € 0g(t,vi(t), p«(t)) a.e.in (0,T). (176)
From (84) and Lemma 3.3, we derive that
(F (ve,0))*Ce = (F (vs,6.))"¢o weakly in L*(0,T;V*) as e — 0. (177)
We also have (see the proof in the Appendix)

(B (1)) pe — (B'(u,))*p weakly star in L*(0,T;V*) as € — 0,

, , 178
(R (ue))*pe — (R (us))*p weakly star in L*(0,7;V*) as € — 0. (178)
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From (172), (174) and (175)—(178), we can pass to the limit in (167) to derive
that p € ) and satisfies (149).

Since (. € ddy (F(ve, ¢c)), we also have
((,0 — F(ve,0))x+x <0, VO = (w,y)) € W, (179)
which gives
(G © = F(vs, 0:))xrx < (G, Fve @) — Flvw, 00))x-x VO € W (180)

From (174) and Lemma 3.3, we can pass to the limit in (180) as ¢ — 0 and
derive that (150)s holds true.

Next we prove that (Mg, (y) # 0. We assume that A\g = 0. From (173), (174),
there exist €; > 0 and 6 > 0 such that

2> ||¢]

x+ >0>0 Ve <e. (181)

From (163) and (180), we obtain that
—1e(9, Q)

< (G F (00009 = © + Flv.0.) )

X* X
T (182)
+ / <p€, % + AV + E (u)9 + B (u)0 — R (u)0 — DQ> dt
0
Y(9,Q) € Z x L*(0,T;U),0 € W,
where
ne(9, Q)
T T
= )\6 { 0 [<vge(t>ve> ¢6)779>+<Vh6(Q6)? Q>L{] dt+/(; <Q€ - Q*> Q)Udt}
(183)

T T
o, (B (uo) — B'(u,))9 ) dt — o (R (ue) — R (u,))9 ) d
[ (B ) = By at = [ (o (R (w) = R (w)yo) at
(G (F (006 = F (02,6000 + Fve,6) = Flo6)) .
For every € > 0 and @ € M(0,7), let ¥, = (we, ¥e) = (we, 1) (Q) be the solution
to

di.
dt

+ AV, + E (u )V + B (u)V. = R (u)d. + DQ, 9.(0) =0, (184)

where 7 is given by (138). Then from Proposition 2.5, ¥, = (&, @) € Z and

2
€

dt

T
gt + / (A2 + |BEgd2)dt < C ¥Q € M(0,7),
0
(185)

T
T /

L2
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where C' is independent of € and Q).
We can also check that (see (135), (124) and (185))

/0 (B (u) = B (w))d, p)ldt — 0 as e — 0,

- (186)
/ (R (1) — R ()0 p)|dt — 0 as € — 0.
0
From (183)-(186) and Lemma 3.3, we conclude that
N(C(@Q),Q) — 0 as € — 0 uniformly in @ € M(0,r). (187)
It follows from (139) and (182) that
<Cepfl(v*7¢*)19_®+f(v*7¢*)>X*,X > —Te (188)
Vi = (z,¢) € R,0 = (w,¢) € W,
where
ne—0 ase— 0. (189)

Using (138) we know that F (v, ¢.) R, — W and F (v, ¢) Ry — W — {F (vs, ¢)}
have finite co-dimensionality in X. From (181), (187)—(188), we conclude as in
[21] that (Ao, o) # 0.

Moreover, if F (v,,,) is injective and (Ao, p) = 0, then from (149) we have
(F (v, $4))*Co = 0, which yields ¢y = 0 and ({y, Ag) = 0. This is a contradiction
since (Co, Ag) # 0. Therefore (Mg, p) # 0 if F (v., ¢) is injective. ]

A. Appendix
Let u = (v, ¢) be the strong solution to (146) given by Proposition 2.4.

We now consider the following adjoint system:

S Ao (B )+ (B (@) = (R @) w g, o(T) =wo, (190

where the unknown is w = (w, 1) and wy = (wy, 1) is given.

Proposition A.1. For wy = (wo,v%) € Y and g € L*(0,T;V*), the system
(190) has a unique solution w = (w,v) € L*(0,T;V) N C(0,7;Y). Moreover,
the following estimate holds true:

2 .ds. (191)

T T
(w0, )(B) + / (w, $)lf3ds < 1] w0, o) + e / 9
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Furthermore, if (wo,v0) € V and g € L*(0,T; H), then the solution (w,v) €
C(0,T;V)N L?(0,T; D(Ag) x D(B%)) and the following estimates hold

II(UMD)(@H%/0 ([ Aow(s)IL2 + [By(s)[12)ds

T
< arll(uwo, vo)[13 + e / 19(5)Pads, (192)
0

T d 2
/

T
G| ds<alwo e [ loo)ads
0

L2

Proof. We recall that v = (v,¢), w = (w,v). Since (v,¢) € L*(0,7;V) N
L?(0,T; D(Ag) x D(B%)), using the known regularity results for parabolic equa-
tions such as the linearized Navier-Stokes system (see e.g., [20]), we can rigor-
ously prove the existence and uniqueness of solution to (190). To derive (192),
we first note that for © = (¢, ¢) regular enough, we have

(B'(w)'w,©)
= (w, B'(u)8) = (w, By(v,¢) + Bo(¢,v)) + (¥, Bi(v, ) + Bi(¢,¢))  (193)
= bo(U, C, U)) + bO(C: v, U)) =+ b1<U7 2 ¢) + b1<C7 ¢7 d})

We also have

(B

/

(R (u))'w,©) = (w, R (u)©) = (w, Ro(And,¢) + Ro(Anp, 9))
= bl(w’ 2 AN¢) + bl(wv ¢7 ANQD)

Multiplying (190) with © = (w, ) in H and using (193)—(194) give

(194)

d
g wlze + [W152) + 2]l + 21 By L.

+ 2bo(w, v, w) + 2b1 (v, %, ¥) + 261 (w, &, ¥) + 2(An [ (D)0, 1) 12 (
= 2b1<UJ, w7 AN¢) + le(wv ¢a AN’QD) + 2<gl7 ’LU> + 2<g27 ¢>

It follows that

195)

[(w, ) (t)|72 +/0 (lw(s)II* + [ By (s)[12)ds

. (196)
< a1f(wo, ¥o)|7 + Cl/ |91+
0
Multiplying (190) with © = (w, Ayv) in H and using (193)—(194) give
d 2 2 2 3/2,12
5 (e +I5) + 2lwl” + 2| By "9 [12 + 2bo(w, v, w)
(197)

+ 20y (v, Antp, ) + 2by (w, ¢, ) + 2(An f ($)0, AN) 12
= 2b1<w7 ANwa AN¢> + 2b1(w7 ¢7 A?Vw) + 2<gl7 U)> + 2<927 AN¢>
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We note that

1
[bo(w, v, w)] < Sl + clwlza o],

b1 (v, Antp, )| = |bi(v, 1), An)]
< SIBYE s + el P,
o1, 6,0 < el ol 60012
< SUBYRYR. + ol + ol o),
by, A, )] = [bn (a0, 6, Ay
< cluwl ol 21612 Byl 2| An ] o2

1
< gl +1BY*0l52) + clwfZal o7 Bydle.

(A f (@), And)iz] < e5IBY2 0l + Qo(ll9l) .

|b1 (U), ¢7 A?qu)'
< |AY?Bi(w, 6)| 12| AV 9|12
< c([[w]l|V@loo + [w]Y?[w]| V2| Ane|1o)|AY 6 12

1
< gl AN Sl + cllwlP I ANGlz + cllw|*| Anre| AN S =

It follows from (197)—(203) that

d
(w2 + 191%) + e(llw]” + BV 0l72)

< G ([wl2e + [[0]%) + clgl?- + cllw] 18]l A% 76| 2,

where
Gi(t) = clloll* + clvfZallvll* + l¢lI* I Bn¢lz2 + Qo([I4]])),

which gives

T
()2 + 1)) + / (el + | B[22 ds

T
< er([wolz> + [[¢oll*) +01/0 (I9()3 + llwlP1 S| AN 01 12)ds,

and

(w0, D)(B) + / I (w, 6)(s) [3ds < el (ueo, o) + e / 19(s)

2.ds,

(198)

(199)

(200)

(201)

(202)

(203)

(204)

(205)

(206)

(207)
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and (191) follows. Note that G,(t) € L'(0,T).

1167

To prove (192);, we multiply (190) by (Aow, Axt) and we use (193)—(194) to

derive that
d
2wl + 1017 + 2| Aowlzz + 2| BY* 6132 + 2bo(v, Agw, w)
+ 2b()(A0’lU, v, w) + le (U7 Ava ¢)

+ 2bl (A()wv ¢, w) + 2(AN.f/(¢)77Z}> AAN'I/})L2
= 2by(w, AN, An o) + 2b1 (w, ¢, AZY) + 2(g1, Aow) 12 + 2(g2, ANV) 12

We note that
|bo (v, Agw, w)]

IN

1/2 3/2
clo] 5 o] V2 |w]| 2] Agw!3h

1
< glowlzz + cfvlzzlvl* ],

|bo(Agw, v, w)| < e| Agw| g2 |v]| V2| Agv] 5 |[w]| /2 w] )5

IN

1
glowlzz + elloll| Aov] oz ],
|1 (Agw, 6, )| < e| Agw| 2] 0| /2| An | 1o 1] /2 [] 1
1
< g Avwli +1BY*UlE2) + el 6]*| Bl vl

U[by (v, A, )] = [by (v, 0, Anap)| < clo] 2 l[vl|Y2| BY |20 /2

1 s/
< —rBN/ D[22 + clvZa o] 2w )%,

b1 (w, Axt, Ang)| < clwl 2 [lw] V2| Buo |12 1BY 6115 | BY ] 12
= %\B?J?w&z +cl|w]]?| Byl 2| BY ¢l 1z,
|b1 (U% o, A?v¢)|
< [(AY?Bi(w, ¢), AY*0))|
< cllwllll ol BY 26|21 BN v e
+ clwl Sl Byl 2| BY 612 | BY ] 2

< 2IBY? 0l + cllwlP | BY*6li= + cllwl| By |z | BY 6z,

OOIH

U (@), Avid] < HBL0R, + Qolllg P
It follows from (208)—(215) that

d
Sl @I + N OI) + Aol + B 612

< Go(t)([[wl* + [V (0)I*) + clgliz

(208)

(209)

(210)

(211)

(212)

(213)

(214)

(215)

(216)



1168 T. Tachim Medjo / Mazimum Principle

where

Ga(t) = c([of3ao]* + lolllAgolzz + 6] Buol2:
3/2 3/2 (217)
1Bl B0l + 1811 B 2012) + Qo(l61),
which gives

T 3/2
o)1 + 1O+ [ (Aqufts + 15 0f32)ds
. (218)
< cxllfwnl® + ool + 1 [ lg(s) s,
0

and (192); follows. Note that Gy(t) € L'(0,T).
We multiply (190) by (Aqw, A%) and we use (193)—(194) to derive that

Sl + | Bawls) + 2l Agulzs + 2| B o
+ 2b0(’U, A0w7 ’U)) + 2bO (Al)wv v, w) + 2bl (Ua A?Vwa 1/1) (219)

+ 20y (Agw, ¢, 9) + 2(An f (o)1), AA¥) 12
= 2b1(wa A?\ﬂ/}a AN¢) + 2b1 (w7 ¢7 A?V¢) + 2(917 AOw)L2 + 2(927 14N¢)L2

We note that
M@AMWMSM@%AMNSMWWWWWW%MMWMwm
(220)
S!Awm+deMMWm
b1 (w, AA, Ang)| = |b1(w, Ao, AA)|
< c|w|1/2|A0 1/2|A3/2¢|L2|A @/)|L2 (221)

< (lew|L2+|A Wli2) + clwlfa| AV ¢l e,

2(ANf ()0, AZ)| < 2 |A D72 + QoI Byoli2)| Bylis, (222)

b1 (w, ¢, A)]
= |[AnBi(w, ¢), A 0)]
<dAWMﬂWWﬂMy2PMM’Mm+fWWﬂM0lﬂMy%hL4¢%2(m$

< ST + el Al Ol AY6lse + clu o] AY 61

It follows from (219)—(223) that

d
5 lw(t W+ [ Byvlze) + [Aowlie + [ B Y[

< Gs(t)([[wll* + |Byvl72) + Ha(t),

(224)
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where
Gs(t) = Go(t) + ¢| A0 4,Q0(| By 12),

(225)
Ha(t) = clg2a + ¢l Aqw] 2]| o ]| A0 2,

and (192); follows. Note that Gs(t), H(t) € L*(0,T). As in the proof of Propo-
sition 2.5, we can easily prove that (192), follows from (192);.

A.1. Proof of (178)
For © = (w, ) € L*(0,T;V), we have

(B (ue)"pe — B'(u.)"p, ©)]
= |bo(ve, w, p) + bo(w, ve, p) — bo(vy, w, p') — bo(w, vy, p*)
+b1(ve, ¥, 92) + bo(w, de, ) — bi (Ve ¥, ) = bi(w, b, )
< oo = v, 91)]+ (o .81 P+ P, v (226)
+ [bo(w, ve, pe — P+ [b1(ve — vay 10, )]+ |ba (s, 90, 7 — p?))
+ b1 (w, b — ¢uy D2)] + |01 (w, b, P2 — PP
= M, + My + -+ M.

Note that

1/2

1/2
My = [bo(ve = vay w, ph)| < cloe = v 5 |ve = v V2l |p] 2 IRE2, - (227)

My = |bo(ve, w, pt — pY)| < clo )2 o2 wll[pt — pH|,5 Ipk — pH|[ V2, (228)

1/2 1/2
My = [bo(w, ve = ve, ph)| < clw| 2 [|w|2]lve — v It 2" I0EM2, - (229)
My = [bo(w, v, pl = p")] < clwl 5 [w]2]lv.Ipt = p'|5" It = pHIM2, (230)

My = [by(ve — v, 00, P2)| < cloe — v 1 Joe — w20l 2157 2] 2, (231)

Mg = [by (va, 1, p? = )| < clval o2 )10 | |p2 = P24 Ip? — P22, (232)

My = [by(w, ¢ — 5, p2)] < clw| 2wl V2l|oe — o[l 92172, (233)

My = [by(w, ¢, p? — p?)| < clw] 27 |[wl[ V2|6, I1p2 — p*[ 27 ]Ip? — p*1V/2, (234)
and it follows from (226)-(234) that (see (135) and (172))

T
/ (B (ue)*pe — B (u,)*p, ©)|dt — 0 as e — 0, (235)
0

which proves (178);.
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To prove (178),, we note that

(R (ue)*pe — R (u.)"p, ©)|
S ‘bl(pi —P1>¢7AN¢6)| + ‘bl(p17w7AN¢e - AN¢*)‘

Il — 6 A + I 6 o Are)]
= N+ Ny+ N3+ Ny
We note that
Ny = [bi(p! = p', 9, Anoo)|
< dlpt = p'[2 1 = PG Anel 571 BY el M2, 20
= |bi(p", ¥, Ange — Ano.)|
< cp' L2120 | An (b — 0|2 IBY (b — 0:)|1V2, 2
= |bl(p: —pl ¢E7AN¢)|
< (AN Bi(p! — 1", 60), AY))]
< cllp! = "M An (0! — PN 02 An el 21 (2
+elp! = p' 2 p! — p IV An el 2B 01 1,
Ny = [ba(p", 6 — bu, Ax)| < (AN BL(p, b — 6.), AN )
< cllp'llige — .12 AV (6 — S 110 (240)
+elp [P 12 Ax (6 — d)EIBY (0 — 015 1],
and it follows from (236)—(240) that (see (135) and (172))
T
/0 (R () pe — B (w)"p, ©)[dt — 0 as ¢ — 0, (241)
which proves (178)s. O
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