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In a normed linear space X an element x is said to be orthogonal to another element y in the
sense of Birkhoff-James, written as ¢ Lp y, iff ||z]| < |z + Ay|| for all scalars A\. We prove
that a normed linear space X is strictly convex iff for any two elements x, y of the unit sphere
Sx, ¢ Lp y implies ||z + Ay|]| > 1 V XA # 0. We apply this result to find a necessary and
sufficient condition for a Hamel basis to be a strongly orthonormal Hamel basis in the sense
of Birkhoff-James in a finite dimensional real strictly convex space X. Applying the result
we give an estimation for lower bounds of |tz + (1 — t)y||, ¢t € [0,1] and ||y + Az||, V X for
all elements z,y € Sy with z Lp y. We find a necessary and sufficient condition for the
existence of conjugate diameters through the points e;,es € Sx in a real strictly convex space
of dimension 2. The concept of generalized conjugate diameters is then developed for a real
strictly convex smooth space of finite dimension.
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1. Introduction

Suppose (X, |.||) is a normed linear space, real or complex. X is said to be
strictly convex iff every element of the unit sphere Sy = {x € X : ||z| = 1} is
an extreme point of the unit ball By = {x € X : ||z|| < 1}. There are many
equivalent characterizations of the strict convexity of a normed space, some of
them given in [11, 16] are

(i) If 2,y € Sx are linearly independent then we have ||z + y|| < 2,
(ii) Every non-zero continuous linear functional attains a maximum on at most
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one point of the unit sphere,
(iii) If ||z + y|| = ||lz]] + ||yll, = # 0 then y = cx for some ¢ > 0.

A normed linear space X is said to be uniformly convex iff given ¢ > 0 there
exists § > 0 such that whenever z,y € Sy and ||z — y| > € then ||| < 1—4.

The number §(e) = inf{l — ||Z¥|| : z,y € Sx, |z — y|| > €} is called the
modulus of convexity of X. A space X is strictly convex iff §(2) = 1.

The concept of strictly convex and uniformly convex spaces have been extremely
useful in the studies of the geometry of Banach Spaces. One may go through
[2, 5-8, 10, 11, 14, 16-18] for more information related to strictly convex spaces
and [4, 6, 7, 11] for uniformly convex spaces.

In a normed linear space X an element x is said to be orthogonal to another
element y in the sense of Birkhoff-James [3, 10, 11], written as x Lp vy, iff

|lz|| < ||z + Ay|| for all scalars A.

Recently in [13] we introduced the notions of strongly orthogonal set and strongly
orthonormal Hamel basis in the sense of Birkhoff-James. For the sake of clarity
we mention them briefly here.

Strongly orthogonal in the sense of Birkhoff-James: In a normed linear
space X an element x is said to be strongly orthogonal to another element y in
the sense of Birkhoff-James, written as x 1L gp vy, iff

lz|| < ||z + Ay|| for all scalars A # 0.

If z Lgp y then x L gy but the converse is not true. In (R?,||.||s) the element
(1,0) is orthogonal to (0,1) in the sense of Birkhoff-James but not strongly
orthogonal.

Strongly Orthogonal Set in the sense of Birkhoff-James: A finite set
of elements {x,zs,...,x,} in a normed linear space X is said to be a strongly
orthogonal set in the sense of Birkhoff-James iff for each i € {1,2,...,n},

ZL’i—i‘ zn: /\j[L‘j

j=1,j#i

]l <

I

whenever not all A;’s are 0.

In addition if ||z;|| = 1, for each i, then the set is called strongly orthonormal
set in the sense of Birkhoff-James.

Strongly orthonormal Hamel basis in the sense of Birkhoff-James: A
finite set of elements {z1,xs,...,x,} in a normed linear space X is said to be
a strongly orthonormal Hamel basis in the sense of Birkhoff-James iff the set is
a Hamel basis of X and is a strongly orthonormal set in the sense of Birkhoff-
James. As for example the set {(1,0,0,...,0),(0,1,0,...,0),...(0,0,...,0,1)}
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is a strongly orthonormal Hamel basis in the sense of Birkhoff-James in (R™, ||.|,)
for (1 < p < o00) but not in (R, ||.||c0)-

We show that a normed linear space X is strictly convex iff for x,y € Sx we have
x Lp y implies x Lgp y. Using this result we find a necessary and sufficient
condition for a Hamel basis to be a strongly orthonormal Hamel basis in the sense
of Birkhoff-James. We also show that in a normed linear space X if z,y € Sx
and © Lp y then |ly + Az|| > %, for all A. If the space is strictly convex then
we show that ||y + Az|| > % for all A. That the condition is only necessary but
not sufficient is illustrated with an example. The result does not get better in
uniformly convex spaces too. Following Theorem 1 of James [9] we conclude
that a real normed linear space X (of dimension > 2) is an inner product space
iff for x,y € Sx we have x Lp y implies y Lgp z. We also find a necessary
and sufficient condition for two diameters of Sx to be conjugate diameters in
a real strictly convex space of dimension 2. Thus given any two diameters in
a strictly convex space we can say whether they are conjugate or not. Finally
we show that if X is a real strictly convex smooth space of dimension 2 then
Sx is a Radon curve iff at each point of Sy there exists a strongly orthonormal
Hamel basis in the sense of Birkhoff-James containing that point. The concept
of generalized conjugate diameters is then developed for a real strictly convex
smooth space of finite dimension higher than 2.

2. Main Results
We first obtain the characterization of strictly convex spaces.

Theorem 2.1. Suppose X is a real normed linear space. If for x,y € X — {0},
x Lpy implies x Lgp y then X is strictly convex.

Proof. If possible let the unit sphere Sx contains a straight line segment i.e.,
there exists ||ul| = ||v|| = 1 with [[tu + (1 —t)v]| =1 Vt € [0,1].
Let z = %u + %v, y = v — u. Consider = + \y.

If —3 <X <5 then ||z + \y|| = [tu+ (1 — t)v|| = 1 where t = £ — A,

If A < —1 then § — X > 1 and so we can write 3 — A = ta for some ¢t € (0,1)
and o > 1. In this case

1
2

|z + Ay|| = ||t u+ (1 — ta) v
= [t u+ (@ —ta) v+ (1 — a)v||
> |[[ta u+ (a —ta) v]| = [(a = 1ol
= [laf = o= 1]
=1

If A > £ then  + A > 1 and so we can write 3 + A = to for some ¢ € (0,1) and
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a > 1. In this case

[l + Ayl = [[(1 = te) u + ta v]|

= ||(a —ta) u+ta v+ (1 — a)ull
l[(e = ta) u+tevf| = [|[(a = Dull
= [lal = la = 1]
=1

v

Thus ||z + Ay|| > [|z|| YA but ||z + Xoy|| = ||z||, for Ag € [-1/2,1/2]. This is a
contradiction to our hypothesis and so X is strictly convex.

Alternatively the result can be proved using the convexity of the unit ball By
and noting that for each \, v + Ay = au + Bv where a + (= 1.

Conversely we prove the following

Theorem 2.2. Suppose X is a strictly conver space and x,y € X — {0} with
x Ly, thenx Lgpy.

Proof. Without loss of generality we assume that there exists z,y € X, ||z|| = 1
such that ||z + Ay|| > 1 ¥ X but ||z + A\y|| = 1 for some Ay # 0.

Let 0 <t <1, then

L=tl|z|| + (1 =t)[|z+ Aoyl > ||tz + (1 —t)(x + Aoy)]|
= 1> |te+ 1 =t)(z+ y)|| = lz+ (1 =yl > 1

Thus ||tz + (1 —t)(z + Aoy)|| = 1 — which contradicts the fact that X is strictly
convex.

Corollary 2.3. If a normed linear space X is strictly convex and x1, o, ..., x, €
Sx (n > 2) are linearly independent then we have ||x1 + Aaxo + ... + A\pxy|| > 1
for all Mo, As, ..., N, implies ||z1 + Aoxa + ... + App|| > 1 for all Mg, As, ...\,
with ()\2, )\3, ceey /\n) 7& (0,0, ce ,0)

Proof. Follows easily from the last theorem.

Thus we have the following characterization of a real strictly convex space which
follows easily from the last two theorems.

Theorem 2.4. A real normed linear space X is strictly convex iff

r,ye Sy andx Llpy=x Lgpy.

James [9] proved that a real normed linear space X of dimension > 2 is an
inner product space iff Birkhoff-James orthogonality is symmetric. The following
characterization of a real inner product space now follows easily from Theorem
2.4 mentioned above and Theorem 1 of James[9)].
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Theorem 2.5. A real normed linear space X of dimension > 2 is an inner
product space iff

r,y€ Sx andx Llpy=x Lsgy andy Lsp x.

We next try to calculate a lower bound for ||y +Az|| Y Aifz,y € Sy andx Ly
in a normed linear space. We first prove the following two theorems:

Theorem 2.6. Suppose X is a normed linear space and x,y € Sx with |z +
Ayl = 1V X Then there exists a 6 > 5 such that ||tz + (1 —t)y|| > 6 V¢ € [0, 1].
In addition 0 > % if X is strictly convex.

Proof. Consider f : [0,1] — [0,1] defined as f(t) = ||tz + (1 — ¢)y||. Then
f is a continuous function on a compact set and so attains its minimum value.
As f(0) = 1 by the property of continuity we can find d; € (0,1) such that
f(t) >3V te(0,d).

Again for all t with ¢ > &y we get f(t) = ||tz + (1 — t)y|| > do. Thus we get

1
|tz + (1 — t)y|| > min {(50, 5} =0 Vte|0,1].

Clearly for all ¢ € [0,1], ||tz + (1 — t)y|| > |¢].

Also for all t € [0,1], |tz + (1 —t)y|| > ||t| — |(1 = t)|| = |2¢t — 1]. Thus ||tz +
(- )yl > v e 1)

If X is strictly convex then by Theorem 2.2, ||tz + (1 —t)y|| > ¢ for all ¢ € [0,1),
also for all ¢ € [0,1], |tz + (1 —t)y|| > |2t — 1] and so § > 3.

Remark 2.7. Geometrically this shows that if an element x of the unit sphere
is orthogonal to an element y of the unit sphere then the line segment joining x

and y lies outside the open ball of radius %

Remark 2.8. If X is finite dimensional then there exists § > 0 such that ||tz +
(I —1t)y|| > 6 Vt € [0,1] and for all z,y € Sy with z Lp y (consider the
continuous function f : M x [0, 1] — R defined on the compact set M x [0, 1]
as f(z,y,t) = ||tz + (1 — t)y|| where M = {(z,y) € Sx x Sx : x Lpy}).

Theorem 2.9. Suppose (X, ||.||) is a normed linear space and z,y € Sx such
that ||z + Ay|| > 1 VA Then there exists 0 > 5 such that ||y + Az|| > 6 VA. In
addition o > % if X is a strictly conver normed linear space.

Proof. Clearly for all A, ||y + Az|| > ||

Also for all A, |y + Az|| > |1 — |A]].

Thus for all A, ||y + Az|| > 3.

If X is strictly convex then using Theorem 2.1, ||y + Az| > || for all A and
|y + Az| > |1 — |X]| so that 6 > £.
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Remark 2.10. Geometrically this shows that if an element x of the unit sphere
is orthogonal to an element y of the unit sphere then the line through y parallel

to x lies outside the open ball of radius %

Remark 2.11. If X is finite dimensional then one can find a § > 0 such that
ly + Az|| > ¢ VA and for all z,y € Sx with # Lp y (consider the continuous
function f: M x Sx — R defined on the compact set M x Sk as f(x,y,\) =
lly + Az|| where M = {(z,y) € Sx X Sx : & Lp y}).

We next give an example to show that the bounds can not be improved on in
an arbitrary normed linear space.

Example 2.12. Consider (R? ||.||») with z = (1,1) and y = (—1,0), then
|z + Ay[| > ||z]| V X but [tz + (1 — t)y|| = 5 for t = 1. Also |ly + Az|| = § for
A= % This shows that in an arbitrary normed linear space one can not improve
on the bounds.

That the condition of § > % is necessary but not sufficient for strict convexity
follows from the example given below.

Example 2.13. Consider the normed linear space X = R? with Sy = {(x,y) :
—1<e<l,y=+1}U{(z,y): 1 <2 <V2,y =+vV2 - 22} U{(,y) : —V2 <
r < —1,y = £/2 — 22}, Then it is easy to see that X is not strictly convex
and with a little bit of calculation we can show that if x,y € Sx such that
|z + Ay|| > ||z|| VA then there exists 6 > § such that [jy + Az > & VA

We can sum up our results in the following two theorems which give a better
idea of how the estimation of the bounds discussed above behave in different
types of normed linear spaces.

Theorem 2.14. Suppose X is a normed linear space.

o Ifx,y€ Sx and x Ly then |[ta + (1 —t)y|| > 5 Vt €[0,1].

3 If X is strictly convex then x,y € Sx and x L g y implies ||tz + (1 —1t)y|| >
3Vt e[0,1].

° If X is an inner product space then x,y € Sx and v Lp y implies ||tz +
(1—=t)yll = 7 vt € [0,1].

Theorem 2.15. Suppose X is a normed linear space.

. If v,y € Sx and x Lgy then Hy—l—)\tz%VA.
o If X is strictly convez then x,y € Sy and x Lp y implies |ly+Az|| > 3 V A.

. If X is an inner product space then x,y € Sx and x Lp y implies ||y +
Azl > 1 (A #0).

Remark 2.16. Considering the uniformly convex spaces (R?,|.|[,) (p > 1) it
may be remarked that a better estimation of the bounds discussed above may
not be possible in an arbitrary uniformly convex space.
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3. Strongly orthonormal Hamel basis in the sense of Birkhoff-James

In this section we find a necessary and sufficient condition for a Hamel basis to
be a strongly orthonormal Hamel basis in the sense of Birkhoff-James in a finite
dimensional real strictly convex space. We begin with the following lemma.

Lemma 3.1. Let X be a finite dimensional real normed linear space and {ey, ez,
..yem} be a Hamel basis of X with |le;|| = 1,Vi=1,2,...,m.
Fori=1,2,....m let

Si=Aai, 1 z=oa.e1+agea+ ...+ ey € Sx}

Then S; attains its maximum value for each 1 =1,2,... m.

Proof. We first show that each S; is closed and bounded.

Let {a;n}22, be a sequence in S; which converges to some real number 3 where
Zn = Qipe1 + Qo€ + ...+ Qppen and ||2,]] = 1 for all n.

Since Sx is compact so {z,} has a convergent subsequence z,, converging to
some zg in Sx. Let zg = y1e1 + €2 + ... + Ymém. Then

|20, — 20l = (@1, —71)e1 + (Q2n, —Y2)e2 + - + (g — Ym)em

> cfl(awm, =)l + [(azn, = 22)| + -+ [(mn, — )]

for some ¢ > 0 as any two norms on a finite dimensional space are equivalent.
As {z,, } converges to zy so {a;n, } converges to 7; as k — 0.

This shows that 8 = ;. Thus S; is closed for each i.

Similarly using the fact that any two norms on a finite dimensional space are
equivalent it is easy to show that each S; is bounded. So each S; is compact and
hence attains its maximum value. This completes the proof of the lemma.

In the next lemma we show that if X is strictly convex then there exists a unique
element of Sx for which the coefficient of e; attains the maximum value of S;.

Lemma 3.2. Let X be a finite dimensional real strictly convex space. Let
Qipze = Max S;, which is attained for zg = a1 + Qoznea + ... + Qigzp€ip +
oot amaeem € Sx. If y = Prer + Poea + ...+ Bem € Sx with B, = ., then
Yy = 2p.

Proof. For any ¢ € [0, 1] we have ||ty + (1 — t)z|| < 1.
Also for any ¢ € [0, 1],

ty + (1 — t)ZQ = t(ﬁlel + ﬁ262 + ...+ ﬁmem)
+ (1 —t)(zpe1 + Qozgla + -+ Qigag€io + -+ - + Qnzg€m)
= ’)/1614—’}/2624—...4—’)/1‘061‘0 —|——|—”}/m€m

where 71 = t01 + (1 — )iy, 72 = t02 + (L — t) sy - -+, Vig = Qigzgs -+ - Ym =
t6m + (1 — )z -
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1-1)z
If ||ty + (1 — t)z0]] < 1 then m € Sy and

ty+(1—t)z 1
Ity + (1 =)zl Ity + (1 — 1)zl

(7161 4+ Y2€2 4 .. F Viglip + - - YmCmn).-

Mo = = . icti
As Ttz = Yio = Qigzg = Max Si, S0 we get a contradiction.

Hence ||ty + (1 — t)zo|| = 1 for all ¢ € [0, 1].
Since X is a strictly convex space so we must have y = z.

We finally prove the theorem which gives the necessary and sufficient condition
for a Hamel basis to be a strongly orthonormal Hamel basis in the sense of
Birkhoff-James.

Theorem 3.3. Let X be a finite dimensional real strictly conver space and
{e1,€a,...,en} be a Hamel basis of X with |le;]| = 1,Vi = 1,2,...,m. Then a
necessary and sufficient condition for {ey,es, ..., ey} to be a strongly orthonor-
mal Hamel basis in the sense of Birkhoff-James ismaxS; =1 Vi=1,2,...,m.

Proof. Let maxS; =1 foralli=1,2,...,m.
Now

6,‘-}- Z )\j@j

=15

>1 VA with1<j<m, j#i.

. . . . ei—i-zm: . i/\'@' .
for otherwise the coefficient of e; in the unit element — <=2 77 will be
lleit+> 700 jozs Asesll

greater than 1 which is not possible as max S; = 1. Since the normed space X
is strictly convex so by applying Corollary 2.3, we obtain that

e; + Z )\j@j

>1 V A; with1 <j<m, j# 14, whenever not all )\;-s are 0.

=1,
This proves that {ej,es,...,e,} is a strongly orthonormal Hamel basis in the
sense of Birkhoff-James of X.
Conversely let {ej,es,...,e,} be a strongly orthonormal Hamel basis in the

sense of Birkhoff-James.

For z = aq.e1 + ag.en + ... + e € Sx, we have

1= |z]| = ||onze1 + agea + ... + el > || Yi=1,2,...,m.

Thus maxS; < 1. On the other hand, max.S; > 1 since |le;|| = 1. This proves
that maxS;, =1Vi=1,2,...,m.

Remark 3.4. In (R? ||.||,), (p > 1) the set {(1,0), (0,1)} is a strongly orthonor-
mal Hamel basis in the sense of Birkhoff-James since the maximum possible value
of the z-coordinate of any point on the unit sphere of (R?,]].||,) is attained at
the point (1,0), the same holds for the point (0,1).



D. Sain, K. Paul, K. Jha / Strictly Convex Space: Strong ... 1223

4. Conjugate diameters and strongly orthonormal Hamel basis in
the sense of Birkhoff-James

If the dimension of the real strictly convex space X is 2 then the concept of
strongly orthonormal Hamel basis in the sense of Birkhoff-James is connected
with the concept of conjugate diameters. We first give the definition of conjugate
diameters in a conic. Two diameters of a conic are said to be conjugate iff each
of them bisects the chords of the conic that are parallel to the other. If X is a
real normed linear space with dim X = 2 then two diameters of the unit sphere
Sx passing through x and y are said to be conjugate iff x Ll gy and ylgx. It
follows from Auerbach [1] that Sx has at least one pair of conjugate diameters.
We now state the following theorem the proof of which is clear from definition
of conjugate diameters and Theorem 2.3.

Theorem 4.1. Let X be a real strictly convexr space of dimension 2. Then
Sx has a pair of conjugate diameters through ey, ey iff {e1,ea} is a strongly
orthonormal Hamel basis in the sense of Birkhoff-James.

We now give an example of a real normed linear space of dimension 2 which has
no strongly orthonormal Hamel basis in the sense of Birkhoff-James but has a
pair of conjugate diameters to show that strict convexity in the last theorem is
necessary.

Example 4.2. Consider (R?, ||.||) where the unit sphere is given by Sgz = £ AU
£B U =xC where

A={(z,y): ' +y*=1,0<z<i y>0},
B={(z,9): (—a)+y=1, —inSO y > 0},
2): 0<t<1,(5)" + ()" =1,(3)° + (=) = 1}.

M@

C={t(z,m) + (1 -0)(,
It is easy to check that (R?,||.||) has no strongly orthonormal Hamel basis in the
sense of Birkhoff-James but has a pair of conjugate diameters.

We next explore the relation between the concept of strongly orthonormal Hamel
basis in the sense of Birkhoff-James and the notion of Radon curve [12, 15], the
definition of which is given below.

Radon Curve. A curve is a Radon curve iff it is the unit sphere of a two
dimensional real normed linear space (also known as Minkowski plane) in which
the notion of orthogonality (also called normality) in the sense of Birkhoff-James
is symmetric. We now give the following theorem.

Theorem 4.3. Suppose X is a real strictly conver smooth space of dimension
2. Then Sx is a Radon curve iff at each point of Sx there exists a strongly
orthonormal Hamel basis in the sense of Birkhoff-James containing that point.

Proof. The proof follows from the fact that in a smooth space the supporting
line to Sx at any point on Sy is unique.

So using the concept of strongly orthonormal Hamel basis in the sense of Birkhoff-
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James one can generalize the notion of conjugate diameters and Radon curve in
a real strictly convex smooth space even if the dimension of the space is greater
than 2.

Generalized conjugate diameters. Suppose X is a real normed linear space
of dimension n. Then a set of n diameters of Sx are said to be generalized
conjugate diameters iff any two of them are conjugate diameters. As for example
in (R™,.][,) (1 < p < oo) diameters passing through (1,0,...,0),(0,1,0,...,0),
...... ,(0,0,...,1) are generalized conjugate diameters since
{(1,0,...,0),(0,1,0,...,0),...... ,(0,0,...,1)} is a strongly orthonormal Ha-
mel basis in the sense of Birkhoff-James in (R™, ||.|,)-
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