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The aim of this review is to analyze the impact of a personal list of selected mathematical
contributions of Jean Jacques Moreau. I start with Legendre’s transform, Mandelbrojt’s
transform and Fenchel’s conjugate to come to the concept of Moreau and Rockafellar of the
conjugate as a function defined on the whole topological dual space taking on values in the
extended real line. Then I discuss a large number of Moreau’s fundamental ideas in modern
convex analysis.

Mechanical systems, on which unilateral constraints (that is, one-sided con-
straints) are imposed, as they appeared in his articles [2, 10, 12] (to cite just
a few of them), motivated Jean Jacques Moreau to be heavily involved in the
analysis of variational properties of nondifferentiable convex functions as well as
duality aspects. Before carrying out the discussion of some fundamental contri-
butions of J. J. Moreau in Convex Analysis we take a look at two earlier papers
of Szolem Mandelbrojt and Werner Fenchel, respectively. Considering a func-
tion f of one real variable and using the notation borne to mean the supremum,
Szolem Mandelbrojt stated in his 1939 article [50] the following theorem! (the
range space therein is not explicitly stated):

Theorem 1. Toute fonction f(x) de la forme

f(z) = borne [zt —p(t)], (1)

—oo<t<+00

ot p(t) est une fonction quelconque, définie sur la droite entiére (—oo < t <
+00), est une fonction convexe. Réciproquement: quelle que soit la fonction
conveze f(x), il existe une fonction (t) telle que la relation (1) ait lieu; on
peut, en particulier, poser

p(t) = Dorne [zt — f(z)]. (2)

—oo<x<+00

Before beginning with the proof, Mandelbrojt added: “A chaque fonction con-
vexe f(x) correspond une autre fonction convexe, ¢(t) qu’on peut appeler la

LAt the end of this 1939 paper [50] Mandelbrojt wrote: “We believe that this result is new,
but the actual events do not allow us to be sure”.
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fonction convexe associée a f(x) et qui est liée a celle-ci par la double relation
(1) et (2)".
Here are the English translations.

Theorem (Mandelbrojt). Every function f(x) of the form

= b t— ot
fla) = bore [zt —p(t)],
where @(t) is any function, defined on the whole real line (—oo < t < +00),
is a convez function. Conversely: For any convex function f(x), there exists a
function ¢(t) such that the relation (1) holds; one can, in particular, choose
o(t) = Dborne [zt — f(z)].

—oo<x<+00

“With any convex function f(x) is associated another convex function, ¢(t),
which can be called the convex function associated to f(x) and which is related
to the latter by both relations (1) and (2)”.

With ¢(t) as above, to prove for all ¢, the inequality

borne [at — (1)) > f(x),

—oo<t<+00

Mandelbrojt used the right side derivative f (z) to write for every x

borue_{ot ~ _Borme _[r7 ~ f(r)]| 2 afi(o) - _Borne_[rfLa) ~ f(7)]

—oo<t<+00 —oo<T<+00 —oo<T<+00

This right side derivative is also used to write in a second step, for all 7

7fi(x)=f(7) < @f\(x)—f(x), hence borne [rf|(z)—f()] = zf}(z)—f(z).

—o0o<T<+00

Then, the conclusion in [50] is

boe_{at—_orme_fir— 1]} 2 o1 0) — 2£0) 4 £10) = 1)
It is clear through the arguments reproduced above that Mandelbrojt implicitly
assumed that the convex function f is finite on the whole real line. However,
the function ¢ is finite-valued on the interval of all reals ¢ such that the function
7 +— 7t — f(7) is bounded from above, and this interval may fail to be the whole
real line. Consequently, there is no direct duality between f and .

Taking this fact into account Werner Fenchel dealt in the 1949 paper [43] with
convex functions defined on convex subsets of R™. As in [43] denoting Yz¢ =
¥ xi& for € € R, and saying interior point (resp. boundary point) set of
a convex set G of R™ instead of relative interior (resp. relative boundary) point
set of GG, the formulation word for word of Fenchel’s result is the following.
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Theorem 2 (Fenchel). Let G be a convex point set in R™ and f(x) a function
defined in G convex and semicontinuous from below and such thatlim, . f(x) =
oo for each boundary point x* of G which does not belong to G. Then there ezists
one and only one point set I' in R™ and one and only one function ¢(&) defined
on I' with exactly the same properties as G and f(x) such that

Yxg < f(x) + ¢(8), (3)

where to every interior point x of G there corresponds at least one point & of T’
for which equality holds.

In the same way G, f(x) correspond to I', p(£).

In the proof in [43] the set I' is defined as the set of £ € R such that x —
Yx€ — f(x) is bounded from above in G, and ¢ in turn is defined by

(&) =sup (Xa€ — f(z)) forall el

zeG

Then, one of the main tools in the development of the proof is the (finite-
dimensional) property that at each relative interior point of G there is a support
hyperplane of the hypersurface determined by f on G.

The pair [I', ¢] is called in [43] the conjugate of [G, f]. Fenchel’s theorem estab-
lishes a complete duality in the sense that |G, f] is also the conjugate of [I, ¢].
However, the statement is not so amenable. On the one hand, the property
lim, ..« f(x) = oo at every relative boundary point z* of G which does not
belong to G is required in the involved class of concerned lower semicontinuous
convex functions. So, for functions constructed from finitely/infinitely many
others, working both with the latter and with the set where the new function is
defined is of course not amenable.

In the early Sixties Jean Jacques Moreau and Ralph Tyrrell Rockafellar realized
independently that the right setting which one must work with is the one of func-
tions taking on values in the extended real line R := RU{—o00, +00}. Because of
the need for Mechanics of Continua (see [14, Section 6]) Moreau’s main concern
was with infinite-dimensional spaces. Considering two real vector spaces X and
Y with a separating bilinear functional (-,-) and endowing X and Y with the
locally convex topologies w(X,Y) and w(Y, X), respectively, the set T'o(X) in-
volved by Moreau can be obtained as the set of all lower w(X, Y')-semicontinuous
convex functions from X into R which are proper, that is, f(X) C R U {+oc}
and f # 4o00. The set ['(X) can then be defined as

[(X) = To(X) U {-wx, +wx},

where wy denotes the function identically equal to 400 on X. A function
f X — R is then declared in this context to be convex whenever the classical
inequality holds true with the extended addition + and the real scalar in |0, 1[.
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Following Mandelbrojt and Fenchel, the polar or conjugate function of any ex-
tended real-valued function i : X — R, is defined by Moreau [3] as the extended
real-valued function A* : Y :— R with

h*(y) :==sup ((z,y) — h(x)) forallyeY.

zeX

This point of view of extended real-valued functions offers the flexibility to deal
with addition, infimum or supremum of finitely /infinitely many functions, as
well as with composition.

One of the deep results in [3] (see also [15]) can then be formulated as follows.

Theorem 3 (Moreau [3]). Any function f in I'o(X) coincides with the point-
wise supremum of a family of w(X,Y)-continuous affine functions magjorized by
f, that is, there exist two families (y;)ie; in'Y and (5;)ic; in R such that

f(x) = sup ((z, 4:) = Gi) -

il

This yields to the following duality.

Theorem 4 (Moreau [3]). Any function f € I'(X) coincides with its bipolar
or biconjugate f**.

Further, for any f € T'o(X) one has f* € ['h(Y).

The latter result obviously encompasses Theorem 2 of Fenchel. Connections
are made in [43, 55, 58] with the transform by Adrien-Marie Legendre in [49],
known as Legendre transform. This was born from Legendre’s investigations on
the (PDE) partial differential equation (whose earlier studies of a particular case
by Gaspard Monge motivated Legendre, as written in [49, page 309])

82U 2 2

Alp0) 755 (09) + Blp,0) 55 (09) + Cp )5 w9) =

where (as in [49]) p := %%(z,y) and ¢ : (x y), and the coefficients A, B, C'

depend merely on p, q (see [49, page 314]). The first step in [49, Section II] was
to transform the above equation in a suitable way into another one with p, ¢
as variables. Assuming Vu is a diffeomorphism from R? onto R?, Legendre’s
idea is to write Vu (z(p, q),y(p,q)) = (p,q), or equivalently (z(p,q),y(p,q)) =
(Vu)~(p,q). Then z,y,u can be considered as functions of (p,q)- Notmg that

the regularity of u ensures that ap = gq calculation gives (p, q) = e (p, q), so

x(p,q) dp+y(p, q) dq is an exact dlfferentlal form on R2. Then let R? 3 (p,q) —
w(p, q) € R be such that dw = zdp + y dg. One sees that

Ow Ow
z(p,q) = a—p(p, q), y(p,q) = a—q(p, q), d(pr + yq — w) = du,
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so a suitable choice of the constants allows one to obtain the function w such that
px(p,q) +qy(p,q) —w(p,q) = u(p,q) for all (p,q) € R?; T followed Legendre’s
notation in denoting by w(:) the function determined in this way. Altogether
this yields the dual pair of equalities

ou ou
p= %(x,y), q= a—y(w,y), u(x,y) +w(p,q) = pr + qy,

and

Oow Ow
w—a—p(p,q), y—a—q(p,q), u(z,y) +w(p,q) = pr + qy.

Further, w is of class C? and after calculation Legendre obtained the new (PDE)

2 2 2
Alp, Q)%:(p, q9) — B(p, q)%(% q) + Clp, Q)%;}(p, q) =0,

and he noticed that the new (PDE) is of the same type but much easier since it
does not contain first order partial derivatives. In fact, before the development
reproduced above Legendre utilized the method to study the famous equation
with A(p,q) = 1+ ¢*, B(p,q) = 2pq and C(p,q) = 1 + p* (related to Monge’s
works). In [49] Legendre also applied his transform to various classes of (PDE).

It is worth pointing out another viewpoint from the book of Richard Courant
and David Hilbert [42] concerning Legendre’s transform. In the first step of the
process, the idea was to establish a correspondence between a smooth surface
(regular in a certain sense) and the family of its tangent planes. Of course, the
main point is to recover the surface knowing the family of tangent planes. Let
us follow the presentation in [42, Chapter I, Section 6]. Consider the surface (S)
which is the graph of a function x — u(z), where x := (z1,23) € R?; suppose
that u is smooth on R? (say C' at this stage). This surface can be seen also as
the envelope of its tangent planes. Denote by (7,%z) € R? x R the generic point
of a nonvertical plane whose equation is

(Pew) Z—&6T1 —&T2+w =0, orequivalently z— (£,7) +w = 0;
the pair (§,w) € R? X R is called in [42] the plane coordinates of (P¢,,).

Given x € R? one knows that, with (Z,z) € R? xR as generic point, the equation
of the plane tangent to (S) at the point (z,u(z)) € S has as equation

zZ—u(x) — (T — x,Vu(x)) =0,
so its plane coordinate (§,w) satisfies

¢ =Vu(zr) and w= (z,Vu(z)) —u(z).

The surface (S) is determined also by the family of its tangent planes, that is,
the family ((Pé,w(£)>)€a where w(&) needs to be such that (Pg ) is tangent to
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(S). Given ¢ € R?| if z is the element in R? such that (P¢ () is tangent to (S)
at (xz,u(x)), then calculating x in terms of £ (when it is possible) by means of
the equality £ = Vu(z) furnishes the value in terms of £ of

w(§) = (&, 7) —u(x)

as a function of €. This is then feasible with £ — w(§) as a C'! mapping provided
that Vu is a diffecomorphism from R? onto itself. So, under this additional
assumption on Vu, with the surface (S) is associated the surface (X) which is
the graph of £ — w(&), where (§,w(§))¢cr2 are as above the plane coordinates
of planes tangent to (S).

V}/ﬂtif}llg w(§) = (€, 2(8)) —u(x(§)) = &121(§) +Eaw2(8) —u (21(€), ¥2(§)) it results
also that

Oow B 0xy Oy
8_51(5) = 21(§) + 518—51(5) + 520—51(5)
ou o0xq ou 0o
~ oz, #&) a—fl(f) ~ B, FE) a—&(é’) = 21(§),
and, in the same way, g—g‘;(ﬁ) = 25(&). This leads to the equality u(z) = (z,§) —

w(€). Consequently, one sees that Vw exists and is a diffeomorphism from R?
onto R? and that (S) is in turn the surface associated with (3) through the same
above process, in the sense that (S) is the surface described in R? x R by the
plane coordinates of planes tangent to (X). This duality is confirmed also by the
following dual equalities obtained above:

w(@) tu(x)=({z), §=Vu), z=Vw).
Of course, the above analysis is still valid with R"® x R in place of R? x R.

When the function u is in addition convex, it is clearly seen in the two above
presentations that w is the conjugate function of u as it was pointed out by
Fenchel [43, 44].

Moreau [15, Chapter 14, Irst ed.; Section 14.4, 2nd ed.] linked the conjugate
transform also to the famous 1912 inequality of William Henry Young? (see (1)
in [63]).

The setting of extended real-valued convex functions also allowed Moreau to
reformulate in [7] (see also [16]) the inf-convolution (also called infimal convolu-
tion) fVg of two extended real-valued functions f,g: X — R in the form

(fVg)(x) = inf (f(y)+g(z)) foralleeX;

2With Young’s notation in [63] the inequality can be stated in the form: If U is an increasing
function of u > 0 with U(0) = 0, then with v > 0,

uv < /Ou U(t) dt+/ov U~L(t)dt.

It was established in [63] in view of applications to Fourier series.
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the operation is even considered in the more general situation when X is a
semigroup. Topological properties of lower/upper semicontinuity as well as
condition for exactness are provided in Moreau [3]. Recall that the exact-
ness property holds at xy if there are yy, 290 € X with yg + 2o = ¢ such that

(fVg)(wo) = f(yo) + g(20).

A large part of three papers in this Volume are devoted to inf-convolutions of
functions.

Of course, with n functions fi,--- , f,, their inf-convolution is expressed as

Infinite families may also be involved. In this respect, it is worth pointing out
that an integral extension of infimal convolution in the form

inf{/Tgo(t,u(t)) du(t) s u(-) € LY (T, p), /

T

u(t) du(t) = x }

has been studied under suitable assumptions by Michel Valadier [60] with a
normal convex integrand ¢ : T'x X — RU {400}, where (T, 7, i) is a measure
space. Previously to [60], defining I, : L (T, u) — RU {400} by

Tola) = [ o (ta) du(t) for al a() € LK (T, p),

R.T. Rockafellar initiated the study of convex integral functionals and estab-
lished (under appropriate natural hypotheses) the deep and nice duality theorem
saying that the polar or conjugate of I, coincides with /-, where

e (ty(1) = w(t, ) (y(#)  for y(-) € L. (T, p),

and p € [1,4+00[, X is a separable reflexive Banach space and X* is the topo-
logical dual of X. Various other deep results in this line have been provided
by Charles Castaing [39, 40] (see also [41]), Alexander D. Ioffe and Vladimir L.
Levin [46], A. D. Ioffe and Vladimir M. Tikhomirov [47], Michel Valadier [61],
to cite just a few authors. With the convex integral functionals, in a long series
of papers (see [58] for references), R. Tyrrell Rockafellar and Roger J.-B. Wets
provided a complete study of stochastic optimization problems with recourse.

Concerning the behaviour of the polar or conjugate function f* under some
continuity property of the function f, Moreau [11] showed the following strong
equivalence.

Theorem 5 (Moreau [11]). Let 7 be a vector topology on X (not necessarily
compatible with the duality between X andY ). A function f € T'y(X) is bounded
from above on a T -neighbourhood of a point a € X if and only if the set {f*(-) —
(a,-)y < p} is T-equicontinuous for every p € R; in fact, it is enough that the
equicontinuity property holds for some real p > infx (f* — (a,)).
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As a consequence one finds in Moreau [11] this elegant characterisation of
w(X,Y)-continuity.

Corollary 6 (Moreau [11]). A function f € T'o(X) is w(X,Y)-continuous at
a point a € X if and only if, for every p € R, the set {f*(-) — (a,-)} is bounded
and included in some finite dimensional subspace of Y .

In such a case, there is a vector subspace E of X with finite codimension such
that
f(x) = f(@") forallzx,a’ € X withx —a' € E.

J.J.Moreau and R.T. Rockafellar introduced (again independently), for an ex-
tended real-valued function A : X — R and a point a € X where h is finite,
what should be called its Moreau-Rockafellar subdifferential at the point a, as
the set

Oh(a) :={yeY :(x—a,y)+h(a) <h(y), Vo € X};

by convention Oh(a) = 0 if h(a) is infinite.

Among the important properties are the following evident ones: The point a
is a minimizer of h on X if and only if 0 € 0h(a); the subdifferential Oh(a) is
related to the polar or conjugate of f via the equality

Oh(a) ={y €Y : h(a) + h*(y) = (a,9)}.

Moreau [9] provided the first infinite-dimensional subdifferential additivity in
the following form:

Theorem 7 (Moreau [9]). Let f, g € T'o(X) be two functions. If there is some
point xg € X such that both functions are finite at xo and g is continuous at xg
with respect to the Mackey topology 7(X,Y) of X, then

O(f +g)(x)=0f(x)+ 0g(x) forall x e X.

The proof in Moreau [9] is based on the exactness property of the inf-convolution
f*Vg*. Given a Hausdorft topological vector space X, through the use of the
Hahn-Banach separation theorem of the epigraph of some suitable function re-
lated to g and with the continuity of g at xy where f, g are finite (as above),
Rockafellar [54] extended Theorem 7 in removing the lower semicontinuity as-
sumption of f,g.

For applications of subdifferentials of convex functions to Optimisation Algo-
rithms and to other fields, we refer to the book of Jean-Baptiste Hiriart-Urruty
and Claude Lemaréchal [45] and the references therein. Hedy Attouch also
employed (see, e.g., [34]) subdifferentials of convex functions to show, for a se-
quence (f,), in Io(X), that the Peano-Painlevé convergence of the graphs of
Of, in X x X* plus a constant condition characterises the Mosco convergence
of the sequence (f,), provided that X is a reflexive Banach space (and Y is
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the topological dual X* of X). Further results in this line are contained in the
book [37] of Gerald Beer. The impact of the concept of sudifferentials (normal
cones) of convex functions (sets) in Economic and Game theories is testified,
for example, in Jean-Pierre Aubin’s book [35]. Many other viewpoints in the
Banach space setting can be found in [36, 38, 41, 52, 59, 64].

Very early J.J.Moreau noticed that, when X is a Hilbert space H, he could
take advantage of the possibility of adding together elements of a pair of dual
problems. Given a function f € I'¢(H), we saw above that

y€of(z) <= z€df'(y) <= f(x)+ f(y) = (z,9), (4)

where (x,y) stands here for the inner product in the Hilbert space H. Such
points z,y are declared by Moreau as a conjugate pair with respect to the dual
functions f, f*. What can be said if we (take advantage of the Hilbert setting
to) add the dual points to obtain z = = + y?

Let || - || be the norm associated with the inner product. With the new element
z =z +y at hand, we can continue the process of equivalences in (4) as follows:

y€eof(x) <= z—x € df(x)
< 0e€df(x)+ (v —=2)

1
<= z is a minimizer of f(-) + §||z — 1%

Of course, the latter function invokes the inf-convolution operation to which
Moreau devoted a large number of his papers.

Then, to develop the analysis, Moreau first observed the exactness in a unique
point of the inf-convolution fV(3|| - ||?), that is, for any z € H there is a unique
point x =: prox,z such that

1 2 _ . 1 2\ _ 1 2
(7931 1) 2 = ing () + 3l = ul®) = £ + 1 =l
In [4, 5, 6, 13] Moreau called the point prox,z the provimal point of z relative to
J and called prox; : H — H the proz mapping of f. The radiant and powerful
duality result established by Moreau in [6, 13] is the following.

Theorem 8 (Moreau [6, 13]). Let f € T'o(H) and x,y, z in the Hilbert space
H. The following assertions (a) and (b) are equivalent:

(a) z==z+yand f(z)+ f*(y) = (z,y);
(b) x=prox;z and y = prox,.z.

Through this theorem Moreau showed in a subtle way in [13, Proposition 12.b]
with a few lines that the graph of the subdifferential of any function f € I'((H)
is maximal monotone in the Hilbert space H x H. Various other basic use-
ful features and properties are achieved in [6, 13]. In order to analyse some
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among them, let us call, following R. T. Rockafellar and R. J.-B. Wets, Moreau
A-envelope of f (where A > 0) the function e, f defined by

(exf)(z) :== ngg (f(u) + %Hu — ZHZ) for all u € H;

it is just the same as above endowing H with the new inner product (A\~/2., \=1/2.),
This function with A = 1 is called the primitive?® of the prox-mapping ProX . in
Moreau [13, Section 7.a] according to the property that prox;.(z) is the Fréchet
gradient of e, f at z, established for the first time in [13].

Two questions then arise. How can functions be recognized which are envelopes
of convex functions (or primitives of prox mappings), and how can prox mappings
be characterized? Anwers to both questions were provided by Moreau [6, 13].

Moreau’s answer to the first question is a piece of elegance:

Theorem 9 (Moreau [6, 13]). With the Hilbert space H let F' € I'o(H). The
following assertions are equivalent:

(a)  The function F is the Moreau envelope with index A =1 of some function
in To(H) (or equivalently the primitive of some function in To(H));
(b)  There exists a convex function G : H — R U {400} such that F + G =

- P

2 )

(¢) There exists a convex function ® : H — R U {400} such that F* =
®+ 3l

The next theorem furnishes the answer to the second question.

Theorem 10 (Moreau [13]). Let P : H — H be a mapping defined on the
whole Hilbert space H. Then P is a prox mapping (or equivalently, there is
some f € T'o(H) with P = prox;) if and only if both properties (i) and (ii) hold:

(i)  the mapping P is non-expansive, that is,
|P(z) =PI < NIz =2l forallz € H;
(i) there exists a convex function ¢ : H — R such that
P(z) € 9¢(z) forallz, 2 € H.

Six papers in this Volume use either Moreau’s envelope or prox mapping in their
development.

Through that concept of envelopes, in the early 1970s, Moreau established in
[18] his first result for “Sweeping Processes”. Moreau called Sweeping Process

31 use as in [58] the terminology of Moreau envelope because of so many other properties that
it enjoys even when f is not convex; see, e.g., [58, 48].
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the differential inclusion

u(Ty) = a € C(Tp), (5)

{du € —N (C(t); u(t))
where C'(t) are closed sets of the Hilbert space H for t € I := [Ty, T, N(C(t);-) is
the normal cone of C(t) and a € C(Tp) is the initial state. Moreau’s mechanical
motivation was the mathematical treatment of elastoplastic systems; details can
be found in Moreau [17, 21, 30] and in the book [51] by Manuel D. P. Monteiro
Marques. When the sets C(t) move in an absolutely continuous way with respect

to Hausdorff distance, a solution u(+) is an absolutely continuous mapping from
[To, T'] into H such that u(Tp) = a,

%(t) € “N(CM)ut)) ae. te [Ty, T] and ul(t) € C(t) ¥t € [Ty, ).

Considering with A > 0 the solution u) of the differential equation

%(ﬁ = -V (€ch(t)) (’U/)\<t)>’ u)\(()) =a,

and passing to the limit as A | 0, Moreau proved in [18] that (5) has a unique
solution provided that the closed sets C'(t) are convex and move in an absolutely
continuous way. The function 9oy denotes the indicator function® defined (as
introduced at the same time by Moreau and Rockafellar) by 1cu () = 0 if
x € C(t) and Yeq)(z) = +oo if . € H \ C(t). Other Moreau’s approaches can
be found in [19]. The sets C(t) involved in the modeling of mechanical problems
which led Moreau to such dynamical processes, incorporate jumps very often. In
view of such dynamical systems, Moreau developed first in [20, 22] the analysis
of multimappings with bounded/finite retractions (see also [29]). Differential
measures associated with vector valued mappings with bounded variations are
studied in Moreau [23, 24, 27]. Assume that the closed sets C'(¢) move with a
bounded/finite retraction; recall that the retraction of C'(-) on a subinterval .J
of I is defined (see [22, 25]) as

ret(C; J) := sup (§ exc (C<5i)70<5i+1))) ;

where the supremum is taken over all finite nondecreasing sequences (s;); in J,
and exc(.S,S") denotes the excess of a set S C H over S’ given by exc(S,S’) :=
sup,cg d(z,S"). This retraction coincides with the usual variation var(y;.J)
whenever C(t) is a singleton {vy(¢)}. Let P : Iy, I, -, be a finite sequence
of successive intervals included in I with ¢y := Ty € Iy, and, for 7 > 0, call ¢; the

41 follow here Moreau’s notation Yo -
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origin of I; (not necessarily in 1;). With such a sequence P Moreau associated
in [25] the step multimapping Cp defined by

where C(t*) denotes the Peano-Painlevé limit of C(s) as s | ¢ (such a limit
exists according to the bounded retraction of C'(-)). The value Cp(1;) has to be
understood as the value that Cp takes on the interval I;, that is, Cp(t) = Cp(1;)
for all t € I;. To each sequence P is also associated the step mapping up taking
on each interval I; the constant value u; with

wo:=a and wu;q = proj(u;, Civ1),

where proj(u;, C;11) denotes the metric projection of u; on the closed convex set
Ciy1 := Cp(I;41). Clearly (up)p is a net with respect to the usual preorder of
sequences P.

Theorem 11. Assume that the closed sets C(t) are conver and move with a
bounded retraction. Then the net (up(-))p converges uniformly on the interval
I = [Ty, T] to a mapping u(-). Further, u(Ty) = a, u(t) € C(t) for allt € I and
u(+) is of bounded variation; in fact

var(u; s, t) < ret(C;s,t) foralls <tinl,

where var(u; s,t) denotes the variation of the mapping u(-) on [s,t] and ret(C; s,t)
the retraction of the multimapping C(-) on [s,t].

Arguing the interpretation of the latter limit, Moreau declared it the weak so-
lution of the sweeping process (5). Various properties are investigated: limit
from the right, restriction and piecing, estimation of ||u(t) — u/(¢)|| where u’
is the weak solution corresponding to closed convex sets C’(t) with bounded
retraction, change of time variable, etc.

To any mapping v : [ — H with bounded variation one can assoc1ate (as is well-
known) its differential vector measure du satisfying u(t™) — u(s f[ du; in
such a general case the vector measure does not furnish any 1nformat1on on
the value of u(-) at discontinuity points. However, if u(-) is in addition right
continuous, then

u(t) = u(s) +/ du for all s < t.
Js.1]

Moreau then declared a right continuous mapping u : I — H with bounded
variation to be a strong solution of (5) whenever u(Ty) = a, u(t) € C(t) for all
t € I, and there exists a positive Radon measure p on I with respect to which
the differential measure du is absolutely continuous and such that

Ly e —N(C@);ut) p—ae tel
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Theorem 12 (Moreau [25]). Assume that the closed convex sets C(t) of the
Hilbert space H move with a bounded retraction and that the retraction function
ret(C; Ty, ) is right continuous. Then the sweeping process (5) has a unique
strong solution and the strong and weak solutions coincide.

Connections with aforementioned absolutely continuous solutions are also estab-
lished in [25] and the so-called Moreau’s catching-up algorithm is shown to be
very efficient.

Moreau’s next step was the treatment of multibody multicontact dynamical
systems. Let us suppose that the configuration at time ¢ € I of a body collection
is parametrized by means of coordinates z(t) := (z1(t), - ,zn(t)) € H := R".
Taking constraints of non-interpenetrability into account, suppose also that x(t)
is required to satisfy, for every t € I, the inequality constraints

gj(t,x(t)) <0, forallj=1,--- k,
where g; : [ x H — R are C? given functions. The sets C/(t)
Ct):={z€ H:gj(t,2) <0,Vj=1,--- ,k}

are considered as normally regular in the sense that the normal cone (see [58])
N (C(t);z) at z € C(t) coincides with the convex cone generated by the gra-
dients V,g,(t,z) with j € {i € {1,--- ,k} : ¢;(t,2) = 0} (with the convention
N (C(t);z) = H if the latter index set is empty). Let the force field acting to
the system be given by

IxH>(tz)— F(t,z) € H.

Moreau showed in [32, 33, 26] that the process is characterized by a second order
differential inclusion in the form

F(t,z(t),u(t)) dt — A(t,z(t)) du € N (C(t); z(t))
z(t) =a+ f;,o u(T) dr (6)
x(Ty) = a € C(Ty),

where A(t, z) is a positive definite symmetric square N x N matrix related to
the problem, and the mapping x(-) is assumed to be absolutely continuous on
I = [Ty, T) with u(-) as derivative. According to Moreau [26, Section 4] a
solution x(-) of (6) is an absolutely continuous mapping on I for which there
exists a (right continuous) with bounded variation mapping u : I — H such
that

(i) z(t)=a+ fitb u(r)dr for all t € I,

(ii) there is a non-negative Radon measure p on I with respect to which both
Lebesgue measure A and the Radon differential measure du are absolutely
continuous, and such that the following inclusion holds:

d\ du

F (1, 2(0) u(t) () = A (L2(0) 72(0) € N (COsa(t) p—actel
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When the mapping u(-) is also absolutely continuous, the measure p can be
taken to be the usual Lebesgue measure, so the latter inclusion is reduced to

}Wuﬂwm@»—A@JﬂD%%QeAMC@mﬁ» A—aetel

in such a case z(+) is a usual solution.

Involving, for each pair (¢, z) the index set

J(t,z):={je{l,--- ,k}: g;(t,z) >0}

and the polyhedral closed convex set

Wi(t,z):= {v €H: %(zﬁ,z) + (v, V.g;(t,2)) <0, Vj e J(t,z)}
(hence W (t,z) = H if J(t,z) = (), Moreau [32, 33] considered, with the initial
value z(1y) = a € C(Tp), the differential inclusion

F(ta(t), u(t)) dt — AL, 2(t) du e N (W(t,x(t)); () 7)
2(t) =a+ [p u(r)dr;

such a dynamical system is nowadays called a state-dependent second order
sweeping process. Fixing a € C(Tp), he proved in [28, 31, 33] that z(-) is a
usual solution of (6) with initial condition z(7) = a if and only if it is a usual
solution of (7) with initial condition x(7y) = a. Of course, such a property can
be applied in a suitable way on any interval over which the derivative u(-) of the
generalized solution is absolutely continuous.

Through (7) Moreau [32, 33| developed what he called CD algorithms (Contact
Dynamics algorithms) in various situations.

For more on Moreau’s works in the context of second order sweeping process 1
refer to the paper by Laetitia Paoli in the present Volume which also contains
six articles with various new results concerning the sweeping process.

As best I could I have tried through this brief account to relate certain faces
of Moreau’s fascinating mathematical works. He also knew an outstanding tra-
jectory in mechanics, namely in the mechanics of fluid flows and non-regular
mechanics. For other points of his scientific career, I invite the reader to consult
the tribute paid in [62] by M. Valadier® to Jean Jacques Moreau.
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