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A class of Lagrangian continuous dynamical systems with set-valued controller and subjected
to a perturbation force has been thoroughly studied in [3]. In this paper, we study the time
discretization of these set-valued systems with an implicit Euler scheme. Under some mild
conditions, the well-posedness (existence and uniqueness of solutions) of the discrete-time
scheme, as well as the convergence of the sequences of discrete positions and velocities in finite
steps are assured. Furthermore, the approximate piecewise linear function generated by these
discrete sequences is shown to converge to the solution of the continuous time differential
1

inclusion with order 5. Some numerical simulations on a two-degree of freedom example

illustrate the theoretical developments.
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1. Introduction

The dynamics of many systems in physics, mechanics [4], electrical circuits [15,
32], can be formulated by Lagrangian equations. The lagrangian function £(q, §)
is defined by the difference between the kinetic energy 7 (¢, ¢) and the potential
energy V(q)

L(g,q) =T(q.9) — V(a),
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where the kinetic energy is usually given by the quadratic form

T(0.) = 5 (M (@i ).

The matrix M(q) € R™*" is called the inertia matrix, which is symmetric and
supposed to be positive definite and analytic with respect to q. With the gener-
alized coordinates ¢ € R", an external force f € R™ and a perturbation F(-, ¢, ¢),
the Lagrange equations have the form

d (0L oL )
E(a_(j)_a_quF("q’CD:f' (1)

Using the Christoffel symbols of the first kind [14, 23, 33], we can rewrite (1) in
the form

M(q)g+Clq,4)q+VV(g) + F(-,q,9) = [, (2)

where C(q, ¢) is called the centrifugal and Coriolis matrix, satisfying the rela-

tionship

% (M(q(t))) = Cla(t),d(t)) + C(a(t), 4(t))". (3)

Indeed, the (j, k)-entry of the matrix C(q, ¢) is given by
Cik(a,q) = Z Cijn(@)di, (4)
i=1

where Cjjy, is defined by the Christoffel symbols of first kind

5)
dq; gy, 3%’ ( )

2
From (4), we can write the matrix C'(q, ¢) as C(q,¢) = >, ¢:Ci(q), where C;(q)
has the entries Cj;x(q)'s and satisfies the equality Ci(q) + CI(q) = %—gf(q) for
i=1,2,...n.
Therefore,

Clasd) +Clasd) = Y i = 5 (M(@). ©)

Let us emphasize that the centrifugal and Coriolis matrix can be computed
with only the knowledge of the inertia matrix, and the equation (3) holds for
any differentiable function ¢(-).

In [3] the well-posedness and stability properties of set-valued Lagrangian sys-
tems like

M(q(t))4(t) + Clq(t), ¢())q(t) + VV(q(t)) + F(t, q(t), 4(¢))
€ —0P(4(t)) a.e. t>ty,

(7)
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where ®(-) is a scalar convex function, has been analyzed. The terms VV(q(t))
and 9®(¢(t)) may represent a control input u(q, ¢) = —VV(q) —9®(q) applied to
stabilize the system at some fixed point. Thus V(¢) may be seen as a desired (or
controlled) potential energy (this is called in Control Theory the Energy shaping
method [14]). This is a general framework for robust control, with a quite im-
portant particular case represented by sliding mode control [21, 30, 34, 35]. The
example treated in section 6 illustrates this point. Time-discretization of set-
valued, sliding mode controllers is crucial for practical implementations of such
control techniques on computers, virtual prototyping, and chattering attenua-
tion analysis [1, 2]. Experimental results reported in [20, 36] prove that implicit
methods yield significant improvements in the closed-loop system behaviour (in
particular the control input signal is much smoother and with smaller magnitude
than with the usual explicit Euler implementation). Therefore, in this paper,
we propose the following implicit time-discretized scheme of (7) and analyze its
properties
e+l _ Ak
V@) + Pt QF, Qk) € —0D(OM) (8)
Qk+1 _ Qk + thk’

where (hy) is a sequence of positive steps. It is noteworthy that the set-valued
term in (8) is discretized in an implicit way. The Euler implicit discretization
of first order differential inclusions with maximal monotone operators has been
considered in [18; 9, 8]. The scheme in (8) also belongs to the same family of
numerical schemes as Moreau’s catching-up algorithms. Moreau introduced the
catching-up algorithm in [26] in order to prove existence results for first order
convex sweeping processes, which are differential inclusions whose right-hand
side is the normal cone to a time-varying or a moving closed and convex set.
Then he extended both the sweeping process and the catching-up algorithm to
Lagrangian systems subjected to unilateral constraints (second order sweeping
process) in [27, 28, 22, 29]. The set-valued right-hand side of the Lagrangian
sweeping process is, for given position ¢, a function of the velocity ¢. The
catching-up algorithm has been shown to converge and used for proving the
existence of solutions of second order sweeping processes (which are measure
differential inclusions) in [25, 24, 16, 17, 31].

Therefore the problem that is tackled in this article may be considered in-
between these two groups of differential inclusions (first order with maximal
monotone right-hand side on one hand, and Lagrangian sweeping process on
the other hand), since we consider Lagrange dynamics with non-trivial mass
matrix (see Remark 5.8), but time-invariant set-valued right-hand side with
dom(®) = R™ (no unilateral constraint). It may also be seen as a (non-trivial)
extension of the results in [22]. In [22] M. Jean and J. J. Moreau settled the
dynamics of n-degree-of-freedom Lagrangian systems subject to unilateral con-
straints and Coulomb’s friction, with a constant mass matrix. They proved,
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in a simple two dimensional case, that an implicit time-discretization as in (8)
possesses some finite-step convergence capabilities towards the contact stick-
ing mode: Theorem 4.6 below generalizes this result to the considered class of
differential inclusions.

This article is organized as follows. In Section 2, we recall certain conventional
notations and prerequisites which are used throughout the paper. Then some
crucial properties and assumptions are proposed in Section 3. In Section 4, firstly
the existence and uniqueness of (Q*), (Q*) satisfying the system (8) are proved.
Then, under the assumptions on the boundedness, time independence of the
perturbation force F'(+, -, -), the boundedness of VV(-) and the domination of ®(-)
over a quadratic form of norm function, the approximate velocity sequence (Q’“)
is shown to vanish asymptotically and the approximate position (Q*) converges
to Q>°, where Q> satisfies the relation: 0 € 909(0) + F(Q>,0) + VV(Q>), i.e
Q> is an equilibrium point of (7) and (8). In addition, under the condition:
—F(Q>,0) — VV(Q>) € int(0®(0)), the sequence (Q*) is proved to converge in
a finite number of steps. This kind of condition is often used in the literature
to obtain the finite-time convergence property of the continuous and discrete
systems [3, 5]. In Section 5, we use a sequence of piecewise linear functions
to approximate the solutions of the continuous systems and it is proved that
the convergence order is 5 Section 6 is dedicated to numerical simulations on a
nonlinear two-degree-of-freedom fully actuated robot manipulator. Conclusions
end the paper in Section 7.

2. Notations and Mathematical Background

We first introduce some notations used in the paper. Denote by (-, -), || - |
the Euclidean scalar product and the corresponding norm in R™; by || - ||, the
induced matrix norm defined as follows

[M]lm = sup [[Mz], (9)

[|z||=1,2€R™

where M is a square matrix of size n. The supremum norm, the L*°-norm,
the L*-norm of a given function from [0, 7] to R™ are denoted by || - ||co.7:r"),
| - Nl 0,7mmys || - | 220,7mny respectively. Denote by I the identity operator, I,
the identity matrix of size n; B, the closed ball of radius ¢ centered at 0 and
B.(z) the closed ball of radius e centered at x. The interior and boundary of a
given set S C R" are denoted by int(S) and bd(S) respectively. Suppose that
S C R” is a nonempty, closed and convex set. The normal cone to S at the
point z in S is given by

Ng(z) ={peR": (p,y —z) <O0forally € S}.

The projection of a point z on the set S is the unique point belonging to S
which is closest to z

proj[S; z] = y such that ||y — z|| = Hliél Iz — .
zE
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Let us recall from convex analysis that the subdifferential of the indicator func-
tion at x € S is the normal cone to S at z

6‘115(1') = Ns(l‘) (10)

In addition, let f : R® — R be a convex function, then we have the following
relation

v €df(z) & zEIf () (11)

where f*(-) is the conjugate function of f(-) defined by

fr(@®) = sup {(&", 2) — f()}

z€ER™

Let A(-) : R = R", 2 +— A(x) C R" be a set-valued map. The domain of A(-)
is defined by dom(A) = {z € R" : A(z) # 0}. The map A(-) is said monotone
provided

(xo — x1,y2 — 1) > 0 for all 1,29 € R" and y; € A(z1),y2 € A(z).

The monotone map A(-) is called mazimal monotone if there is no other mono-
tone set-valued map B(-) such that the graph G(A) := {(z,y) e R" xR" : y €
A(x)} is contained strictly in the graph of B(-). Given a maximal monotone map
A(-) and a positive real number A, the resolvent of A (of index \) defined by
J{ == (I + AA)~! is a non-expansive single valued map from R” to R”. Denote
by m(A(x)) the set of elements of A(x) with minimal norm, i.e.,

m(A@) = {y" € A) : '] = min y]}. (12)

It is well-known that a positive semi-definite matrix A € R"*" (i.e. (Azx,x) > 0,
for all x € R"), is a maximal monotone operator.

The following result provides a sufficient criterion for verifying whether the sum
of two maximal monotone operators is also maximal monotone. Let A(-) and
B(-) be two maximal monotone operators on R” with dom(A)Nint(dom(B)) # 0,
then A(-)+B(-) is maximal monotone. Particularly, it is also true if B : R™ — R"
is single-valued, monotone and continuous, see [7].

3. Properties and Assumptions

Let us propose some important assumptions that are used in the analysis led in
the sequel. Note that the Assumptions 3.1 and 3.2 may be considered as crucial
properties of Lagrangian systems [11, 23, 33], for example the Assumption 3.2
(Cy), see (3) and the relevant comment in the introduction, is essential for the
stability and the control of Lagrangian systems [14].
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Assumption 3.1 (The inertia matrix).

(M;) For all ¢ € R, M(q) is symmetric and there exist k; > 0, ks > 0 such
that

i.e. for all ¢,x € R™, we have: ki|z|* < (M(q)z,x) < kol|x||?.
(M) M() = (mi;(-))i<igen € CHR™R™M), de., my(-) € C2H(R™ R).
Assumption 3.2 (The centrifugal and Coriolis matrix).

(C1) There exists k3 > 0 such that for all u,v € R™ :
1C(u, v)||m < Ksllv]].
(Cy) Given any differentiable function u : R, — R", we have for all ¢ > ¢,:

CM((t))) = Clult) (1)) + Clu(t), D))"

(C3) The function h : R x R" x R™ — R" defined by h(x1, o, x3) = C(x1, x2) 73
is locally Lipschitz.
Assumption 3.3.

(Hr) The function F(t,z1,x2) from R x R™ x R — R" is continuous in ¢, uni-
formly locally Lipschitz in x1, x5 (i.e. the Lipschitz constant is independent
of t).

(He) ®(-) is a convex function on R™.

(Hy) V(-) is a differentiable function on R™ and VV(+) is locally Lipschitz.

The Assumption 3.1 (M) implies the Lipschitzness on bounded sets of the
inertia matrix M (-). Indeed, we have

Lemma 3.4. Given K > 0, then there exists ky > 0 such that for all q1,q,u €
R™ and [|qu|, [|g2|] < K

1M (gr)u — M(gz)ull < Fallgr — g2 [[ul] (14)

Proof. Fix u € R". Let the function G : R® — R" be defined by
G(zx) := M(x)u. (15)

Then G(-) is a twice differentiable function using (Ms). We have

i1 maj(2)uy n_ [ my(x)
G(z) = M(z)u = = (1 (16)
D et Mg (T) 1y j=1 \ Ma;(x)
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and its Jacobian matrix

n lej(:v)T
Jo(x) = Z . u;. (17)

Jj=1 anj<$>T

Then using the Mean Value Theorem, the conclusion follows. Note that the
constant k; depends only on K and the matrix M(q). O

The following lemmas show that the inverse matrix M ~1(-) is also bounded and
Lipschitz on bounded sets. Their proofs are analog to the proofs in Lemma 3.3
and Lemma 3.4 in [3].

Lemma 3.5. For all ¢ € R*, M~'(q) is symmetric and there exist ks > 0,
ke > 0 such that
ksl, < MY (q) < kel,,. (18)

Lemma 3.6. Given K > 0, then there exists ky > 0 such that for all ¢, q,u €
R™ and [|qu|], [|g2|] < K

1M~ g )u — M~ (ge)ul| < krllar — gollllull- (19)

4. Well-posedness and Asymptotic Behavior Analysis

Let us begin with the existence and uniqueness results of the sequences (Q*),
(Q*) defined in (8). Then under some mild conditions, the convergence of (Q¥),
(Qk) is obtained, even in finite steps. The following theorem assures the well-
posedness of the scheme.

Theorem 4.1. Let Assumptions 3.1 and 3.2 (Cy) hold. Consider the implicit
scheme in (8)

Qk—H _ Qk . . ) )
k

Q! = @ + Q"

Fiz some h > 0. Consider the sequences (Q¥), (Q*) generated by the following
algorithm:

1. k:=0,ty := 0 and take the starting points QQ°, Q° € R".

2. Given (t, Q%, Q%), we choose hy := min{h, m}, where kq, ks are de-
fined in the Assumptions 3.1, 3.2 and find (Q*+1, Q¥*1) satisfying (8). Let
trg1 = T + Iy

3. Let k:==k+ 1 and go to step 2.

Then at each step k, the approximated position Q! and approzimated velocity
Q" can be uniquely calculated from the knowledge of QF, Q, t, and hy,.
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Proof. Fix some positive integer k. Obviously, we can compute QF1! directly
by the formula Q! = Q¥ + h,Q*. From the Assumption 3.2 (C;) we have

1C(Q*, Q") llm < Ks]|Q"I. (20)
Since hy = min{h, 2k31\€\1¢2’“||} < 2k3lﬁ1@k“, it follows
o Ky

hicks[| Q" < 5 (21)

Let B := 5o M(Q") + C(Q" Q") = it In = 5 AM(Q") — kL } + {C(Q", Q") +
2’“lej'n} and A\ := 2% > (0. Then B*(:) is a hnear single-valued mapping and for
all x € R", we have

(B*z,z) = hik ({M(Q") — ki, } z,2) + hik <{hkO(Qk, Q) + %In} z, x>

1 [k .
> o (5 = ka1 ol 2 0, (22)
k

using (21) and Assumption 3.1. Hence B*(-) is maximal monotone with dom(B*)
= R™. Note that 0®(-) is maximal monotone since ®(-) is a convex function on
R", see [7]. The set-valued mapping A* := B* + 9 is therefore also maximal
monotone. After some simple computations, we obtain

(Q’“)Q—k C F(tn Q5 0F) — YV(QN) € (A4F + AD)(OF),

which implies that
k .
QM = ¥ { (Qk)Q F(ty, Q°, Q%) — VV(Q’“)} ,

where J /‘\1 F = (A* + M\I)71 is the resolvent of the maximal monotone mapping

Ap(-) of index Ag. In conclusion, we can compute QF QF in terms of QF,
Q" and h; uniquely. [

Remark 4.2. The choice of hj, = min{h } < h is given in order to avoid

k1
" 2ks|QF||
large values of hj, when QF is very close to zero.

In the following part, we analyze the convergence of (QF), (Q*) based on the
existence of a Lyapunov’s sequence which is non-increasing along the discrete
trajectories. Let us begin with the following assumption:
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Assumption 4.3. There exist a > > 0 and n > 0 such that

o) =nll- 17+ all- || + 2(0).
2) SUD(t,21,22)€R4 xR™ X R™ ||F(t,l’1,$2)” <p.
3)  |[VV(2)|| < %52 for all z € R™.

Remark 4.4. If from the collected data, we can estimate an upper bound of
the continuous perturbation force F(-) by some positive 3, then we may choose
O(-) :=n| - [|* + af - || for some positive n,a with a > 3 and choose V(-) by
some constant functions, or linear functions, or V(+) := O‘TfﬁH - ||x where || - || is
the Moreau-Yosida approximation of the Euclidean norm function of index A for
some A > 0. Then Assumptions 3.3 and 4.3 are satisfied. Indeed, for each A, it
is known that 252| - ||, is differentiable and [|(V252| - [\)]| < 452 |m (||| <
a—p

T2

Let us now investigate how property (3), which is instrumental for the analysis
led in [3] and more generally for the stability analysis of controlled Lagrangian
systems [14], may be transposed in the discrete time context. Given (QF, Q%),
we consider the following linear function v : RT™ — R" defined by

u(t) = Q"+ Q (t — to), (23)
for some to > 0. From Assumption 3.2 (C), we obtain
%M(u(t)) = Clu(t), u(t)) + Clu(t), a(t)" = Clu(t), Q") + Clu(t), )", (24)
for all t > 0. Take t =ty in (24), then
 Mult) = C(Q4 Q) + O(Q", QT (25)

On the other hand, by using Taylor’s expansion and Assumption 3.1 (M), we
have

Multo + ) = M(ulto)) + iy M(ulto)) + O), (26)

or equivalently,

M(QF + hpQF) — M(Q")
h,

= C(Q", Q") + C(Q*,Q")" + O(hy).  (27)
Let

M(QF + h, Q%) — M(Q*)
Iy

&k = sk(h‘ka Qk7 Qk) = - C(Qka Qk> - C(Qka Qk>T

We can define h; > 0 as follows
Ry :=max{h > 0: ||e|lm < 27 for all hy, < h}, (28)

where 7 > 0 is defined in Assumption 4.3. Note that hj depends only on n, M,
Q" and QF. Thus we have the following theorem.
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Theorem 4.5. Let Assumptions 3.1, 3.2, 3.3, 4.3 hold and consider the modified
algorithm:

Fiz some h > 0. Consider the sequences (Q*), (Q*) generated by

1. k:=0,ty =0 and take the initial data Q°,Q° € R", h_y = h.

2. Given (Q%,Q%), we choose hy := min{hy_1, hi, m} where h} is defined

in (28); ki, ks are defined in Assumptions 3.1, 3.2. Find (Q¥t!, Q*t1)
satisfying (8). Let tgyq := hy + ty.
3. Let k:==k+ 1 and go to step 2.

Then the sequence (QF) converges to a point denoted Q*, limy .o Q"“‘ =0 and

Proof. From Theorem 4.1, for each k > 0 we have that Q"1 and Q+ can be
uniquely computed in terms of Q¥, Q* and hy. So the sequences (QF), (Q¥) are
well-defined. Furthermore, from (28) and the choice of hy, we have

_ M(Q" + hiQ¥) — M(Q")
Er =
hy,
_ M@ — M(Q")
= "
and ||eg||m < 27. Let us define the Lyapunov’s sequence (Ej) by

B = S(M(QNQ, 05,

for each positive integer k. We prove that (Ej) is non-increasing. Indeed, one
has

- C(Q" QY - 0@, Q"
(29)

S (M(QH)@QE, %)

By — B = 5 (M(@)QH, Q) -
Note that
(M(Q"™MQ*, QM) — (M(QMQ*, Q%)

= (M(Q"") — M(Q")Q*, Q") + (M(Q")(QF — @), Q")
+(M(Q")Q", Q" — Q)

= (M(Q"") — M(Q")Q* ™, Q") + 2(M(Q")(Q* — @), Q")
— (M(Q*)(Q" = Q"), Q" — Q)

< ((M(QM) — M(QM)QF, Q) + 2(M(Q")(Q* — @), Q)

< ony <<M(Qk)—(Qthk_ )y 0@0he Qk+1> + 15l HQ’““!P)

Ye+1 Ak . . . .
< 2Mhy <<M(Q’“)(Q+lh—km + C(Q’“,Q’“>Q’“+1,Qk+l> + n||Qk“||2) :
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where we used Assumption 3.1 and (29). Let rj4; € d®(Q*1) be such that

k QkH_Qk kE Ak Ak+1 k k Aky
M@Y= T+ 04090 + V@) + (1, Q.08 = —riaa. (30
Therefore

J— .k 1— k . . . .
Eﬁtfég<M@%@igﬁu+0@h@mWﬂ@ﬂ>+W@“W

= — (VV(QY) + F(tr, Q¥ QF) + rpsr, QF1) + l| Q7%
From the definition of the subdifferential, we obtain that

Ery1 — Eg

T < (VY@ + F(ty, Q".Q1), Q) — &(Q™) + 2(0) +nl| Q|
k

a— [0 - . . a—[03 -
< THQ’”IH + AR — ] @ < —THQ’“HH, (31)
due to Assumption 4.3. Hence

o — .
B — B <~ &0
3

e = -2 ke - i,

< — hg 5

since hii1 < hy, and thus

Q42 = Q1) £ (B ~ B (33)

Then take the sum side by side of (33) from k£ = 0 to N for any positive
integer N and let N — +o0o. We obtain that (||Q*™ — QF||) € I' because
(Ey) is bounded from below by zero. It means that (Q¥) is a Cauchy sequence
and hence the convergence of (QF) follows due to the completeness of R". Let
Q> = limy_o Q*. In particular, (Q*) is bounded. On the other hand, from
(32), the sequence (Ej) is non-increasing. Therefore

SRIQH? < SM@QYQE, 0N = By < By, (31)

N | —

due to Assumption 3.1. This leads to the boundedness of (Qk) It is obvious
that (hy) is bounded from above by h. The boundedness of (Q*), (Q*) implies
the boundedness from below of (h}) by some positive number (see (28) for the
definition of h}). Hence hy = min{hy_1, h}, m} is also bounded from below
by some positive number. The sequence (hy) is non-increasing by construction,
so there exists a h > 0 such that limy_,. hy = h. Hence for each k > 0, hy, > h

and tp 1 =ty +hy >t +h>to+ (k+ 1)71 which implies the limit lim_, . tx =

+00. From the formula Q* = Qk+k_Qk, one infers that limy_.. QF = 0. ]



34 8. Adly, B. Brogliato, Ba Khiet Le / Implicit Euler Time-Discretization ...

Theorem 4.6. Suppose that the perturbation force is independent of time, i.e.
F(t,xy,x9) = F(x1,29), (x1,22) € R" x R™. (35)

Let the assumptions of Theorem 4.5 hold. Then the sequence (Q*) generated by
the algorithm in Theorem 4.5 converges to an equilibrium of (8), i.e., F/(Q>,0)+
VV(Q>®) € —09(0). Furthermore, if —F(Q>,0) — VV(Q>) € int(d®(0)) then
the sequence (QF) is finitely convergent, i.e., there exists N € Z, such that for
all k> N :QF = Q™.

Proof. For each kK = 1,2..., one knows that

Qk+1 Qk

QN QIO F(Q. QY+ TV(QY) € ~0B(@). (36)
k

M(Q")——

The Assumptions 3.1,3.2 (C;) and Theorem 4.5 imply

H @) =L cgr e

) (37)
+ _ . .
< k| S Rl QG — 0
k
as k — 4o00. Therefore
Qk+1 Qk . . .
M(QF)—— N +C(QF, QMNQ™ + F(Q", Q") + VV(QY)

8 (38)

— F(Q%,0) + VV(Q™),

as k — +oo since VV(+), F'(-) are continuous. Using the closed graph prop-
erty of the maximal monotone mapping 0®(-) (see for example [6]), we obtain:
F(Q>,0) + VV(Q>®) € —0%(0). It means that Q> is an equilibrium of the
scheme (8).

In the next part, we prove that the sequence (Q*) converges in a finite number
of steps under the condition —F(Q>,0) — VV(Q>) € int(0P(0)). Indeed, let
£ be the set {k € N : Q"' = Q*}. Suppose that the sequence (Q*) is not

k+1

finitely convergent. Let € be the set of limit points of (M)kel\l\g and

k+1

let » € ). Note that €2 is nonempty since (M)kel\l\g belongs to the unit
sphere which is a compact subset of R". Hence, there exists a subsequence of

(QF), still denoted by (Q*) such that limy_. % = r with |[r|| = 1. Let

us choose some ¢ € 90P(0) and take ryp 1 € 8@(@’““) defined in (30). Using the
monotonicity of O®(-), we obtain (ryy; — ¢, Q") > 0. Hence, from (8), one
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infers
Qk+1 Qk . . .
< @YY oQh MO - RN O

hy
Qk+2 _ Qk—l—l
||Qk+2 _ QkJrlH > 0.

By taking the limit when k& — 400, we have:(—F(Q>,0) — VV(Q>) —(,r) >0
for all ¢ € 99(0). Combining with —F(Q>,0) — VV(Q>) € int(9®(0)), it
is trivial to conclude that r = 0 since we can choose ¢ € 0®(0) such that
F(Q>,0)+VV(Q>®)4¢ = mr for some real number m > 0. It is a contradiction

with the fact that ||r|| = 1. Hence, the sequence (Q*) converges in finite steps.
[

- V(@Y ~ ¢,

5. Convergence of piecewise linear approximations

We have proved that for each initial data (QO,QO) and for each positive h,
one can generate the unique sequences (QF), (Q*), (hx), (tx) by the algorithm in
Theorem 4.5, satisfying

k+1 k
VAR,
k

QkJrl = Qk + thka

where (Q%), (@), (h),) are bounded sequences (particularly (hy) is bounded above
from h) and limy_ 0 @ = Q, limj_ 00 Q@ = 0,limj_ 4oty = +00. Given
T > 0, let gn(-) and vy,(-) be the linear interpolations of the Q*’s and Q*’s on
[0, T, respectively. It means that for each positive integer k and t € [ty, tg11)

Qk+1 Qk

+C(Q%, QMM + VV(QY) + F(tr, QF, Q%) € —00(QF)

an(t) = Q" + Y S (=) = QF + QN (t — ty), (39)
k+1 k
' k+1 k _ k+1 k
)=+ Ly e C L) )
k+1 — Lk k

We define also the following step functions on [0, 7]
¢an(t) = QF on [t ts1), (41)
vi(t) = Q" on [ty tyya), (42)
ven(t) = QF o [ty tri1), (43)
Fi(t) = F(tr, Q*, Q%) on [t tis1). (44)
It is easy to verify that
Gn(t) = Q" = van(t) on (th, tisr), (45)
Qk+1 O

Up(t) = T

on (tx, tkt1), (46)
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A an(t) A vn(t)
Qk ______ Qk+1 ___________
Qk+2 ________________ Qk—l _ !
O Y A R I QFF2-t-X--f-- SRRED
QU : Ofl-2-o N
te—1 te e tho t th—1 tk  tpyr tra2 t

Figure 5.1: Piecewise linear approximation of position and velocity functions.

b v (E
o) p i)
) — A
OF+2[777TT :'"E ----- ) [0Lar] I i —
.- A
It e B ! QF-LFe
tk,l tk; tk+1 tk+2 t tk—l tk tk+1 tk+2 t

Figure 5.2: Step approximation of velocity functions from below (v,;,) and from
above (v}).

and

M (qun(t))Un(t) + C(qen(t), gn(t))vi (t) + VV(qun(t)) + Fi(t)
€ —09(v;(t)) a.e. on [0,T].

Cl = %, (48)
V K

Cy = [|Q°l| + O1 T, (49)

(47)

Let us denote

where Ey = %(M(QO)QO, QU>. Note that 4, Cy are not dependent on h.
Lemma 5.1. Let Assumptions 3.1, 3.2, 3.3 and 4.3 hold. There exists a con-
stant My which is not dependent on h such that

||Qh||C(O,T;R") + HQ*hHLOO(O,T;R”) + ||Uh||C(0,T;R") + ||thHL°°(O,T;R”) (50)

+ [[vpl Lo . rmmy + [|0n

Le(0,1;Rm) < Mj.
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Proof. Indeed, from (34), it follows that |[|Q¥|| < % =C foral k=1,2..
Note that gp,(t) = QF, for all t € (tk,tk+1). Hence

lvrlleo.rmm)y + Gl Lo, rmmy + |05l Lo 0,787 < 3Ch. (51)

Furthermore, for each integer k > 0, [|Q¥|| < |Q* Y| + he—1 [|Q* || < Q1| +
hk,101 S e S HQOH -+ (h,k,I + ..o+ ho)Cl S HQOH + ClT = CQ. Therefore

llarllco,r:mry + |gunll oo o,rmmy < 2C5. (52)

We have proved that the sequences (||@Q*||), (|@*||) are bounded by C; and Cs,
respectively. Using the boundedness of F(-), the boundedness on bounded sets
of 0®(-) and Assumptions 3.1 and 3.2 (Cy), from the differential inclusion (8),
there exists a constant C3, which is independent of h, such that for all positive
integers k

b1 Ak
‘ -t o 5
hy,
It means that (see (46))
|08 Lo 0,7mm) < Cs. (54)

Thus we can find a constant M; which is not dependent on h such that (50)
holds. ]

Lemma 5.2. Let Assumptions 3.1, 3.2, 3.3 and 4.3 hold. For all h > 0, there
exists a constant My which is not dependent on h such that

lan — @snllzzo.rmm) + g — vall20rmmy + lon — villz20rrny < Mah.  (55)
Proof. For any positive integer k and ¢ in the interval (x,tx.1), we have
an(t) = qan(t) = Q" + Q" (t — i) — Q" = Q(t — ta). (56)

Therefore,

et 2 2 s 2 Ct 3
[ a0 - aatPie < €2 [ - e < St - )
. - (57)

C?h?
< 13 (the1 — tr).

Hence
T 2 2
C;Th
[ ante) = qato)ae < S (59)
0
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and thus ||gn — qullz20rn) < \/gClh. Similarly, one has on the interval
(tkatk—I—l) that

w®) ) =0+ E Ly - =y )
o) = vi(t) = Q1 + Q“;k QL ) — O
: : (60)
= Qk%k_Qk(t — tkt1),
and
[vn = Gl r20077) < \/?C:sh, (61)
v = Vil 20,7y < \/?Cgh, (62)
due to (53). Then the conclusion follows. O

Lemma 5.3. Let Assumptions 3.1, 3.2, 3.3 and 4.3 hold. In addition, suppose
that

Assumption 5.4.

VR >0, T(R)= sup{ H%—f(-,q,w

L2(0,T;R™) (63)

lall 2 0]z < R} < +oo.

Then for all h > 0, there exists a constant Mz which is not dependent on h such
that

1 E(-, @sns Gn) — Frllz20,0mmy < Msh. (64)
Proof. Let us consider on the interval (tg,tx11)
F(t, qun(t), gn(1)) — Fu(t) = F(t,Q", Q") — F(t, Q", Q")

LOF ( O OF)ds (65)

Then the proof is similar to the proof of Lemma 2.4 in [9]. O

In the following theorem, we show that convergent subsequence of (g, vy,) can
be extracted such that its limit function is a solution of the continuous system

(7).



S. Adly, B. Brogliato, Ba Khiet Le / Implicit Euler Time-Discretization ... 39

Theorem 5.5. Let Assumptions 3.1, 3.2, 3.3, 4.3 and 5.4 hold. Then for
any given initial conditions, we can find a subsequence of (qn,vy) (defined in
(39), (40)) converging to a solution of the continuous system (7).

Proof. Lemma 5.1 ensures that the sequences of continuous functions (g,), (vp)
are uniformly bounded in C(0,T; R™) with the supremum norm and equicontin-
uous (since the sequences (gr), (95) are uniformly bounded in L*°(0,7;R")).
Then, by using the Arzela-Ascoli Theorem, there exist cluster points ¢,v €
C(0,T;R™) and subsequences of them, still denoted by (g), (v) such that

v, — v in C(0,T;R™). (67)

In particular v, — v in L?*(0,T;R"). On the other hand, Lemma 5.2 implies
that ||gn — vnllz20mgm) — 0. Therefore ¢, — v in  L*(0,T;R") due to the
triangle inequality. We have ¢, — ¢ and ¢, — v in the sense of distribution on
(0,7). Identifying both limits, one infers that ¢ = v in L2(0 T; R”) Since v is
continuous on (0, T"), we deduce that the function ¢(t 0)+ fo s)ds = q(0)+

f(f v(s)ds is differentiable, or equivalently, ¢ € Cl(O,T, R”) (see for example,
Theorem 8.2 in [13]). Lemma 5.1 also implies that the sequence () is bounded
in L>=(0,T;R"). By using Banach-Alaoglu Theorem, we can find a function
w € L*>®(0,T;R™) and a subsequence of (), still denoted by (v), such that

i, — w for the topology o(L>(0,T;R™), L*(0, T;R™)). (68)

One has v, — © = ¢ and v, — w in the sense of distribution on (0,7).
Identifying both limits, we obtain that ¢ € L*>°(0,7;R™), or equivalently, ¢ €
W2%°(0,T;R"). In the next part, we will prove that ¢(-) is a solution of (7).
Indeed, it is easy to verify that ¢(-) satisfies the initial condition. Note that
A(-) = 0®(-) is a maximal monotone operator from R" into the subsets of
R™. Let us define the new operator A(-) from L?*(0,7;R™) into the subsets
L*(0,T;R"™) by

FeAlw) < f(t)eAu®) ae tel0,T]. (69)

It is known that A(-) is also maximal monotone, see [12]. From Lemma 5.2,
(Hr) and (66), (67), (68) one obtains that
¢n — q strongly in L*(0,T;R™), (
vy, qgn — ¢ strongly in L*(0,T;R™), (71
F, — F(-,q,q) strongly in L*(0,T;R"), (
v, — ¢ strongly in L?(0,T; R™). (
Let us prove that

M (qu)vh — M(q)§ weakly in L*(0,T;R™). (74)
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Given ¢ € L*(0,T;R™), note that M(q)p also belongs to L?(0,T;R™). Then

(M(qen())vn(t) — M(q(t))(t), ¢(t))dt

<

O\H St~

(1M (0 (8) = MDD, c(O)e| +| [ MO0 - (0, (0

<m/mh—mmwawwnﬁ [ tite) = dte)). Mtae)etear] — o

for some constant k, > 0 by using Lemma 3.4, the boundedness of q.,, ¢, v, and
since v, converges weakly to ¢ while g, converges to ¢ strongly in L?*(0,T;R").
Therefore, one obtains

M(qun)Vn + C(qun, gn)vy, + VV(qsn) + Fi
— M(q)§+ C(q,¢)q + VV(q) + F(t,q,q)

weakly in L?(0,7;R"™). From (47), (71) and the closed graph property of the
maximal monotone operator A(-), we infer that

M(q)i+C(q,9)q+VV(q) + F(t, ¢, 4) € —A(g). (75)

It means that (g, ¢) is a solution of (7). O

In the following part, we show the convergence order of the scheme under the
following assumption, which is about the local hypo-monotonicity of the operator
(r,y) € R" X R™ — M1 (2)0®(y), for any x € R™. Note that if this assumption
holds, then it is easy to verify that (7) has at most one solution for given initial
condition (see Theorem 5.1 in [3]). In particular, the assumption is satisfied for
the cases in Proposition 5.1 and Proposition 5.2 in [3].

Assumption 5.6. Given K > 0, there exists a constant ¢ > 0 such that for all
T1,%2,Y1,Y2 € Bx and yi € 00(y1),y5 € 0P (1)
(M~ (z0)yy — M~ (@2)ys, y1 — y2) 2> —c(llar — 2> + [lyn — o). (76)

Theorem 5.7. Let Assumptions 3.1, 3.2, 3.3, 4.3, 5.4 and 5.6 hold. Then for
any given initial conditions, the piecewise linear approximate function (qp,vp)
converges to the unique solution of the continuous system (7) with order of con-
vergence 1/2.

Proof. For all h, k > 0 and accepting a usual abuse of notations, we get

—[M(qen)Vn + C(quns Gn) vy, + VV(qun) + Fr] € 02(vy,), (77)
—[M(quk )i + C(Guks G vy, + VV(qur) + Fie] € 0D (vy). (78)
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By using Assumption 5.6, one infers
(U — Uk + M~ (qun)[C(Gens Gn) vy + VV(un) + Fil

— MM (qu) [C(quns Gi) Vi + VV(quk) + Fi], v — vf) (79)
< c(lgen = @l + v — vl|?)-

Let us integrate both sides of (79) on [0,t] (¢t € (0,7)) and estimate all the
terms. We begin with the first term by using Cauchy-Schwarz inequality

Lo . 1 Lo, .
/ (Up, — Uy, vy, — vp)ds = §||?Jh(t) — ()2 +/ (U, — Uk, vy — vy, + v, — V) ds
0 0

1 . .
> §th(t) —u(®)1? = (10l L20,mmm) + 1]l L2 0.7:7))
(llvy, = vallz20.0mmy + 1k — Vil L20,7mm))

Sn(t) — (0> — 2V M+ ), (80)

v

where M, My are defined in Lemma 5.1 and Lemma 5.2. Let us now deal with
the remaining terms in (79). From the Assumptions 3.2 (C;), (C3), 3.3 (Hy),
(Hr), Lemma 3.5, Lemma 3.6 and Lemma 5.1, it is not difficult to find some
constants ¢y, cg, c3 > 0 such that

M (qun) C(qens @) 0k — M1 (qur) C (G G )V
< c1llgn — g ll + llgn — Grll + [lvn, — vil),
1M (qn) VV(qen) = M (@) V(@) || < c2llgun — qurll, (82)
IM N qun) F (s Gens Gn) — MHqur) F (-, Gk 1) |
< c3(llgen — qull + llgn — gell)-

Indeed, let us prove the first inequality, then the two remaining inequalities are
proved similarly. By using the triangle inequality, one infers

M () C(Guens @) 0% — MGt ) O (qaer @) Vi |
< NIMHgsn) — M~ Hqur)]C(qen, G )y |
+ 1M (qun ) [C(Gun Gn)vs, — C (G G )V |
< mallgen — qerll + ma(llgen — qrll + llgn — Grll + [Jvy, — vzll)
< 1l gen = qull + lgn — dwll + [log, — vilD), (84)

for some constants mq,my > 0 and ¢; := my + mg due to Assumption 3.2 (Cy),
Lemma 3.5, Lemma 5.1, Lemma 3.6 and Assumptions (C3).
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From the inequality (83) and the triangle inequality, we have
1M~ (gen) i — M~ (que) Fre|
<M 7Hgun) [Fr — F (-, gns )|
M) F (s qens Gn) — M7 (@) F (- s )|
+ M (gen) [F = F (-, Gers )]l
< k([ Fn — F (-, @ens @)l + 1F = F (5 gk, @) )
+ es(lgen — gl + llgn — dxll), (85)

where kg is defined in Lemma 3.5. By using the inequality ab < 1a? + b% and
Lemma 5.3, one gets

t
/0 L = FCs qens )l + 15 = FC g gr) D |vh, — vrllds

1 [T . . Lo,
= 5/ (1Fw = F (-, qen, @I + [1Fi = F (-, qur Gi)||*)ds +/ vy, — vil|*ds
0 0
1 t
< M+ 1+ [ o= v, (56)
0

where Mj is defined in Lemma 5.3. Let us recapitulate the inequalities in (80)—

(86):

t
/ (U, — Vg, vy — vi)ds > §th(t) —up(t)]|* — 2\/TM1M2(h + k); (87)
0

t
/ (MMqen)C (e ) vy, — M~ Hquk) C(quk, @i ) vy, vi, — vge)ds
0

. (88)
> o / (Ngen = @uell + s — dell + leg, — ozl e — wilds:
t
/ (M@ VY (@) — M (0u) YVt o — v)ds
0
t (89)
> o / s — quilllvr, — v Ids:
0
t
/ (MY (qun) Fy — M (qur) i, vi — v)ds
0
t
>k / (I — g @)l + 11k — FC o d0) DIl — v lds
0
t
e / (gen — gonll + Nl — dell 15, — ol ds (90)
0

1 t
> §k6]\/[§(h + k) — k6/ ||y — v,’;szs
0

t
e / (g — @eall + lld — del)llo — villds.
0
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Let ¢4 := ¢1 + ¢5 + ¢3. Taking the sum of (87)-(90) side by side and combining
with (79), we obtain

1 1
Slon(®) = o (®)* = 2VT M Mo (h + k) — koM (h + k)*

t
—@/me—%w+w%—mﬂ+w¢—@mmﬁ—¢ws
0

t
—%/H%—%Ws
. (1)
t

< / (U, — v + M) [C(qen, Gn) V5, + VV(qun) + Fi]

0
— M~ Nquk) [C(urs G )05 + VV (i) + Fi, vf, — vi)ds

t
Scémwe%MMWQ—Wﬂw

Thus, one infers

5 l(t) — o)

1
< VT M My(h + k) + §k6M§(h + k)
t
e [ (=l + i = dull+ 1 = i)l = il
t
4 [ (ellan = gl + + Kol = vilP)ds
0
t
C . .
< M+ 1)+ 5 [ (g gl + i - )
0

t t
e [ ok —wilPds + [ Cllan = aul? + (e + kol — P
0 0

t
< Muh+ 1)+ s [ (o= gl + s = dul? + o~ oilP)ds (92
0

where ¢5 1= ¢ + 2¢4 + kg and M, = 2v/T M, M, + %k6M32 (h and k are chosen
small enough such that b+ k < 1).
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Lemma 5.2 implies

t t
[ = aalis < [ lan = all + o= ael + e = gl s
0 0
t
<3 [ (o=l + oo = anll + llow = )
0

t T
<3 / lan — ellPds + 3 / (g — anll” + g — quellP)ds
0 0

t
< 3/ lgn — gul%ds + 3M2(h + k)*. (93)
0
Similarly, we have

t t
/ Gn — Gil|*ds < 3/ |vn — v||*ds + 3M3(h + k)? (94)

0 0

t t
/ loF — vi||2ds < 3/ o — velPds + 3ME(h + k)2. (95)

0 0

On the other hand

t

1 L 1 -y
Sl O-a®IF = [ (=t a-adds <5 [ (el +lan—arl)ds. (99
0 0

From (92)—(96), one can find some constants M; > 0 and ¢g > 0 (with h+k < 1)
such that

llgn(t) = ax(1* + llon(t) — vr(B)]1*

< M5(h+k)+c6/o (llgn(s) = au(s)[I* + llvn(s) — vi(s)l|*)ds.

By using the Gronwall’s inequality with the function T'(+) := ||gn () — qx(*)||* +
lon(+) — vi(-)||?, one deduces

U(t) = llgn(t) — ae(O)N1* + [lon(t) — vk (®)[]* < Ms(h + k), (97)
where Mg = Mse®T. Let k — 0, we obtain
lgn(t) — g1 + lla(t) — ()| < Mgh. (98)

It means that the piecewise linear approximate function converges to the unique
solution of the continuous system (7) with order 1/2. O

Remark 5.8. If the matrix M (q) is constant, by using a transformation of vari-
ables, we can reduce our system to a first order differential inclusion where the
right-hand side is the subdifferential of a convex function. Then the convergence
order is 1, see [8].
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L\ Y

11

Y2

Figure 6.1: A robot manipulator.

6. Numerical Simulations

Let us consider the following dynamical model of a robot manipulator (see [10])
without perturbation (F' = 0), which is only for illustrative purpose:

M(q)g + C(q,4)q + VV(q) € —02(q), (99)

where the state ¢ = ( gl ) and
2

B my +ms  Mmabcosb, ~ (0 —meég sin 6,
M(q) = ( mobcosly I 4+ myb? > ’ Clg.q) = < 0 0 ’

VO = (paginss )+ 020 = (11 )

for some positive constants mq, mo,b, I and g. If we consider the forces 17,75
with the following form

T1 = —(27]1[E1 + alSign(h))a T2 = —(27]202 + OzQSign(ég)),
for some positive constants 1y, 72, a1, g, then for y = (1 yg)T € R?

®(y) = myi + calyr| + mays + aalya| > min{ny, no}y||* + min{ay, az}y|.

The control forces T1(+) and Ty(+) correspond to velocity plus sliding-mode feed-
back controller, a control technique that is widely used in practice [34]. It is
not difficult to show that Assumptions 3.1, 3.2, 3.3, 4.3 and 5.4 are satisfied
with suitable parameters, but not Assumption 5.6. This assumption, which is
also a sufficient condition to obtain the uniqueness, holds for a narrow class of
mechanical systems. In fact, the property of solution uniqueness of nonsmooth
problems is not attained generally. However, it is important and interesting to
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3.3 0.4
3.2 0.2+
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3 —0.2}
1
02
2.9 —0.4r
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Time t Time t

Figure 6.2: Simulation for the position and velocity of (99) with (z9,69) =
(3,—1) and (i2,69) = (—1,1).

simulate at least one solution of the continuous problem. For the sake of sim-
plicity, we consider ®(y) = 3||y[|>+|v1|+ |y2|, which implies d®(y) = y+ Sign(y)
where

S —1 if m <0,
Sign(y) = ( Sigﬁgzlg ) ., and for m € R, Sign(m) =< [-1,+1] if m =0,
2
+1 if m > 0.
(100)

From the first line of (8), we have

Qk—H Qk

- + C(Q%, QM Q! + VV(QF) € —QM! — Sign(QF+Y). (101)
k

M(Q")~——

Let us denote

P:= h—M(Q’“) +CQ" QY + 1, and z:=VV(QF) — h—M(Q’“)Q . (102)
k k

This leads to find a solution y for given x of the following inclusion
Py + 2z € —Sign(y) = —0¢(y), (103)

where ¢ : R? — R is a convex function defined by

o(y) = ly1| + |yal. (104)
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Figure 6.3: Simulation for the position and velocity of (99) with (z9,69) =
(5, —3) and (#9,6) = (~2,1)

Remark 6.1. (i) Note that at each step, the matrix P is positive definite (in
fact P > I, see the proof of Theorem 4.1) but non-symmetric since the Coriolis
matrix C' is non-symmetric. The existence and uniqueness of y in (103) are
assured by a well-known result for general functions ¢(-) (proper, convex and
lower semicontinuous), see for example [7]. Furthermore, the operator (P+d¢)~*
is single-valued and Lipschitz continuous.

(ii) There exists various efficient iterative algorithms in the literature for solving
the variational inclusion (103) even for a general convex function ¢ : R" — R.
However, exploiting the specific structure of ¢(-) in (104), we show that (103)
is equivalent to a nonlinear equation for which the semismooth Newton method
can be applied.

Let’s denote the symmetric and skew-symmetric parts of P by

P+ PT pP—-pPT

P
Let K := [—1,1]? be the square containing the origin in R* and L := {z € R?:
PPz e K } = P7Y2K. The following result transforms the inclusion (103) to
an implicit equation.
Lemma 6.2. For a given v € R?, the inclusion (103) is equivalent to the equa-
tion

[I + P7IR,)y + P 'z = P7Y%proj|L; P72 Py + P72, (106)

s
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Figure 6.4: The system under perturbation with (z2,69) = (3,1) and (29,69) =
(1,1).
Proof. Note that the inclusion
—Py —x € 0¢(y) (107)
is equivalent to
y € 0¢"(—Py —x) = 0V g(—Py—x) = Ng(—Py —x) = —Ng(Py +z), (108)

by using (10), (11) and the symmetry of the set K. Let 2’ := P,y + z. From
(108), we obtain
y € —Nk(Py +2').

Let the vector z be such that P2z = P,y+2', which implies y = PS_I/QZ—Ps_lx’.
We have

P72, Pl € —Ng(PY?2) o z— P7Y22" € —PY2Ny(PY?2).
Equivalently,
z— PV € =Ny (2) with L ={z € R?: P}/?2 ¢ K} = P7'?K.
Using the definition of the projection, we have
z— P72 € =Ny (2)

& 2 = proj[L; P72

o y= P V2proj[L; PV — Pl

& [[+ PRy + Pt = P2 proj[L; PrYV2Pay + P24l

This completes the proof. O
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Figure 6.5: The system under perturbation with (z2,69) = (3,7) and (29,69) =
(2,2).

Remark 6.3. For each fixed € R?, we define the following function F : R? —
R?, by

Yy f(y> = [I + Psilpa]y + Psilw - Psil/2pr0j [L; P571/2Pay + P571/2.1'].

The equality (106) can be rewritten as a nonlinear equation F(y) = 0. Since
F is semismooth (see [19] for the definition), the Semismooth Newton Method
may be used to solve this equation [19].

Now, let us simulate the system (99) with different initial conditions (Figures 6.2
and 6.3). We also consider the case with nonzero perturbation, with F(t,z;) =
(sin(t) sin(z1))T, with the same analysis (Figures 6.4 and 6.5). The finite-time
convergence and smooth stabilization at zero are clearly illustrated on all the
figures. Another important point is that implicit methods allow to obtain the
exact (at the machine precision) stabilization at the equilibrium, which is not the
case with explicit Euler methods. This type of behaviour for implicit methods
is also studied for other classes of dynamical systems in [1, 2]. Furthermore, the
example allows us to recover numerically the finite-time convergence property
studied in [3].

7. Conclusions

This paper contains the analysis of the time-discretization of the differential
inclusions studied in [3] with an implicit Euler-like scheme. These differential
inclusions stem from the robust, finite-time global stabilization of fully actuated
Lagrangian systems. Applications are mainly in the discrete-time robust sliding
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mode control of mechanical systems. Experimental results reported eleswhere
have proved that such implicit methods allow to significantly improve the con-
trollers performance when a digital implementation is made. The convergence
of the approximated positions and velocities is shown, as well as the order of the
method. The proof is based on the use of a Lyapunov function, and of funda-
mental properties of Lagrangian systems. The convergence to the equilibrium
point, when it exists, is proved to occur in a finite number of steps. Numerical
simulations illustrate the theoretical analysis. Future research will concern the
problem of trajectory tracking, using set-valued extensions of passivity-based
controllers [14].
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