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1. Introduction and Problem Formulation

This paper is dedicated to the memory of Professor Jean Jacques Moreau, one
of the fathers of convex analysis. In the early of 1960s, Moreau and Rockafellar
independently laid the first stones to build convex analysis; see [12, 13, 14, 23].
As a result, one has a beautiful theory of generalized differentiation for convex
functions and sets as well as differentiability and duality for convex functions,
that plays a crucial role in many applications, especially to optimization and
equilibrium problems. In the present paper, we address its application to an
optimization problem in which the objective function is a difference of two convex
functions. Although the problem is nonconvex, tools from convex analysis are
important for our study.

The classical Fermat-Torricelli problem requires to find a point that minimizes
the sum of the distances from a moving point to three given points in the plane.
The first numerical algorithm for solving a generalized version of the problem
that involves a finite number of points was introduced by Weiszfeld [28]. As
shown by Kuhn [10], the algorithm may fail to converge in general. The as-
sumptions guaranteeing the convergence of the Weiszfeld algorithm along with
a proof of the convergence theorem were given in [10].

Many generalized versions of the Fermat-Torricelli and several new algorithms
have been introduced to solve generalized Fermat-Torricelli problems as well as
to improve the Weiszfeld algorithm; see, e.g., [2, 8, 15, 16, 18, 26, 27]. The
Fermat-Torricelli problem has also been revisited several times from different
viewpoints; see, e.g., [1, 6, 7, 22, 29].

Motivated by applications to more complex location problems in which the sizes
of the locations are not negligible, generalized models of the Fermat-Torricelli
problem involving sets have been introduced and studied intensively; see [15,
16, 19] and the references therein. To the best of our knowledge, no numerical
algorithm has been developed to solve nonconvex generalized Fermat-Torricelli
problems with weighted sums of distances to closed convex sets, so far. However,
it is worthy to stress that the special case where all the closed convex sets reduce
to single points has been treated in [3].

In the Euclidean space R™ with the norm denoted by || - ||, the distance function
to a nonempty closed convex set () C R" is defined by
d(z; Q) = nf{|[z —w] [ w € Q}. (1)

It is well known (see e.g., [5, the lemma on p. 53 and Proposition 2.4.1]) that
d(-; Q) is a convex function with the property

d(z;Q) —d(y; Q)| < [z —yl  (v,y € R").

The unique point w € @ satisfying ||z — w|| = d(z; Q) is called the Euclidean
projection of x to @, and is denoted by P(x; Q).
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Given two finite collections {€; | ¢« = 1,...,p} and {©; | j = 1,...,q} of
nonempty closed convex sets in R™, we consider the constrained optimization
problem

min {f(:r;) = Zaid(x; ) — Zﬁjd(x; CHNEAS S} : (2)

where S is a nonempty closed convex set and the weights ; and 3; are all pos-
itive real numbers. The convex functions Y7, a;d(z; ;) and 377, B;d(z;©;)
are two d.c. components of the d.c. function f(z), where “d.c.” stands for
“difference of convex functions”. Thus, (2) belongs to the class of nonsmooth
d.c. programming problems.

Our goal in this paper is to study (2) from both theoretical and numerical
aspects. Since the problem is nonconvex in general, traditional solution methods
of convex optimization (see, e.g., [25]) are not applicable.

First, we obtain some specific existence theorems for (2). Second, to solve the
problem numericaly, we introduce a simple, but effective algorithm. Our method
is based on the Pham Dinh - Le Thi algorithm for d.c. programming [20, 21] and
a generalized version of the Weiszfeld algorithm [17], which works well for convex
location problems.

The rest of the paper is organized as follows. Section 2 recalls several concepts
and results which are used in the sequel. Solution existence theorems for (2)
in the general case are obtained in Section 3. Solution existence as well as a
solution set representation, properties of the solution set and its containers (the
local solution set, the stationary point set, the critical point set) of (2) in the case
p = q =1 are discussed in Section 4. Using the Pham Dinh - Le Thi algorithm
for d.c. programming and a generalized version of the Weiszfeld algorithm, in
Section 5 we develop an algorithm for solving (2) numerically.

2. Preliminaries

In this section we present some basic concepts and results used throughout the
paper. The readers are referred to standard books on convex analysis such as
[17, 24] for more details.

Throughout the paper we consider the space R" equipped with the Euclidean
norm. For a convex function ¢ : R" — (—o00,00|, a subgradient of ¢ at T €
domp := {x € R" | p(z) < oo} is an element v € R™ such that

(v, —7) < p(x) —p(x) YreR™

The collection of all subgradients of ¢ at z is called the subdifferential of the
function at this point and is denoted by d¢(Z).



80 N. T. An, N. M. Nam, N. D. Yen / A D.C. Algorithm via Convez ...

According to [17, Proposition 3.39], the subdifferential of the distance function
(1) at & can be computed by the formula

N(z;Q)NB itzeq@
ad(z; Q) = T — P(z;
d(z; Q)
where N(z;Q) := {v € R" | (v,x —z) <0 for all z € @} is the normal cone of
@ at T and B stands for the closed unit ball of R"™.

(3)

The Fenchel conjugate of a convex function ¢ : R" — (—o0, +0o0] is defined by

" (v) = sup{(v, x) — p(z) | € R"}.

By [9, Proposition 3, p. 174], if ¢ is proper, i.e., dom ¢ # (), and ¢ is lower semi-
continuous, then ¢* : R" — (—o0, +00] is also a proper, lower semicontinuous
convex function.

Proposition 2.1 (Properties of the Fenchel conjugates; see e.g., [20]).
Let ¢ : R™ — (—o00, +00] be a convez function.

(1)  Given any x € dom g, one has that y € dp(x) if and only if
o) +¢"(y) = (z,y).

(i) If @ is proper and lower semicontinuous, then for any x € dom ¢ one has
that y € dp(x) if and only if x € 0p*(y).
(#i) If @ is proper and lower semicontinuous, then (p*)* = .

Let g : R" — (—o00,+00] and h : R" — R be convex functions. Throughout the
forthcoming we assume that ¢ is proper and lower semicontinuous. Consider the
following d.c. programming problem

min{ f(z) := g(x) — h(x) | x € R"}. (4)

Proposition 2.2 (First-order necessary optimality condition; see e.g.,
[20]). If z € dom [ is a local minimizer of (4), then

Oh(z) C dg(x). (5)

Any point satisfying condition (5) is called a stationary point of (4). One says

that = a critical point of (4) if dg(z) N Oh(z) # 0. It is obvious that every

stationary point Z is a critical point. But the converse is not true in general; see
e.g., Example 4.9.

The Toland dual of (4) is the problem
min{h*(y) — ¢"(y) | y € R"}. (6)

Using the convention (4+00) — (+00) = 400, we have the following relationship
between (4) and (6).
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Proposition 2.3 (Toland’s duality theorem; see e.g., [11, 20]). Under the
assumptions made on g and h, one has

inf{g(z) — h(z) | z € R"} =inf{h"(y) — 9" (v) | y € R"},

i.e., the optimal values of (4) and (6) coincide.

Based on Toland’s duality theorem and the results recalled in Proposition 2.1,
Pham Dinh and Le Thi [20, 21] introduced a solution method for (4) called
the DCA (d.c. algorithm). The main idea of DCA is to construct two vector
sequences {x} and {yx} such that the real sequences g(zy) —h(zg) and h*(yg) —
g*(yx) are both monotone decreasing, and every cluster point Z of {z;} is a
critical point of problem (4). Similarly, every cluster point § of {y;} is a critical

point of (6), i.e., dg*(g) NOh*(g) # 0.
The DCA is summarized as follows:

Step 1. Choose xg € dom g.

Step 2. For k > 0, use z to find yp € Oh(xy). Then, use y, to find xpy 1 €
99" (Y)-

Step 3. Increase k by 1 and go back to Step 2.

In [20], it has been shown that the inclusion y, € Oh(z) is equivalent to the
requirement that yy is a solution of the convex optimization problem

min{h*(y) — (zx,y) | y € R"}. (7)

Similarly, the inclusion zx,1 € 9g*(yx) is equivalent to the requirement that
Try1 18 a solution of the convex optimization problem

min{g(z) — (y, z) |z € R"}. (8)

In the case where an exact solution cannot be found, we solve (8) approximately.

To solve (7) and (8), one has to compute the conjugate function h* and employ an
appropriate solution method in convex programming. The readers are referred
to [20, 21] for more details.

3. Solution Existence in the General Case

Consider problem (2) and put I = {1,...,p},J ={1,...,q}.

Theorem 3.1 (Sufficient conditions for the solution existence). Problem
(2) has a solution if at least one of the following condition is satisfied:

(i) S is bounded;

(i6) D ier i > D e B, and all the sets Q;, i € I, are bounded.
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Proof. (i) The distance functions d(-; ;) and d(;©,), for i € I and j € J, are
all Lipschitz on R"™ with the Lipschitz constant 1 (see, e.g., [5, Proposition 2.4.1]).
Hence, f is a continuous function and (2) has a solution by the Weierstrass
theorem.

(¢4) Suppose that >, ;a; > > . ;B; and all the sets §; are bounded. Let
r > 0 be such that | J,.; €; C B(0;7), where B(0;7) is the closed ball of radius r
centered at 0. For any ¢« € I and x € R", it is clear that
d(x; ;) > d(z;B(0;7)) = max{||z|| — r,0} > [|z]| — 7.
For each j € J, select an element v; € ©;. Then, for any z € R",
d(;0;) < |lz — vl (V5 €J).

It follows that

fl) = aud(z; ) = Bid(x; ;)

iel jeJ
> Y ailllzll =) = 3 Bjllr — v
iel jeJ
> 3 aulllel =) = D Bl + o)
iel jedJ
= (Z%‘ —Zﬁy) ||| — (TZ%JFZ@H%‘D ~
icl jeJ icl jeJ

Since the last expression tends to +o0o as ||z|| — oo, the objective function is
coercive. The conclusion now follows from the Weierstrass theorem and the
continuity of f. ]

By Theorem 3.1, if },.; a; > >, ; B; then (2) has a solution, provided that all
the sets €; are bounded. We are going to study the solution existence of (2) in
the cases where ), a; < > . ;B; or Y 0 =3 ;0. In the first case, a
solution exists if S is bounded. Hence, just the case S is unbounded needs to
be considered.

Proposition 3.2. If >, o; < ZjGJ Bj, S is unbounded, and all the sets O,
j € J, are bounded, then inf{f(x) | x € S} = —o0; so (2) has no solution.

Proof. Under the assumptions made, there exists R > 0 such that e 0, C
B(0; R). Given any j € J and x € R", we have

d(w;0;) = d(x;B(0; R)) > [lz]| — R.
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Let the elements u; € €);, © € I, be chosen arbitrarily. Then, for every x € R",

fl@) < Y aille —wll = Bi(llzll - R)

iel Jjed
< Y ailllall + llull) = > Bi(ll=] = R)
iel jed
= (Za - Zﬁj) ]l + (ZaiHUiH +RZ@‘> :
iel jeJ iel jeJ
As Y ier i < D es B, we can assert that limy,| o f(z) = —oo. Hence the
unboundedness of S yields inf{ f(z) | z € S} = —cc. O

Proposition 3.3. If ), ., a; = ZjeJ B, and all of the sets ;, i € I and O,
j € J, are bounded, then there exists v > 0 such that |f(z)| < for all z € R".

Proof. Let r > 0 (resp., R > 0) be chosen as in the proof of Theorem 3.1
(resp., of Proposition 3.2). For every j € J (resp., i € I), fix some v; € ©;
(resp., u; € §;). Since Y,y =) i ; By, for any x € R", the estimates already
obtained in the proofs of Theorem 3.1 and Proposition 3.2 imply that

. (rzaﬁz@nmo < fl@) < (Z%”“i” *RZ@) |

iel jeJ icl jeJ
Setting
- m{z 3 Bl S ] + Rz@} |
iel jeJ iel jeJ
we obtain the desired conclusion. O

The examples given below show that the conclusions of Theorem 3.1(4i) and
Proposition 3.2, respectively, may not hold without the boundedness of €2;,7 € I,
and ©;,5 € J.

Example 3.4. Let n =1, S =R, [ = {1}, J = {1}, Q; = (—00,0], ©1 = {1},
a; =2, and f; = 1. Since

fz) =2d(z; ) — d(z;0,) — —00 as x — —o0,
problem (2) does not possess any solution.
Example 3.5. For n = 2, S = R? [ = {1}, J = {1,2}, Q1 = R x {0},
©; =R X (—00,—1], © =R x [1,00), a; = 1, and ; = [ = 1, problem (2)

becomes
min{f(z) = d(x; Q) — d(z;0,) — d(z;0,) | v € R?}.

It is not difficult to show that the solution set is €2; and the optimal value is —2.
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If the negative weights are absent in (2) then, as shown in [16, Proposition 3.1],
to ensure the solution existence we only need to assume that one of the target
sets €2; is bounded. In the case where the negative weights are present in (2),
the condition ), ;a5 > > e Bj together with the boundedness of that one of
the sets {2; may be not enough for the solution existence.

Example 3.6. Let n =1, S =R, I = {1,2}, J = {1,2}, Q; = {-1},Qy =
[2,00), ©1 = {0}, O = {1}, a1 = 1, ap = 2, and [y = f = 1. Since for every
x € Q9 we have

f@)=1+a| = o] = |z =1 = -z +2,

the optimal value of (2) is —oo.

If the equality

Y= b (9)

iel jeJ
holds, then the solution set of (2) may be nonempty or empty as well. We now
provide a sufficient condition for the solution existence under the assumption

9).

Proposition 3.7. Any solution of the problem
max {h@:) =Y Bid(z;0)) |z € Ql} (10)
jeJ

is a solution of (2) in the case where Qy C S, I = {1}, and cn = 3, ; B;.
Thus, in that case, if € is bounded then (2) has a solution.

Proof. Suppose z € ) is a solution of (10). For any x € S, setting u = P(x; )
and v; = P(u;©;) for every j € J, we have

(@) = and(z;00) = ) Byd(w; ©;)

jeJ
> afjz —ul| - gﬁij — v
Z;ﬁjllw—UH —;@-Hx—ml
= ;&-(Hw —ull = [lz = v])
> — z;ﬂjuu — | = - E;ﬁjd<u; ;) = —h(u)
> —fz(w) = f(2). ]

This shows that  is a solution of (2). O
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Sufficient conditions forcing the solution set of (2) to be a subset of one of the
sets (); are given in the next proposition, which is an extension of the “majority
theorem” in [30] and [3, Proposition 3].

Proposition 3.8. Consider problem (2) where ;, C S for some ig € I, and

Qg > Z Oéi—i-ZBj.

i€I\{io} jeJ

Then any solution of (2) must belong to .

Proof. Fix any x € S\ Q. Let u; := P(x;Q;) for i € I, and v; := P(u;,; ©;)
for 5 € J. We have

F(@) = aid(w; Qi) + Y (w3 ) =Y Bd(w;0;)

€\{io} JjeJ
S ar ) el Y adle =l = Al — v
iel\{io} jeJ i€\ {io} jeJ
= D> ailllr =l + = will) + D Bille = wigll = e = vy))
i€\{io0} Jjed
> ST aillui, — will = 3 Bl — v
i€\{io} jed
Z Z (67 d ulov ; Zﬁ] u’L()) i) — f(ul())
i€I\{io} jed
Thus, no x € S\ ©;, can be a solution of (2). O

To show that (2) can have an empty solution set under condition (9), let us
consider a special case where S =R", Q, = {q;}, ©; = {b;} with a; and b;, i € [
and j € J, being some given points. Problem (2) now becomes

min {f(x) =Y aillz—al =Y Billz —bll | = € R"} : (11)

iel jeJ

Lemma 3.9. Let f(x) be given as in (11) and let w = Y, cia; — 3 e 5 Bib;
If w =0 then

| lﬁm f(z) =0. (12)
If w # 0 then

1”11nﬂ1nff( ) = —|[wl. (13)
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Proof. By Proposition 3.3 we can find v > 0 such that | f(z)| < 7 for all x € R™.

Since
VI—t—(1-1t
lim (1= 50) =—1/8,

t—0 t2

there exists § € (0, 1) such that

‘\/1——15—(1—§t) 1

<1

£2 *3

for any ¢ satisfying 0 < [¢t| < d. This implies that, for any ¢ € (=9, 9),

1 9 1 7
1——t)—Z2<V1-t<|[1=Zt —2. 14

It is clear that

1/2
1/2 2(w,ai) | aill®
[z — aill = ([[2]* = 2(2, @) + [|a;l|*) "~ = ]| <1— + - (15)

[ | (£

Since [{z, a;)| < ||z[[[|ail[, we have

2 i |12
lef—oo \ ||| |l

Setting ¢ = 2|<\§’|(|12i> — ““a;“"; and applying (14), we can easily show that there exists
C > 0 such that

<x,ai>> C < 2(x, a;) ||ai||2)1/2 ( (m,a») C
l—-—— ) -7 < (11— + <|1- +
< |2 |2 |2 |2 |2 ]|

for all = with ||z|| being large enough. Combining this with (15) we have

<1‘, ai> C 1/2
WW<1—HMP ~ o S e = aill= (ol = 2@ + Joal?)
2r,a;)  [lag]*\ "
—mw@— ;

el fle]?

B (x,a;) C
SW“O |mw>+mw (16)

provided that the norm of z is large enough. Hence, for such a vector z, for any
1€ I and j € J we have

T, ;a; o;C T, ;a; o;C
ol (a - 45820 ) - 2 <l — o < o (o - 520 ) 4 815,

12 ] ]
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and

H$|| <_B + <x>ﬁjbj>) . 6]0

EE AT

From these inequalities and the condition (9) it follows that

<H 2 it = DA > ol </

el J€J

<|| 2 cui Zﬁ“> Tl

(17)

where C :=C <Zi€[ O+ ey ﬁj>. Therefore, if w = 0 then (17) yields (12).

Now, suppose that w # 0. By the Cauchy-Schwarz inequality we have

= <|r 2 = )b >

i€l jeJ

Z a;a; — Z ﬁjbj

iel jeJ

o (17) implies that

1H1rﬁlmff( z) 2 —|wll.

To obtain the equality (13), it suffices to choose x = kw for k € N and observe
from (17) that limy_.o f(zx) = —|lw]].

The proof of the lemma is complete. ]

In the next proposition, we consider problem (11) in the case where |J| = 1.

Proposition 3.10. Let I = {1,...,p},p > 2, and let b € R". If B =5,
and the vectors {a; — b} fori € I are linearly independent, then the problem

min{f(ﬁf):Z@illx—aiH—ﬁ||17—b|| |5E€R”}a (18)

i€l

has no solution.

Proof. Puty = —| > ,.; a;a;—Bb||. For every x € R", by the triangle inequality
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we have
f@)=y+Blz—bl =D aillw —aill + | cvias —ﬁb‘
iel icl
> Z%("E —a;) + Zaiai — (b
el el
= > aw = Bb|| = Bllz —b]. (19)
icl

Hence f(x) > v for all z € R™. Since liminfj,— f(z) = 7 by Lemma 3.9,
it follows that inf,egn f(x) = 7, i.e., the optimal value of (18) equals to v. To
complete the proof, we have to show that f(z) # v for every z € R™.

Suppose on the contrary that there exists z € R™ with f(z) = . By the
estimates (19), f(z) = v if and only if

P P
Dol + ol = (1D us+o
i=1 i=1

where u; == a;(x—a;) fori =1,...,p,and v =Y, asa;—Bb =Y, ; ar(ar—D).
Taking the squares of both sides of (20) and using the Cauchy-Schwarz inequal-

, (20)

ity, we can deduce that ||w||/[|v] = (w;,v) for all i = 1,...,p and ||u||||w;|| =
(ui, u;) for all 7,7 with ¢ # j. Since v # 0 by the assumed linear independence
of the vectors {a; —b | i =1,...,p}, we can find nonnegative numbers Ay,..., A\,

such that u; = \;v for all ¢ = 1,...,p. This means that

ai(r —a;) = )\iZak(ak —-b) Viel).

kel

Therefore, z = a; + 2— > rer @k(ar —b) for i € I. Consequently, for any i,j € I
with ¢ # j, we have

A Aj
ai—l—;Zak(ak—b) :aj+j2ak(ak—b).

v kel J kel

Hence
AN
(a; = b) — (a; —b) + (f—j

o j

)Zak(ak—b) = 0.

kel

This is equivalent to saying that

L SR

+<2_i_ﬁ) S awlap —b) =0.

U7 kengig
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Since the vectors {a; —b|i=1,...,p} are linearly independent, we must have

1+Oéi(%—%)
i Jj
1—|-Oéj<ﬁ—ﬁ)

a; a;

g (2_;_2_2>:0, for k e T\ {i,j}.

=0
=0

From the first two equalities we obtain («a; + aj)(i—z — 2—;) = 0, which implies
that i—J — % = 0. Substituting this back to the equality 1 + o <% — 2—J> =0,
J i i J
we get a contradiction. O

4. Solution Existence in a Special Case

Consider a special case of problem (2) where p = ¢ =1 and S = R"; that is,
min{ f(z) := ad(z; Q) — fd(x;0) | x € R"}, (21)
where a > 5 > 0. Let g(z) := ad(x; ) and h(x) := fd(z;O).

We are going to establish several properties of the optimal solutions to problem
(21). The relationship between (21) and the problem

max{d(z;0) | z € Q} (22)
will be also discussed.
Lemma 4.1. There is no local solution of (21) that belongs to the set © \ .
Proof. Suppose by contradiction that there exists £ € © \ 2 which is a local
solution of (21). Let 6 > 0 be such that f(x) > f(Z) for all z € B(Z;0). Setting
w = P(z;9Q), we have w # z. For z; := T + t(w — =) with ¢ € (0,1) being
sufficiently small, one has

f(zy) = ad(xy; Q) — Bd(z;0) = a(1 — t) ||z — w|| — fd(xy; ©)
< ol — o = ad(z; Q) = f(7).

Since z; € B(z;d) for ¢ > 0 small enough, we have arrived at a contradiction. [J
Proposition 4.2. If a > (§ then any local solution of (21) must belong to Q.
Proof. If = is a local optimal solution of (21) and z ¢ Q, then 7 ¢ QU © by

Lemma 4.1. Employing Proposition 2.2 we have Oh(z) C 0g(z). Since = ¢ QUO,
it follows from formula (3) and the last inclusion that

T — P(z;0) T — P(z;Q)

S ime) Y dm )

By taking the norms of the vectors on both sides, we have e = 3. This contra-
dicts the assumption o > (. ]
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Proposition 4.3. If a« > (3, then T is a solution of (21) if and only if it is a
solution of (22). Thus, in the case a > (3, the solution set of (21) does not
depend on the choice of a and (3.

Proof. If z is a solution of (21), then & € Q by Proposition 4.2. Hence, for
every x € R"

ad(xz; Q) — fd(z;0) > ad(z; Q) — fd(z;0) = —pd(z; O).

This implies —d(z;©) > —d(z;©) for all x € Q; so T is a solution of (22).

Conversely, suppose that Z is a solution of (22). Then z € Q and d(z;0) <
d(z;©) for all x € Q. This implies f(x) > f(Z) for all z € Q. Given any x ¢ €,
we put u = P(x;€2). By the estimates obtained in the proof of Proposition 3.8,
we have f(u) < f(z). Therefore,

f(@) > f(u) = =fd(u; ©) = —fd(z;0) = ad(z; Q) — fd(z;0) = f(2).
Thus we have f(z) > f(z) for all z € R™. So 7 is a solution of (21). O
Lemma 4.4. If « = and if (21) has a local solution T with T ¢ Q, then there

must exist u € Q with f(u) < f(Z).

Proof. Since a = 3 > 0, there is no loss of generality in assuming that o =
[ = 1. Let & be a local solution of (21) with & ¢ Q. By Lemma 4.1, z ¢ QU O.
It follows from Proposition 2.2 and formula (3) that

r—P(;0) 17— Px;,Q)

d(z;0) N d(z; Q) (23)

Setting u = P(z;9), v = P(Z;0), and A\ = nggg, by (23) we have u = (1 —
AT+ Av. If A > 1 then

f(@) =d(z;Q) —d(z;0) > 0> —d(u;0) = f(a).

Now, suppose that A < 1. Since v = P(Z;©), for any v € © we have

(u—0v,v—0)=((1=XN)T+ I\o—0v,v—10)
(1—-X){(z—v,v—10) <0.

Therefore P(u;©) = v, and hence
f(@) = d(z;Q) = d(7;0) = ||z —ul| = ||z = vl| = —[lu — ]| = =d(u;©) = f(a).
We have thus found @ € Q with f(u) < f(z). O

Proposition 4.5. Suppose a = 3. Ifu is a solution of (22), then u is a solution
of (21). Conwversely, if (21) has a solution, then (22) also has a solution (but
the solution set of (21) may be larger than that of (22)).
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Proof. We may assume that @ = § = 1. The first assertion follows from
Proposition 3.7. To prove the second one, suppose that Z is a solution of (21).
Then

d(z;Q) — d(7;0) = f(z) < f(z) = d(2; Q) — d(z;0)
for all x € R™. If z € ©, then this implies that  is a solution of (22). Otherwise,
by Lemma 4.4 we can find u € Q such that f(u) < f(z). Thus, f(u) = f(z) <
f(u) for every u € ; hence u is a solution of (22). O

We now describe a relationship between the solution sets of (21) and (22), which
are denoted respectively by S; and Ss.

Proposition 4.6. Suppose that Q\ © # (0. If a = (3, then
Sy ={u+R" (a—Pw;0)) |ucS:}. (24)

Proof. Again, we assume that « = f = 1. Fix any £ € S;. If £ € §, then
T € Sy. Consider the case T ¢ Q. Since Q\ © # ), we can select a vector
w € Q\ 6. Observe that

f(@) =d(z;Q) —d(7;0) < f(w) = —d(w; ©) <0. (25)
Let u = P(z;Q), v = P(z;0), and A = jgfgi. As shown in the proof of Lemma
4.4, v = P(u;0) and f(u) < f(z). Since T € Sy, this yields f(a) = f(Z). Then
we have u € Sy. Moreover, it follows from (25) that 0 < A < 1. By (23) we

obtain T = u + ﬁ(ﬂ — 0); hence T belongs to the set on the right-hand side
of (24).

To complete the proof, it suffices to show that any vector of the form z =
u + t(u — v) where u € Sy, v = P(u;0), and ¢t > 0, belongs to S;. Fix such an
Z. Then, for any v € © we have

(=0, —0)=(v—0,u+t(u—70)—10)
=(t+1){v—-v,u—1v) <0.

Thus, v = P(z;0). Since u € Sy, by Proposition 4.5 we have u € S;. Therefore,
with @ := P(z; (),

|z —al = |lz —o[| = f(z) > f(u) = —[lu—2].
Then
|z —al| > ||z — o] - [lu -2
= [[u+t(a—v) = 0| - [la—2v| =t]a—2[ = |z —al.

Since u = P(z;(2), this implies that & = u. Now we have

F@) =z =l = |}z = o] = |z - ]| - |z~ o]
= tlla— o] - (t+ Dlja 1|
= —lla— ol = f(@).

Recalling that w € S7, from this we obtain Z € S;, as desired. ]
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Proposition 4.7. Problem (21) has a unique solution if and only if one of the
following conditions holds:

(i)  « > B and problem (22) has a unique solution.
(i) «a = and ) is a singleton contained in the interior of ©.

Proof. First, consider the case a > 3. Since S; = Sy by Proposition 4.3, (21)
has a unique solution if and only if (22) has a unique solution.

Next, suppose that a = .

If (21) has a unique solution then, by Proposition 4.5, problem (22) has a solu-
tion @. If 2\ © # 0, then u ¢ O. Indeed, if 4 € © then for any u € Q we have
d(u;©) < d(u;©) = 0. This yields  C O, which contradicts the assumption
Q\ © # ). Now, the property u ¢ © implies that P (u;©) # @. By the repre-
sentation (24), S; contains a solution ray, contradicting the solution uniqueness
of (21). We have shown that 2 C ©. The last inclusion gives us

flx) = d(z;Q) — d(2;0) = 0

for any # € R™. The equality f(x) = 0 holds if and only if d(z; Q) = d(x; O).
Since f(x) = 0 for any x € €2, we have Q2 C S;. Moreover, as S; N Q C Sy, we
can assert that 0 C Sy N Sy. Therefore {2 must be a singleton. If Q = {u} and
u is a boundary point of O, then N(u;0) # {0}; see, e.g., [17, Corollary 2.12].
Taking any v € N(u; ©)\ {0}, we observe that P(u+tv;©) = {u} = P(u+tv;Q)
for every t > 0. Hence f(u+ tv) =0 for any ¢ > 0. It follows that S; contains
the solution ray u + R v, contrary to the assumed solution uniqueness of (21).
Thus v must belong to the interior of ©.

Now, let 2 = {u} and w is an interior point of ©. It is easy to show that f(u) =0
and f(z) > 0 for every x € R" \ {u}. Hence u is a unique solution of (21).

The proof is complete. ]

If « < B and O is bounded, then (21) has no solution as a consequence of
Proposition 3.2. We leave the solution of (21) in the case where o < 3 and © is
unbounded for the readers.

Example 4.8. If  C O, then it is clear that S, = ). Moreover, the set on
the right-hand side of (24) is S;. But the equality S; = Sy does not hold in
general. For example, in R2, let © be the closed ball centered at (—1,0)" with
radius 1 and let © be the closed ball centered at (—2,0)" with radius 2, where
the superscript | denotes matrix transposition. Then we have

Sy =0 C [QURT x {0})] = 5.

Let us analyze furthermore the solution structure of (21). For convenience,
we denote the solution set, the local solution set, the stationary point set and
the critical point set of that problem respectively by Sol(P), loc(P), S(P), and
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So(P). Thus, in the preceeding notation, we have Sol(P) = S;. Moreover, it is
clear that
Sol(P) C loc(P) C S(P) C So(P). (26)

By constructing suitable examples, we are going to show that all the three
inclusions in (26) can be strict, and

—  Sol(P) can be nonconvex,

—  loc(P) can be nonconvex and nonclosed,
—  S(P) can be nonconvex and nonclosed,
—  Sp(P) can be nonconvex.

In the following examples, it is always assumed that n =2 and a = = 1.

Example 4.9. Let Q = {0} x [-2,2] and © = {(1,0)"}. It is easy to see that
the solution set of problem (22) is

Sy ={(0,-2)", (0,2)"}.
According to (24),
Sol(P) = {(0,-2)" —¢(1,2)" [t >0} U{(0,2)" +t(-1,2)" |t >0}.

By definition, z € S(P) if and only if 9d(-;0)(z) C 9d(-;Q)(Z). From the
subdifferential formula (3) we can deduce that

S(P) = Sol(P) U (o0, 0] x {0}) U ((1, +00) x {0}).

If we can show that every point of the form x = (21,0)" € S(P)\ Sol(P) doesn’t
belong to loc(P), then combining this with Sol(P) C loc(P) C S(P) we get
loc(P) = Sol(P). For € > 0 small enough, let z. = (z1,¢)". Since

flze) = d(z; Q) — d(z.; ©)
=d(z;Q) —\e?+ d?(x;0) < d(x;Q) — d(z;0) = f(x),

we can assert that ¢ loc(P). To find Sy(P), it suffices to observe from (3) that
any critical point = with z ¢ Q U © must be a stationary point. So we have

So(P)=S(P)ue =S(P)uU{(1,0)"}.
Example 4.10. Let Q = {0} x [-2,1] and © = {(1,0)"}. Here we have
Sol(P) = {(0,-2)" —¢(1,2)" | t > 0},
loc(P)={(0,-2)T —(1,2)T [t >0} u{(0, )T +¢(-1,1)" |t >0},
S(P) =loc(P) U ((—o0,0] x {0}) U ((1,+00) x {0}),
So(P) = S(P)u{(1,0)"}.

In particular, Sol(P) # loc(P).
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Example 4.11. Let Q = {0} x [-2,2] and © = {1} x [—1,1]. In this problem,

Sol(P) = {(0,-2)" —¢(1,1)" |t > 0} u{(0,2)"
loc(P) = Sol(P) U ((—o0,0] x (=1,1)) U ((1,
S(P) = loc(P) U ((—o0, 0] x {-1 1})U((1,

So(P) = S(P)U ({1} x [-1,1]).

In particular, loc(P) can be nonconvex and nonclosed.

+t(-1,1)" |t >0},
+00 ) (_171))7
+00 ) {__171}>7

5. DCA and Generalized Weiszfeld Algorithm

To obtain a simple algorithm for solving the generalized Fermat-Torricelli prob-
lem (2) by the DCA, we rewrite (2) equivalently as

mln{Zal (2; ) +(z; S) — Zﬁ] (z;0,) |x€R”} (27)

el jedJ

where 0(+; S) is the indicator function of S defined by d(x;S) = 0 if z € 5, and
d(z; S) = oo otherwise. The objective function of (27) can be put in the form
g(x) — h(x) with

A A
= > aud(@; ) + Slal? +0:8),  hl@) =Y Gl 6;) + Sl
iel jeJ

and A > 0 being an arbitrarily chosen constant. The DCA (see the final part of
Section 2) is applicable to the problem

min{g(x) — h(x) | x € R"}.

According to the subdifferential formula of the distance function we can choose
an element y; € Oh(zy) as follows

fj(ﬁk,() ) .
ZjEJ /3] d(l‘k‘7 @]) + Axk, lf Ik ¢ @],

0 otherwise.

Uk = (28)

With v := yy, the auxiliary problem (8) becomes
(P,) min Zaid(x' ) + iHx||2 —(v,x) |z eS;.
i€l ’ 2 7

We can solve this problem by several methods of convex programming. Our
solution method for (P,) is based on the Weiszfeld algorithm; see [10, 28].
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For simplicity, assume that ©Q; NS = () for every ¢ € I. Fix an element v € R"
and consider the function

A
=" wd(w; ) + Slal - (v,2), w R

iel
By formula (3), for each = € S we have
- Q
Ve, (x Z alx : 2 + \r —v.
iel
Solving the equation Vg, (x) = 0 yields

a; P(z;€);)
L
Hdwe)
)

a'L
& A )

Define
a; P(z;$;)
Pl L2
Fy(z) = et d(z;8)
v - al 9

+
& A )

zeS. (29)

We introduce the following generalized Weiszfeld algorithm to solve (P,):

e (Choose g € S.
o Find xpr1 = P(F,(xy);S) for k € N, where the mapping F, is defined in
(29).

Theorem 5.1. Consider the generalized Weiszfeld algorithm for solving (P,).
If i1 # T, then py(Tri1) < (@)

Proof. Given any x € S, we define

aillz — P(x; ) |)?
9(z) :Z d(z; Q) +)‘HZH2 — 2(v, 2).
i€l P

Then
_2<Za, . ))—|—)\z—v>.

Since ¢(z) is strongly convex, it has a unique global minimizer z on S which
satisfies the inclusion

_Vg(z) € N(%9). (30)
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Observe that

—Vg(z) =2 (Z ﬁ + A) (Fy(z) — 2).

Hence, from (30) it follows that
F,(x) —z € N(z59).
Therefore, P(F,(z);S) = z. If Z # z, we have strictly inequality ¢(z) < g(x).

o(®
Since ||z — P(x; ;)| = d(x;€;) and ||Z — P(x; )| > ||Z2 — P(Z; )] for every
1 € I, we have

CEDS O"'”Z&Pm P | M - 200,

iel 23 $%)

o, U7 = P )| + 12 = Pla: )| — o = Plz; 2)1)*

el
+ 27~ 2(v, 2)

- (Z aullz = P )+ S I ~ (o z>>

el

- (Z e — P(a; )| + %||a:||2 _ <U,x>>

+Zai(||z—P(x;Qi)CJ|(;§||23— P(z; )| _||x||2 (v.2)
> 20, (2) — pu(z) + ZO%(”E — Pz Q)] — [z = Pz )|)

d(x; ;)

icl

A
+ Sl = (o, 2)

As g(2) < g(x) = D ic; ulle—P(a; Q)| =2(v, 2) +A||2]1? = @o(2)— (v, 2)+5 ||]|?,
it holds that

©u(2) < pu().
Substituting = xy and zZ = x; = P(F,(xy);S) into the last inequality yields
©o(Trr1) < @u(xy), provided that zy 1 # xy. O]

Our convergence theorem for the generalized Weiszfeld algorithm can be formu-
lated as follows

Theorem 5.2. The sequence {xy} produced by the generalized Weiszfeld algo-
rithm converges to the unique solution of problem (P,).
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Proof. Since ¢,(x) is strongly convex, problem (P,) has a unique solution. By
the coerciveness of ¢, (x), there exists r > 0 such that

©u(x) > pu(zo) whenever ||z| > 7.

According to Theorem 5.1, ¢, (zx) < @,(z9). This implies ||zx|| < r for all k,
and thus the sequence {z;} is bounded. Let {zy,} be an arbitrary subsequence
of {xx} with a limit z € S. The mapping ¥ (z) : S — S defined by ¢ (z) =
P(F,(x);S) and the function ¢, satisfy the assumptions of [4, Proposition 1], so
|zk+1 — k]| — 0 as k — oo. The continuity of F,(-) and the projection mapping
implies that 1) is continuous. Since

Llp+1 = ¢<$k£),

one obtains ¢ (z) = P(F,(z); S) = {Z}, and hence Z is the unique solution of
(P,). Indeed, we have F,(z) — z € N(z;5), which implies —V,(Z) € N(Z;5).
Therefore, T coincides with the unique solution of (P,). It follows that the entire
sequence {xy} converges to . O

Combining the DCA presented in Section 2 and the generalized Weiszfeld algo-
rithm, we get the following algorithm for solving (2).

Algorithm 5.3.

Let € > 0 be a tolerance. Choose A > 0 and a starting point 2° € S.
k0.
repeat
Find y, according to (28).
Find xj41 = argmin, g ¢, () by the generalized Weiszfeld algorithm.
k—k+1.
until |25 — 2F| < e.

N Tt W

Theorem 5.4. Consider Algorithm 5.3 for solving (27). If either condition (i)
or (i1) in Theorem 3.1 is satisfied, then any limit point of the interative sequence
{zx} is a critical point of (27).

Proof. Let f(z) := §(z) — h(z), where §(z) = > ier Gud(x;€2;) and h(z) =
> ics Bid(7;0;). Recall that

A
Py, (T) = Zaid(fl?; Q) = (yw, ) + §||1‘||2‘
icl
On one hand, since zj11 = argmin, g ¢y, (z), we have
—Vy (Tr41) € N(Zh41;5).

This means that

Yk — Apr1 — VG(Trp1) € N(ps1; 5). (31)
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On the other hand, the formula for y; in (28) yields

Hence, from the inclusion 0d(z;; ©;) C B we can deduce

lywll < Ml + > 6. (33)

jedJ

If condition (i) in Theorem 3.1 is satisfied, then by the boundedness of S and
by (33) we can assert that the sequences {z;} and {y} are bounded.

If condition (77) in Theorem 3.1 is satisfied then, as it has been shown in the proof
of Theorem 3.1, f(z) is coercive. Since h(x) is strongly convex with modulus A,
by [21, Theorem 3.7 (i)] we have

A
f(@ry1) < flan) — §||171c+1 — .

This descent property of {f(zx)} in combination with the coerciveness of f(x)
imply that {z;} is bounded. Then {y;} is also bounded by (33).

Consequently, there exist subsequences {zy,} and {yx,} of {z} and {y;}, re-
spectively, such that zy, — Z and y;, — §. Since lim;_, ||xk,+1 — xk,|| = 0 by
[21, Theorem 3.7 (iii)], we have lim/_,« ||xg,+1 — Z|| = 0.

Passing the inclusions (31) and (32) to limits as k = k; — oo implies
J— \T € Oh(z) N (V§(T) + N(z;9)).

This amounts to saying that g € 0h(z) N dg(z). Thus, T is a critical point
of (27). O

Example 5.5. The latitude/longitude coordinates in decimal format of US
cities are recorded, for example, at http://www.realestate3d.com/gps/
uslatlongdegmin.htm. We convert the longitudes provided by the website above
from positive to negative to match with the real data.

We divide these cities into two groups. Group B contains 120 cities in Hawaii
and Alaska and the coordinates of each city corresponds to b; for j =1,...,120.
Group A contains 1097 other cities and the coordinate of each city corresponds
to a; for i = 1,...,1097. We consider problem (2) with Q; = {a;}, ©; = {b,},
and a; =1, §; = 1 for all 7, . The constraint set is the ball with center at (30,
-160) and radius r = 30.

At each iteration, to find zy41, we solve problem (P, ) by two methods: the
generalized Weiszfeld algorithm (parameter A = 2) and the subgradient algo-
rithm (step size oy = 1/¢) with the starting point zj := 23 and 10 iterations.
Both methods give an approximate optimal solution z* ~ (33.48, —130.20) and
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Figure 5.1: A Generalized Fermat-Torricelli Problem with US Cities

the approximate optimal value V* ~ 34,212.80 although the DCA with gener-
alized Weiszfeld algorithm has much better convergence rate. The subgradient
method, however, is applicable to the case where the constraint set S intersects
some target sets €; for i € I.

The algorithm presented also shows its effectiveness to deal with set models.
Consider problem (2) generated by a collection of square target sets belonging
to two groups as follows. Group B contains 120 squares whose centers are
points in the group B above. Similarly, Group A contains 1097 squares with
centers being points in the group A above. All squares in both group A and
group B have radius of 5 (half-side length). The constraint set is the ball with
center (30, —160) and radius 30. We also set a; = ; = 1 for all i,j. Our
algorithm yields an approximate optimal solution of z* ~ (32.29, —130.09) and
an approximate of V* ~ 28, 803.24.

After getting the approximate optimal solution, we create several randomly se-
lected points in the constraint set and compare the function value with the
approximate function value obtained from the DCA. The numerical results ex-
perimentally show that the algorithm yields an approximate global optimal solu-
tion, although there is no proof that the algorithm converges to a global optimal
solution.
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