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In the present work we consider the set-valued mapping whose images are intersections of a
fixed closed convex bounded set with nonempty interior from a real Hilbert space with shifts
of a closed linear subspace. We characterize such strictly convex sets in the Hilbert space, that
the considered set-valued mapping is Holder continuous with the power % in the Hausdorff
metric. We also consider the question about intersections of a fixed uniformly convex set with
shifts of a closed linear subspace. We prove that the modulus of continuity of the set-valued
mapping in this case is the inverse function to the modulus of uniform convexity and vice
versa: the modulus of uniform convexity of the set is the inverse function to the modulus of
continuity of the set-values mapping.
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1. Introduction and main notations

Let H be a real Hilbert space (and R"™ be the usual n-dimensional Euclidean
space) with the inner product (x,y) and the ball B.(a) = {z € H | ||z — a|]* =
(r—a,x—a)<r’},a€H,r>0.

For a set A C 'H denote by d A, int A and cl A the boundary, the interior and
the closure of the set A, respectively.

For bounded sets A, B C H we denote by h(A, B) the Hausdorff distance be-
tween the sets A and B, i.e.

h(A,B) =inf{r >0 | AC B+ B,(0), BC A+ B,(0)}.

ISSN 0944-6532 / $ 2.50 (© Heldermann Verlag



228 M. V. Balashov / Intersection of a Set with a Hyperplane

Also if the sets A and B are bounded closed and convex, then

h(A, B) = sup |s(p, A) — s(p, B)|, (1)

Ipll=1

here s(p, A) = sup,c4(p, =) [8, Lemma 1.11.4].

Aset A C H is called strongly conver of radius R > 0 [7], [8],if A = (), .y Br(7),
where X C H.

For a closed convex set A C H the modulus of convexity d4 : [0,diam A) —
[0, +00) is the function defined by

T+ X2

5A(5):sup{520 )Bg( ) CA, Vo, 20 € A Hxl—xgHzg}.

A set A C 'H is called uniformly convex if §4(g) > 0 for all permissible € > 0.

Let A C 'H be a closed convex bounded set. The polar set for the set A is the
set A>={peH| (p,x) <1, Vx € A}. For a point a € A we denote by N (A4, a)
the normal cone to the set A at the point a, N(A,a) = {p € R" | (p,a — x) >
0, Vx € A}. A point a € 0 A is a point of smoothness of the set A, if dimension
of N(A,a) is 1. We shall call a closed convex set A C H strictly convez, if for
any vector p € H, p # 0, the set {zx € A | (p,z) = s(p, A)} is singleton.

Define the distance from the point x € H to the set A C H as follows

o, A) = inf [lz ]|

Suppose that A C H (or A C R") is a closed convex bounded set with nonempty
interior, L C 'H (or L C R") is an arbitrary closed linear subspace, L # H.
Throughout this paper we shall consider the set-valued mapping

ABxHF(x):Aﬂ(L—i-x). (2)

The set-valued mapping (2) has valuable number of applications in set-valued
analysis [10], [2, Theorems 2.6, 2.7], [11] and in control theory [9, Formula (19)].
Note that in the case R™ the mapping (2) is continuous for any subspace L C R"
if and only if the set A is a P-set, see [1, 2].

The question which is considered in the paper is to characterize the class of sets
for which the set-valued mapping (2) has a given modulus of continuity for any
closed subspace L.

We shall characterize strictly convex closed bounded sets with nonempty interior
in ‘H for which F' is Holder continuous with the power % in the Hausdorff metric.
The latter means that there exists a constant C' > 0 (depending on A) such that
for any closed subspace L and any points x1, x5 € A we have

h(F(21), F(2)) < C - [|loy — 222
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The set A should be strongly convex of some radius R > 0.

We also shall characterize convex sets for which F' is uniformly continuous with
the modulus of continuity w. The considered set should be uniformly convex
with the modulus of convexity d4(t) =< w™(t), t — +0 (w™! is the inverse
function for w). And if the set A is uniformly convex with the modulus of
convexity d4, then w(t) < §,'(¢), t — +0.

This work was stimulated by the nice result of D. W. Walkup and R. J.-B.
Wets [14] about characterization convex sets A C R™ for which F is Lipschitz
continuous in the Hausdorff metric, i.e. there exists a constant C' > 0 (depending
on A and L) such that for any points x1,zs € A we have

h(F (1), F(22)) < C - [lzy — 22

In the appendix we shall give another proof (using duality in linear program-
ming) of the fact that for every convex polyhedron from R™ the mapping F' is
Lipschitz continuous. We also consider one application of this fact.

The main results of the present paper establish the fact of duality between
properties of convexity of the set and the properties of modulus of continuity for
the mapping (2). I would like to dedicate these results to the memory of Jean
Jacques Moreau — one of the pioneers in the field of duality concepts.

2. Holder continuity with the power % in H

Theorem 2.1. Let A C H be a closed strictly convex bounded set with nonempty
interior. Then the set-valued mapping F (2) is Holder continuous with the power
3 for any closed subspace L C 'H if and only if the set A is a strongly convex set
of some radius R > 0.

Proof. If the set A is strongly convex of radius R, then the modulus of convexity
for the set A satisfies the inequality

t2
(SA(t) Z 6BR(O)(t) Z @, Vt € [O,dlamA)

Further, it follows from [3, Theorem 3.1] (see also [4, §2, Lemma 1]), that the

modulus of continuity for F is of the order 6,'(t) < v/8Rt. Thus, F satisfies

the Holder continuity condition with the power %

Vice versa, let the mapping F' be Hoélder continuous with the power % Then,

by Theorem 3.2, §4(t) < t*, t — +0. Following A. Weber and G. Reiflig [15] this
means that the set A is strongly convex. [

3. Intersection with a uniformly convex set

Proposition 3.1 ([5, Remark, p. 58], (The Kadec theorem)). Let ¢ =
ex(8) (X — a real Banach space) be the least upper bound of the diameters
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of sets cut off from the unit sphere S(X) by hyperplanes determined by norm
one functionals at distance 1 — § from the origin, 6 € (0,1). Then the function
inverse to £x(0) is the modulus of convezity dx(e) of X.

Let B be a ball (not necessary Euclidean) in H and define a particular norm as
|- ||5. Let A C H be a closed convex bounded set. We define the modulus

T+ o
2

05() =sup {020 | +OB C A Vo meA: |l —mls=c}.

The function 6§ strictly increases (if it is strictly larger than zero), see [3, Corol-
lary 2.1].

Theorem 3.2. Let A C H be a closed strictly convexr bounded subset with
B, (0) ¢ A C Bg(0). Suppose that the set-valued mapping F has the modulus of
continuity w(t) (0 = w(0) = lim,_, gw(T) and w is an increasing function) for
any subspace L C 'H of codimension 1. Then the set A is uniformly convex with

the modulus 54(7) > 2rh™ (&), where h(1) = 2w <ﬁ7>.

2R r

Note that for any closed convex set A there exists a constant C'4 > 0 such that
d4(T) < Cat?, see [3]. Hence Theorem 3.2 gives nontrivial estimate for the
modulus of convexity from below.

Proof. Let B= A+ (—A), By.(0) C B C Byg(0). Let || - || be the Euclidean

norm in H and || - || be another norm in H with the unit ball B. It is easy to
see that for all x € ‘H we have
1 1
ﬁHfUll <|lzllp < ;HCL‘H- (3)

Choose € € (0,7), p € 0 B° and define the sets
Hy={zeH|(pa)p=s(p,A)p}, Hy={zrecH|(p,z)p=s(p A)p—c}

Here (p,z)p is the value of the functional p at the point z, s(p,A)p =
SupxeA(pv $)B-

Choose L={x € H | (p,z)p = 0}.

Let {z1} = AN H), {x2} = [0,21) N H}, t = ||x1 — 22

Let I = {XAa | A € R} be such a one dimensional subspace, ||a|| = 1, that

h :=|(a, 1 — x3)| is the Euclidean distance between the planes H) and H;. Put
z=INH,.
From the similarity we see that m = ”—ZH and + = ”H”Z"’”” < £ By Formula (3)
we have
1 1
—h <e<-h,
2R T r
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i.e. re < h < 2Re. Hence

2 2
t < Eh < EQRE = ie. (4)
r r r

For any closed convex set D C 'H, vector ¢ € 0 B® and a > 0 define the sets
z]qD(Oé) = {IE S ‘ (qax)B > S(an>B _Oé}mDa
SqD(a) = {‘T cH ‘ (Q7$)B = S(QaD)B - a} nD.
Let a,b € Zg‘(e). This means that there exist points =,y € [z1, x| such that
a € F(z), b€ F(y). Then, using that F(x;) = (1 + L) N A = {x}, we get

la = bl < [la —a1[[ + [lzr = bl] < A(F(21), F(x)) + h(F (1), F(y))
< w(llz —ul) + w(lly — z1l]) < 2w(||z1 — za]).

Thus diam ¥ (¢) < 2w(t). In the same way diam %, 4(¢) < 2w(t). By Formula
(3) we have
diam Z;A(e) > rdiampg E;fA(e),

and

[\]

sup diamp X37(e) < “w(t). (5)
lIpll go=1

<

By the inclusion

Sf (%) C Z;‘(é) + E;A(é)

and using (5) we obtain that
. 5 4
sup diamp S, (—> < —w(t). (6)
Pl po=1 r

From Proposition 3.1 we have

65 (5) - sup diamg 5 (5)

and taking into account (4), (6) we have the next estimate

@65 (5) < 2w < T (2.

T r

Taking in the last formula 7 = (65)_1 (£), or e = 265(7) (by the Kadec theo-
rem), we have the following inequality

Tgfw(ﬂﬁguo, (7)

T r
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i.e. 65(7) > h7'(7). From the equality A =
68 (1) > 65(7) and hence

wea(B + a) we obtain that

From the definition of §§ we obtain that for any points ay, as € A, ||a;—as||p = T,
the next inclusion holds

MBS mB A
Then
« ;r 92 1 2r5B(1)By1(0) C A,
and ||a; — as|| < 2R7, see (3). Thus 64(2R7) > 2ré5 (1) > 2rh=t (1), da(T) >
2rh ™ (35)- O

In fact Theorem 3.2 is a generalization of the Kadec theorem from the case of the
ball on the case of an arbitrary bounded convex closed set. Note that the above
proof is still valid if we replace the Hilbert space ‘H by an arbitrary uniformly
convex space E (we did not use properties of Euclidean space in the proof).

It is interesting to mention that from the inequality d4(7) < C47% we obtain
that for uniformly convex set A the "uniform" modulus of continuity w(7) from

Theorem 3.2 is not better than of the order 7.

Theorem 3.3. Let A C 'H be a closed uniformly convex set with the modulus
of convexity 64. Then the set-valued mapping F is uniformly continuous for
any closed subspace L C H with the modulus of continuity w such that w(t) <
(5A)_1(t), t — +0.

Proof. The proof follows from [3, Theorem 3.1]. O

What can we say about the modulus of continuity for F' if the closed convex
bounded set A C ‘H is not uniformly convex? Unfortunately, not so much. The
next two theorems slightly clarify the situation.

Theorem 3.4. Let A C 'H be a closed conver bounded set. Let P be a 2-
dimensional subspace and w be a linear projector on P. Suppose that there exist
a number € > 0 and a point xo from the relative boundary of the set tA C P
such that Be(xo) NTA is a strictly convex plane set (in P). Then there exists
a subspace L C 'H of codimension 1 such that F(x) = (x + L) N A is not better
than Holder continuous with the power %

Proof. Let I' be the connected part of the relative boundary of the set B.(z¢)N
wA, xo € I' and the intersection I' N 0 B () consist of two endpoints of I'. By
Stechkin’s result [13] there exists a point a from the relative interior of the set
B.(zo)NmA (a is sufficiently close to I' and sufficiently far from the endpoints of
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I') such that the distance from a to the relative boundary of the set B.(xo) NTA

is realized at some point z € I' (and z is not an endpoint of I').

Put r =|la—z|| > 0, B,(a) NP C B.(z9) NTA. Let [, [ C P, be the supporting

line at the point z to the set B.(xq) N7A, lp = — z. The mapping
TAs>r — G(z)=(r+1)N7TA

satisfies the condition (for x1 = z and z5(t) = 2 + t-2==%, t € (0, 7))

la—z|

(G (1), G(2(1))) 2 V2rt — 2 = /2r |21 — 22(t)| — [la1 — 22()]2

Let L = ly + kerm. Then, the codimension of L is 1 and thus for any v € 7A
there exists y € A with 7y = = and

G(z) =mAn7(L+vy).

The linear projector 7 is Lipschitz continuous, hence F' (with L) not better than
Holder continuous with the power % O

In the same way one can prove another theorem.

Theorem 3.5. Let A C H be a closed conver bounded set. Let P be a 2-
dimensional affine subspace. Suppose that there exist a number ¢ > 0 and a
point xqo from the relative boundary of the set AN P such that B:(zo) N AN P
is a strictly convex plane set (in P). Then there ezists a subspace L C H of
dimension 1 such that F(x) = (x + L) N A is not better than Hélder continuous
with the power %

Consider an example which shows essentiality of uniform (strict) convexity in
the above results. Fix p € (1,2). On the Euclidean plane (z,y) consider the
next set

A= cleo {{ (g, ) }72, U{(0,0)}}

where 21 = 1, 2, > 0, 2441 < 24, for all k and limy_ 25 = 0, limy_oo 44 =
k

0.
If the subspace L does not coincide with {¢(1,0) | ¢ € R}, then F(z) = (x +
L) N A is Lipschitz (with the Lipschitz constant depending on L). This takes
place because for the supporting to A line [, [||L, there exists ¢ > 0 such that
(I + B-((0,0))) N A is a polyhedron (see Appendix).
If L ={t(1,0) | t € R}, then F((0,0)) = (0,0). If m € (z}_,,z}] for particular
k= k(m) S Na then F((07m)) = [(_ykam)a (yk7m)]7 Yk € (xk+17xk]'

R(F((0,0)), F((0,m)) ~ x, m — +0,
10,0) = (0,m)[ = m ~af, m — +0,
and k = k(m) — oo, m — +0. So, F is Holder continuous with the power

5 € (5:1):
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A. Appendix. Lipschitz continuity in R” for convex polyhedra and
the splitting problem for selections

Theorem A.1 (originally proved in [14, Theorem 1]). Let A C R" be a
convex (bounded) polyhedron. Then for any closed subspace L C R™ the set-
valued mapping F (2) is Lipschitz continuous if the set A is a polyhedron.

Remark A.2. The boundedness of A is not necessary in the previous theorem,
we use it for simplicity.

Proof. Without loss of generality we may assume that 0 € int A. Otherwise we
can consider the problem in the affine hull of the set A.

Suppose that the set A is a polyhedron. Then A = {z € R" | (pg,x) < ay, k =
1,...,M}, a, > 0 for all k, and L = {z € R" | (£q,z) <0,k =1,...,K},
llpxl] = |lg;ll = 1 for all k, j. Thus the Lipschitz continuity of F' is equivalent to
the Lipschitz continuity for the mapping

G(zo) ={z € R" | (pg,z) < o — (pr,x0), k=1,..., M,
(£qr,z) <0, k=1,...,K}
with respect to the point o € A. The last assertion follows from the formula
F(Io) :l’o—f—(A—Z'o)ﬂL
Further we shall consider the set-valued mapping
Gla) ={z e R" | (pp,z) <oy, k=1,...,N},
O(:<Oé1,..-,OCN), Hpk“ :17 Vk7
and prove that it is Lipschitz continuous on any set S C R¥ such that for any
a € S we have a > 0, G(«) # 0, and the set {G(a) | « € S} is bounded.

Fix parameters «, 3 from the set S. Fix p € 0 B1(0). Suppose that s(p, G()) <
s(p, G(a)). Tt is well known from the duality in linear programming (see also
[12, Corollary 17.1.6], [8, Corollary 1.14.3]) that

s(p,G(B)) = inf{z MO | A 20, Z AkDr = p} : (8)
=1 =1

The problem of linear programming (8) has a solution at some extreme point of
the set

R(p) = {A:(Al,...,AN)eRN

N
Ak >0, Z)\kpkzp}-

k=1

It is well known (see [8, Theorem 2.4.3]) that a point A € R(p) is extreme for
the set R(p) if and only if we can separate the set of vectors {py }2_, on two sub-

sets: {pr,, }7_; and {pp}_ \{pr,, }—y, with A, =0, k € {1,..., N}\{kn}"_1,
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vectors {py,, }7_, are linearly independent and Y_" | Ay, pk,. = p for Ay, >0,
m=1,...,n.

Consider all convex polyhedron cones of the form
K = cone{py,, }r_1,
where vectors {py, }" _; are linearly independent. We shall call such cones sharp.

For any sharp cone K the number

sup{H)\HRn

is finite, because the distance from the vertex of the cone K (zero) to the affine
hull of the points {py,, }7,_; is strictly positive. The number of all sharp cones
is finite, hence

m=1

K is sharp, p € KN By (0), A, > 0, Z APk, —p} < +00.

m=1
(9)
Let s(p, G(B)) = > _1 AmBk,,- Then s(p, G()) < >0 _ Anou,, and, using (9),

we have for any unit vector p

S(p, G(O./)) - S(p, G(ﬁ))

C'=sup {H)‘HR"

n

<A@ = Br) < (| DA D (k= B, )2 < C - la— Bl
m=1 m=1

m=1

By Formula (1) we obtain the Lipschitz continuity of mappings G and hence
F. ]

The converse statement is also true. It was proved in [14] on the base of char-
acterization for convex polyhedra by V. Klee [6, Theorems 4.1, 4.7].

Consider a variant of the splitting problem for selection [10, 2]. Let A, B C R"
be convex polyhedra and L : R" x R — R": L(xy,23) = x1 + z3. For any
c€ A+ B put

L7He) = {(z1,22) | Lz1,22) = c}.

Let A x B be the direct sum of A and B in R*® = R" x R®. This is also
a polyhedron. Then by the previous theorem the set-valued mapping F'(c) =

(Ax B)N L7 (c) is Lipschitz continuous. Then taking the Steiner point s(F(c))
of the set F'(¢) we get Lipschitz continuous functions

(a(c),b(c)) = s (F(c))
with a(c) +b(c) = ¢, for all c € A+ B.
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