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In the present work we consider the set-valued mapping whose images are intersections of a
fixed closed convex bounded set with nonempty interior from a real Hilbert space with shifts
of a closed linear subspace. We characterize such strictly convex sets in the Hilbert space, that
the considered set-valued mapping is Hölder continuous with the power 1

2
in the Hausdorff

metric. We also consider the question about intersections of a fixed uniformly convex set with
shifts of a closed linear subspace. We prove that the modulus of continuity of the set-valued
mapping in this case is the inverse function to the modulus of uniform convexity and vice
versa: the modulus of uniform convexity of the set is the inverse function to the modulus of
continuity of the set-values mapping.
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1. Introduction and main notations

Let H be a real Hilbert space (and R
n be the usual n-dimensional Euclidean

space) with the inner product (x, y) and the ball Br(a) = {x ∈ H | ‖x− a‖2 =
(x− a, x− a) ≤ r2}, a ∈ H, r > 0.

For a set A ⊂ H denote by ∂ A, intA and clA the boundary, the interior and
the closure of the set A, respectively.

For bounded sets A,B ⊂ H we denote by h(A,B) the Hausdorff distance be-
tween the sets A and B, i.e.

h(A,B) = inf{r > 0 | A ⊂ B +Br(0), B ⊂ A+Br(0)}.
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Also if the sets A and B are bounded closed and convex, then

h(A,B) = sup
‖p‖=1

|s(p,A)− s(p,B)|, (1)

here s(p,A) = supx∈A(p, x) [8, Lemma 1.11.4].

A set A ⊂ H is called strongly convex of radius R > 0 [7], [8], if A =
⋂

x∈X BR(x),
where X ⊂ H.

For a closed convex set A ⊂ H the modulus of convexity δA : [0, diamA) →
[0,+∞) is the function defined by

δA(ε) = sup
{

δ ≥ 0
∣

∣

∣
Bδ

(x1 + x2

2

)

⊂ A, ∀x1, x2 ∈ A : ‖x1 − x2‖ = ε
}

.

A set A ⊂ H is called uniformly convex if δA(ε) > 0 for all permissible ε > 0.

Let A ⊂ H be a closed convex bounded set. The polar set for the set A is the
set A◦ = {p ∈ H | (p, x) ≤ 1, ∀x ∈ A}. For a point a ∈ A we denote by N(A, a)
the normal cone to the set A at the point a, N(A, a) = {p ∈ R

n | (p, a − x) ≥
0, ∀x ∈ A}. A point a ∈ ∂ A is a point of smoothness of the set A, if dimension
of N(A, a) is 1. We shall call a closed convex set A ⊂ H strictly convex, if for
any vector p ∈ H, p 6= 0, the set {x ∈ A | (p, x) = s(p,A)} is singleton.

Define the distance from the point x ∈ H to the set A ⊂ H as follows

̺(x,A) = inf
a∈A

‖x− a‖.

Suppose that A ⊂ H (or A ⊂ R
n) is a closed convex bounded set with nonempty

interior, L ⊂ H (or L ⊂ R
n) is an arbitrary closed linear subspace, L 6= H.

Throughout this paper we shall consider the set-valued mapping

A ∋ x → F (x) = A
⋂

(L+ x) . (2)

The set-valued mapping (2) has valuable number of applications in set-valued
analysis [10], [2, Theorems 2.6, 2.7], [11] and in control theory [9, Formula (19)].
Note that in the case Rn the mapping (2) is continuous for any subspace L ⊂ R

n

if and only if the set A is a P -set, see [1, 2].

The question which is considered in the paper is to characterize the class of sets
for which the set-valued mapping (2) has a given modulus of continuity for any
closed subspace L.

We shall characterize strictly convex closed bounded sets with nonempty interior
in H for which F is Hölder continuous with the power 1

2
in the Hausdorff metric.

The latter means that there exists a constant C > 0 (depending on A) such that
for any closed subspace L and any points x1, x2 ∈ A we have

h(F (x1), F (x2)) ≤ C · ‖x1 − x2‖
1

2 .
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The set A should be strongly convex of some radius R > 0.

We also shall characterize convex sets for which F is uniformly continuous with
the modulus of continuity w. The considered set should be uniformly convex
with the modulus of convexity δA(t) ≍ w−1(t), t → +0 (w−1 is the inverse
function for w). And if the set A is uniformly convex with the modulus of
convexity δA, then w(t) ≍ δ−1

A (t), t → +0.

This work was stimulated by the nice result of D. W. Walkup and R. J.-B.
Wets [14] about characterization convex sets A ⊂ R

n for which F is Lipschitz
continuous in the Hausdorff metric, i.e. there exists a constant C > 0 (depending
on A and L) such that for any points x1, x2 ∈ A we have

h(F (x1), F (x2)) ≤ C · ‖x1 − x2‖.

In the appendix we shall give another proof (using duality in linear program-
ming) of the fact that for every convex polyhedron from R

n the mapping F is
Lipschitz continuous. We also consider one application of this fact.

The main results of the present paper establish the fact of duality between
properties of convexity of the set and the properties of modulus of continuity for
the mapping (2). I would like to dedicate these results to the memory of Jean
Jacques Moreau – one of the pioneers in the field of duality concepts.

2. Holder continuity with the power 1
2
in H

Theorem 2.1. Let A ⊂ H be a closed strictly convex bounded set with nonempty
interior. Then the set-valued mapping F (2) is Hölder continuous with the power
1
2
for any closed subspace L ⊂ H if and only if the set A is a strongly convex set

of some radius R > 0.

Proof. If the set A is strongly convex of radius R, then the modulus of convexity
for the set A satisfies the inequality

δA(t) ≥ δBR(0)(t) ≥
t2

8R
, ∀t ∈ [0, diamA).

Further, it follows from [3, Theorem 3.1] (see also [4, §2, Lemma 1]), that the
modulus of continuity for F is of the order δ−1

A (t) ≤
√
8Rt. Thus, F satisfies

the Hölder continuity condition with the power 1
2
.

Vice versa, let the mapping F be Hölder continuous with the power 1
2
. Then,

by Theorem 3.2, δA(t) ≍ t2, t → +0. Following A.Weber and G.Reißig [15] this
means that the set A is strongly convex.

3. Intersection with a uniformly convex set

Proposition 3.1 ([5, Remark, p. 58], (The Kadec theorem)). Let ε =
εX(δ) (X — a real Banach space) be the least upper bound of the diameters
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of sets cut off from the unit sphere S(X) by hyperplanes determined by norm
one functionals at distance 1− δ from the origin, δ ∈ (0, 1). Then the function
inverse to εX(δ) is the modulus of convexity δX(ε) of X.

Let B be a ball (not necessary Euclidean) in H and define a particular norm as
‖ · ‖B. Let A ⊂ H be a closed convex bounded set. We define the modulus

δBA (ε) = sup
{

δ ≥ 0
∣

∣

∣

x1 + x2

2
+ δB ⊂ A, ∀x1, x2 ∈ A : ‖x1 − x2‖B = ε

}

.

The function δBA strictly increases (if it is strictly larger than zero), see [3, Corol-
lary 2.1].

Theorem 3.2. Let A ⊂ H be a closed strictly convex bounded subset with
Br(0) ⊂ A ⊂ BR(0). Suppose that the set-valued mapping F has the modulus of
continuity w(t) (0 = w(0) = limτ→+0 w(τ) and w is an increasing function) for
any subspace L ⊂ H of codimension 1. Then the set A is uniformly convex with

the modulus δA(τ) ≥ 2rh−1
(

τ
2R

)

, where h(τ) = 4
r
w
(

4R2

r
τ
)

.

Note that for any closed convex set A there exists a constant CA > 0 such that
δA(τ) ≤ CAτ

2, see [3]. Hence Theorem 3.2 gives nontrivial estimate for the
modulus of convexity from below.

Proof. Let B = A + (−A), B2r(0) ⊂ B ⊂ B2R(0). Let ‖ · ‖ be the Euclidean
norm in H and ‖ · ‖B be another norm in H with the unit ball B. It is easy to
see that for all x ∈ H we have

1

2R
‖x‖ ≤ ‖x‖B ≤ 1

r
‖x‖. (3)

Choose ε ∈ (0, r), p ∈ ∂ B◦ and define the sets

H0
p = {x ∈ H | (p, x)B = s(p,A)B}, Hε

p = {x ∈ H | (p, x)B = s(p,A)B − ε}.

Here (p, x)B is the value of the functional p at the point x, s(p,A)B =
supx∈A(p, x)B.

Choose L = {x ∈ H | (p, x)B = 0}.
Let {x1} = A ∩H0

p , {x2} = [0, x1] ∩Hε
p , t = ‖x1 − x2‖.

Let l = {λa | λ ∈ R} be such a one dimensional subspace, ‖a‖ = 1, that
h := |(a, x1−x2)| is the Euclidean distance between the planes H0

p and Hε
p . Put

z = l ∩Hε
p .

From the similarity we see that t
‖x2‖

= h
‖z‖

and t
h
= ‖x2‖

‖z‖
≤ R

r
. By Formula (3)

we have
1

2R
h ≤ ε ≤ 1

r
h,
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i.e. rε ≤ h ≤ 2Rε. Hence

t ≤ R

r
h ≤ R

r
2Rε =

2R2

r
ε. (4)

For any closed convex set D ⊂ H, vector q ∈ ∂ B◦ and α ≥ 0 define the sets

ΣD
q (α) = {x ∈ H | (q, x)B ≥ s(q,D)B − α} ∩D,

SD
q (α) = {x ∈ H | (q, x)B = s(q,D)B − α} ∩D.

Let a, b ∈ ΣA
p (ε). This means that there exist points x, y ∈ [x1, x2] such that

a ∈ F (x), b ∈ F (y). Then, using that F (x1) = (x1 + L) ∩ A = {x1}, we get

‖a− b‖ ≤ ‖a− x1‖+ ‖x1 − b‖ ≤ h(F (x1), F (x)) + h(F (x1), F (y))

≤ w(‖x− x1‖) + w(‖y − x1‖) ≤ 2w(‖x1 − x2‖).

Thus diamΣA
p (ε) ≤ 2w(t). In the same way diamΣ−A

p (ε) ≤ 2w(t). By Formula
(3) we have

diamΣ±A
p (ε) ≥ r diamB Σ±A

p (ε),

and

sup
‖p‖B◦=1

diamB Σ±A
p (ε) ≤ 2

r
w(t). (5)

By the inclusion

SB
p

(ε

2

)

⊂ ΣA
p (ε) + Σ−A

p (ε)

and using (5) we obtain that

sup
‖p‖B◦=1

diamB SB
p

(ε

2

)

≤ 4

r
w(t). (6)

From Proposition 3.1 we have

(

δBB
)−1

(ε

2

)

= sup
‖p‖B◦=1

diamB SB
p

(ε

2

)

and taking into account (4), (6) we have the next estimate

(

δBB
)−1

(ε

2

)

≤ 4

r
w(t) ≤ 4

r
w

(

2R2

r
ε

)

.

Taking in the last formula τ =
(

δBB
)−1 ( ε

2

)

, or ε = 2δBB(τ) (by the Kadec theo-
rem), we have the following inequality

τ ≤ 4

r
w

(

4R2

r
δBB(τ)

)

, (7)
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i.e. δBB(τ) ≥ h−1(τ). From the equality A =
⋂

a∈A(B + a) we obtain that
δBA (τ) ≥ δBB(τ) and hence

δBA ≥ δBB(τ) ≥ h−1(τ).

From the definition of δBA we obtain that for any points a1, a2 ∈ A, ‖a1−a2‖B = τ ,
the next inclusion holds

a1 + a2

2
+ δBA (τ)B ⊂ A.

Then
a1 + a2

2
+ 2rδBA (τ)B1(0) ⊂ A,

and ‖a1 − a2‖ ≤ 2Rτ , see (3). Thus δA(2Rτ) ≥ 2rδBA (τ) ≥ 2rh−1 (τ), δA(τ) ≥
2rh−1

(

τ
2R

)

.

In fact Theorem 3.2 is a generalization of the Kadec theorem from the case of the
ball on the case of an arbitrary bounded convex closed set. Note that the above
proof is still valid if we replace the Hilbert space H by an arbitrary uniformly
convex space E (we did not use properties of Euclidean space in the proof).

It is interesting to mention that from the inequality δA(τ) ≤ CAτ
2 we obtain

that for uniformly convex set A the "uniform" modulus of continuity w(τ) from

Theorem 3.2 is not better than of the order τ
1

2 .

Theorem 3.3. Let A ⊂ H be a closed uniformly convex set with the modulus
of convexity δA. Then the set-valued mapping F is uniformly continuous for
any closed subspace L ⊂ H with the modulus of continuity w such that w(t) ≍
(δA)

−1(t), t → +0.

Proof. The proof follows from [3, Theorem 3.1].

What can we say about the modulus of continuity for F if the closed convex
bounded set A ⊂ H is not uniformly convex? Unfortunately, not so much. The
next two theorems slightly clarify the situation.

Theorem 3.4. Let A ⊂ H be a closed convex bounded set. Let P be a 2-
dimensional subspace and π be a linear projector on P . Suppose that there exist
a number ε > 0 and a point x0 from the relative boundary of the set πA ⊂ P

such that Bε(x0) ∩ πA is a strictly convex plane set (in P ). Then there exists
a subspace L ⊂ H of codimension 1 such that F (x) = (x + L) ∩ A is not better
than Hölder continuous with the power 1

2
.

Proof. Let Γ be the connected part of the relative boundary of the set Bε(x0)∩
πA, x0 ∈ Γ and the intersection Γ ∩ ∂ Bε(x0) consist of two endpoints of Γ. By
Stechkin’s result [13] there exists a point a from the relative interior of the set
Bε(x0)∩πA (a is sufficiently close to Γ and sufficiently far from the endpoints of
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Γ) such that the distance from a to the relative boundary of the set Bε(x0)∩πA

is realized at some point z ∈ Γ (and z is not an endpoint of Γ).

Put r = ‖a− z‖ > 0, Br(a)∩P ⊂ Bε(x0)∩ πA. Let l, l ⊂ P , be the supporting
line at the point z to the set Bε(x0) ∩ πA, l0 = l − z. The mapping

πA ∋ x → G(x) = (x+ l0) ∩ πA

satisfies the condition (for x1 = z and x2(t) = z + t a−z
‖a−z‖

, t ∈ (0, r))

h(G(x1), G(x2(t))) ≥
√
2rt− t2 =

√

2r‖x1 − x2(t)‖ − ‖x1 − x2(t)‖2.

Let L = l0 + kerπ. Then, the codimension of L is 1 and thus for any x ∈ πA

there exists y ∈ A with πy = x and

G(x) = πA ∩ π(L+ y).

The linear projector π is Lipschitz continuous, hence F (with L) not better than
Hölder continuous with the power 1

2
.

In the same way one can prove another theorem.

Theorem 3.5. Let A ⊂ H be a closed convex bounded set. Let P be a 2-
dimensional affine subspace. Suppose that there exist a number ε > 0 and a
point x0 from the relative boundary of the set A ∩ P such that Bε(x0) ∩ A ∩ P

is a strictly convex plane set (in P ). Then there exists a subspace L ⊂ H of
dimension 1 such that F (x) = (x+ L) ∩A is not better than Hölder continuous
with the power 1

2
.

Consider an example which shows essentiality of uniform (strict) convexity in
the above results. Fix p ∈ (1, 2). On the Euclidean plane (x, y) consider the
next set

A = cl co {{(±xk, x
p
k)}∞k=1 ∪ {(0, 0)}} ,

where x1 = 1, xk > 0, xk+1 < xk for all k and limk→∞ xk = 0, limk→∞
xk−xk+1

x
p
k

=

0.

If the subspace L does not coincide with {t(1, 0) | t ∈ R}, then F (x) = (x +
L) ∩ A is Lipschitz (with the Lipschitz constant depending on L). This takes
place because for the supporting to A line l, l||L, there exists ε > 0 such that
(l +Bε((0, 0))) ∩ A is a polyhedron (see Appendix).

If L = {t(1, 0) | t ∈ R}, then F ((0, 0)) = (0, 0). If m ∈ (xp
k+1, x

p
k] for particular

k = k(m) ∈ N, then F ((0,m)) = [(−yk,m), (yk,m)], yk ∈ (xk+1, xk].

h(F ((0, 0)), F ((0,m)) ∼ xk, m → +0,

‖(0, 0)− (0,m)‖ = m ∼ x
p
k, m → +0,

and k = k(m) → ∞, m → +0. So, F is Hölder continuous with the power
1
p
∈ (1

2
, 1).
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A. Appendix. Lipschitz continuity in R
n for convex polyhedra and

the splitting problem for selections

Theorem A.1 (originally proved in [14, Theorem 1]). Let A ⊂ R
n be a

convex (bounded) polyhedron. Then for any closed subspace L ⊂ R
n the set-

valued mapping F (2) is Lipschitz continuous if the set A is a polyhedron.

Remark A.2. The boundedness of A is not necessary in the previous theorem,
we use it for simplicity.

Proof. Without loss of generality we may assume that 0 ∈ intA. Otherwise we
can consider the problem in the affine hull of the set A.

Suppose that the set A is a polyhedron. Then A = {x ∈ R
n | (pk, x) ≤ αk, k =

1, . . . ,M}, αk ≥ 0 for all k, and L = {x ∈ R
n | (±qk, x) ≤ 0, k = 1, . . . , K},

‖pk‖ = ‖qj‖ = 1 for all k, j. Thus the Lipschitz continuity of F is equivalent to
the Lipschitz continuity for the mapping

G(x0) = {x ∈ R
n | (pk, x) ≤ αk − (pk, x0), k = 1, . . . ,M,

(±qk, x) ≤ 0, k = 1, . . . , K}

with respect to the point x0 ∈ A. The last assertion follows from the formula
F (x0) = x0 + (A− x0) ∩ L.

Further we shall consider the set-valued mapping

G(α) = {x ∈ R
n | (pk, x) ≤ αk, k = 1, . . . , N},

α = (α1, . . . , αN), ‖pk‖ = 1, ∀k,

and prove that it is Lipschitz continuous on any set S ⊂ R
N such that for any

α ∈ S we have α ≥ 0, G(α) 6= ∅, and the set {G(α) | α ∈ S} is bounded.

Fix parameters α, β from the set S. Fix p ∈ ∂ B1(0). Suppose that s(p,G(β)) ≤
s(p,G(α)). It is well known from the duality in linear programming (see also
[12, Corollary 17.1.6], [8, Corollary 1.14.3]) that

s(p,G(β)) = inf

{

N
∑

k=1

λkβk

∣

∣

∣

∣

∣

λk ≥ 0,
N
∑

k=1

λkpk = p

}

. (8)

The problem of linear programming (8) has a solution at some extreme point of
the set

R(p) =

{

λ = (λ1, . . . , λN) ∈ R
N

∣

∣

∣

∣

∣

λk ≥ 0,
N
∑

k=1

λkpk = p

}

.

It is well known (see [8, Theorem 2.4.3]) that a point λ ∈ R(p) is extreme for
the set R(p) if and only if we can separate the set of vectors {pk}Nk=1 on two sub-
sets: {pkm}nm=1 and {pk}Nk=1\{pkm}nm=1, with λk = 0, k ∈ {1, . . . , N}\{km}nm=1,
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vectors {pkm}nm=1 are linearly independent and
∑n

m=1 λkmpkm = p for λkm ≥ 0,
m = 1, . . . , n.

Consider all convex polyhedron cones of the form

K = cone{pkm}nm=1,

where vectors {pkm}nm=1 are linearly independent. We shall call such cones sharp.

For any sharp cone K the number

sup

{

‖λ‖Rn

∣

∣

∣

∣

∣

p ∈ K ∩ ∂ B1(0), λm ≥ 0,
n

∑

m=1

λmpkm = p

}

is finite, because the distance from the vertex of the cone K (zero) to the affine
hull of the points {pkm}nm=1 is strictly positive. The number of all sharp cones
is finite, hence

C = sup

{

‖λ‖Rn

∣

∣

∣

∣

∣

K is sharp, p ∈ K ∩B1(0), λm ≥ 0,
n

∑

m=1

λmpkm = p

}

< +∞.

(9)

Let s(p,G(β)) =
∑n

m=1 λmβkm . Then s(p,G(α)) ≤ ∑n

m=1 λmαkm and, using (9),
we have for any unit vector p

s(p,G(α))− s(p,G(β))

≤
n

∑

m=1

λm(αkm − βkm) ≤

√

√

√

√

n
∑

m=1

λ2
m

√

√

√

√

n
∑

m=1

(αkm − βkm)
2 ≤ C · ‖α− β‖.

By Formula (1) we obtain the Lipschitz continuity of mappings G and hence
F .

The converse statement is also true. It was proved in [14] on the base of char-
acterization for convex polyhedra by V. Klee [6, Theorems 4.1, 4.7].

Consider a variant of the splitting problem for selection [10, 2]. Let A,B ⊂ R
n

be convex polyhedra and L : Rn × R
n → R

n: L(x1, x2) = x1 + x2. For any
c ∈ A+B put

L−1(c) = {(x1, x2) | L(x1, x2) = c}.
Let A × B be the direct sum of A and B in R

2n = R
n × R

n. This is also
a polyhedron. Then by the previous theorem the set-valued mapping F (c) =
(A×B)∩L−1(c) is Lipschitz continuous. Then taking the Steiner point s(F (c))
of the set F (c) we get Lipschitz continuous functions

(a(c), b(c)) = s (F (c))

with a(c) + b(c) = c, for all c ∈ A+B.
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