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Many iterative methods for solving optimization or feasibility problems have been invented,
and often convergence of the iterates to some solution is proven. Under favourable conditions,
one might have additional bounds on the distance of the iterate to the solution leading thus
to worst case estimates, i.e., how fast the algorithm must converge.

Exact convergence estimates are typically hard to come by. In this paper, we consider the
complementary problem of finding best case estimates, i.e., how slow the algorithm has to
converge, and we also study ezact asymptotic rates of convergence. Our investigation focuses
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on convex feasibility in the Euclidean plane, where one set is the real axis while the other is
the epigraph of a convex function. This case study allows us to obtain various convergence
rate results. We focus on the popular method of alternating projections and the Douglas—
Rachford algorithm. These methods are connected to the proximal point algorithm which is
also discussed. Our findings suggest that the Douglas—Rachford algorithm outperforms the
method of alternating projections in the absence of constraint qualifications. Various examples
illustrate the theory.

Keywords: Alternating projections, convex feasibility problem, convex set, Douglas—Rachford
algorithm, projection, proximal mapping, proximal point algorithm, proximity operator
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1. Introduction
Three algorithms

Let X be a Euclidean space, with inner product (-,-) and induced norm || - ||,
and let f: X — ]|—o0,+00] be convex, lower semicontinuous, and proper. A
classical method for finding a minimizer of f is the proximal point algorithm
(PPA). 1t requires using the proximal point mapping (or proximity operator)
which was pioneered by Moreau [13]:

Fact 1.1 (Proximal mapping). For every x € X, there exists a unique point
p = Pr(z) € X such that mingex f(y) + 5llz — yl* = f(p) + 3llz — pl|>. The
induced operator Pr: X — X is firmly nonexzpansive', i.e., (Vz € X)(Vy € X)
1Pp(z) = Pr(y)|I* + |(1d = Pp)z — (Id =Pp)y|* < ||z — y||*.

The proximal point algorithm was proposed by Martinet [12] and further studied
by Rockafellar [16]. Nowadays numerous extensions exist; however, here we focus
only on the most basic instance of PPA:

Fact 1.2 (Proximal point algorithm (PPA)). Let f: X — ]—o00,400] be
convex, lower semicontinuous, and proper. Suppose that Z, the set of minimizers
of f, is nonempty, and let vy € X. Then the sequence generated by

(vn €N) 2up1 = Pylan) 1)
converges to a point in Z and it satisfies

(V2 € Z)(n €N) [anss — 2l + o0 — 2t < llzm— 22 (2)

An ostensibly quite different type of optimization problem is, for two given closed
convex nonempty subsets A and B of X, to find a point in AN B # &. Let us
present two fundamental algorithms for solving this convex feasibility problem.
The first method was proposed by Bregman [§].

INote that if f = ic is the indicator function of a nonempty closed convex subset of X, then
Py = Pc, where the Pc is the nearest point mapping or projector of C; the corresponding
reflector is Rc = 2P¢ — 1d.
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Fact 1.3 (Method of alternating projections (MAP)). Let ap € A and
set

(Vn € N)  any1 = PaPg(ay). (3)

Then (ap,)nen converges to a point a,, € C' = AN B. Moreover,

(Ve € O)(Vn €N)  |lanp1i—cl*+]lans1—Ppan|*+| Pan—an|* < llan—cl*. (4)

The second method is the celebrated Douglas-Rachford algorithm. The next
result can be deduced by combining [11] and [4].

Fact 1.4 (Douglas—Rachford algorithm (DRA)). SetT =1d —Ps+PgRa,
let zo € X, and set

(Vn eN) ap, = Paz, and z,41 =Tz, (5)

Then? (z,)nen converges to some point zs, € FixT = (AN B) + N4_p(0), and
(an)nen converges to Pazs, € AN B.

Again, there are numerous refinements and adaptations of MAP and DRA;
however, it is here not our goal to survey the most general results possible® but
rather to focus on the speed of convergence. We will make this precise in the
next subsection.

Goal and contributions

Most rate-of-convergence results for PPA, MAP, and DRA take the following
form: If some additional condition is satisfied, then the convergence of the se-
quence is at least as good as some form of “fast” convergence (linear, super-
linear, quadratic etc.). This can be interpreted as a worst case analysis. In
the generality considered here*, we are not aware of results that approach this
problem from the other side, i.e., that address the question: Under which condi-
tions is the convergence no better than some form of “slow” convergence? This
concerns the best case analysis. Ideally, one would like an exact asymptotic rate
of convergence in the sense of (14) below.

While we do not completely answer these questions, we do set out to tackle
them by providing a case study when X = R? is the Euclidean plane, the set
A = R x {0} is the real axis, and the set B is the epigraph of a proper lower
semicontinuous convex function f. We will see that in this case MAP and DRA
have connections to the PPA applied to f. We focus in particular on the case

2Here FixT = {x eX | T = Tx} is the set of fixed points of T', and N4_p(0) stands for the
normal cone of the set A — B = {a—b ‘ a€Abe B} at 0.

3See, e.g., [3] for various more general variants of PPA, MAP, and DRA.

4Some results are known for MAP when the sets are linear subspaces; however, the slow
(sublinear) convergence can only be observed in infinite-dimensional Hilbert space; see [9] and
references therein.
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not covered by conditions guaranteeing linear convergence of MAP or DRA®. We
originally expected the behaviour of MAP and DRA in cases of “bad geometry”
to be similar®. It came to us as surprise that this appears not to be the case.
In fact, the examples we provide below suggest that DRA performs significantly
better than MAP. Concretely, suppose that B is the epigraph of the function
f(z) = (1/p)|z|P, where 1 < p < 4+00. Since A = R x {0}, we have that
AN B = {(0,0)} and since f’(0) = 0, the “angle” between A and B at the
intersection is 0. As expected MAP converges sublinearly (even logarithmically)
to 0. However, DRA converges faster in all cases: superlinearly (when 1 < p <
2), linearly (when p = 2) or logarithmically (when 2 < p < 4+00). This example
is deduced by general results we obtain on ezact rates of convergence for PPA,
MAP and DRA.

Organization

The paper is organized as follows. In Section 2, we provide various auxiliary
results on the convergence of real sequences. These will make the subsequent
analysis of PPA, MAP, and DRA more structured. Section 3 focuses on the
PPA. After reviewing results on finite, superlinear, and linear convergence, we
exhibit a case where the asymptotic rate is only logarithmic. We then turn to
MAP in Section 4 and provide results on the asymptotic convergence. We also
draw the connection between MAP and PPA and point out that a result of Giiler
is sharp. In Section 5, we deal with DRA, draw again a connection to PPA and
present asymptotic convergence. The notation we employ is fairly standard and
follows, e.g., [15] and [3].

2. Auxiliary results

In this section we collect various results that facilitate the subsequent analysis of

PPA, MAP and DRA. We begin with the following useful result which appears
to be part of the folklore”.

Fact 2.1 (Generalized Stolz—Cesaro theorem). Let (a,,)nen and (by)nen be
sequences i R such that (b,)nen is unbounded and either strictly monotone
increasing or strictly monotone decreasing. Then

. a —a . a — — — a
n—00 bn+1 - bn n—00 bn n—0o bn n—00 bn+1 - bn

where the limits may lie in [—00, +00].

Setting (b, )nen = (n)nen in Fact 2.1, we obtain the following:

®Indeed, the most common sufficient condition for linear convergence in either case is ri(A) N
ri(B) # &; see [5, Theorem 3.21] for MAP and [14] or [6, Theorem 8.5(i)] for DRA.

6This expectation was founded in the similar behaviour of MAP and DRA for two subspaces;
see [2].

"Since we were able to locate only an online reference, we include a proof in Appendix A.
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Corollary 2.2. The following inequalities hold for an arbitrary sequence (z,)nen

in R:
lim (11 — z,) < lim In < lim In < lim (Tpq1 — ). (7)
n—00 n—oo 1 n—oo 11 n—oo

Set Ry, = {x eR } x> 0}. For the remainder of this section, we assume that
g: Ry — R, isincreasing and H is an antiderivative of —1/g.  (8)

Example 2.3 (29). Let g(x) = 27 on Ry, where 1 < g < co. If ¢ > 1, then
—1/g(x) = —279 and we can choose H(z) = 2'79/(q — 1) which has the inverse
HY(z) = 1/((q — 1)z)"@ Y. If ¢ = 1, then we can choose H(z) = —In(z)
which has the inverse H!(z) = exp(—z).

Proposition 2.4. Let (8,)nen and (0,)nen be sequences in Ry, and suppose
that

Then the following hold:

(i) (VneN) 6, < H(Bpi1) — H(Bp) < Oppq2botr — 5 900

1 Bui1—Bntz ~— ""g(Bur1)
(i) lim, .0, <lim, ,  HC) <Tim, A0 <Tim,, 5, L0
(4ii) If (0n)nen 18 convergent, say 0, — 0s, and g?ﬁ(fﬂ) — 1, then % — 0o
Proof. For every n € N, we have
Bn - Bn—f—l /ﬁn dl‘
5= DD [T ) - (B (100)
9(Bn) Buia 9(7)
< ﬁn - ﬁn-i-l -5 Bn - ﬁn-i-l -5 g(ﬂn) (10b)

g(ﬁnJrl) nJrlﬁnJrl - ﬁn+2 B ng(ﬁnJrl) .

Hence (i) holds. Combining with (7), we obtain (¢7). Finally, (iii) follows from
(i4). O
Corollary 2.5. Let (x,)nen and (6,)nen be sequences in Ry such that

(Vn eN) z, =2pi1 + 0,9(Tni1). (11)
Then the following hold:

(i) (VneN) §, L2 < H(z, 1) — H(z,) < 6,

(i) lim, 0,22 <lim, HE) <Tim, 22 <Tim,, 5,

1) If (0n)nen 18 convergent, say 0, — s, and CICIESDRNN 1, then Han) Ooo -
(i) S g Y gen) n

Proof. Indeed, set (Vn € N) ¢, = 5n% and rewrite the update

g(anrl)
& 9(xn)

Tp+1 = Tn — g(l‘n) =Tp — gng(xn) (12)
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Now apply Proposition 2.4. 0

Definition 2.6 (Types of convergence). Let («,),en be a sequence in R,
such that a,, — 0, and suppose there exists 1 < ¢ < +o00 such that

an—l—l

ag,

Then the convergence of (ay,)nen to 0 is:

(i)  with order q if ¢ > 1 and ¢ > 0;

(ii)  superlinear if ¢ =1 and ¢ = 0;

(iii) linear if g=1and 0 < ¢ < 1;

(iv) sublinear if ¢ =1 and ¢ = 1;

(v)  logarithmic if it is sublinear and |a,+1 — apya|/|on — apya| — 1.
(

If (B,)nen is also a sequence in Ry, it is convenient to define

G~ Bu & lim SMER, (14)

The following example exhibits a case where we obtain a simple exact asymptotic
rate of convergence.

Example 2.7. Let (x,)nen and (9,)nen be sequences in Ry, and let 1 < ¢ <
oo. Suppose that

Tn

On — 000 € Ry, — 1,

T+l (15)
and (Vn €N) z, = zpp1 + 0px) .

Then z,, — 0 logarithmically,

T 1 1 1/(g—1)
- — d z,~ |~ . 16
07T 7 (= ey T () 1o

Proof. Suppose that g(z) = 2? and note that g(z,+1)/9(zn) = (Tpi1/2n)? —
19 = 1. This implies that x,, — 0 logarithmically. Finally, (16) follows from
Example 2.3, Corollary 2.5, and (14). O

We conclude this section with some one-sided versions which are useful for ob-
taining information about how fast or slow a sequence must converge.

Corollary 2.8. Let (B,)nen and (pp)nen be sequences in Ry, and suppose that

(Vn € N) Bup1 < Bu —pag(Bn) and p= lim p, € Ry, (17)
Then
(Ve €]0,p)) (3m eN)(Vn>m) B, <H ' (n(p—¢)). (18)
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Proof. Observe that

(1 € N) Bt = Bo — bug(Ba),  where 6, = 22Dt 5, (q)

9(Bn)

Hence, by Proposition 2.4, p < lim,_,  H(B,)/n. Let ¢ €]0,p[. Then there
exists m € N such that (Yn >m) p—e < H(8,)/n < H '(n(p—¢)) > f,. O

Example 2.9. Let (8,)nen and (pn)nen be sequences in Ry, let 1 < g < o0,
and suppose that

(Vn €N) Bust < Bu—puBl and p= lim p, € Ry, (20)

n—oo

Let 0 <& < p. Then there exists m € N such that the following hold:

(i) If¢>1, then (Vn >m) p, < ((q—l)n(pi{;‘))l/(q_l) = O (1/n/@D).

(ii) If ¢ =1, then (Vn > m) B, < ~", where v = exp(e — p) € ]0, 1[.

Consequently, the convergence of (5,,)nen to 0 is at least sublinear if ¢ > 1 and
at least linear if ¢ = 1.

Proof. Combine Example 2.3 with Corollary 2.8. O

Remark 2.10. Example 2.9(i) can also be deduced from [7, Lemma 4.1]; see
also [1].

Corollary 2.11. Let (5,)nen and (pn)nen be sequences in Ry, and suppose

that
(0 €N) B > Purs > bu—pog(B) and p=Tm p 20 cr (1)
N300 g(ﬁnJrl)
Then
(Ve e R.)3FmeN)(Vn>m) B, > H '(n(p+e)). (22)
Proof. Observe that
(¥ €N) Buar = fu — 0ug(Ba), where 6, = % <pu (23)

Hence, by Proposition 2.4, lim,_,. H(8,)/n < p. Let ¢ € R,,. Then there
exists m € N such that (Vn >m) p+e > H(B,)/n< H Y (n(p+e)) < B, O

Example 2.12. Let (8,)nen and (pn)nen be sequences in Ry, let 1 < ¢ < oo,
and suppose that
_ ﬁq
(vn S N) ﬁn > ﬁnJrl > ﬁn - pnﬁg and ﬁ = lim pnq—n € RJr' (24)

Let ¢ € R, ;. Then there exists m € N such that the following hold:
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: 1
(i) If¢>1, then (Vn >m) B, > (e On T
(ii) If ¢ =1, then (Vn > m) B, > ™, where v = exp(—p — ¢) € ]0, 1[.

Consequently, the convergence of (5, )nen to 0 is at best sublinear if ¢ > 1 and
at best linear if ¢ = 1.

Proof. Combine Example 2.3 with Corollary 2.11. U

3. Proximal point algorithm (PPA)

This section focuses on the proximal point algorithm. We assume that
f: R — ]—00,400] is convex, lower semicontinuous, proper, (25)

with
f(0)=0 and f(x)>0 when z # 0. (26)

Given xy € R, we will study the basic proximal point iteration
(Vn e N) xp41 = Pr(xy,). (27)

Note that if z > 0 and y < 0, then f(y)+ 3|z —y|* > f(0)+3]z—0|* > f(Psz)+
%|x — Pjz|®. Hence the behaviour of f|g _ is irrelevant for the determination
of Pf|r,, (and an analogous statement holds for the determination of Pf|p__)!
For this reason, we restrict our attention to the case when

To € Ryy (28)

is the starting point of the proximal point algorithm. The general theory
(Fact 1.2) then yields
To>w1 > >x, 0. (29)

In this section, it will be convenient to additionally assume that

f is an even function; (30)

although, as mentioned, the behaviour of f|g__ is actually irrelevant because
9 € Ry, . Combining the assumption that 0 is the unique minimizer of f with
[15, Theorem 24.1], we learn that

0.€af(0) = [f2(0), FLO] NR = [=£1(0), FLO)] N R. (31)

We start our exploration by discussing convergence in finitely many steps.

Proposition 3.1 (Finite convergence). We have x, — 0 in finitely many
steps, regardless of the starting point xo € Ry, if and only if

0 < f1(0), (32)

in which case Py, =0 < x, < f1(0).
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Proof. Let > 0. Then Pfa =0 < 2 € 0+ 0f(0) & = < f1.(0) by (31).

Suppose first that f}(0) > 0. Then, by (31), 0 € intdf(0) and, using (29),
there exists n € N such that z,, < f/(0). It follows that z, ;1 = 242 = --- = 0.
(Alternatively, this follows from a much more general result of Rockafellar; see
[16, Theorem 3] and also Remark 3.4 below.)

Now assume that there exists n € N such that Prz,, = 0 and z,, > 0. By the
above, x,, < f1(0) and thus f/(0) > 0. O

An extreme case occurs when f} (0) = +oo in Proposition 3.1:

Example 3.2 (10} and the projector). Suppose that f = trgy. Then P; =
Pyoy and (Vn > 1) z, = 0.

Example 3.3 (|z|' and the thresholder). Suppose that f = |-| in which case
df(0) = [—1,1] and f/ (0) = 1. Proposition 3.1 guarantees finite convergence of
the PPA. Indeed, either a direct argument or [3, Example 14.5] yields

xT

— & if x| > 1;
Ppiaws {8 R iflel> (33)
0, otherwise.

Consequently, x,, = 0 if and only if n > [zo].

Remark 3.4. In [16, Theorem 3], Rockafellar provided a very general sufficient
condition for finite convergence of the PPA (which works actually for finding
zeros of a maximally monotone operator defined on a Hilbert space). In our
present setting, his condition is

0 € int O (0). (34)

By Proposition 3.1, this is also a condition that is necessary for finite conver-
gence.

Thus, we assume from now on that f(0) = 0, or equivalently (since f is even
and by (31)), that

f1(0) =0, (35)

in which case finite convergence fails and thus

xo>x1 > >x, L 0. (36)

We now have the following sufficient condition for linear convergence. The proof
is a refinement of the ideas of Rockafellar in [16].

Proposition 3.5 (Sufficient condition for linear convergence). Suppose

that
)\zli_mLf)E]O,jLoo]. (37)
z0 T

Then the following hold:
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(i) If A < 400, then there exists ag € | | such that

1 1
237 X

(Ve > 0)(Im € N)(Vn > m)

(i) If A = +oo, then
«
‘/L'n —
] < VIt a?(1+2)—¢)

(Voo > 0)(Ve > 0)(Im € N)(Vn > m)

(39)

Proof By [16, Remark 4 and Proposition 7], there exists ag € |55, 1] such that

(0f)~! is Lipschitz continuous at 0 with every modulus a@ > ag. Let a > «g.
Then there exists 7 > 0 such that

(Vlz| < 7)(Vz € (0f) () 2| < alal. (40)

Since x, — 0 by [16, Theorem 2] (or (36)), there exists m € N such that
(Vn > m) |z, — x,11| < 7. Let n > m. Noticing that z, € (Id+9f)(x,.1), we
have

Tpt1 € (af)il(xn — Tnt1)- (41)
It follows by (40) that
|Tni1| < alzn — 2] (42)

Since x,, — Tp1 € Of (Tpy1), we have

<:En — Tnt1, xn+1> = <xn — Tn+l; Tntl — 0> > f(xn-i-l) - f(O) = f(xn-i-l)' (43)

Now for every ¢ > 0, employing (37) and increasing m if necessary, we can and
do assume that

(Vn > m) <xn — Tnt1, xn+1> = <)‘ - _> |xn+1| (44)

Let n > m. Combining (42) and (44), we obtain

|xn|2 = |"En-i-1|2 + |xn - xn+1|2 +2 <17n — Tn+1, xn+1> (45&)
1
> |Zpga]? +t3 S|nga? + (X — &) |wna | (45b)
1+a (1 +2\ —¢)
- (e [Tl (450)
This gives

[@ni| < - || (46)

L i Tn

T a2(l+2)—e)

and hence (39) holds. Now assume that A < 400 so that oy > 0. Since

1 : . . :
\/1+a2 o \/a%+(1+2>\75) is strictly increasing on R, we note that

the choice a = ag/y/1 —cad > g yields (38). O
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Remark 3.6. Assume that f is differentiable on U = 0, d[, where § € R .
Then f'(z) > 0 on U. Note that lim, g '@ _ 7(0). Therefore, L’Hopital’s

x +
rule shows that if f7(0) exists in [0, +-00], then
A= L1100 )

in (37). A sufficient condition for A\ to exist is to assume that the function
f(x)/2* is monotone on U which in turn happens when 2f(z) — z f'(z) is either
nonnegative or nonpositive on U by using the quotient rule.

Although we won’t need it in the remainder of this paper, we point out that
the proof of Proposition 3.5 still works in a more general setting leading to the
following result:

Corollary 3.7. Let H be a real Hilbert space, and let f: H — ]—o00,+00] be
convez, lower semicontinuous and proper such that O is the unique minimizer of
f. Assume also that

A= dim 28 €10 4oo]. (48)

0a—0 [|2]1?
Then there exists ag € [%, ﬂ such that

(67

Vo > ag)(Ve > 0)(Im e N)(Vn>m T, < Tl
(a > a0)(ve > 0)(3m €N 2 ) [fons] < — et
(49)
If A < 400, then eventually
«
[ @41 < 5 lall, (50)

\/1‘|‘Oéo

a result which can also be deduced from [16, Theorem 2].

We now discuss powers of the absolute value function.

Example 3.8 (|z|? and linear convergence). Suppose that f(z) = 2%. Then
z + f'(x) = 3z and hence Py = %Id. We see that the actual linear rate of

convergence of the PPA is

%. (51)

Now consider Proposition 3.5 and Corollary 3.7. Then clearly A = 1 in (37)

and hence o € [%, 1]. In fact, since 9f = 21Id and so (9f)~! = %Id, we know

that the tightest choice for ag is ap = 3. The linear rate obtained by (50) is
(1/2)//1+4(1/2)2, ie.,
1
—. 52
7 (52)
Let us compare to the linear rate provided by Proposition 3.5, where, for every
e > 0, we obtain (1/2)/+/1+ (1/2)2(1 +2 — 2¢) = 1//7 — 2e. From the proof
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of Proposition 3.5, we see that we can here actually set ¢ = 0; thus, the rate

provided is
1
—. 53
7 (53)
In summary, 1/4/7, the rate from Proposition 3.5, is better than 1/+/5, which
comes from (50); however, even the former does not capture the true rate 1/3.

Example 3.9 (|z|?, where 1 < ¢ < 2, and superlinear convergence).
Suppose that f(x) = |z|?, where 1 < ¢ < 2. Note that A = +oo and thus
ap = 0 in (38). In passing, we point out that we cannot use « itself in (38)
because it would imply finite convergence which does not occur by (36). Set
(r) = r + qz? " and note that (Vn € N) 2, = ¢(x,41). Now set also 1(z) =
qr?!, and assume that a sequence (p, )nen satisfies (Vn € N) p, = ¥(pny1). The
sequence (py,)nen can be thought of as an approximation of (x,),en. It has the
advantage that the implicit recursion is invertible and solvable; indeed one may
verify by induction that

(v €N) = pg V" (1/q) e INE), (54)

Assume furthermore that py = ¢ is sufficiently close to 0. Since ¢ and 1 are
increasing and ¢ > ¢ > 0 on R, we deduce that (¥n > 1) x,, < p,,. Therefore,

(vnen) T = Aonn) (xnﬂ)q_l > (x"“)q_l, (55)

Pn w(anrl) Pn+1 Pn+1

which implies that

/(g1
0< < (ﬂ) =0 (56)
Pn P1

because 1/(q — 1) > 1. Let n € N. Tt follows from z,, = 2,41 + qz%.} > 2,11

and 1 < ¢ < 2 that 2,128 < z,22 ], and so

q—1 q—1
T o Tn+1 + qxn—l—l xn—i—l (57)
— q—1 qg—1"
Tp—1 Tn + qTn Tn
. . 1/(qa—1)
This gives % < 25 hence,
xz Tn+1
T < 1D (58)
7 T

On the other hand, z,, = z,41 + qxgljrll > qu;rlla which yields (%n)l/(qfl) >

Tp1 and hence —7s < ¢Y/0=9. The sequence (xnﬂ/(:c,l/(q*l)))neN is thus
Tn
increasing and bounded above, and so it converges to some 1 > 0. We obtain

that z,, — 0 superlinearly with order 1/(q — 1).



H. H. Bauschke et al. / Prozimal Point Algorithm, Douglas—Rachford ... 249

Example 3.10 (|z|?, where 2 < ¢, and logarithmic convergence).
Suppose that f(z) = |z|9, where 2 < ¢ < +oo. Because (Vn e N) z, =
Tpy1 + qrll, we have x, /7,1 = 1+ gz?7 — 1. Tt thus follows from Ex-

ample 2.7 that x,, — 0 logarithmically and

Ty, o 1
(1)1/(%2) ((q — 2)q)1/(q72)'

n

(59)

Let us summarize what we found out in the previous three examples about the
behaviour of the PPA applied to |z|%:

q | PPA convergence of x,, — 0 for f(z) = ||

1 < ¢ <2 | superlinear with order 1/(q — 1)
g =2 | linear with rate 1/3
2 < q < +o0 | logarithmic

4. Method of Alternating Projections (MAP)

We now turn to the method of alternating projections. As in Section 3, we
assume without loss of generality that

f: R — ]—00,400] is convex, lower semicontinuous, and proper,  (60a)

with
f even, f(0)=0, f>0 otherwise, and f'(0)=0. (60Db)

Furthermore, we set

A=Rx {0} and B =epif. (60c)

The projection onto A is very simple:
Py R? — R?: (2,7) = (2,0). (61)

We now turn to Pg.

Fact 4.1 (See [3, Proposition 9.18 and Proposition 28.28]). Let (z,r) €
(dom f x R) \ B. Then Pg(x,r) = (y, f(y)), where y satisfies x € y + (f(y) —
r)Of(y). Moreover, r < f(y) and (Vz € dom f) (z —y)(x —y) < (f(z) —

f)(f(y)—r).

Corollary 4.2. Suppose that f is differentiable at 0, let (z,7) € (dom f x R) \
B, and set (y, f(y)) = Pg(x,r). Theny =0 if x =0, and y lies strictly between
x and 0 otherwise. Furthermore, * 4+ 1% > y* + f(y)? + (x — y)* + (r — f(y))*
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Proof. We use Fact 4.1. Observe that r < f(y) and hence that f(y) —r > 0.
Choosing z = 0 gives —y(z —y) < —f(y)(f(y) —r) < 0. If 2 = 0, this
implies 2 < 0, and so y = 0. Assume that x # 0. Then y # 0 since y = 0
implies © = 0+ (f(0) — r) f'(0) = 0. We obtain —f(y)(f(y) —r) < 0, and then
—y(z—y) <0, ie., y(r—y) > 0. It follows that y € |0, z[if z > 0, and y € ]z, 0]
if x < 0. Finally, since Pp is firmly nonexpansive (see, e.g., [3, Proposition 4.8])
and Pg(0,0) = (0,0), we obtain

G, r) = (0,0)[1* > [I(y, f(y)) — (0, 0)[* + [[(z,7) — (y, fF)I?,  (62)
which completes the proof. O

We now turn to the sequence generated by the method of alternating projections.
We assume without loss of generality that

zo € Ry Ndom f, ap = (x0,0) € A, (63a)

and
(\V/TL € N) Apt1 = PAPB(CLn) = (l’n+1, O) (63b)

Combining Fact 1.3, (60) and (63), we learn that
To>x1 > >y 0. (64)
We are ready for our first result on the lack of linear convergence for MAP.
Theorem 4.3. The following hold:
(Vn € N) @1 (@i — 20) + f2(2011) 0, (65)

(Vn eN) z, = xpp1 + f(@ni1)2),q, where x| € Of(xp41), (66)

and x, — 0 sublinearly, 1.e.,
Tn+1

— 1. (67)

T

If f is differentiable on some interval [0,6], where § € Ry, and there ezists
q € R such that

i S @) @)

T Ry, (68)

then x, — 0 logarithmically, i.e.,

Intl 7 Inv2 g (69)

Tn — Tn+1
Proof. Corollary 4.2 implies (65). Using Fact 4.1, we have (66), which yields

f(ni1) — f(0)

Tn41 Tn41

zr o — 14+ f(0)f'(0) =1 (70)
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because of f'(0) = 0 and [3, Proposition 17.32]. This gives (67). Now suppose
that f is differentiable on [0, ] and (68) holds. Hence, using also (66),

f(@ni2) f' (Tny2)
q q
Tn+1 — Tn+2 "L‘n+2 (anrQ) Cq
— — —-19=1, 71
tn o T ) \twe) e, ()
q
xn+1
as claimed. O

Remark 4.4. The function f satisfies (68) with ¢ = 2a — 1 and ¢, = a¢?(0)
whenever f(x) = xz%(x), where a € R\ {0}, 0 € R, , ¢ is differentiable on
[0, 6], ¢’ is continuous at 0, and ¢(0) # 0.

Proposition 4.5. Suppose that f is differentiable on [0,6], where 6 € R, . Set

(Vg € [1,400) ¢ = limM

z]0 x4

, (72)

where ¢, is either undefined if the limit does not exist or in [0,4+00]. Let q €
[1,+o00[. Then the following hold:

(i) ¢ =0.Ifcg=0, thency =0 for1 <¢ <q. Ifc, >0, then ¢y = 400
forq > q.
(i5) Ifcy, =0, then

T 1
L 1 (73)

xn—i—l

and
(exp(—¢))", when q = 1;
(a—D )1/(q_1), when q > 1.
qg— l)ne

(74)

100 cq >0, theng>1 an R —

(iti) If cg >0, th 1 and 3G .

((g—1)cg)* /="

(

3=

)

f(@)

xT

Proof. (i): Using L’Hopital’s rule, we have lim, i

and hence ¢; = lim, %f/(x) = (. The remaining statements follow now readily.

(7): It follows from (66) that

L — /

:L‘n+1_1 _ f(anrlzIf (Tn+1) ey =0 (75)
q x

Tnt1 n+1
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thus, (73) holds. Now write

f(@ng1) f (Tni1) («Tnﬂ

Tn

q
Tn4+1 = Tn — ) 33';11 = Tn — pnl'%, (76)

q
xn—i—l

and note that p, — 0 because x,+1/z, — 1 and ¢, = 0. Thus, (74) holds due
to Example 2.12.

ii1): We must have ¢ > 1 since otherwise ¢, = ¢; = 0 by (4), which is absurd.
31): W h 1 si herwise ¢, 0 by (z), which is absurd
From (66), we have

!
Tn gy f(@pg1) f1(2041)
Tp+1 Tn+1

—1 (77)

and also, for every n € N,

f(ajn—’—l?]f,(ajn—’—l)xi-i-l' (78)
anrl

Tp = Tp+1 T f(anrl)f/(anrl) = Tpy1 +

The conclusion therefore follows from Example 2.7. O

Example 4.6 (%\x|p, where p > 1). Suppose that f(z) = %|x\p, where 1 <
p < 4+o00. Let z € Ry ;. Then f(z) = %xp and f'(z) = 2P~!. Setting ¢ = 2p—1 >

1, we have ¢, = 11? > 0, and so x, — 0 logarithmically, using Theorem 4.3.

Moreover, by Proposition 4.5(iii),

T 1

(1)1/(21)*2) — (M>l/(2p2)' (79)
" p
For a couple of cases, one can actually invert (66) and simplify (79):
3 T, 3 9+ 24x, — 3
== = — = = d z,41 = : 80
p 92 1/n 5 an Tpit1 1 ( )
and
2/3
. (2720 +3 8122 +24) " 6
p=2 = ———=—1 and z,41 = _

1
L/v/n S Y21, +3/Bla2 124

(81)
Example 4.7 (R — v R? — 2?). Suppose that R € R, and that f(z) = R —

V' R? — 22 on its domain [—R, R]. Let n € N. Then f'(z) = T—s> and by (66),

Tn+1 Ranrl
Tp=Tp1+ | R—y/R?— 22 ) + = ) 82
+1 ( +1 \/R2 — .I'?.H_l \/R2 — .I'?.H_l ( )
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It follows that
Rz,

Tpt+1 = W, (83)
and also 352 =1+ %2. Hence, %2 =n-+ f—j, which yields the ezplicit formula
n+1 n n 0
R R R
T 0 (84)

C Vni2+ B2 \/n+ (R/x,)? V'
and this shows x,, = 0 logarithmically.

Example 4.8. Suppose that f(z) = exp(|z|) — |z| — 1. Then f(z)f'(z) =
tad + Zat + 225 + O(2°) on Ry. Thus, Proposition 4.5(éii) with ¢ = 3 and
¢q = 5 yields z,,/(1//n) — 1.

Example 4.9. Suppose that f = cosh. Then f(z)f'(z) = 52°+32°+O0(z") and
hence again by Proposition 4.5(ii¢) with ¢ = 3 and ¢, = 5 yields z,,/(1/y/n) — 1.

Example 4.10 (Extremely slow convergence). Suppose that f(z) =
exp(—z~%) with domain [—+/2/3,+/2/3]. Then ¢, = 0 in Proposition 4.5(ii)
and hence, according to (73),

Tn
Tn+1

q—1

anrl

— 0 for every ¢ > 1. (85)

Furthermore, the convergence (z,)nen to 0 is extremely slow in the sense that

1
— < O(n*?) for every p > 0. (86)
Tn

Remark 4.11 (MAP sequence is essentially a PPA sequence). Note that,
by (66),

(Vn€N) 2, € (d+f-0f)(xnr1) = (d+0LF2) (20s1) (87)

and so

(Vn €N)  @pi1 = Pip(wn). (88)

Since f? is convex (by, e.g., [3, Proposition 8.19]), we see that the sequence
(an)nen = (Tn, 0)nen generated by MAP is essentially the same as the sequence
generated by PPA for the function % 12! This useful connection will be further
discussed after we recall a special case of a result due to Giiler.

Fact 4.12 (Giiler, see [10, Theorem 3.1]). Let H be a real Hilbert space,
let f: H — ]|—o0,+00] be conver, lower semicontinuous, and suppose that the
sequence (T, )nen generated by the PPA converges (strongly) to some minimizer

z of f. Then f(z,) — f(2) = o(1/n), i.e., n(f(z,) — f(2)) — 0.
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Combining Remark 4.11 with Fact 4.12 results in the following:
Corollary 4.13. The MAP sequence (an)neny = (Tn, 0)nen satisfies

nf?(z,) — 0. (89)
Example 4.14 (%\x|p revisited). Suppose that f(x) = %|x\p, where 1 < p.
By Example 4.6,
1 1/(2p—2)
(= . 90
o () (90
Then (89) becomes
1
2 ~ 2p ~
nf(x,) ~ nx; e 0. (91)

Note that this also shows that this consequence of Fact 4.12 is sharp in the
sense that it cannot be improved to n'*¢ f?(x,) — 0, where € > 0. (Indeed, if
n'*ef2(x,) — 0, then we obtain a contradiction for sufficiently large p.)

5. Douglas—Rachford algorithm (DRA)

Finally, we investigate the Douglas—Rachford algorithm. As in Section 4, we
assume that

f: R — ]—00,+00] is convex, lower semicontinuous, and proper,  (92a)
with
f even, f(0)=0, f>0 otherwise, and f'(0) =0, (92b)
and that
A=Rx {0} and B =epif. (92¢)

We now turn to the sequence generated by the Douglas—Rachford algorithm.
We assume that

ro € Ry Ndom f, 19=0, 2o=(x,0)€ A, (93a)
and
(Vn eN) z,01 =Tz, = (Tpi1, "nr1), (93b)
where
T =1d—Ps + PR, (93¢)

Since Ny—p(0,0) =R, (0,1), we have
ANB={(0,0)} and FixT =R,(0,1). (94)
Hence we deduce from Fact 1.4, (92) and (93) that

z, =0 and 7, =7y € Ry. (95)

Let us now investigate the effect of carrying out one DRA step:
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Corollary 5.1 (One DRA step). Let (z,7) € R?, set (zy,ry) =T(z,7), and
suppose that 0 < x € dom f and 0 < r < f(x). Then there exists %, € R such
that

O<zy=x—ry2) <z, ) €0f(ry) and ry=r+ f(xzy)>r (96a)

and
>t + (ry =)+ (v —ay)? k. (96b)

Proof. First, we note that Ra(z,r) = (z,—r). Set (y,s) = Pg(xz,—r). By
Fact 4.1,

y=1z—(r+f(y)a" forsome 2’ €df(y) and s=f(y).  (97)
Now, (93c) gives
(4,74) = (1d =Pa) (@, 1)+ PgRa(w,r) = (2,7) —(2,0)+(y, 8) = (y,r+5). (98)
Thus 7, =y,
wp =z —(r+ fleg))el and ry=r+ f(zy), (99)

as claimed. The rest follows from Corollary 4.2. U

Remark 5.2 (DRA step is related to a PPA step). Consider Corollary 5.1.
Then

T

vy =Fpap(@) and ry=r+ f(zg), (100)
which reveals a connection between the DRA step and the PPA step for r f+ % 12

Theorem 5.3 (DRA sequence). The DRA sequence satisfies
T, 10 and 1, Tre € Ry, (101a)
and for every n € N, there exits x, , € Of (Ty41) such that
0 < Tpg1 =Ty — Tng1Znyq < T and  Typpq = Tn + f(Tp41). (101b)
Now suppose that furthermore that f%(0) exists in [0, 4o00]. Then

Tn+1 . 1 1

= —
In 1 + "t 1 1 —FToofl(O)

(102)

{L‘:H_
Tyt

and exactly one of the following holds:

(1)  fL(0) = 400 and x, — 0 superlinearly.
(i) f7(0) € Ryy and x, — 0 linearly.
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(7i) f1(0) =0 and x,, — 0 sublinearly. If there exists ¢ € R such that

lim f'@)

zl0 x4

=cCc R++, (103)

then x, — 0 logarithmically; moreover, if additionally ¢ > 1, then

Ty N 1
(l)l/(q—l) ((q— 1)7“000)1/(‘1_1).

n

(104)

Proof. (101) follows from Corollary 5.1. Divide (101b) by x4, solve for
Tn/Tny1, then take reciprocals to obtain

. 1
Tntl _ . (105)

m*
+1
B

Now assume that f7(0) exists; it belongs to [0, +-00] because > 0 = f'(z) > 0.
Since x,, | 0, we see that

Tpe1 _ J(@ni1) _ f(#ni1) — f(0) — f(0). (106)

Tn+1 Tn+1 Tpy1 — 0

Altogether, we get (102). Items (i) and (iz) are now clear, so let us focus on
(¢13). Obviously x,, — 0 sublinearly if and only if f7(0) = 0 which we henceforth
assume, along with (103). It follows from (101b) that

, [(@us) ]
Tp+1 — Tpy2 o rn+2f (anrQ) o Tn+2 $Z+2 (xn+2> N Too C 19 = 1: (107)
— — - — .. =1;
Tp — Tnyl rn—f—lf,(l'n—l—l) T'n41 % Tnt1 To C
n+1

hence, x,, — 0 logarithmically. Finally assume that ¢ > 1. Writing (see (101b))

/
T
Ty = Tpy1 + Tn+1w$%+1 = Tpy1 + 5n$%+1a (108)
xn—i—l
where 6,, = ¢ > 0, we obtain (104) through Example 2.7. O

Example 5.4 (%|x|p, where 1 < p < +00). Suppose that f(z) = 2|x|P, where

1 < p < +00. Then exactly one of the following holds: g

(i) 1<p<2and 45 = —n— > 0.

IYICEY
(i) p=2and x, — 0 linearly with rate 1/(1 + 7).

(iii) 2 <p < +o00, z, — 0 logarithmically, and (;)mP*Q) —

n

1
(p—2)roc) /P72
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Proof. (i): From (101b), we obtain
(VR €N) @, = ppq + roprzh (109)

Since x,, | 0 and p < 2, we have

(Ve>0)FmeN)(Vn>m) 0<z, <ex’ ). (110)
Combining yields 7,127} < @, < (rp1 +€)2%, 1. In turn, 220 — 7o > 0 and
xn+1
the conclusion follows.
(ii): Clear from (102).
(iii): Apply Theorem 5.3(éii) with g =p—1> 1 and ¢ = 1. O
Remark 5.5 (Comparison MAP vs DRA when f(z) = %|x\p). Suppose
r) = z|P, where 1 < p < +00. According to Example 4.6, the MAP sequence
f(z) = 3zf?, P g ple 4.6, q

(Zy )nen exhibits logarithmic convergence to 0 and

1 1/(2p—2)
Ty ~ (—> . (111)

n

On the other hand, Example 5.4 yields the following for the DRA sequence
(xn)neN:

D ‘ convergence of the DRA sequence (x,,),en to 0

1 < p < 2| superlinear with order ]
p —
p = 2 | linear with rate
TOO
1\ V/(=2)
2 < p < +o0 | logarithmic and z,, ~ (—)
n

We conclude that in all cases, the DRA sequence converges to 0 faster than the
MAP sequence®. To illustrate this, set 7o = 1. Letting the parameter p range
from 1 to 3, we show in Figure 5.1 the first 100 terms of the MAP sequence
(Zn)nen and of the DRA sequence (z,,)nen. Although both sequences converge
to 0, the solution, the stark contrast in their speed of convergence is shown in
Figure 5.2 where we plot the quotient sequence of the MAP sequence divided
by the DRA sequence. As predicted by the theory, the terms tend to +o0c when
1 < p < 2 illustrating the much faster convergence of the DRA sequence.

81t is interesting to note that DRA performs better than MAP when A and B are two subspaces
with a small Friedrichs angle (see [2, Section 8]).
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(a) MAP sequence (z,)nen (b) DRA sequence (&, )neN

Figure 5.1: The distance of the first 100 terms to the solution for p € [1, 3]

Example 5.6 (Comparison MAP vs DR when f(z) = R — v R? — 22).
Suppose that R € R, and that f(x) = R — v R? — 22 on its domain [—R, R].
According to Example 4.7, the MAP sequence (z,,),en exhibits logarithmic con-
vergence; in fact,

2y o AL (112)

N

We now turn to the DRA sequence (z,,)nen. By (101b), we have for every n € N

Tn Tn
Ty = Ty + (rn+R— R? —) e A

R? — a7 R =y
(113)
consequently,
Rz,
(114)

Tpt1 = )
Tt RE t a2

Since f"(x) = R?/(R? — 2%)3/%, we have f"(0) = 1/R € R, and therefore, by
(102), the DRA sequence
x, — 0 linearly (115)

with rate 1/(1 4 ro/R). Once again, the DRA sequence converges much faster
than the MAP sequencel!

Let us conclude. The results in this paper suggest that, for the convex feasibil-
ity problem, DRA outperforms MAP in cases of “bad geometry” (such as the
absence of constraint qualifications or a “zero angle” between the constraints
at the intersection). Since our proof techniques do not naturally generalize, it
would be interesting to study these questions in higher-dimensional space and
other classes of convex sets.
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Figure 5.2: The MAP sequence divided by the DRA sequence

A. Appendix A

Proof of Fact 2.1. (This proof is taken from http://www.imomath.com/
index.php?options=686 and included here for completeness as we were not able
to locate a book or journal reference.) The second inequality is obvious. We
only prove the right inequality since the proof of the left inequality is sim-
ilar. Without loss of generality, we assume that b, — +oo and that A =

En_,oo‘z"i%z" < 4o00. Let v € |\, 4o0[. Then there exists m € N such

that (Vn > m) P52 < v, ie., app1 — @y < Y(bny1 — by). Let n > m. Then

n+1_bn
ap — Ay < Y(b, — by,) and hence

a a b
- - R <y =y 116
T, T (116)
Taking lim,,_,+, yields
m 2% < o, (117)
n—oo n
Now let v | A to complete the proof. O

B. Appendix B

Proof of Fact 4.12. (This proof is a special case taken from [10] and included
here for completeness.) Denote the minimizers of f by Z. Let x € H, set
p= Psx,p* =2 —p e df(p), and assume that p ¢ Z. We have

(vye H) f(y)—f(p) =" y—p). (118)

Hence, for every z € Z,

f(z)=fp) =2 2—p) = 2—2)+ (", 2 —p) (119a)
> —|p*lllz — «l| + Ip*II* = =llp*llllz — = (119b)
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Since f(p) > f(2), we learn that

Ip*]l > T 20 (120)
Setting y = x in (118), we have
f@) = f(p) = "z —p) = p"]* (121)

Therefore,

(J(2) ~ £(2) = (Fp) = F(2)) = fl@) = () = || 2 (M) |

[l — =]
(122)
It follows that
— f(z
)= 1) 2 (1) = ) (14 HEZEE) (123)
equivalently,
! f(p) = f(Z))_l
< 14 LTI 124
T < T (U 2
On the other hand, the definition of the proximal mapping yields
fp) < f) + 5llz = pl* < f(2) + 3]z — 2%, (125)
which implies
flp)—flz) _1
R - 12
EEEE 20
Consider the function «a(t) = 1%% with domain |—1, +oc[. Clearly, « is convex,

«(0) =1 and a(3) = 2. The line described by ¢ — 1 — 2t goes through the same
points and lies between these points above the graph of a(-) (by convexity).
Hence

(Vo<t<1i) T%;gl—%t (127)
Altogether, we deduce that
1
p(x) = @ —10c) (128a)
1 _ghﬂm—f@W
S Erel G = —
= gp(p) — ﬁ (128C)

Now assume that z < zp11 = Pyay. Then @(zp41) — @(2n) > 3|z, — 2|72 —

+00. By Corollary 2.2, lim £@n) — 4 0. Now take reciprocals. O

n
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