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We consider state constrained optimal control problems in which the cost to minimize com-
prises both integral and end-point terms, establishing normality of the generalized Euler-
Lagrange condition. Simple examples illustrate that the validity of the Euler-Lagrange con-
dition (and related necessary conditions), in normal form, depends crucially on the interplay
between velocity sets, the left end-point constraint set and the state constraint set. We show
that this is actually a common feature for general state constrained optimal control problems,
in which the state constraint is represented by closed convex sets and the left end-point con-
straint is a closed set. In these circumstances classical constraint qualifications involving the
state constraints and the velocity sets cannot be used alone to guarantee normality of the
necessary conditions. A key feature of this paper is to prove that the additional information
involving tangent vectors to the left end-point and the state constraint sets can be used to
establish normality.
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1. Introduction

Consider the state constrained optimal control problem:

(Minimize J((.)) == g(x(S),2(T)) + [q L(t,x(t),&(t)) dt
over x(.) € WHI([S, T]; R™) satisfying

(P)< #(t) € F(x(t)) a.e. t € [S,T],

x(t) e Aforallt € [S,T],

z(S) € Ep,

\

in which [S,T] is a given interval (S < T), ¢(.,.) : R" x R* — R and L(.,.,.) :
R x R™ x R" — R are given functions, F(.) : R" ~» R™ is a given multifunction
with closed non-empty values, A and Ej are given closed non-empty subsets
of R™. An absolutely continuous arc z(.) : [a,b] — R™ ([a,b] C [S,T]) which
satisfies the differential inclusion @(t) € F(z(t)), a.e. t € [a,b], is called F-
trajectory (on [a,b]). An F-trajectory z(.) for which x(S) € Ey and z(t) € A
for all ¢ € [a, b] is called feasible.

The infimum of the functional J(x(.)) over all feasible state trajectories x(.)
is the infimum cost for (P). If no feasible state trajectories exist, a common
interpretation of the infimum cost is to take the value +o0o. We say that an
F-trajectory z(.) is a W' local minimizer for (P), if there exists § > 0 such

that
J(z(.) = J(@(.))

for all feasible F-trajectories x(.) satisfying ||z(.) — Z(.)||wr1(sm) < 0. We shall
also refer to z(.) as a W 6-local minimizer for (P) when it is desirable to
specify the positive number 9 in the above definition.

Necessary conditions for optimal control problems in various forms have been
known for many years (for example see the books [9], [22], and the references
therein). But, for a significant class of problems these conditions can provide no
useful information in finding minimizers (known as degenerate case), or apply
in a form in which the cost multiplier vanishes (sometimes referred to as abnor-
mal case). In the latter case the cost function would not intervene in detecting
candidates to be minimizers. The importance of applying the necessary con-
ditions for optimality with a non-zero cost multiplier, called the normal form,
is confirmed also by the possibility to investigate regularity properties of mini-
mizers, the non-occurrence of gaps between local minimizers and minimizers for
the convexified dynamics, the non-occurrence of the Lavrentieff phenomenon,
and other consequences of interest (cf. [22], [18], [15], [16]). A number of differ-
ent techniques have been employed to obtain non-degeneracy (see for instance
[1], [11], [12], [13], and [20]) or normality of necessary conditions (cf. [19], [5],
[15], [16], [14], [7], and [4]). In this paper we use an approach suggested in [19]
and successively developed in other papers: this is based on existence results of
neighboring feasible trajectories (approximating a reference trajectory that pos-
sibly violates the state constraint) with associated linear estimates. The class of
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problems, which we consider (comprising in the cost an integral term which de-
pends on &), would require exhibiting linear estimates which are linear w.r.t. the
Whlnorm for convex (in general non-smooth) state constraints. In addition,
our constraint qualification involves a ‘classical’ (convexified) inward pointing
condition: we do not invoke the existence of regular feedback controls (cf. [19]),
or conditions requiring inward pointing vectors which are tangent to the velocity
set (cf. [16]). But, known counter-examples (see [3] and [6]) clearly show that,
in general, ‘classical’ inward pointing conditions are not enough to derive linear
Whl estimates for non-smooth state constraints. However, a recent paper [4]
shows that linear Whl-estimates can be still considered for convex domains and
Lipschitz continuous velocity sets, in either of the following two cases.

(a) the left end-point of the reference trajectory belongs to a region where the
state constraint A is regular (i.e. we ‘start away from corners’);
(b) we are free to choose the left end-point for the approximating trajectory.

An application (shown in [4]) of this information is precisely the normality con-
ditions for optimal control problems with convex state constraints when case
(a) (whatever the left end-point constraint Fy is), or alternatively (b) (that is
Ey = R"), occurs.

This paper contributes to the normality literature. It provides, in particular,
new conditions for normality, covering cases when the initial state is located in a
‘corner’ of intersection of the left end-point and state constraint sets. Indeed, the
results of this paper provide improvements on earlier demonstrated conditions
for optimality, when the state constraint set A is non-smooth, in this respect:
we allow the left end-point constraint set Fjy to be a possibly strict subset of R™,
while in [4] Ey was required to be the whole space R™. The conditions given here
are also less restrictive than earlier conditions in [15], [16] for related cases, as is
illustrated by an example. Furthermore, normality is established in relation to
the extended Euler-Lagrange condition for optimal control problems for which
the dynamic constraint is formulated as a differential inclusion, and not as a
control-parameterized differential equation as in [15], [16].

Notation. We write B the closed unit ball in Euclidean space; and | . | is
the Euclidean norm. Given a non-empty set ¥ C R", we write the interior,
the boundary and the convex hull of Y respectively intY, dY and coY. The
Euclidean distance of the point x from the set Y (that is mingey |z — y|) is
written dy (x). Y* denotes the polar cone of Y, namely

Y ={{eR": {-y<OforallyeY}.

Given a closed non-empty set £ C R™, the limiting normal cone Ng(z) of E at
T € E and the Clarke tangent cone TS (%) of E at Z are defined as follows

& (z— x3)

|z — x4

Ng(z) := {§ | 3 x; Lz, & — €st. limsup

E
T—T;

SOforalliEN}
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and

T (7) := {§|ini>iand t; 10, 3{e;} C E st t; (e — y) —>£}.

The notation z; . % means that z; — T and x; € F for all 7 € N. We recall that
the Clarke tangent cone TS (Z) and the limiting normal cone Ng(Z) are related
according to the following polarity relation

(Np(@))" = Tg ().

Whenever the closed set F is also convex, the (limiting) normal and the tangent
cones above coincide with the normal and the tangent cones of Convex Analysis
(and in addition we have Ng(Z) = (T%(Z))*). In this case, we denote by mg(x)
the unique projection of the point z € R"™ onto E. The graph of a multifunction
F(.): R™ ~» R™ is the set

Gr{F()} :={(z,v) e R" xR" |z € R" and v € F(x)}.
We recall that the subdifferential of a lower semi-continuous extended valued

function ¢ at a point z € domy := {y € R" : ¢(y) < +oc} can be expressed
in terms of the limiting normal cone of the epigraph of ¢:

dp(x) = {n|(n,=1) € Nepiy (2, o(x))}-

(For further details and discussion on these analytical tools we refer the reader
to the books [2], [9] and [22] and the references therein.)

C([a,b];R™) is the set of continuous R" valued functions on the time interval
la,b]. We denote Wh!([a, b]; R") for the set of absolutely continuous R" valued
functions on [a, b]; we shall employ the following norm on Wt([a, b]; R™):

el = o) omtan + [E o, for all 2() € W ([a, B R™),

which is equivalent to the classical Wh-norm: ||z(.)[| = |z ()|l 21 (ap) F 12 ()] 22 (a)-

2. Main results

We write Ay the set of all points y € A where the state constraint A is locally
regular: more precisely, y € Ay if and only if there exists a radius » > 0 and
a function ¢ : R”™ — R of class C'* (i.e. everywhere differentiable with locally
Lipschitz continuous derivatives) such that

Vo(y) #0), AN(y+rintB) ={z : p(x) <0}N(y+rintB).

Observe that Ay D int A.

Theorem 2.1. Let Z(.) be a W' 6-local minimizer for problem (P), in which
we assume that for some constants ¢ > 0 and kr > 0 the following hypotheses
are satisfied:
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(H1) The set A C R" is closed and convez.
(H2) (a) The multifunction F has non-empty, closed values;

(b)
F(x) C ¢B forallxz € Z(t)+ 0B, t € [S,T7;

(©)
F(x) C F(y) + kp|lr —y|B, for all x,y € T(t) + 6B, t € [S,T].
(H3)
co F(z) Nint TS (x) # 0, for allz € AN (z(t) +0B), t €[S, T].

(H4) (a) g is Lipschitz continuous on (T(S) 4+ 0B) x (Z(T') + oB);
(b) L(t,z,u) is measurable in t for fized (x,u), and for some constants
kr, > 0 we have

|L(t,x,u) — L(t, 2" u")| < kp|(z,u) — (2, u)]
for all (z,u), (', u') € (Z(t) + dB) x R",

for allt € [S,T].
(H5) One of the following two conditions is satisfied:
(a) 2(5) € Ao;
(b) it TS (7(5)) # 0.
Then, there exist p(.) € WV([S,T];R") and a function of bounded variation
v(.): [S,T] — R™, continuous from the right on (S,T), such that

(1) fgz &) -dv(t) <0 for all &() € O[S, TI;R") satisfying £(t) € TS(2(1),

() 510 € cofal 000 € DL 30 + e (01 HO)} et &

(i) (p(S), —a(T)) € Dg(a(S)

(i) q(t) - &(t) — L{t.2(2), (¢
[S7T]7

in which q(.) : [S,T] — R™ is the function

q(t) == p(t) + /[Sﬂ dv(s) forte (S,T].

Theorem 2.1 will be proved in Section 4.

Remark 2.2. (a) Very similar proof techniques to those employed here yield
an alternative version of Theorem 2.1, which provides necessary conditions in
normal form in cases when the state constraint set A is expressed in terms of a
functional inequality, that is

A={z eR" : h(z) <0},
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where h : R™ — R is a Lipschitz function, and when the necessary conditions
are expressed directly in terms of the inequality state constraint function h(.).
More precisely, if assumptions (H1)—(H5) of Theorem 2.1 are satisfied, then the
(normal) extended Euler-Lagrange condition can be replaced by: there exist a
costate arc p(.) € WH([S, T]; R™) associated with the state Z(.), a Borel measure
p(.) on [S,T] and a p-integrable function « : [S,T] — R™, such that

() () € 2h(a(t)) prae., and supp{u} C {t : h(E(t) = 0},
() 90) € coly|(1,00) € DLt T0), 50 + Narrin(F(0) FO)} . 1 €

T},
(iiia) (p(S), —4(T)) € g(2(S5), £(T)) + Niona((S)) x {0},
(iva) E](t) 2(t) — L(t, 2(t), 2(t)) = maxuerey) {g(t) -v — L(t,2(t),v)} ae. t €

],
in which ¢(.) : [S,T] — R™ is the function

)

q(t) == p(t) + /[St] v(s)du(s) fort € (S,T)].

Here, supp p denotes the support of the measure g and 9 h(z) is the hybrid
subdifferential of A at z, which is defined as:

0 h(zx) := co{n| there exist ; — = and n; — n s.t.
V.h(z;) exists, n; = V,h(x;) and h(z;) > 0 for each i € N}.

(b) The special case of Thm. 2.1, in which (H5)(b) is replaced by the requirement
‘Ey = R™, was recently proved in [4]. (Notice that, when Ey = R™, (H5)(b) is
automatically satisfied, in consequence of (H3).) The earlier literature provides
conditions for normality also for the particular case in which ‘Z(S) € int A’ (this
implies that hypothesis (H5)(a) of Thm. 2.1 is verified): see [4] for normality
of the extended Euler-Lagrange condition in the context of state constrained
differential inclusion problems; and cf. [5] and [15] for minimizers satisfying
the maximum principle (for optimal control problems in which the dynamic
constraint takes the form of a controlled differential equation).

(¢) Assumption (H5)(b) concerns the case in which z(S) belongs to a region
where the state constraint A is not regular, and it involves tangent cones of the
state and the left end-point constraints. An immediate consequence of (H5)(b)
is that the generalized Euler-Lagrange conditions necessarily apply in a non-
degenerate form (in the sense of [20]); however, here, we are interested in the
stronger property of normality. Recent papers make use of similar conditions
(comprising the intersection of tangent cones to the constraints) to deal with the
case in which z(S) turns out to be a ‘corner’ of A. In particular, [16] provides
normality for a generalized version of the maximum principle, applicable for
a wide class of optimal control problems, in which the state constraint is a
closed set with non-empty interior tangent cones. Theorem 2.1 differs in the
nature of the necessary conditions (here including generalized Euler-Lagrange
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conditions), and also in the nature of the inward pointing condition. Indeed, the
constraint qualification in [16] takes into account also inward vectors which are
tangents to the velocity set, whereas here (H3) comprises only inward pointing
vectors belonging only to the velocity set. The example at the end of the paper
illustrates a typical case in which (H3) holds true, (H5) might be verified but
the inward pointing condition of [16] is not satisfied.

3. Whllinear estimates

We shall make use of the following theorem concerning existence of feasible
F-trajectories, which is a refinement of a result in [4].

Theorem 3.1. Fix g > 0. Consider a non-empty set A C R"™ and a multi-
function F' : R™ ~ R" such that, for some constants ¢ > 0 and kr > 0, and for
Ry = e“T=9)(ry 4 2), the following assumptions are satisfied:

(H1) The set A C R™ is closed and conver.
(H2)" (a) The multifunction F' has non-empty, closed values;

(b)
F(x) C c(1+|z|]) B for all z € R™.

(¢)
F(z) C F(y) + kplx —y|B, for all z,y € RyB;
(H3)
co F(x) Nint TS (z) # 0, for all z € AN RyB.
Let xg € AN1oB be a given point. Then, the following properties hold true.

(i) If zo € Ao, then there exist 6 € (0,1) and K > 0 such that for any
F-tragectory &(.) on [S,T] and ¢ > 0 satisfying
da(z(t)) <
Jnax da(i(t)) <

z(S) € AN (zo + 6B),
we can find a feasible F-trajectory x(.) on [S,T) satisfying

{Hx(.) — ()l < Ke
2(S) = &(S).

(i) If zo € A\ Ao, then, for any wy € int T (o) fized, there exist § € (0, 1),
a >0 and K > 0 such that for any F-trajectory z(.) on [S,T] and e >0
with

da(z(t)) <
Jax da@(t) < e (1)

z(S) € AN (zg + 60B),
we can find a feasible F-trajectory x(.) on [S,T] satisfying

{ch) — () lyragsr < Ke
z(S) = 2(9) + aswy.
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The proof of Theorem 3.1 will be provided in Section 5.

A consequence of Theorem 3.1 is the following result, in which the left end-point
Z(.9) of the possibly ‘violating’ F-trajectory #(.) does not necessarily belong to
the state constraint.

Corollary 3.2. Suppose that all the assumptions of Theorem 3.1 are satisfied
(for some constants ¢ > 0 and kp > 0, and for Ry := T~ (ry + 2)). Let
xo € ANreB be a given point. Then, the following properties hold true.

(i) If zg € Ao, then there exist 8 > 0 and K' > 0 such that for any F-
trajectory z(.) on [S,T] and € > 0 satisfying

da(2(t)) <
Jnax A(@(t) <e

#(S) € xo + 0'B,

and for any given yo € AN(2(S)+eB), we can find a feasible F-trajectory
z(.) on [S,T] satisfying

{ux(.) — ()l sy < K2
2(S) = yo-

(ii) If xg € A\ Ao, then, for any wy € int TY (zo) fized, there exist o/ > 0,
¢ >0 and K' > 0 such that for any F-trajectory z(.) on [S,T] and e >0
with

da(z(t)) <
g ) < ¢ (3)
Z%(S) - o + HIB,

and for any given yo € AN (&(S)+¢eB), we can find a feasible F-trajectory
x(.) on [S,T| satisfying

||CL’() - C(A"(')HWM(S,T) < K'e (4)
z(S) = yo + ewy .

Proof. We prove here just the case g € A\ Ag. The case xg € Ay is easier and

can be similarly treated.

Fix any zg € A\ Ag and wy € int T (z0). Consider the constants a > 0, 6 > 0

and K > 0 provided by Theorem 3.1 (case (ii)). Define ¢ := ¢. Take any

F—trajectory #(.) and any number £ > 0 such that:

da(2(t)) <
s ald(t) <e

S%(S) € T + 0'B.

It is not restrictive to assume that ¢ < ¢'. Consider any yo € AN (Z(S) + B).
Observe that yo € AN(xo+6B). It is obvious that |yo—2(5)| < e. Then invoking
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the Filippov Existence Theorem (cf. [2] or [22]) to the reference trajectory z(.)
on [S, T], we obtain an F-trajectory y(.) on [S,T] such that y(S) = yo and

W0 = #0lyrasr < EFTINY(S) - #(S) < FTe. (5)
Notice that

< |ly() — 2(. (1) < (eI 4 1)e.
max da(y(t)) < [ly() = 20l sy + max da(2(t)) < (e +1e. (6)
We write &’ := (ekrT'=5) 4 1)e .
Theorem 3.1 is also applicable for the reference trajectory y(.) and number &’
we obtain a feasible F-trajectory z(.) such that

ZE(S) = y(S) + ag'wo = 1Yo + aglwo =y + a(ekF(T—S) + 1)611}0

and
||l'() - y(‘)HWl,l(&T) < K¢ (7)

As a consequence, from (5), (6) and (7), we have

() = 2O lwrasry < 120) = yOllwragmy + 1yC) = 2Olwrasn
S K€/+6kF(T—S)€

< (K (FrT=9) 1) 4 hr@T=9))e

and the validity of (4) follows taking the constants 6’ := ¢, o/ := a(e"rT=5) +1)

and K’ := K(eFr(T=5) 4 1) 4 kr(T=9) 2

We consider now a version of Theorem 3.1 in which the assumptions are satisfied
only in a neighborhood of a reference feasible F-trajectory z(.).

Theorem 3.3. Consider a set A C R™ and a multifunction F : R™ ~~ R™ such
that, for some constants 6 > 0, ¢ > 0 and krp > 0, and for a given feasible F'-
trajectory Z(.), hypotheses (H1)~(H3) of Theorem 2.1 are satisfied. Then, the
following properties hold true.

(i) If z(S) € Ay, then there exist € (0,9) and K > 0 such that for any
F-tragectory &(.) on [S,T] and ¢ > 0 with

max da(z(t)) <e

te[S,T]
1Z() = 2(O)llwr sy <0,

and for any given yo € AN(&(S)+eB), we can find a feasible F-trajectory
x(.) on [S,T] satisfying

{ch) — () lyragsr < Ke
x(S) =vyo -

0
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(it) If 2(S) € A\ Ay, then, for any wy € int TS (Z(S)) fized, there exist 6 €
(0,6), « > 0 and K > 0 such that for any F-trajectory (.) on [S,T] and
e >0 with

da(i(t)) <
Jnax da(i(t) < e

1Z(.) = ()l sy < 0,
and for any given yo € AN(&(S)+eB), we can find a feasible F-trajectory
x(.) on [S,T] satisfying

Hl’() - j(')“[/{/l,l(s’T) S Ke
x(S) = 1Yo + acwy .

4. Proof of Theorem 2.1

We provide here a proof supposing that (H1)—(H4) and (H5)(b) are satisfied.
The proof when we assume (H5)(a) instead of (H5)(b) is simpler and has been
already treated in [4] to which we refer the reader for a proof.

Step 1. Let Z(.) be a W' §-local minimizer for the optimal problem (P), for
some 6 > 0. It is not restrictive to assume that § € (0,%). Assumption (H5)(b)
guarantees the existence of a vector wy € R™ such that

wo € int T -4 (2(9)).
Since A is convex, it follows that:
TG (#(S)) € TS ((S)),
And therefore wy € int T (z(S)), which means that all the assumptions of case
(ii) of Theorem 3.3 are satisfied. From the characterization of the interior of the
Clarke tangent cone (cf. [21]), there exists 6 € (0, 1) such that
Y+ [0,0](wo + 0B) C Eg N A for all y € (2(S)+20B)N (ExNA).  (8)

We take

' : . o 9
J —mm{é’, KT D) a+1}’

where «, # and K are the positive constants provided by Theorem 3.3.

Step 2. We shall define the following sets of functions
W= {z(.) € WHY([S, T],R"™) : #(t) € F(x(t)) a.e. 2(S) € Ey N A,

and () = 70 lyaa sy < 0},
W= {2() €W [l2() = 50)llwrssiry < 9
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From assumption (H4) it immediately follows that the functional J(.) is uni-
formly Lipschitz on W with respect to the Wll-norm. Write K; > 0 the
Lipschitz constant of J(.):

[J(w() = T < Kslly() —2(Ollwragr forally(),z()ew.  (9)

Combining a penalization method with the linear estimate provided by Theorem
3.3, we obtain that Z(.) is also a Wh! local minimizer for a new optimal control
problem, in which the state constraint in (P) is replaced by an extra penalty
term in the cost.

Lemma 4.1. Assume that all hypotheses of Theorem 2.1 are satisfied. Then,
z(.) is a W local minimizer for the problem

minimize J(y(.)) = J(y(.)) + K;K max da(y(t))

over y(.) € W'.

Proof. Take any #(.) € W'. Notice that 2(.) is an F-trajectory such that
2(S) € A and [|2(.) = 2()[lyra(gp) < 0. Write € := maxie(s 7 da(Z(t)). Then
invoking Theorem 3.3, we can find an F-trajectory x(.) such that

z(t) € A forallt € [S,T],

() = 2()llwrsr) < Ke (10)
and z(S) = 2(5) + aswy .

Using the fact that

e = max da(#(t) < 20) = 20)lyrasr) <0 (1)

and the linear estimate (10) we obtain
z() = 2()lwrasm)
< lz) = 20) s + 1120) = ZOllwrasr
< Ke+ () = 2Ollwiagn < K+ DI20) = 20O)llwign <0. - (12)

We prove that z(S) € Ey N A. Indeed, since (.) € W, from the choice of ¢’
we also have #(S) € (Z(S) + 0B) N (E; N A). On the other hand from (11) it
follows that ae < ad’ < 6. Therefore, we can apply inclusion (8), obtaining that
x(S) = z(S) + aswy € Ey N A. As a consequence z(.) € W.

Now, recalling that K; > 0 is the Lipschitz constant of J(.) and that z(.) is a
W minimizer for the reference problem (P) (and in particular max;e(s 7 da(Z(t))
= 0 for it is feasible), for any Z(.) € W' we obtain

J(z()) = J(2(.) < J(2()) < J(@() + Ky ll2() = ()l
< J(&()) + KyKe = J(&(.) + KK max da(2(t)) = J(2(.))-

This confirms the lemma statement. ]
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Step 3. Consider the auxiliary state constrained optimal control problem

( Minimize §(X(S), X(T))
over X() = (2(.),y(.),2(.) € WH([S, T]; R™"?) satisfying
(P)q X(t) = (& () y(t),2(t)) € G(t, X (1)) a.e. t € [5,T],
h(X(t)) <0 for all ¢ € [5,T],

a
| (@(5), y(S ) ( )) € (EoNA) x Ry x {0}
The cost function § is defined by
9(X(5), X(T)) := g(x(5), 2(T)) + K, K max{0,y(T)} + z(T).
The multivalued function is defined by
G(t, X) = {(v,0,r) : v € F(z),r > L(t,z,v)},

and the function b : R* x R x R — R (which provides the state constraint by
means of a functional inequality) is defined by:

MX) = h(z,y,2) = dalx) —y.

We added two extra state variables y and z, and applying known necessary
optimality conditions to a minimizer for (P)’, we shall derive normality for the
reference problem (P).

Define the arc

Z(t) := /S L(s,%(s),z(s))ds, forallt e[S, T].

Observe that Lemma 4.1 implies that the G-trajectory

X() = (2(),5=0,2(),

is a W1 ¢’—local minimizer for problem (P)’.
Indeed, suppose by contradiction, that there exists a state trajectory X(.) =
(x(.),y(.), 2(.)) satisfying the state and dynamic constraints of (P)’, such that

1), 5(),2() = @), 5(), 2w sy <07

and §(X (), X(T)) < §(X(5), X(T)).
Observe that y(.) =y > 0, and condition

h(z(t),y, 2(t)) <0 forall t € [S,T]
can be equivalently written as

d 1)) <u.
nax alz(t) <y
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Then we would obtain:
T

J(x(.) < g(x(S9),z(T)) + K;K max{0,y} +/S L(t,x(t),(t))ds
< §(X (), X(T)) < §(X(5), X(T)) = J(z(.)).

This contradicts the fact that z(.) is a W! minimizer over W'.

Step 4. Known necessary conditions for optimality are now applicable. In par-
ticular [22, Theorem 10.3.1] implies that there exist a Lagrange multiplier A > 0,
a costate arc P(.) = (p(.),¥(.),¢(.)) € WHL([S, T],R""2) (associated with the
minimizer X (.) = (z(.),5 =0, 2(.))), a Borel measurable function p(.) on [S, T
and a p—integrable function «(.) : [S,T] — R""? satisfying

(@) 1Pl + A+ [g du(s) =1,

(b) P(t)€ Cc[ngT R™2|(w,Q(t)) € Neraey ((2(t),5 = 0,2(1)), (2(2),0, 2(2))) }
a.e. t €511,

(c) (P(5), =Q(T)) € Ag(((5),5 =0, 2(5)), (2(T),
xR_ xR x {(0,0,0)},

<
Il
uO
Al
=
:
&)
o
D
b
&I
—
)

0,2(t)) = 0},
in which Q(.) : [S,T] — R""? is the function

Qlt) = P(t) + /[St]v(s)d,u(s) for t € (S,T].

Step 5. One can easily derive from relations (a)—(e) given above for the auxiliary
problem (P)’, the desired necessary conditions for optimality for the reference
problem (P):

(p(5), =¢(T)) € Ag(2(5), Z(T)) + Ngona(z(5)) x {0},

0, ¥:=9(5)<0, and —y(7T) —1—/[ST} du(s) € [0, \K; K],

0
dp=0 and ¢(T)= -\,
p(t) € co{n [ (n,q(t)) € AOL(t, Z(t), 2(t)) + Navir()y(2(1), 2(t))} ace. t €[S, T].

Moreover, the necessary conditions apply in the normal form, for if A = 0, then
we would obtain

—w—l—/ du(s) =0, p=0, =0 and ¢=0,
[S.T]

But this contradicts (a) of Step 4. Therefore, relations (a)—(d) above yield
conditions (ii)-(iv) of Theorem 2.1. Finally, since the function  is defined using
the distance function to A, d(.), standard analysis (cf. [22] pages 332 and 370)
allows to conclude the proof, confirming also property (i) of the theorem. ]
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5. Proofs of Theorems 3.1 and 3.3

Proof of Theorem 3.1. We build up the proof of Theorem 3.1 in three steps.
In the first step we provide upper bounds for the magnitude of state trajectories
and their velocities having initial state on a bounded region. This allows us to use
a standard compactness argument, and consequently apply a local analysis. In
the second step, we treat separately the cases in which o € Ay and xy € A\ Ap.
We shall provide two lemmas giving local W1!—estimate results for an initial
subinterval. Step 3 is devoted to a recursive argument ensuring the construction
of the desired feasible F'—trajectories.

Step 1. Fix any ro > 0 and xg € A NrgB. Write Ry := eC(T_S)(To + 2) and
My := ¢(1 + Ry). Observe that assumption (H2)" ensures the following a-priori
bounds for the magnitude of all F-trajectories z(.) starting from (ro + 1)B and
their velocities: if z(.) is an F-trajectory on [S,T] with x(S) € (ro + 1)B, then

x(t) € RyB for all t € [S,T]

and
z(t) € MoB a.e. t €[S, T).

Using the characterization of the interior of the Clarke tangent cone (cf. [9]
and [21]) and applying a standard compactness argument, we can find a finite
number of points y; € A N RyB and numbers € > 0, §; € (0,1), p; € (0, 1), for
1 =0,---, N, such that

N
_ 0; .
(0A+EB) N RyB C g) (yi—i- th]B%) ,

and for all 4 = 0,--- , N, there exists a vector v; € co F(y;) Nint T{ (y;) such
that

Y+ [O, 252]<Uz + pZB) C A, for all Yy < (yz + (51153) NA.

Step 2. We treat the two cases (i) (xg € Ap) and (i7) (xg € A\ Ap) separately
to obtain a local Wh!-estimate.

Lemma 5.1 (Case x¢ € Ay). Fiz any ro > 0. Consider a multifunction F :
R™ ~~ R™ and a closed non-empty set A. Assume that assumptions (H2)" and
(H3)" of Theorem 3.1 are satisfied (for some constants ¢ > 0, kp > 0 and
Ry = e“T=9)(ry + 2)). Take any xo € Ao NreB. Then, we can find 6y € (0, i),
10 € (0,7 — S] and Ky > 0 such that the following property is satisfied: given
any F-trajectory (.) : [S,T] — R™ and € > 0 such that

da(2(t)) <
Jnax ald(t) <e

@(S) € AN (.I'O -+ eoB),
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we can find an F-trajectory x(.) on [S,T] such that:

z(S) = 2(9),
x(t) € A for allt €[S, S + 7],
() = 2() w1 sy < Koe

Proof. Since zy € Ay, there exist a C'* function hy : R® — R and a constant
€0 € (0,1) such that we have:

Vho(zo) # 0, AN (zo+€intB) = {z : ho(x) <0} N (xg+ €intB) C Ay.
Take 0y := ¢ and 79 := 26700, where My > 0 is the constant provided in Step
1 of the proof of Theorem 3.1. This ensures that any F-trajectory on [S,T]
starting from zy + 6pB remains in xq + %GQB for all t € [S, S+ 7). Then, Lemma

5.1 represents a local version of known linear W!ll-estimates for smooth state
constraints (cf. [3]). O

We can now restrict attention to the case in which zy belongs to a non-smooth
region of A, i.e. zg € A\ Ay.

Lemma 5.2. Fiz any ro > 0. Consider a multifunction F' : R™ ~~ R" and a
non-empty closed set A C R™. Suppose that hypothesis (H2)" of Theorem 3.1 is
satisfied (for some constants ¢ > 0, kr > 0 and Ry = e“T=9) (rq +2)). Take any
zo € AN1B, and any wy € int T (z0). Then we can find o > 0, 61 € (0, 15),
7 € (0,7 — S] and K; > 0 such that the following property is satisfied: given

any F-trajectory z(.) on [S,T] and € > 0 such that

max da(z(t)) <e
teS,T) (13)
ZIA')(S) e AN (ZL’O + 01153)7

we can find an F-trajectory x(.) on [S,T] such that
z(S) = (S) + acwy,
z(t) € A for allt € [S,S + 7],
[2(.) = ()l sm) < Kie.

Proof. From the characterization of the interior of the Clarke tangent cone of
Rockafellar [21], since wo € int T (x9), there exists e € (0, ) such that

y+[0,e1](wo +26B) C A forally € (g +eB)NA . (14)

Recall that the positive constant My = ¢(1+ Ry) (provided in Step 1 of the proof
of Theorem 3.1) represents an upper bound for the velocities of all F-trajectories
with initial state in (ro + 1)B.

It is not restrictive to assume that ¢ < €?. For, otherwise, the statement of the
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lemma immediately follows taking a = 0, Ky = w, and any feasible

1
F-trajectory x(.) with z(S) = 2(5).
Define 6, := &, o := L and 71 € (0, 53] such that alwg|(eFr™ — 1) < 1. Take
any F-trajectory z(.) on [S,T] and any ¢ > 0 satisfying (13). Consider the

following arc y(.):
y(t) == aswy + z(t), forallt e[S, T].

Observe that y(t) = y(t) + acwy + (2(t) — y(t)), for all t € [S,T], where y(t) €
wa(z(t)) (ma(x) denotes the projection of x, possibly non-unique, on the convex
set A). Bearing in mind that z(.) satisfies (13), we have

|z(t) — g(t)| <e, foralltelS,T],
and therefore, for all t € [S,T],

y(t) + eB C y(t) + aswy + 2eB = g(t) + ac(wy + 2¢;B)
C 9(t) + er(wo + 26:B),

where in the last inclusion we have used the fact that € < €2. As a consequence,
as long as §(t) € (xg+ €;B) N A, from (14) we deduce that y(t) +cB C A for all
t € [S,S 4 71]. But this is guaranteed for all ¢ € [S,S + 71] owing to the choice
of #; and 7; indeed, we have:

w0 — §(8)] < |wo — 2(5)] + |2(S) — 2(8)| + |2(t) — 9(2))| (15)
S 91 +7'1M0+€ S 61/4"‘61/2"‘6%
< €.
Consequently,
y(t) +eB C A, foralltel[S,S+m). (16)

Invoking the Filippov Existence Theorem (cf. [2] or [22]) to the reference trajec-
tory #(.), we obtain an F-trajectory x(.) on [S,T] such that:

z(S) :=y(S) = 2(S) + acwy

and for all t € (S, 7] :

() = &)l g5y < |2(S) = 2(5)] +/S [@(s) — &(s)lds (17)

< ehr(t=9)|2(8) — #(S)].

Thus, for all ¢t € (S, T}, we have:

kp(t—95)

l2(-) = 2( )l oo (s < lwole 2

and
|2(.) = 2()lwragssy < alwol (277 —1)e . (18)
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Since the arcs x(.) and y(.) have the same left end-point (z(S) = y(S) = &(S5) +
acwy), and §(t) = &(t) for a.e. t € [S, T, from (17) we also obtain that

t
lz(t) —y(t)] < / 2(s) — z(s)|ds < alwe|(eF) —1)e, forallt € (S,T]
S
and then, from the choice of 1,

lz(t) —y(t)| <e, foralltelS,S+mnl. (19)
As a consequence, the statement of the lemma is confirmed by relations (16)
and (19), which yield the feasibility of the F-trajectory z(.) on [S,S + 7],

and (18), which provides the desired linear W'l-estimate with constant K, :=
a|wol (2eFF(T=9%) — 1), O

Step 3. We shall apply an iterative construction based on the following technical
result.

Lemma 5.3. Fix rg > 0. Consider a multifunction F' : R™ ~» R" and a non-
empty closed set A C R™ satisfying the assumptions of Theorem 3.1 (for some
constants ¢ > 0, kp > 0, and Ry = e“T=5(ry +2)). Then there exists 15 €
(0, T — S| such that for each 0 < 7 < 79, we can find e5 > 0 and Ky > 0
satisfying the following property.

Take any to € [S,T), any F-trajectory z(.) on [to, T], and € € |0, &3] satisfying:

(o)EAm( )(T0+1)—1)B,
(t) € A for all t € [to, to + 7],
da(z(t)) <e forallt € [ty + T,to + 27].

Then, there exists an F-trajectory x(.) on [ty, T] such that

(o) = &(to),
x(t) € A for allt € [to, to + 27,

() = E)wragyr) < Koz -

Proof. The proof is exactly the same as the proof of [4, Lemma 1]. We highlight
only the fact that the properties listed in step 1 of the proof of Theorem 3.1
(which are an immediate consequence of assumptions (H2)" and (H3)’) represent
a localized version of the hypotheses invoked in [4, Lemma 1]. O

Assume first that zo € Ap.
Define
0 := b, 7" := min{7, 7}, K* := max{ Ky, Ky},

where 0y, 79 and K, are provided by Lemma 5.1, whereas 75 and K5 are obtained
using Lemma 5.3 (K5 is related to time 7 < 75). Write m the smaller integer such
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that m7* > T — S, and consider the following standard iterative construction.
We apply Lemma 5.1 to the reference F-trajectory #(.) and ¢ > 0 satisfying
maxyers,r) da(Z(t)) < € and £(S) € (xp + 0B) N A. Therefore, we obtain an
F-trajectory zy(.) on [S,T] such that

20(t) € A, forall t € [S,S + 7%

lz0(.) = 2()llwrr(sm) < K*e
da(20(t)) < (K* + 1)e .
gg]AMKD_( +1)e

Observe that the F-trajectory zo(.) verifies all the assumptions of Lemma 5.3
(for tp = S). As a result, we deduce the existence of an F-trajectory z(.) on
[S, T satisfying the following relations:

z1(t) € A, forall t € [S,S + 277
Hzl() — ZO(‘)HWLI(S,T) < K*(K* + 1)6
da(z1(t)) < (K* 4 1)% .

g%]A%(D_( +1)%

The above construction can be iteratively applied m-times, obtaining a finite
sequence of F-trajectories zx(.), for k =1,... m, such that:

26(t) = zp_1(t), for all t € [S, S+ (k — 1)1
2(t) € A, forallt € [S+ (k—1)7%, S + k77|
2k = 2r (Vlhwagsm < K* (" + ke

< * k+1 ]
tg%?jg] da(ze(t)) < (K*41)"*le

The F-trajectory x(.) := 2z, (.) satisfies the theorem assertions in case (i), where
for the Wl l-estimate we take the constant K := (K* 4 1)™*1.

The case in which zy € A\ Ay can be treated applying exactly the same argu-
ment, except the fact that we use Lemma 5.2 instead of Lemma 5.1. O

Proof of Theorem 3.3. The proof is analogous to that one of Theorem 3.1
(and Corollary 3.2 whenever the initial state #(S) does not necessarily belong
to the state constraint A). Indeed, we can use the same argument of step 1 of
the proof of Theorem 3.1, which now is applied to the compact set

Andz : |z —2(t)| <6, t €[S, T]}.

Estimates on an initial time interval (provided by Lemmas 5.1 and 5.2 in the
proof of Thm 3.1) are still valid if we replace the condition z(S) € AN (z+6B)
with the condition

12() = 2()llwrrsm) <0,
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for some 0 < # < §. Observe that the latter is much ‘stronger’ in the sense
that we require that the F-trajectory Z(.) is close w.r.t. the Whl-norm to the
reference arc z(.), rather than the mere left end-point Z(S) is close to a given
point zy: we can take 0 < # < § small enough in such a manner that all the
involved arcs and F-trajectories remain in the set

(¢ |z —a(t) <58/2, t €[S, T},

in which assumptions (H2)" and (H3)' are always applicable. This guarantees
the validity of all estimates of the iterative argument (cf. step 3 in the proof of
Theorem 3.1) confirming all theorem assertions. [

6. An example

We consider a similar example to that considered in [4], but modified to include
a more general left end-point constraint Fjy to illustrate the crucial role played by
hypothesis (H5) in providing normality of the necessary conditions of optimality.
More precisely we look at the optimal control problem with state constraints:

(Minimize [ L(t, (t), @ (t))dt

over arcs z(.) € WH([0, 1]; R?) s.t.
(P2){ @(t) € Fae. te0,1],

z(t) € Afor all t € [0,1],

L z(0) € Eb,

where

A= {x = (v1,79) € R*: h(x) <0} = {(21,72) €ER? : |zp] < 21}

2—u if 3(t) =2
w2 if A1) = —2.

F:={(1,u) : ue{-2,2}}, L(t,u) := {

The arc z(.) : [0,1] — R is defined by: 2(0) = 0, z(t) := (=1)*t;, and 2(t) =
(=1)*2, for all t € (tgy1,tx], where t; = 3%, for k =0,1,2,3,.... Here, Ej is
any closed subset of R? containing {(0,0)} and such that assumption (H5)(b) is
verified for Z(S) = (0,0) (not just Fy = R?). The F-trajectory

z(t) == (t,2(t)), Vtel0,1],

is a W'l-minimizer for problem (P2), no matter the left end-point constraint is
given, for we are assuming that z(0) = (0,0) € Ej.

Applying the necessary conditions of optimality for the reference arc z(.), if we
suppose that the Lagrange multiplier (associated with the cost) vanishes, i.e.
A = 0, we obtain the existence of a co-state arc p(.) = p(0) # 0 such that (cf.
[4] for the details)

p(0) € Nigyna(z(0)) (20)
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and
p(0) € —=Na(z(0)). (21)

(We recall that (20) is just the left end-point transversality condition, whereas
(21) follows from the Weierstrass and the right-end point transversality condi-
tions.)

Now, assumption (H5)(b) ensures the existence of a vector wy € int T -, (z(0)).
Notice that the convexity of A yields the inclusion int T -, (z(0)) Cint T'{ (z(0)).
Using the polar relation between the Clarke tangent cone and the (limiting)
normal cone, since wy € int Tf;, ,((0)), we have

wp - € <0, forall & € Ngna(z(0))\ {0}
Taking £ = p(0) we obtain the following inequality:
wo - p(0) < 0. (22)
And recalling also that wg € int T (Z(0)):
wp - ¢ <0, forall ( € Ns(z(0)) \ {0}.

Then, for ¢ = —p(0), we have the inequality wq - (—p(0)) < 0, which contradicts
the previous relation (22). This confirms normality of the necessary conditions
once assumption (H5)(b) is satisfied. The earlier work in [4] does not yield
the information that there exists a normal minimizer in this case, since the left
end-point constraint Ey is not the whole space R2.

Remark 6.1. Observe that if we had Ey = {(0,0)}, then hypothesis (H5)(b)
would not be satisfied, and the necessary conditions for optimality would apply
in the degenerate form for the minimizer z(.) (cf. [4]), confirming the relevance
of assumption (H5)(b).
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