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We introduce the first operator splitting method for composite monotone inclusions outside
of Hilbert spaces. The proposed primal-dual method constructs iteratively the best Bregman
approximation to an arbitrary point from the Kuhn-Tucker set of a composite monotone
inclusion. Strong convergence is established in reflexive Banach spaces without requiring
additional restrictions on the monotone operators or knowledge of the norms of the linear
operators involved in the model. The monotone operators are activated via Bregman distance-
based resolvent operators. The method is novel even in Euclidean spaces, where it provides
an alternative to the usual proximal methods based on the standard distance.
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1. Introduction

Let X be a reflexive real Banach space with norm || - | and let (-,-) be the
duality pairing between X and its topological dual X*. A set-valued operator
M: X — 2% with graph graM = {(z,2*) € X x X* | 2* € Mz} is monotone
if

(V(z1,27) € gra M)(V(z2, 75) € gra M) (z1 — 29,27 —235) 20, (1)

and maximally monotone if, furthermore, there exists no monotone operator
from X to 2% the graph of which properly contains gra M. Monotone operator
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theory emerged in the early 1960s as a well-structured branch of nonlinear anal-
ysis [24, 29, 30, 41], and it remains very active [9, 10, 35, 42]. One of the main
reasons for the success of the theory is that a significant range of problems in
areas such as optimization, economics, variational inequalities, partial differen-
tial equations, mechanics, signal and image processing, optimal transportation,
machine learning, and traffic theory can be reduced to solving inclusions of the
type

find x € X such that 0 € Mz, (2)
where M: X — 2% is maximally monotone. Conceptually, this inclusion can
be solved via the Bregman proximal point algorithm, special instances of which
go back to [22, 25, 36]. To present its general form [7], we need the following
definitions, which revolve around the notion of a Bregman distance pioneered in
[13].

Definition 1.1 ([6, 7]). Let X be a reflexive real Banach space and let f: X —
|—00, +00] be a proper lower semicontinuous convex function, with conjugate
[ X% — |—o00,+00] : 2% = sup,cr((z,2%) — f(z)) and Moreau subdifferential
32]

8f:/'\f—>2X*:x}—>{x*€/'\f*

Vye X)(y—=z,2")+ flx) < fy)}.  (3)

Then f is a Legendre function if it is essentially smooth in the sense that Of is
both locally bounded and single-valued on its domain, and essentially strictly
conver in the sense that df* is locally bounded on its domain and f is strictly
convex on every convex subset of dom df. Moreover, f is Gateaux differentiable
on int dom f # & and the associated Bregman distance is

DI x xx — [O,+OO]
(x,y) — {f(z) — fly) — (. —y,Vf(y), ify € intdom f; (4)

400, otherwise.

Let C be a closed convex subset of X such that C'Nint dom f # &. The Bregman

projector onto C' induced by f is
Pg: intdom f — C' Nintdom f
y — argmin DY (x, y).
zeC

()

The fact that, for every y € int dom f, Péy € int dom f exists and is unique is
established in [6, Corollary 7.9]. It follows from [7, Theorem 5.18] that, under
suitable assumptions on f and M, given a sequence (7, )nen in |0, +00[ such that
inf,cn v, > 0, the sequence defined by

zo € intdom f and (Vn€N) 2,01 = (Vf+7M) ' oVf(z,) (6)

converges weakly to a solution to (2) (in the case when X is a Hilbert space
and f = -[*/2, (Vf +7.M)"! o Vf reduces to the standard resolvent .J, »/
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and we obtain the classical result of [34, Theorem 1]). A strongly convergent
variant of (6) was proposed in [8]. In applications, however, M is typically too
complex for (6) to be implementable. For instance, given a real Banach space
Y, a typical composite model is M = A + L*BL, where A: X — 2% and
B:Y — 2Y" are monotone, and L: X — ) is linear and bounded. In Hilbert
spaces, if X = ) and L = Id, several well-established splitting methods are
available to solve (2), i.e., to find a zero of A 4+ B using A and B separately at
each iteration [9, 27, 28, 37]. Splitting methods for the more versatile composite
model M = A + L*BL in Hilbert spaces were first proposed in [14] (see [1,
11, 12, 19, 20, 38] for subsequent developments). These methods provide in
general only weak convergence to an unspecified solution and, in addition, they
require knowledge of ||L|| or potentially costly inversions of linear operators.
The recent method primal-dual method of [3] circumvents these limitations and,
in addition, converges to the best approximation to a reference point from the
Kuhn-Tucker set relative to the underlying hilbertian distance. The objective of
this paper is to extend it to reflexive Banach spaces and to best approximation
relative to general Bregman distances. Let us stress that the theory of splitting
algorithms in Banach spaces is rather scarce as most hilbertian splitting methods
cannot be naturally extended to that setting; in particular, to the best of our
knowledge there exists at present no splitting algorithm for finding a zero of
M = A+ L*BL outside of Hilbert spaces. By contrast, the geometric primal-
dual construction of [3], which consists in projecting a reference point onto
successive simple outer approximations to the Kuhn-Tucker set of the inclusion
0 € Ax + L*BLz, lends itself to such an extension. Our analysis will borrow
tools on Legendre functions and Bregman-based algorithms from [6] and [7], as
well as geometric constructs from [3] and [8]. The proposed results will provide
not only the first splitting methods for composite inclusions outside of Hilbert
spaces, but also new algorithms in Hilbert, and even Euclidean, spaces.

The problem under consideration is the following.

Problem 1.2. Let X and Y be reflexive real Banach spaces such that X # {0}
and Y # {0}, let X be the standard product vector space X X Y* equipped with

the norm (x,y*) — +/||z]|> + ||ly*||?, and let X* be its topological dual, that is,
X* x Y equipped with the norm (z*,y) — /||z*||2 + ||y||?. Let A: X — 2% and
B:Y —2Y be maximally monotone, and let L: X — Y be linear and bounded.
Consider the inclusion problem

find x € X such that 0 € Ax + L*BLx, (7)
the dual problem
find y* € Y* such that 0 € —LA™Y(—L*y*) + B~ 'y, (8)

and let
Z={(z,y") € X | -L'y" € Az and Lz € B™'y"} 9)
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be the associated Kuhn-Tucker set. Let f: X — ]—oo0,+00] and g: Y —
|—00,400] be Legendre functions, set

J: X —]—00,+0c0]: (z,y") = f(x) + 9" (y"), (10)

let zp € intdom f, let y; € intdom g*, and suppose that Z N intdom f # &.
The problem is to find the best Bregman approzimation (Z,y*) = P} (xo,y3) to
(x0,y3) from Z.

Notation. The symbols — and — denote respectively weak and strong
convergence. The set of weak sequential cluster points of a sequence (x,)nen
is denoted by 20(x,)nen. The closed ball of center x € X and radius p €
10, +00| is denoted by B(x;p). Let M: X — 2% be a set-valued operator.
The domain of M is domM = {xeX | Mx#@}, the range of M is
ran M = {z* € X* | (z € X)z* € Mz}, and the set of zeros of M is zer M =
{zex ‘ 0 € Mz}. To(X) is the class of all lower semicontinuous convex func-
tions f: X — ]—00,+0c] such that dom f = {z € X | f(z) < +oo} # @. Let
f: X — ]—00,400]. Then f is coercive if limg—4 f(x) = 400 and superco-
ercive if limy, 100 f(2)/]|z]] = +00.

2. Preliminary results
2.1. Properties of the Kuhn-Tucker set

The following proposition revisits and complements some results of [2] and [14]
on the properties of the Kuhn-Tucker set in the more general setting of Prob-
lem 1.2.

Proposition 2.1. Consider the setting of Problem 1.2. Then the following hold:

(i)  Let & be the set of solutions to (7) and let P be the set of solutions to

(8). Then the following hold:

(a) Z is a closed convex subset of P X 9.

(b) Set Qy: X — X: (z,y") — x and Qy-: X — V*: (x,y*) — y*. Then
(¢) P40 Z 4+ D+,

(i1) For every a = (a,a*) € graA and b = (b,b*) € gra B, set s}, = (a* +
L*b*,b—La), nap = (a,a*)+(b,b*), and Hyp = {@ € X | (@, 8],) <7ap}-
Then the following hold:

(a) (Va € grad)(Vb € graB) [s;, =0 & H,, =X = (a,b) €
Z andn,p =0].
(b) Z = ﬂaegraA mbegraB Ha,b :

(iii) Let (an,al)nen be a sequence in gra A, let (b, b )nen be a sequence in
gra B, and let (z,y*) € X. Suppose that a, — x, b5, — y*, a® + L*b: — 0,
and La, — b, — 0. Then (z,y*) € Z.

Proof. Set M: X — 2% (z,y*) — Ax x B~'y* and §: X — X*: (v,y*) —
(L*y*, —Lz). Since A and B! are maximally monotone, so is M. On the other
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hand, S is linear, bounded, and positive since
(V(z,y") € X) (S(z,y"), (z,y") = (=, L7y") + (=Lx,y") = 0. (11)

Thus, it follows from [35, Section 17] that S is maximally monotone with
dom § = X. In turn, we derive from [35, Theorem 24.1(a)] that

M + S is maximally monotone. (12)

(1) (a): Let (z,y*) € X. Then
0€ M(x,y")+S(z,y*) & 0€Ar+L*y* and 0€ B 'y* — La
& —L'y'eAxr and Lxe B 'y
& (z,y") € Z. (13)

Therefore, we derive from (12) and [15, Lemma 1.1(a)] that Z = zer (M + S) =
(M + S)71(0) is closed and convex.

(i) (b): Let z € X. Thenz € & < 0€ Av+ L*BLlx & (Jy* € V) [-L*y* €
Az and y* € BLz] & (Fy* € V*) (z,y*) € Z. Hence & # @ & Z #+ @.
Likewise, let y* € Y*. Then y* € 9 & 0 € —LA Y ~L*y*) + B ly* &
(Fz € X) [r € A Y (—L*y*) and 0 € —Lz + B~ 'y*] & (Jz € X) [-L*y* €
Az and Lr € B 'y*| & (3z € X) (x,y*) € Z.

() (¢): Clear from (i) (b) (see also [33, Corollary 2.4]).

(4) (a): Let a € graA and b € graB. Then s}, = 0 = [-L*)* = a* € Aa and
La=be B™'b*| = (a,b*) € Z. In addition,

s;p=0 = map=(a,a’)+ (b,b0") = (a,—L"b") + (La,b")
= — (La,b") + (La,b") = 0. (14)
Thus s;,=0= H,, = X. Conversely, Hy, = X = 5;, =0 = 1,5 = 0.
(#4) (b): First, suppose that @ = (2,y") € N.cgraa [ Vbegra s Hap- Then
(Va € gra A)(Vb € gra B) ((a,b") = (z,y"), (a*,b) — (=L"y", Lx))
=((a—a,b" —y"),(a" + L*y*,b — Lx))
={a—z,a"+ LYy")+ (b— Lz,b" — y*)

= Nap — (T, 85 ,)
> 0. (15)

On the other hand, since
{((a,b*), (a*,b)) ! acgraAbe graB} =graM, (16)
it follows from (12) and (15) that ((z,y*),(—L*y*, Lx)) € graM, ie., x € Z.

Thus
N () HwsCz (17)

acgra A begra B
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Conversely, let a € gra A, let b € gra B, and let (z,y*) € Z. Then (z, —L*y*) €
gra A and (Lx,y*) € gra B. Since A and B are monotone, we obtain

(a —x,a"+L'y") >0 and (b— Lx,b"—y*) > 0. (18)
Adding these two inequalities yields
(x —a,a" + L*y") + (Lx — b,b" —y*) <0 (19)

and, therefore,
(x,s],) = (v,a" + L*0") + (b — La,y")
= (zr,a" + L'y") + (Lz,b" —y*) + (b— Lz, y") + (x — a, L'y")
=(r—a,a" + L")+ (a,a") + (La,y") + (Lx — b,b" — y*)
+(b,b") — (b,y*) + (b — Lx,y*) + (x — a, L*y")
< (a,a™) + (b,0") + (La — b,y") + (b — Lz, y") + (v — a, L*y")
= (a,a") + (b,0)
= Tapb- (20)
This implies that (z,y*) € H,p. Hence, Z C H, .
(17i): Set (Vn € N) x, = (a,,b:) and ! = (af + L*b:,b, — La,). Then
x, — (z,y"), ) — 0, and (Vn € N) (x,,x}) € gra(M + S). However, it
follows from (12) that gra (M + S) is sequentially closed in X™k x x*strons 15,
Lemma 1.2]. Hence, 0 € (M + S)(x,y*), i.e., by (13), (z,y*) € Z. O

Proposition 2.2. Consider the setting of Problem 1.2. Then the following hold:

(i)  f is a Legendre function.
(i1)  The solution (T,y*) to Problem 1.2 exists and is unique.

Proof. (i): Since f and g are Legendre functions, so are f* and ¢g* [6, Corol-
lary 5.5]. Therefore, it follows from [6, Theorem 5.6(iii)] that Jf and dg* are
single-valued on domdf = intdom f and dom dg* = int dom g*, respectively.
On the other hand, we derive from (10) that dom f = dom f x dom g* and that

Of - X — 2% (2,y%) — Of () x Ag*(y"). (21)
Thus, df is single-valued on
domdf = domdf x domdg* = int dom f x int dom g*
= int (dom f x dom ¢*) = int dom f. (22)
Likewise, since
f7 & = ]=00,400] 1 (27,y) = f7(z7) + 9(y), (23)
we deduce that 0f" is single-valued on domdf* = intdom f*. Consequently,
[6, Theorems 5.4 and 5.6] assert that f is a Legendre function.

(17): It follows from Proposition 2.1(7) (a) that Z is a closed convex subset of
X. Hence, since Z Nintdom f # &, we derive from (i) and [6, Corollary 7.9]
that (Z,7*) = P} (z0,) is uniquely defined. O
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2.2. Best Bregman approximation algorithm

The approach we present goes back to Haugazeau’s algorithm [23, Théoreme 3-
2] (see also [9, Theorem 29.3]) for projecting a point onto the intersection of
closed convex sets in a Hilbert space using the projections onto the individual
sets. The method was extended in [18] to minimize certain convex functions
over the intersection of closed convex sets in Banach spaces. The adaptation to
the problem of finding the best Bregman approximation from a closed convex
set was investigated in [8].

Definition 2.3 ([7, Definition 3.1] and [8, Section 3]). Let X be a reflex-
ive real Banach space, let f € I'o(X) be a Legendre function, let &, € int dom f,
let « € intdom f, and let y € int dom f. Then

HY (z,y) = {z € X| (2 —y,Vf(z) - Vf(y)) <0}
—{z e X| D!(z,y) + D’ (y,x) < D (z,2)} (24)

is the closed affine half-space onto which y is the Bregman projection of @ if
x # y. Moreover, if H' (xg,x) N H' (x,y) Nintdom f # &, then

Qf (m07m7y) = P]Zf(wom)m}[f(m,y)mo' (25)

Lemma 2.4 ([7, Lemma 3.2]). Let X be a reflexive real Banach space, and
let Cy_and C; be conver subsets of X such that C'y is closed and C1Nint C'y #+ &,
Then Cl Nint Cg = Cl N CQ.

Proposition 2.5. Let X be a reflexive real Banach space, let f € To(X) be
a Legendre function, let C be a closed convex subset of domf such that C N
intdom f # @, let zy € intdom f, and set T = Plxz,. At every iteration
n €N, find Z,y1/ € intdom f such that C C H? (x,,, Tpyi1/2) and set

Lnt1 = Qf (130, Ln, wn+1/2) : (26)

Then the following hold:
i) (YneN)C C H (xg, ).

(

(i)  (Tn)nen s a well-defined bounded sequence in int dom f.

(#i) Suppose that, for somen € N, ¢, € C. Then (Vk € N) &, =T.
() %o DY (@s1, @) < 0,

(v)  (Vn eN) D¥ (1172, 5) < DI (Tpg1, ).

(Ui) ZneN D7 (wn+1/27wn) < 400.

(vit) [z, = T and f(x,) — f(&)] & DI (x,,T) — 0 < W(x,)nen C C.

Proof. Item () is found in [8, Proof of Proposition 3.3]. The first equivalence in
(vid) follows from [8, Propositions 2.2(ii)]. To establish the remaining assertions,
set

(YneN) T, =P/ (27)

Hf(wnvmnle/Z).
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Then, for every n € N, Definition 2.3 yields T,,®, = x,1/2, [7, Proposi-
tion 3.32(ii)(b)] yields Fix T,, = H? (x,,, 41/2) Nint dom f, and we derive from
Lemma 2.4 that

C C H' (x,, ®p412) Ndomf = H (x,, ©py12) Nintdom f = FixT,.  (28)
On the other hand,
(YneN) @ # Cnintdom f C H? (x,, x,11/2) Nintdom f = FixT,, (29)

and, therefore, (), o FixT,, # @. Altogether, [8, Condition 3.2] is satisfied and
it follows from [8, Propositions 3.3 and 3.4] and [8, Proof of Proposition 3.4(vii)]
that the proof is complete. ]

2.3. Coercivity and boundedness of monotone operators
Definition 2.6. Let X be a reflexive real Banach space such that X # {0} and
let M: X — 2% Then M is coercive if

(3z € dom M) lim inf<

= 400, 30
lla]| —+o0 IE4] (30)

and it is bounded if it maps bounded sets to bounded sets.

Lemma 2.7. Let X be a reflexive real Banach space such that X # {0} and let
M: X — 2% Suppose that one of the following holds:

(i) dom M is nonempty and bounded.

(i) M is uniformly monotone at some point z € dom M with a supercoercive
modulus: there exists a strictly increasing function ¢: [0, +oo[ — [0, 4+00]
that vanishes only at 0 such that lim;_, ¢(t)/t = +00 and

(V(z,2") e graM)(Vz" € Mz) (x—za2"—2") = ¢(|lx—=z|]). (31)
(i) M = Op, where ¢ is a supercoercive function in I'o(X).

Then M 1is coercive.

Proof. (i): Let z € X and let z € dom M. Then, if ||z|| is sufficiently large, we
have Mz = & and therefore inf (z — z, Mz)/||z|| = +o0.

(71): We have
(V(z,z") e graM)(Vz" € Mz) (z—z,2"—2") = ¢z —2])- (32)
Hence, for every = € dom M such that ||z| > ||z]|, we have

(=227 _ ¢z = 2]) = llz = = |="]]
lzfl ]

(Va* € Mx)(Vz" € Mz)
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Thus,

M
lm e =M (34)
Jall—+o0 ]

(731): In view of (i), we suppose that dom M is unbounded. Let z € dom M.
Then we derive from (3) that, for every = € dom M ~ {0},

N C PR e}

< (35)
] ]
Hence, the supercoercivity of ¢ yields
—z, M
lim infM = 400 (36)
(||| —+o00 |||
and M is therefore coercive. ]

Lemma 2.8. Let X be a reflexive real Banach space such that X # {0}, let
My: X — 2% and let My: X — 2% be monotone. Suppose that there exists
z € dom M; Ndom My such that

—z. M
i inf &% M)

= +o00. 37
(||| ——+o00 ||| (37)

Then M, + M5 is coercive.

Proof. Suppose that = € (dom M; Ndom My) ~ {0}, let «* € (M; + My)x, and
let z* € (M; + Ms)z. Then there exist 7 € Myx, x5 € Msyx, z; € Mz, and
25 € Msz such that z* = 27 + 23 and z* = 2] + 2. In turn, the monotonicity of
M, yields

(#—za) (@—zzi—z) (@-zw5-25) (@=-z22"

] ]l ]l ]l
- fo-s)
] ]
=)~z = 4l =) .
]
and (37) implies that M; + M, is coercive. O

Lemma 2.9. Let X be a reflexive real Banach space such that X # {0}, let
My: X — 2% et My: X — 2% be monotone, let (z)nen be a bounded sequence
in X*, and let (Yn)nen be a bounded sequence in ]0,4o00[. Suppose that there
exists z € dom My Ndom My such that

lim inf = 400, (39)
lla]| —+o0 |||
and that
(Yn €N) z, € (M) + v, M) a7 (40)

Then (y)nen 1S bounded.
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Proof. Set 8 = sup,y ||z} and o = sup, ey s It follows from (40) that, for
every n € N, there exist a; € Mz, and b, € Mz, such that =) = a; + ¥,b},.
If (2,,)nen is unbounded, there exists a strictly increasing sequence (k,)nen in N
such that 0 < ||z, || T +oo. Therefore, (39) yields

(zh, — 2, a,)

lim ———"~ = 400. (41)
n—too ||z, |
Now let z* € Myz. By monotonicity of My, (Vn € N) (xy, — 2,b; —2*) > 0
Hence, (41) implies that
z z
(1 Y 5 (1 2L
[ [z, |
_ gllas =zl
[z, |
(Th, — 2, 7%,)
[l
Tk, — 2,0 Tk, — 2,05 —2* Ty — 2,2°
_ (@ kn>+%n<k o >+%n<kn )
|2k, [ [z, |
(Tn, —2zag) oy, — 2| [127]]
(el [
Ty, — 2, a; . z
sl 2k oy (1 L)
[z, | [ |
— 400, (42)
and we reach a contradiction. O

Corollary 2.10. Let X be a reflexive real Banach space such that X # {0} and
let M: X — 2% be coercive. Then M~ is bounded.

Proof. Take M; = M and M5 = 0 in Lemma 2.9. O

Proposition 2.11. Let X be a reflexive real Banach space such that X # {0},
let h € To(X) be essentially smooth, and let M : X — 2% be such that dom M N
int dom h # &. Suppose that one of the following holds:

(1) dom M Nintdomh is bounded.
(i1)  There ezists z € dom M Nintdom h such that
(x — z, Mx)

Iim inf—% = +00. 43
l#|—+oo ||| (43)

(73) M is uniformly monotone at a point z € dom M Nint dom h with a super-
coercive modulus.

(i) M is monotone and h is supercoercive.
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(v) M is monotone and h is uniformly convex at a point z € dom M N
int dom h, i.e., there exists an increasing function ¢: [0, +oo[ — [0, +0o0]
that vanishes only at 0 such that

(Vy € domh)(Va €10,1]) hlay+ (1 — a)z) + (1 — @)o(||ly — 2])
< ah(y) + (1 — a)h(z). (44)

Then Vh + M s coercive. If, in addition, M 1is mazimally monotone, then

dom(Vh+ M)t = x*.

Proof. We first observe that [35, Theorem 18.7] and [6, Theorem 5.6] imply
that VA is maximally monotone and that dom VA = int dom h.

(7): Lemma 2.7(7).
(77): Tt follows from Lemma 2.8 that Vh + M is coercive.

(71): Since Vh + M is uniformly monotone at z with a supercoercive modulus,
the claim follows from Lemma 2.7(i7).

(iv): Let z € dom M Nintdom h = dom M Ndom 0h. Then we derive from (36)

that
m WAV (45)
[l22]|—+o00 |||

Thus, Vh satisfies (37) and it follows from Lemma 2.8 that Vh+ M is coercive.

(v): It follows from [39, Definition 2.2 and Remark 2.8] that VA is uniformly
monotone at z with a supercoercive modulus. Hence, VA + M is likewise and
Lemma 2.7(i7) implies that Vh 4+ M is coercive. Alternatively, this is a special
case of (iv).

Finally, suppose that M is maximally monotone. Then [35, Theorem 24.1(a)]
asserts that Vh + M is maximally monotone. Consequently, since VA + M
is coercive, it follows from [42, Corollary I1-B.32.35] that dom(Vh + M)~! =
ran (Vh + M) = X*. O

Lemma 2.12. Let X and Y be real Banach spaces, let D C X be a nonempty
open set, and let C' be a nonempty bounded convex subset of D. Suppose that
T: D — Y is uniformly continuous on C' in the sense that

(Ve €0, +00[)(35 € 0, +oo]) (V2 € C)(¥y € C)
|z =yl <6 = [Tz -Ty| <= (46)

Then T is bounded on C.

Proof. In view of (46), there exists ¢ € ]0, +00| such that

VeeC)\Vyel) |z—vyl|<d = |[Te—Ty| <1 (47)
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Now fix z € C'and p € ]0, 4+o00[ such that C' C {z € X | ||z — 2| < p}, and take
an integer m > 1+ p/d. Let € C' and set

(Vn €{0,...,m}) xn:x+%(z—m)60. (48)

Then, for every n € {0,...,m—1}, ||zp1—x| = ||z—2||/m < p/m < § and (47)
yields || T2, 1 — Ta,|| < 1. Hence, | Tz — Tzl < .7 || T2 — T, < m and
therefore ||Tz|| < ||Tz|| +m. We conclude that sup,.o |Tz| < || T2 +m. O

3. Best Bregman approximation algorithm

Proposition 2.1(i) (a) asserts that Problem 1.2 reduces to finding the Bregman
projection of a reference point (zo,y;) onto the closed convex subset C' = Z N
domf of domf. Our strategy is to employ Proposition 2.5 for this task. The
following condition will be used subsequently (see [7, Examples 4.10, 5.11, and
5.13] for special cases).

Condition 3.1 ([8, Condition 4.3(ii)]). Let X be a reflexive real Banach space
and let h € Ty(X) be Gateauz differentiable on intdomh # &. For every se-
quence (Tp)nen in int domh and every bounded sequence (Yn)nen in int dom h,

Dh(:rn,yn) -0 = xz,—y,—0. (49)

We now derive from Proposition 2.5 our best Bregman approximation algorithm
to solve Problem 1.2.

Theorem 3.2. Consider the setting of Problem 1.2. Let h € To(X) and j €
['o(Y) be Legendre functions such that int dom f C intdomh, L(intdom f) C
int dom j, and there exist € and § in |0, +oo[ such that Vh +cA and Vj + 6B
are coercive. Let o € [max{e, 0}, 400 and iterate

forn=0,1,...
(%, fin) € [€, 0] X [5 o]
(Vh—i—’yn )7t (Vh Tp) — 'ynL* )
a, = (Vh(xn) an)) —

Vi(
by = (VJ + i B) " (Vj(Lay) + unyn)
by, =, (Vi(Lwn) = Vi(ba)) + vy,

H,={(z,y") € X | (z,a} + L*b) + (b — Lay, y*) < {an,a}) + (b, b3) }
('Tn+1/27 y;+1/2> = PI{CITL(:UTU Yr)

(Tnt1, Yn) = QF ((mo,yé‘% (@ns Yn)s (Tng1/2, yZH/z)) :

' (50)
Then the following hold:

(i) Let n € N. Then the following are equivalent:
(CL) ($n>y;§) = (fv y*)
(0) (zn,y,) € Z.



P. L. Combettes, Q. V. Nguyen / Solving Composite Monotone ... 493

)

) (l'n+1/27y:+1/2) = (mn,y;Z)

) (In+17y;+1) - (In,y;;)

(i) Y en DY (@ns1, @) < +o00 and X, oy DY (yii, yi) < +00.

(ii1) Y en DY (Tng1/2,20) < +00 and Y, Dg*(y;+1/2,y;) < +o00.

(iv) Suppose that f, g*, h, and j satisfy Condition 3.1, and that Vh and Vj are
uniformly continuous on every bounded subset of int dom h and int dom j,
respectively. Then x, — T and y;, — Y~.

Proof. We apply Proposition 2.5 to
C =Zndomf. (51)

It follows from Proposition 2.1(7) (a) and our assumptions that C'is a closed con-
vex subset of domf and that C Nint dom f # @. Moreover, Proposition 2.2(i)
asserts that f is a Legendre function. Now let v € [e, +oo[ and let u € [0, +00.
Since h is strictly convex, Vh is strictly monotone [40, Theorem 2.4.4(ii)] and
Vh+~A is likewise. Let (z*,7;) and (2%, x59) be two elements in gra (VhA+yA)~!
such that z1 # xo. Then (z1,2*) and (22, 2*) lie in gra (Vh +vA) and the strict
monotonicity of Vi 4+ vA implies that

0= (r; —x9,2" — ") >0, (52)
which is impossible. Thus,
(Vh+~A)~! is at most single-valued. (53)
The same argument shows that
(Vj+pB)™! is at most single-valued. (54)

On the other hand, by assumption, there exists (z,y*) € Z Nintdom f. It
follows from (9) that z € dom A and Lz € dom B. Furthermore, (22) yields
x € intdom f. Therefore

{x € dom ANintdom f C dom A Nint dom A (55)

Lz € dom B N L(int dom f) C dom B N int dom j.

Thus, dom A Nintdom h # @ and dom B Nintdom j # @. It therefore follows
from Lemma 2.8 that
Vh+~yA=(Vh+cA)+(y—¢)A

o6
and Vj+uB = (Vj+déB)+ (u—95)B are coercive. (56)
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Altogether, (53), (54), (56), and Proposition 2.11 assert that the operators

{(Vh +~A)"t: X* — dom A N int dom h (57)
(Vj+uB)™t: Y* — dom B Nintdom j
are well defined and single-valued. Now set
(Vn€N) @, = (¥,y,) and Tnpiy2 = (T2, Yps1/2)- (58)
Since (50) yields
(Vn € N) (an,a) € graA and (b, b)) € gra B, (59)
it follows from (51), Proposition 2.1(i7) (b), (50), and Definition 2.3 that
(YneN) @#C CZCH,=H (x,, ;1) (60)
Hence, appealing to Proposition 2.2(7) and (5), we see that
(VneN) P} . intdom f — H, Nintdom f (61)
and that
(Vn €N) @1 = QF (@0, T, Tnp1)2) - (62)

Thus, we derive from (58), (60), and Proposition 2.5(ii) that (2, )nen and (Y )nen
are well-defined sequences in int dom f and int dom g*, respectively.

i): We prove the following implications.

a)=(b): Clear.

b)=-(a): Proposition 2.5(i7).

b ): Clear by (60).

¢)=(d): In view of (50),

0> (2, ap, + L") + (b — Lan, y,) — (an, ay) — (bn, bp)
= (z, — ap,a, + L*y;) + (Lxy, — by, b, — y5) (63)
=y, Yz, — an, Vh(z,) — Vh(ay)) + p (La, — by, Vi(Lay,) — Vi(b,)).

Consequently, the strict monotonicity of VA and Vj yields

(
(
(b)
(b)=(c
()

T, =a, and Lz, =0,. (64)
Furthermore,

b, = M;Ll (v](an) - Vj(bn)) + Yp = Hgl (v](bn) — Vi3j(bn)) + Yn = Yn- (65)
(d)=(e): We derive from (50) that a} = ~,(Vh(z,) — Vh(a,)) — L*y; =
—L*yy = —L*b;. On the other hand, since

(Lay, — b,,Vj(La,) — Vj(b,)) = (Lxy, — by, Vi(Lxy,) — V(b))
= pn{Lxy — b, by, — )
=0, (66)
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the strict monotonicity of Vj yields La, = b,.
(e)<(f): Proposition 2.1(ii) (a).

(/)=(9): Indeed, @yy1/2 = P @, = x,.
(9)=-(h): We have

Ln41 = Qf (wo,wn, $n+1/2)
— pf

XTrn =
Hf(a’van)me(a’nvanrlm) 0

(67)

(h)=(g): By Proposition 2.5(v), 0 < D (pi1/2,2n) < DI (xy11,2,) = 0.
Therefore DY (2,412, 2,) = 0 and we derive from [6, Lemma 7.3(vi)] that
Ln+1/2 = Lp-

(9)=(c): Indeed, x,, = X112 = Pflnmn cH,.
(d)=(b): We derive from (50) that

Vh(z,) — L'y € Vh(a,) + ynAa, = Vh(z,) + YnAz,. (68)
Hence —L*y} € Ax,. Likewise, as in (66), we first obtain Lz, = b,, and then
Vi(Lxn) + pnyy € Vi(by) + pinBby, = Vj(Lxy,) + pnB(Lxy,). (69)

Thus, y: € B(Lz,), i.e., Lz,, € B~'y*. In view of (9), the implication is proved.
(i7): Proposition 2.5(iv) yields

Z Df ($n+17 xn) + Z Dg* (y:H-la y;) = Z D? (wn-i-lv wn) < +00. (7())

neN neN neN
(i73): Proposition 2.5(vi) yields

Z Df($n+1/2, xn) + Z Dg* (y;+1/27 y;) = Z D’ (wnJrl/Za wn) < +00. (71)

neN neN neN

(iv): Proposition 2.5(i7) implies that (2, ),en is a bounded sequence in int dom f.
In turn,

(Zn)nen € (intdom )N and  (y})nen € (intdom g*)  are bounded.  (72)
On the other hand, by (50),
(0 €N) (nrsosUonge) = Tusiss = Py tn € H, (73)
and

(Vn € N} (Zny1/2,, + L70p) + (bn = Lan, Ypy1 o) = (an, ag) + (bn, by). (T4)



496 P. L. Combettes, Q. V. Nguyen / Solving Composite Monotone ...
Therefore,

(Vn €N)  |lzn — zngapell llay, + L + (16w — Lanl| [[yn — vai1)2|l

> (Tn — Tnyr/2, @y, + L70y) + (by — Lan, y;, — ZUZ+1/2>

= (n, a, + L*by) + (by — Lan, y,,) — (an, a,) — (bn, by,)

= v, Yz, — an, Vh(z,) — Vh(a,))

+ pin,  (Lay — by, Vj(Lay) — Vj(by))

>0t (Dh(xn, an) + D"(an, x,) + DI (L, by) + D7 (b, an))

>0 ! (Dh(a:n, an) + D7 (L, bn)) ) (75)
However, since (i) yields

Df(xn—I—l/Qa xn) - 0 and Dg* (y;+1/27y:;) - 0 (76>

and since f and ¢* satisfy Condition 3.1, (49) yields

Tpy1je — Tp — 0 and Y40 — Yn — 0. (77)

Since Vh is uniformly continuous on every bounded subset of int dom &, Lemma
2.12 asserts that Vh is bounded on every bounded subset of intdomh and
hence, since intdom f C intdomh and L* is bounded, it follows from (72)
that (VA(z,) — %L y;),ey is bounded. We therefore deduce from (57), (50),
and Lemma 2.9 that

(Gn)nen € (int dom h)Y is bounded. (78)

Similarly, since Vj is uniformly continuous on every bounded subset of int dom j
and L(intdom f) C intdomj, it follows from (72) and Lemma 2.12 that
(Vi(Lxy,) + pny)nen is bounded and hence (57), (50), and Lemma 2.9 yield

(bp)nen € (int dom §) is bounded. (79)

Thus, (Vh(xn))nGNy (Vh(an)>n€N7 (Vj(an)>n€Na and (vj(bn)>n€N are bounded
and we deduce from (50) that

(ar)neny and (b} )nen are bounded. (80)
We therefore derive from (75), (77), (78), and (79) that
D"(xy,a,) — 0 and D?(Lw,,b,) — 0. (81)
Since h and j satisfy Condition 3.1, we get

Ty, —a, —0 and Lz, —b, — 0. (82)



P. L. Combettes, Q. V. Nguyen / Solving Composite Monotone ... 497

Therefore, since VA is uniformly continuous on every bounded subset of int dom A
and V7 is uniformly continuous on every bounded subset of int dom 7,

Vh(z,) — Vh(a,) = 0 and Vj(Lx,)— Vj(b,) — 0. (83)
Hence, using (50), we get
ar+ L'y, — 0 and b —y: — 0. (84)

Now, let € = (z,y*) € W(Ty)nen, say €, — . Then 5, — xand y; — y*,
and we derive from (82) and (84) that

— L —b 0
e v and e ben (85)
b oy ai + L', — 0.

It therefore follows from (59), Proposition 2.1(éii), and (72) that * € Z N
domf = C. Hence, we derive from Proposition 2.5(vii) that

D! (2,,Z) + DY (y,7") = D? (z,,,®) — 0, (86)

where T = (Z,7*). Hence, D/(z,,T) — 0, D9 (y*,7*) — 0, and, since f and g*
satisfy Condition 3.1, we conclude that x,, — = and y; — 7*. ]

Remark 3.3. We provide a couple of settings that satisfy the assumptions of
Theorem 3.2.

(i) In Problem 1.2, suppose that X and ) are Hilbert spaces, that f = || -
/2, and that g = || - ||[?)/2. Furthermore, in Theorem 3.2, set h = f
and j = ¢, and note that, for any ¢ € ]0,+o0[, Vh + A = Id +cA
and Vj 4+ ¢B = Id +¢B are strongly monotone and hence coercive by
Lemma 2.7(i7). Then we recover the framework of [3], which has been
applied to domain decomposition problems in [4].

(ii) Let (Qq,F1, 1) and (Qq, Fo, o) be measure spaces, let p and ¢ be in
|1, 4+00], and set p* = p/(p—1) and ¢* = q/(¢g—1). In Problem 1.2, suppose
that X' = Lp(thlnul)? Y= Lq(Q%:FQv:uQ)v f= H ) Hp/pa and g = || ) Hq/q'
Then X* = LP (4, Fi, 1), V' = LY (Q, Fo, pi2), and g* = || - ||9/q".
Moreover, it follows from Clarkson’s theorem [17, Theorem 11.4.7] that X,
X*, Y, and Y* are uniformly convex and uniformly smooth. Hence, we
derive from [6, Corollary 5.5 and Example 6.5] that f, g, and ¢* are Legen-
dre functions which are uniformly convex on every bounded set, and which
therefore satisfy Condition 3.1 by virtue of [7, Example 4.10(i)]. Now set
h = f and j = g in Theorem 3.2. We derive from [17, Theorem 11.2.16(i)]
that Vh and V7 are uniformly continuous on every bounded subset of X
and ), respectively. In addition, A and j are supercoercive and there-
fore, for any ¢ € ]0, +oco[, Proposition 2.11(iv) asserts that Vh + A and
Vj + eB are coercive. Finally, it follows from [17, Proposition 11.4.9] that
Vh: x— |z[P~tsign(z) and Vj: y — |y|9 tsign(y).
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Remark 3.4. The implementation of algorithm (50) requires the evaluation of
the operator (Vh + A)~!. We provide a simple example in the Euclidean plane
X of a maximally monotone operator A for which (Vi + A)~! can be computed
explicitly, whereas the classical resolvent (Id +A)~! is difficult to evaluate. Let
B € ]0,400] and let p: R — R be a Legendre function with a [ Lipschitz-

continuous derivative. Set

AR 5 R (&4,&) — (B4 — (&) — &.& + B — (&) (87)

and
h: R* = ]—o00,+00] : (&1,&) — (&) + ¥(&). (88)

Then it follows from [9, Theorem 18.15] that A is the sum of the gradient of
the convex function (&,&) — B€2/2 — (&) + BE3/2 — (&) and of the skew
linear operator (£1,&s) — (—&2,&1). Thus, A is a maximally monotone operator
[9, Corollary 24.4] which is not the subdifferential of a convex function. In
addition, as in Proposition 2.2(7), h is a Legendre function and

B+ & B —§1> '

L+427 1+ 6 (89)

(V(&,&) €R?)  (Vh+ A) 7' (&,6) = (

Remark 3.5. At every iteration n, algorithm (50) requires the computation of

$n+1/2 = P[I n(l’n, y:;) and then of LTpi1 = Qf((x(h y8>, (x’m y;)a (xn+1/27 y;+1/2))'
Set sf = (af + L*b:,b, — Lay), 1, = (an,al) + (bn,b%), and x, = (z,,9.),
Then, if &, € H,,, T,11/2 is the Bregman projection of x,, onto the closed affine

hyperplane {az eX | (x,s:) = nn}. Thus, x,,41/2 is the solution of the problem

minimize f(p) — (p, V.f(xn)) (90)

(Pssh)="n

which, using standard first order conditions, is characterized by (see also [5,
Remark 6.13] and [16, Lemma 2.2.1])

Vf(@nii2) = VF(Tn) — s,
<93n+1/2> $p) = (91)
A €10, 400].

In view of [6, Theorem 5.10], the Lagrange multiplier A is uniquely determined
by the equation (Vf*(V f(x,) — As’), s:) = n,. The problem therefore reduces
to finding the solution X to this equation in ]0, +oo[ and then setting @, 41/» =
VF (Vf(x,) — As¥). Likewise, it follows from (25) that @, is the unique
solution to the problem

o, Minimize f(p) — (p,Vf(xo)). (92)
(p—mn+1/2,Vf(mn)—vf(mn+1/2)><0

Depending on the number of active constraints, this problem boils down to
determining up to two Lagrange multipliers in |0, 4-00].
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Next, we consider a specialization of Problem 1.2 to multivariate structured
minimization.

Problem 3.6. Let m and p be strictly positive integers, let (X;)i<i<m and
(Vi) 1<k<p be reflexive real Banach spaces, and let X be the standard vector prod-

m P
uct space <X¢=1Xi) X (szly,:> equipped with the norm

m P
(2,57) = (@1icm: Wirerep) = 4| D l2ill2+ > il (93)
i=1 k=1

For every i € {1,...,m} and every k € {1,...,p}, let ¢; € To(X;), let oy €
To(Vk), and let Ly;: X; — Vi be linear and bounded. Consider the primal prob-

lem
m p m
Ilergl(inu?;zee)(m Zl wi(z;) + ; (e (Zl Lki«ri) ) (94)

.....

the dual problem

m P p
minimize Y "or [ =D Liun |+ 4i(vi), (95)
VIEVT-up€p T k=1 k=1

.....

and let

P
Z = {(x,y*) € X‘ (Vie{l,...,m}) — ZL}ZiyZ € 0pi(x;) and
k=1

(VEe{l,....p}) > Ly € W;’Z(y?;)} (96)

i=1

be the associated Kuhn-Tucker set. For everyi € {1,...,m}, let f; € To(&X;) be
a Legendre function and let z;¢ € intdom f;. For every k € {1,...,p}, let g €
Lo(Vk) be a Legendre function and let y; o € intdom g;. Set xo = (Ti0)1<i<m,
Yo = (Uro)i<k<p, and

m p

FrX =00, 400l (x,y7) = Y filw) + Y gilui), (97)
i=1 k=1

and suppose that Z Nintdom f # &. The objective is to find the best Bregman
approzimation ((T;)1<i<m, UL)1<k<p) = Ph (20, y5) to (zo,ys) from Z.

We derive from Theorem 3.2 the following convergence result for a splitting
algorithm to solve Problem 3.6.

Proposition 3.7. Consider the setting of Problem 3.6. For everyi€{1,...,m},
let h; € To(X;) be a Legendre function such that intdom f; C intdomh; and
hi + €ip; is supercoercive for some g; € 10,+o00[. For every k € {1,...,p}, let
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gk € To(Vk) be a Legendre function such that > ;" | Ly;(int dom f;) C int dom jj
and ji + 0kt is supercoercive for some §y, € 10, 4+00[. Set € = maxjci<cm €; and
0 = maxi<r<p Ox, let 0 € [max{e,d}, +oo[, and iterate

formn=0,1,...
(Yns f1n) € [g, 0] x [0, 0]
fori=1,...,m
ain = (Vhi + 700:) " (Vhi(in) — > opey Liilin)
| a, =7 (Vhi(in) = Vhiain)) = 201 Liin
fork=1,....p
i =t (Ve Q08 Liitin) — Vik(kn)) + i 0s
L tk,n = bk,n - Z:il Lkiai,n ( )
fori=1,....m
S?,n = azn + Zz:1 LZz Z,n
M = Zznil <ai7n7 af,n) + Zi:l(bk,n’ bl:,n>
H, = {(@,y7) € X | S0 (i i) + Xhoa (s v7) <}
($n+1/27?/:+1/2) = Pz];n(xmy;;)
(xn-i-lv y:ﬁ,—l) = Qf <($0> yg)a (xna y;)v (l’n+1/2, y;+1/2)> 9

where we use the notation (Yn € N) x, = (Tin)icicm and Yy = (Yn)1<k<p-
Suppose that the following hold:

(i)  For every i € {1,...,m}, f; and h; satisfy Condition 3.1 and Vh; is
uniformly continuous on every bounded subset of int dom h;.

(i6) For every k € {1,...,p}, gi and ji satisfy Condition 3.1 and Vjj is uni-
formly continuous on every bounded subset of int dom j.

Then

(Vi€ {l..om}) @n—% and (Vke{l....p}) wi,—Fh  (99)

Proof. Denote by X and ) the standard vector product spaces X:LXZ- and
P

szlyk equipped with the norms = = (2;)1<icm — V/Doiey |@il|? and y =

(Yk)1<k<p — 1 llykl|?, respectively. Then X* is the vector product space

Xizl?(i* equipped with the norm z* — /> ", [[z}]|? and Y* is the vector

p
product space szly;; equipped with the norm y* — /> »_, |lyf]|?. Let us
introduce the operators

A X =2V 2 lea%(%‘)
B:Y -2y Xzzlat/)k(yk) (100)
L: X —->Y: 2z (Z?ilLknl"z)

1<k<p
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and the functions

(f: X — =00, +00] : & — >y filws)

h: X — |—00, 400 : & +— Y " hi(z;)

©: X — =00, +00] : & — Y i) (101)
9:Y —]—o0,+oo] 1y = 370 gr(k)

(2 Y = ]—00,400] : y — 374, (k)

Then it follows from [40, Theorem 3.1.11] that A and B are maximally monotone.
In addition, the adjoint of L is L*: Y* — X*: y* — (D _F_; LiVi)i<i<m, and, as
in Proposition 2.2(i), f and g are Legendre functions. Thus, Problem 3.6 is a
special case of Problem 1.2. Furthermore, h and j are Legendre functions,

intdom f = X intdom f; ¢ X intdom h; = int dom h, (102)
i=1 i=1
and
p m p
L (intdom f) = X Z ri(int dom f;) ¢ X int dom j = intdomj.  (103)
k=15 k=1
Next we observe that, for every ¢ € {1,...,m}, since h; 4+ ep; is supercoercive,

(hi+ep;)* is bounded above on every bounded subset of X;* [6, Theorem 3.3]. As
aresult, (h4ep)*: a* — Y " (hi+ep;)*(zF) is bounded above on every bounded
subset of X*, and it follows from [6, Theorem 3.3| that h + ¢ is supercoercive.
In turn since, as in (55), @ # dom ANint dom f C dom ¢ Nint dom f, we derive
from [40, Theorem 2.8.3] and Lemma 2.7(4i¢) that

Vh+eA=Vh+e0p = 0(h+ cp) (104)

is coercive. We show in a similar fashion that Vj + 0B is coercive. Now set,
for every n N, Ay = (ai,n)1<i<m7 CL; = (CLZn)lgigm, bn = (bk,n)lgkgzn and
* *

by, = (bj n)1<k<p- Then, for every n € N, we have

(Vie{l,....,m}) ain=(Vhi+7,00)"" (Vh Tin) — Tn ZLkak n)

& Vied{l,...,m}) Vhi(xi,) — " Z Liir . € Vhi(ain) + m0pi(ain)

< Vh(z,) — L'y, € Vh(a,) + ’ynAan
& a, = (Vh+7,4) " (Vh(z,) — v L*y) . (105)
Likewise,
(Vn eN) by = (Vj+p.B)" (Vi(Lan) + pny}) - (106)

Thus, (98) is a special case of (50). In addition, it follows from our assumptions
and (101) that f, ¢*, h, and j satisfy Condition 3.1, and that Vh and Vj
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are uniformly continuous on every bounded subset of int dom A and int dom j,
respectively. Altogether, the conclusions follow from Theorem 3.2(iv), with

T = (T;)1<i<m and T = (T)1<k<p- O

Remark 3.8. In Problem 3.6, suppose that, for every i € {1,...,m} and ev-
ery k € {1,...,p}, p; and 1) are supercoercive Legendre functions satisfying
Condition 3.1, that Vy; and Vi are uniformly continuous on bounded sub-
set of int dom ; and int dom ¢}y, respectively, and that > ., Ly;(int dom ;) C
int dom ¢);. Then, in Proposition 3.7, we can choose, for every i € {1,...,m}
and every k € {1,...,p}, h; = ¢; and jr = 1y, and in (98), we obtain

xz n — In Z Lkzyl:,n
a'i,n = Vh*

107
: -~ (107)

and
=1

(108)

For example, suppose that, for every ¢ € {1,...,m} and every k € {1,...,p},
X, =R, Vi =R, and ¢; = h; is the Hellinger-like function, i.e.,
—/1—2a?, ifxel-11];

. (109)
400, otherwise.

v R—]— oo,+oo]:x,~»—>{

Then (107) becomes
— In (Z Lkzyk n) xzz,n
Qi = . (110)

2
(1+m)*(1 = m?, ) + (xz n— In (Z Lk n> $z2,n>

Furthermore, as shown in the next section, in finite-dimensional spaces, we
can remove Condition 3.1 and the assumption on the uniform continuity of

(Vi) icicm and (Vi) 1<r<p-

4. Finite-dimensional setting

In finite-dimensional spaces, the convergence of algorithm (50) can be obtained
under more general assumptions. To establish the corresponding results, the
following technical facts will be needed.
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Lemma 4.1. Let X be a finite-dimensional real Banach space and let f € T'o(X)
be a Legendre function. Then the following hold:

(i) f and Vf are continuous on intdom f [9, Corollaries 8.30(iii), 17.34,
and 17.35].

(1) Vf: intdom f — intdom f* is bijective with inverse V f*: int dom f* —
int dom f [6, Theorem 5.10].

(ii3) Let x € intdom f, let y € domf, and let (y,)nen € (int dom f)N. Suppose
that y, — y and that (D’ (z,y,))nen is bounded. Then y € intdom f and
DY (y,y,) — 0[5, Theorem 3.8(ii)].

() Let x € intdom f, let y € intdom f, let (,)nen € (dom f)N, and let
(Yn)nen € (intdom f)N. Suppose that D' (x,,y,) — 0. Then x = y [5,
Theorem 3.9(iii)].

(v) Lety € intdom f. Then D/(-,y) is coercive [6, Lemma 7.3(v)].

(vi) Let {x,y} C intdom f. Then D/(x,y) = D/ (Vf(y),Vf(z)) [6, Lemma
7.3(vii)].

Proposition 4.2. In Problem 1.2, suppose that X and ) are finite-dimensional.
Let h € Ty(X) and j € T'o(Y) be Legendre functions such that intdom f C
int dom h, L(intdom f) C intdomj, and there exist € and § in |0,4o00] such
that Vh +¢cA and Vj + 0B are coercive. Let o € [max{e,d}, +oo[ and execute
algorithm (50). Then (z,,y) — (T, 7).

Proof. Set C = Z Ndomf. We first observe that, as in (72),
(Zn)nen € (intdom ) and (¥} )nen € (int dom g*)Y  are bounded. (111)

In addition, we deduce from (58), (62), and Proposition 2.5(7) that & = (Z,7*) €
C C N,en H? (x0, ), and hence from (24) that

(Vn € N) D!(z,z,)+ DY (7", yr) = D? (%, x,) < D’ (T, =) . (112)

By virtue of Proposition 2.5(vii) and (111), it suffices to show that every cluster
point of (z,,y})nen belongs to Z. To this end, take z € X, y* € ), and a
strictly increasing sequence (ky)nen in N such that zy, — = and y;, — y*. Then
Lz, — Lz, x € domf, and y* € domg*. Since Z € int dom f and since (112)
implies that (D/(Z,x,))nen is bounded, it follows from Lemma 4.1(ii7) that
x € intdom f. Analogously, y* € int dom g*. In turn, Lemma 4.1(7) asserts that

Vf(xk,) = Vf(z) and Vg* (y;,) — Vg (y"). (113)

Furthermore, since intdom f C intdomh and L(intdom f) C intdomj, we
obtain x € intdomh and Lz € intdomj. Thus, there exists p € ]0,4o00]
such that B(z;p) C intdomh and B(Lx;p) C int dom j. We therefore assume
without loss of generality that

(@K, Jnen € B(Q?SP)N and (L, Jnen € B(LQ?;P)N- (114)
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In view of Lemma 4.1(i), h(B(z;p)) and Vh(B(x;p)) are therefore
compact, which implies that (h(z, ))neny and (Vh(z, ))nen are bounded. Hence
(D"(T, z1,) )nen is bounded and, moreover, it follows from (50), (111), Lemma
2.9, and (57) that (ag, )nen is a bounded sequence in int dom h. We show likewise
that (D7 (LT, Lz, ) )nen and (by, Jnen are bounded. Next, since the convexity of
h yields
(vn € N) D", ay,) = h(T) — h(aw,) — (T — ax,, Vh(ag,))
= h(Z) — h(zk,) — (T — 2k, Vh(zk,))
+ (T — ay,, Vh(zr,) — Vh(a,))
g Dh(f, .CCkn) + <f — Qg,,, Vh(l‘kn) — Vh(akn)>, (115)

we derive from (50) that

(Vn € N) o7 'D"(Z,a,) < 7_1Dh( g,
< e 'D'(z, xkn)+<x Uhs Vi, Y(Vh(xy,) — Vh(akn))>
= e ' D"@, ) + (T — ax,, ai, + L'y;,)
= e 'D"Z, 2y, )+ (T — ay,,ay, + L*G")

+ (LT — Lay,,y;. — 7). (116)
Similarly,
(VneN) o 'D/(Lz,by,) < 6 "D (LT, Lay,) + (LT — by, by, — yp )
< 0 'DI (LT, Lay,) + (LT — by, by, — ")
+ (LT = by,. ¥ — yy..)- (117)
Since (60) entails that
zTcCC|()Hy,
nel (118)
= m {(a:,y*) eXx | (x — ay,,ay, + L*y") + (Lx — by, by, —y") < O},

neN
we deduce from (116) and (117) that
(VneN) o' (D"Z, ax,) + D’ (LT, by,))
< e 'DM7, ap,) + 6 ' DI(LT, Lay,)
+ (LT — Lay,,yp, — V") + (LT = be,, T — )
= e 'D"®, xy,) + 6 ' DI (LT, Lay,) + (by, — Lag,, ys, — ") (119)
e ' DM@, wp,) + 6~ DY (LT, Lay,) + (1w, | + 1L law, Dy, | + 17°1)-

Hence, the boundedness of (ax,)nen, (br, )nen, (Y5, Inen, (DMZ, 21, ) )nen, and
(DI (LT, Ly, ) ) nen implies that of (DT, ay, ))nen and (DI (LT, by, ) )nen. In turn,
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by Lemma 4.1(vi),

) (D | (Vh(aktl)’Yh(f»)neN (120)
and (D’ (Vj(by,), Vi(LT))) are bounded

neN

and, since Lemma 4.1(v) asserts that D" (-, Vh(T)) and D’ (-, Vj(LT)) are co-
ercive, it follows from (120) that (Vh(ag,))nen and (Vj(bg,))nen are bounded.
Thus, since (Y Jnen, (Vh(2r,))nen and (Vj(Lay,))nen are bounded, we infer
from (50) that

(ap, Jnen and  (by Jnen are bounded. (121)

On the other hand, since (60) yields € C C ),y H” (T, Tk, 41/2), (24) and
(112) imply that
(Vn € N) Df(fv mkzn+1/2) + Dg*@*7 yZn+1/2)
= D? (T, @y, 41/2) < D? (T, xp,,) < DY (T, o). (122)

Thus, Lemma 4.1(vi) yields

(vn e N) DI (Vf(r,41/2), V(@) + D (Vg (s, 11/2), VI T))
= D(T, zp,4172) + D7 (¥, Yint1/2)
< D' (7, 2) (123)

and, since D/ (-, V(7)) and DI(-, Vg*(y*)) are coercive by Lemma 4.1(v), it
follows that

(Vf(@r,1/2))nen  and  (Vg"(yy, +1/2) Jnen  are bounded. (124)

However, as in (76), Df(zy,+1/2,2,) — 0 and Dg*(y;;n“m,y;;n) — 0, and it
therefore follows from Lemma 4.1(vi) that

D7 (Vf(2k,), Vf(xh412)) — 0 and D? (Vo* i), V" Wk, 11/2)) — 0.
(125)
In view of Lemma 4.1(iv), we infer from (113), (124), and (125) that there exists
a strictly increasing sequence (py,, Jnen in N such that

Vf (xpkn+1/2) — Vf(z) and Vg* (y;kn+1/2> — Vg* (y"). (126)

Since, by Lemma 4.1(i)—(ii), (Vf)™! = Vf* is continuous on int dom f* and
(Vg*)~! = Vg is continuous on int dom g, we obtain Tp, +1/2 — T and y;an/Q —
y*. Thus,

T, +1/2 = Tpy,, — 0 and yp oy —y,  — 0. (127)

On the other hand, as in (75),

(VneN) |z, —2p, w12l lap, + L7, N+ by, — Lay,, |55, — vp,, 4172l
2 0-71 (Dh(mpkrﬂapkn) + Dj<prkn7 bpkn>) 9 (128)
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and hence, since (a,, )Jnen and (b, )nen are bounded, we deduce from (121) and
(127) that

(D" (xpkn,apkn) — 0

Di (Lay, by, ) — 0

Pkp,

Tp, — T

kn (129)
prkn — Lz

(ap,, Jnen has a cluster point

{ (Dpy,, Jnen has a cluster point.

Consequently, by dropping to a subsequence if necessary and invoking Lemma
4.1(iv), we get

ap, — ¢ and b, — L. (130)

kn

Hence, using the fact that Vh(z,, ) — Vh(z) and Vj(Lz,, ) — Vj(Lz), we
derive that Vh(z,, )— Vh(ay,, )— 0and Vj(Lx,, )—Vj(b, )— 0, which, in
view of (50), yields

a, +L'%y, —0 and b, —y, —0. (131)

Pk

Thus, since y; — y*, it follows that a; ~— —L*y* and b, — y*. In summary,

graA > (ap, ,a, )— (z,—L"y*) and graB> (b, ,b, )— (Lz,y").

Pkn’ “Pky,

(132)
Since gra A and gra B are closed [9, Proposition 20.33(iii)], we conclude that
(x,—L*y*) € gra A and (Lx,y*) € gra B, and therefore that (z,y*) € Z. ]

Let us note that, even in Euclidean spaces, it may be easier to evaluate (Vh +
70p)~" than the usual proximity operator prox,, = (Id +79¢)~" introduced by
Moreau [31], which is based on h = || - ||?/2. We provide illustrations of such
instances in the standard Euclidean space R™.

Example 4.3. Let v € |0, +00[, let ¢ € I'o(R) be such that dom ¢ N ]0, +-o0[ #
&, and let ¥ be the Boltzmann-Shannon entropy function, i.e.,

Eng —¢, i€ €0, +oof;
V: € <0, if £ =0; (133)

~+00, otherwise.

Set @1 (&)icicm > 200, 0(&) and e (§)icicm — 2o, U(&). Note that h
is a supercoercive Legendre function [5, Sections 5 and 6] and hence Proposi-
tion 2.11(iv) asserts that Vh + 9y is coercive and dom(Vh + ydp)~! = R™.
Now let (fi)léiém € R™, set (ni)léiém = (Vh + ’7690)71(€i)1<1<m, let W be
the Lambert function [21, 26], i.e., the inverse of £ + &e® on [0, +o00], and let
i€ {l,...,m}. Then n; can be computed as follows.
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(i) Let w € R and suppose that

EIné —wg, if €€]0,400[;
¢: €E— <0, if £€=0; (134)

400, otherwise.

Then 772 — 6(51'""7("’)_1))/(7"'1).

(ii) Let p € [1, +oo[ and suppose that either ¢ = |- |P/p or
p f 0 .
¢:§H{§ /p, i £ €10, +00[; (135)
400, otherwise.
Then )
_ (P—1D&\\ r—1
(W(’V(p 1)e )) RETIT
= v(p—1) (136)
e, if p=1.
(iii) Let p € [1,400[ and suppose that
P if 0 :
MH{& /o i € €10, ool (137
400,  otherwise.
Then 1
%74 De— P& pH1
- < (v(p+1)e )) ' (138)
v(p+1)
(iv) Let p €]0,1[ and suppose that
—&r if £€10 ;
MH{ &/p, it €€ [0, +00]; (130)
~+00, otherwise.
Then )
Wi(~(1 — (P—1D&\\ r—1
o= < (v(L = pe )) ' (140)
(1 =p)

Example 4.4. Let ¢ € T'y(R) be such that dom¢ N0, 1] # @ and let ¥ be the
Fermi-Dirac entropy, i.e.,

g+ (1-¢n(l-¢), if&e]o1;

V:E— <0 if £e€{0,1}; (141)

~+00, otherwise.
Set : <€i)1<i<m = Z:ll ¢(€z) and h: (&)1@'@” = Zzl ?9(51) Note that h
is a Legendre function [5, Sections 5 and 6] and that intdomh = ]0,1[™ is

bounded. Therefore, Proposition 2.11(7) asserts that Vh 4+ ¢ is coercive and
that dOHl(Vh + 8g0)_1 = R™. Now let (gi)lgigm S Rm, set (ni)lgigm = (Vh +
9p) Y& ) 1<icm, and let i € {1,...,m}. Then n; can be computed as follows.
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(i)

Let w € R and suppose that
{Ing —wg, if £ €10, +ool;
¢: E— <0, if £ =0; (142)

400, otherwise.

Then n; = _e§i+W—1/2 + \/62(£i+""*1)/4 T+ efitw—T1,
Suppose that

(1-8)In(1-¢&+¢, if&e]—o0,1];
¢ E— {1, if £ =1; (143)

400, otherwise.

Then n; =1+ 6_&/2 — \Je=&i + 6_251'/4,
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