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1. Introduction and notation.

This note is concerned with the following abstract optimization problem de-
pending on parameters:

(P) minimize F(x,0y) over all x € X,

where ' : X x U — R := {—00} UR U {+00} is an extended-real-valued
function, the primal variable x belongs to a set X, while the parameter u lies in
a separated locally convex space U. A fruitful method to address problem (P)
is to consider the Lagrangian
Lr: X xU* =R, Lp(x,u*) = in[fj{F(x,u) — (u*,u), }
uc

associated to F'; here U* is the topological dual space of U, and (:,-),, is the
duality pairing between U* and U. Indeed, in many applications of practical
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interest the Lagrangian is a more regular function than F', so it is often easier
to address, instead of the primal problem (P), the dual problem defined by the
following relation

(D) maximize in)f( Lp(x,u") over all u* € U™.
TEe

In the particular case when X is a separated locally convex space, X* is its
topological dual space, and (-, ) is the duality pairing between X* and X, the
dual problem became

(D) maximize —F*(0x«,u*) over all u* € U*,
where

F*: X*xU* =R, Ff(z*,u)= sup (" 2)y+ ", u), — F(z, u),
zeX,uelU

is the Legendre-Fenchel conjugate of F'. The standard terminology and notation
we use in the sequel can be explicitly found in the classical monographs [2]-[5],
[7] and [11]-[13] for instance.

The aim of this note is to provide a necessary and sufficient condition for the
min-sup duality property

(MS) —o00 < sup(D) = min(P) < +oo,
meaning that
dze X: —oo< sup (inf LF(x,u*)) = F(7,0y) < 4o0; (1)
w*elU* reX

as an application, we investigate the (M S) property in the case of a penalty
problem.

1.1. Known results.

The special case when X is a separated locally convex space and F' € I'(X x U),
that is when F' is a convex lower semi-continuous and proper function, is well
understood, and no less than two different necessary and sufficient conditions
for the min-sup duality property are available in the mathematical literature.

Let us first mention the following classical result, which can easily be deduced
from [11, Theorem 16].

Proposition 1.1. Let X be a separated locally convex space and F € T'(X x U)
be such that inf(P) € R. Then, (MS) holds if and only if the dual value function

v X* =R, (%) := inf (F*(z*,u"))

u*eU*

is sub-differentiable at 0x«.
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The second available characterization of the min-sup property for convex prob-
lems may be achieved by taking the dual statement to [5, Th. 9.1], and reads as
follows.

Proposition 1.2. Let X be a separated locally convez space and F € I'(X x U)
be such that
({O0x+} x U*)Nndom F* # ().

Then, (MS) holds if and only if Ap is closed regarding {0y} x R.

Here Ap := {(u,t) € U x R: Jz € X s.t. F(z,u) <t} is the projection of the
epigraph of the perturbation function F* onto U x R, and let us recall from 5]
that a set A is closed regarding Bif AN B = AN B.

Another result of relevance for our study addresses the (M.S) property in the
particular case of convex penalty problems, that is:

o(z) dz,A)<r

F:X xR—=R, F(x,r):=
+oo  d(z,A) >,

where (X, || - ||x) is a real normed space, ¢ : X — RU {400} is a convex lower
semi-continuous function, and A C X is convex closed, while d(x, A) denotes
the distance between the point x € X and the set A,

d(w, 4) = inf [z~ yllx.

As (for details, the reader is referred to Section 3)

inf(P) = inf F(z,0) = ;122 o(z),

zeX

while

p—4oo \zeX

sup(D) = 1 (1nf (610) + pilz. A)) ).

the (M.S) property means in this case that

lim (inf (6(z) + pd(z, A))) = min ¢(z);

p—+oo \zeX z€EA

in other words, the minimum over A of ¢ may be obtained precisely by suc-
cessively minimizing functions of form x — (¢(x) + pd(x, A)) (that is functions
obtained by penalizing the objective function ¢ with the distance to the feasible
set A), as p goes to +oo.

The the min-sup property in the case of a convex penalty problem came as a
consequence of a well-known result, [6, Theorem 2.6], generalized in [1], and [8].
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Proposition 1.3. Let X be a real normed space, ¢ € I'(X) and A be a convex
set such that ¢ is finite and continuous at some point of A, and let us set

o(z) d(z,A)<r

F:X xR—=R, F(x,r) =
+oo  d(z,A) > .

Then, inf(P) = sup(D). If, moreover, A is weakly compact, then ¢ achieves its
infimum over A, so relation (MS) holds true.

Several studies have considered the case of non necessarily convex data in its
full generality. Let us first state the following easy corollary of [10, Theorem
2.2], which establishes a sufficient, but far from being necessary, condition for
the (MS) property.

Proposition 1.4. Let X be a separated locally convex space and let the pertur-
bation function F': X x U — R be such that the value function

m:U — R, m(u) = ;g}f( F(z,u)

takes at least a finite value over U. Then, the (M.S) property holds true provided
that A is convex and closed.

Finally, let us recall Theorem 2 from [12], a duality result which is valid when
the underlying set X is not necessarily a vector space.

Proposition 1.5. Let X be a set, U a normed space, and F : X x U — R be
such that the value function m is lower semi-continuous at Oy. Then inf(P) =
max (D), provided that m*, the Legendre-Fenchel conjugate of m, is Fréchet
differentiable at one of its minimum points.

Moreover, if X is a compact topological space, and F is lower semi-continuous,
then the hypothesis that m* is Fréchet differentiable at one of its minimum points
implies that min(P) = max(D), and thus that the (M.S) property holds true.

1.2. Description of our results and plan of the article.

Section 2 addresses the main technical results and concepts of our study. This
section relies on a new notion, well-adapted for studying the min-sup property
in the general case.

Definition 1.6. Given two subsets A, B of a topological vector space, one says
that A is convex closed regarding B if

BN@wA=Bn A,

where ¢o A denotes the closed convex hull of A.

The main result of this note, Theorem 2.3, proves that the min-sup property
holds if and only if the set Ap is convex closed regarding {0y} x R. Section 2
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closes with Theorem 2.9, a general result, containing as particular cases both
Proposition 1.2 and Proposition 1.4.

As an application, Section 3 addresses the classical penalty method in the gen-
eral setting of a metric space (X, d(-,-)) endowed with a topology 7 which is
coarser than the distance topology. Theorem 3.1 uses the concepts and technics
developed in Section 2 to prove that, given a bounded 7-compact set A C X,
and a 7-lower semi-continuous function ¢ : X — RU{+o0} which takes at least
one finite value on A, the (MS) property

lim (inf (6(x) + pd(z, A))) = min ¢(z)

p—+oo \zeX z€EA

holds if and only the objective function ¢ satisfies the following growth condition:
for any xy € X there is some b > 0 such that the function x — (¢(z) + bd(z, o))
is bounded from below.

When specifying X to a real normed space, and 7 to its weak topology, Theorem
3.1 obviously generalizes the second part of Proposition 1.3, removing, at the
same time, the blanket condition which requests the continuity of the function
¢ at some point of the set A.

1.3. Notation and requirements.

The following definitions and notation are standard in convex analysis (for de-
tails, the reader is referred to the monograph [9]). Having a function h: U — R
, we denote by domh := {u € U : h(u) < 400} its effective domain and by h*
its Legendre-Fenchel conjugate,

U = R, h*(u*):=sup {(u",u), —h(u): uweU}.

The functions h (respectively co h, respectively €0 h) are the lower semi-continu-
ous (respectively convex, respectively closed convex) hull of h. In terms of
epigraphs, it holds that epih = epih, epicoh = co(epih), and, if dom h* # 0,
one has co h = h**, where h** denotes the Legendre-Fenchel conjugate of h*:

h™(u) = sup {(u", w), —h*(u")} Vuel.

u*eU*

Let us now focus on an abstract optimization problem depending on parameters.
Recall that the value function (also called optimal value function) m : U — R
associated with F'is given by m(u) := inf,cx F'(z,u), and its conjugate satisfies
the relation
—m*(u*) = inf Lp(z, u*) Vu" €U,
zeX

together with the so-called weak duality property:

—o0 < sup(D) = m*™(0y) < m(0y) = inf(P) < +oc. (2)
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Let us denote by epi, m the strict epigraph of the value function; it then holds
that
epig(com) = co(epiyzm) C co (Ar) C co(epim) C epi(com).

Taking the topological closure in the above relations, we obtain:

epi(com) = o Ap. (3)

2. A characterization of the min-sup property in the general case.

In the sequel we require the following basic hypothesis already in use in Propo-
sition 1.1:
(Hp) sup(D) > —oc.

Remark 2.1. Assumption (Hr) means that domm* # (). Moreover, when X
is a separated locally convex space, then (Hp) holds true if and only if

({Ox+} x U*) N dom F™* # (),
or, equivalently, if Ox« belongs to the projection of dom F™* onto X*.

Remark 2.2. If sup(D) = 400, then, by (2), (M.S) holds with T € X arbitrary
in (1).

Theorem 2.3. Let X be a set and F : X x U — R a function satisfying
(Hp). Then, the min-sup property (MS) holds if and only if Ap is convex
closed regarding {0y} x R.

Proof of Theorem 2.3. Let us set d := sup(D). By (Hp) one has that d €
| — 00, +00]. Since domm* # () (see Remark 2.1), one has m** = @ m and, by

(3),
({OU} X R) N @AF = {OU} X [m**(OU), —I—OO[: {OU} X [d, —f-OO[ (4)

Assume first that d = +o0o. Then,

({OU} X R) NAr C ({OU} X R) NcoAr = @,
and Ay is convex closed regarding {0y} x R. On the other hand, (M S) holds
by Remark 2.2, and both assertions in Theorem 2.3 are true.

Assume now that d € R. By (4) one has
(OU,d) € ({OU} X R) H%AF.

So, if A is convex closed regarding {0y} x R, then (0y,d) € Ap and there
exists some point T € X such that inf(P) < F(7,0y) < d < inf(P), and (MS)
holds.

Conversely, assume that (M.S) holds, and let r € R be such that (0y, ) € ¢ Ap.
One has to check that (0y,r) € Ap. By (4) one has r > d, and, by (MS), there
exists T € X such that d = F(z,0y) < r, that means (0y,r) € Ap. O
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Corollary 2.4. Let X be a set and F': X x U — R satisfying (Hp). Assume
that Ap is convex. Then, (MS) holds if and only if Ap is closed regarding
{OU} x R.

Proof of Corollary 2.4. Observe that co Ap = @6 Ar = Ap. Consequently,
Ap is convex closed regarding {0y} x R if and only if Ap is closed regarding
{OU} X R. U

Remark 2.5. It holds that

7 Ap convex X

m convex <= Ap convex.
X\ mconvex /A F

F' convex

Remark 2.6. (MS) duality property without convexity of Ap: an example.
Take U = X and let f,g : X — R be such that infy f = 0, g(0x) = 0,
and dom ¢g* # (. Define F(z,u) = f(z) + g(u) for any (x,u) € X2 The
corresponding problems are

(P) mingex f(x), (D) max, e+ —g*(u*).

One has m = g and (Hp) holds. Moreover,

Ap ={(u,t) € X xR: Jz € X s.t. f(z) + g(u) < t},

A—F =epig,
@AF — epig**,

{0x} x [0, +00[ argmin f # ()

({OX} X R) NAp = {{OX}X]U, —}-OO[ argmin f = 0,

and
({0x} xR)n e Ap = {0x} x [¢7(0x), +-00.

We therefore have

Ap convex closed regarding {0x} x R

§
argmin f # 0 and g**(0x) = g(0x)

)
(MS) holds.

Clearly, the above conditions can be verified without the convexity of f and g:

take for example X =R, f(z) = g(z) = /||

Corollary 2.7. If X is a separated locally convex space, Ap is convex closed
regarding {0y} x R, and (Hp) is satisfied, then

—oo < sup(D) = min F**(z,0y) < 4o00.
TEe
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Proof of Corollary 2.7. For any (z,u*) € X x U* one has F*(z,0y) >
—F*(0x+,u"), and inf,ex F**(x,0y) > sup(D). By Theorem 2.3 there exists
T € X such that

—00 < Sup(D) < lIl)f( F**(x70U) < F**(Ea OU)
S

S F(§7 OU) = Sup(D) S —+00,

and, finally, sup(D) = mingex F**(z,0y). O
Remark 2.8. Since (F**)* = F*, it follows from Theorem 2.3 and Corollary
2.7 that, under the assumption (Hp) one has

Ap closed convex regarding {0y} x R

\
Aps closed regarding {0y} x R

a property that may be checked directly by noting that Ap« is convex.

We now consider the case when the min-sup property holds simultaneously for
a family of perturbation problems.

Theorem 2.9. Let X be a set, and F : X x U — R a function satisfying (Hp).
For any nonempty subset V' of U, the following statements are equivalent:

(i)  for allv € V it holds that

—00 < sup. (— (w”,v)y + inf LF(x,U*)) = min F(z, v),

(i4) Ap is convex closed regarding V x R.

Proof of Theorem 2.9. Observe that (i7) means exactly that Ap is convex
closed regarding {v} x R for any v € V. So, for any v € V, one has to prove
that (i) is equivalent to

Ap is convex closed regarding {v} x R, (5)
or, equivalently, to
Apr — {v} x {0} is convex closed regarding {0y} x R.

To this end, let us apply Theorem 2.3 to the function G(x,u) := F(z,u + v).
We have Ag = Ap — {v} x {0}, Le(z,u*) = Lp(x,u*) — (u*,v),, and G satisfies
the basic assumption (Hg) since F' does. According to Theorem 2.3 applied for
G, we have that for any v € V, (i) is equivalent to (5). O

Corollary 2.10. Let X be a set, and F : X x U — R be a function satisfying
(Hp). The following statements are equivalent:
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(i)  for allv € V it holds that

—00 < sup. (— (u”,v)y + inf LF(x,'u*)) = min F(z, v),

(i) Ap is convez closed.

Proof of Corollary 2.10. From Theorem 2.9 we know that (i) is equivalent
to the fact that Ap is convex closed regarding U x R, that means (i7). O

Remark 2.11. Let us remark that the hypothesis of Proposition 1.4 implies
that condition (Hp) holds true. Indeed, if Ap is convex closed then m is lsc and
convex. Taking at least a finite value, it follows that m is proper, so m = m**,
fact which implies (Hp).

Accordingly, Corollary 2.10 may be seen as a slight improvement of Proposition
1.4 (that is of [10, Th. 2.2]), since it only requires that X is a set, and no longer
a separated locally convex space.

3. An application of Theorem 2.3 to the study of the duality gap in
penalty method.

Let (X, d(-,-)) be a metric space, endowed with a topology 7 coarser than the
topology induced by the distance, A C X be a 7-closed set, and ¢ : X —
RU{+o0} be a function which takes at least one finite value on A. To minimize
¢ over A, let us introduce one additional real variable, usually refereed to as a
penalty parameter, and define the following perturbation function:

o(z) dz,A)<r

F:X xR =R, F(x,r):=
+oo  d(z,A) >

Indeed, since A is 7-closed and 7 is coarser than the distance topology, it follows

that
Flz,0) = {(b(x) reA
+oo x ¢ A,
SO
inf(P) = inf F(z,0) = inf 6(z),
and, as

—m*(s) = inf (F(z,7)—sr)

zeX,reR

- inf( inf (qﬁ(x)—sr))

zeX \ r>d(z,A)

I s>0
) inf (é(x) —sd(z, A)) s <0,

rzeX
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it follows that
sup(D) = sup (inf (¢p(z) + pd(x, A))> .

p>0 \Z€EX

Since the function 0 < p — inf,cx (¢(x) + pd(z, A)) is non-decreasing, we have

sup(D) = lim (inf (p(x) +pd(:c,A))) : (6)

p—4oo \zeX

The aim of the next result is to provide, in the case of a set A which is bounded
and 7-compact, a characterization of all the 7-lower semi-continuous functions
¢: X — RU{+o00} for which the (MS) property

lim (inf (¢(x) + pd(z, A))) = min ¢(z) € R (7)

p—+oo \ zeX T€A

holds true.

Theorem 3.1. Let (X, d(-,-)) be a metric space, endowed with a topology T
coarser than the topology induced by the distance, and define the optimization
problem

o(x) d(z,A)<r

F:X xR—=R, F(z,r) =
+oo  d(z,A) >,

where A C X is a bounded T-compact set, and ¢ : X — R U {400} is a 7-
lower semi-continuous function which takes at least one finite value on A. The
following statements are equivalent:

i) the property (MS) holds,

it)  the function x — ¢(x) + pd(x, A) is bounded from below for some p > 0,

iii)  for every xg € X, the function x — ¢(x)+bd(x, x¢) is bounded from below
for some b > 0.

Proof of Theorem 3.1. i) = ii). From relation (7) it follows that, for p large
enough,
o0 < inf (6(x) + pd(z, 4)).
S

fact which proves statement 7).
i1) = iii). As A is bounded, it follows that
d(z, z9) <R Ve A,
for some R > 0, so
d(z,A) < d(z, zg) + R Vz € X, (8)

and
d(z, vo) < d(z,A)+ R VzreX. 9)
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From relation (8) it yields that
¢(x) +pd(z, x0) = ¢(x) +pd(z, A) —p R;

the desired conclusion results by noticing that, as the function x — ¢(z) +
pd(xz, A) is bounded from below, the same holds true for the function z —

(o(x) +pd(z, A) = p R).
i1i) = 1). The set A is given by the following formula:

Ap = {(r,t) e R, xR : (10)
dz,; € X st t > ¢(z,) and d(z, 4, A) <7}

It holds that
Ap N ({0} x R) = {0} x [inf ¢; +o0f; (11)
in order to prove the (M.S) property, we have to prove that

@ (Ar) N ({0} x R) = {0} x [inf ; +00]. (12)

Our proof takes two preliminary steps.

Let us first pick a,b > 0 such that
o(x)+a+bd(x, xg) >0 VrelX,

(such numbers exist since statement éii) holds true), and also pick R > 0 such
that
d(z, z9) < R Vz € A

in virtue of relation (8), we obtain that

¢(z) > —(a+bR) —bd(z, v9) Vre X.

The previous inequality applies in particular to the element z,; € X from the
relation (10):

t>¢(x,) > —(a+bR)—br Y(rt)e Ap. (13)

The second step needed in order to determine the set ©o (Ax) N ({0} x R), is to
prove that

Ar 0 ({0} x R) = {0} x [inf ¢; +oo]. (14)

To this respect, let us pick (0,t) € Ap; accordingly, there is a sequence (7,, t,,)
C Ap converging to (0,t). Thus,

neN

&(Trpt,) <t, VneN, (15)
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and

d(z,,+,,A) <r, VYneN. (16)

From relation (16) it easily results that there is a sequence (yy), oy C A such
that
d(Tr, 4, Yn) < 270, V€N (17)

But the set A is 7-compact, so, there is j € A, a 7-cluster point of the sequence
(yn). Relation (17), the fact that the sequence (r,) converges to zero, and the
fact that 7 is coarser than the distance topology allow us to deduce that 7 is
also a 7-cluster point for sequence (z,,4,). The function ¢ being 7-lower semi-
continuous, it follows that

limsup 6(z,.1,) = 9(7) = inf o, (18)

n——+0o0o
while relation (15) proves that

t= lim t, > limsup¢(x,, 4, ). (19)

n—+00 n——4o00

From relations (18) and (19) it yields that

Ap 1 ({0} x R) € {0} x [inf ¢; +o0];

this fact, combined with relation (11), proves the statement (14).

We are finally in a position to determine the set @ (Ag) N ({0} x R). To this
respect, let us pick (0,¢) an element from €0 (Ap); accordingly, (0,t) is the
limit of some sequence from co (Ar), and, in virtue of Carathéodory’s theorem,
there are three sequences (ri,n,ti,n)neN C Ap, i € {1,2,3}, and three sequences

(Ain)pen C 10, 1], 7 € {1,2,3}, such that
3 Ain=1 VneN,

and

(O,t) = llm (E?zlAi,n(ri,nati,n)) .

n—-+o0o

Since, on one hand, 0 = lim, s, (23, A\i,7in), and, on the other hand, se-
quences (A, Tn)n, @ € {1,2,3}, have only non-negative terms, it follows that all
three sequences (A, Tin)n, § € {1,2,3} converge to zero:

0= lim /\i,n Tin Vi € {]_, 2, 3} (20)

n—-+4o0o

By taking, if necessary, subsequences, we may assume that the three sequences
(Ain)n converge, and let \;, @ € {1,2, 3}, denote their limits. Of course,

¥ =1 (21)
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We claim that
liminf Xintin = A igfqﬁ Vi e {1,2,3}. (22)
n——+0oo

To prove our claim, let us pick j € {1,2,3}; we shall distinguish two cases.

Case 1: X\; > 0. Since the sequence (), converges to A; > 0, from relation
(20) specified to the case ¢ = j, it follows that the sequence (r;,), converges
to zero. Keeping this fact in mind, let us apply relation (13) to (rj,, t;,), and
take the limit inferior upon n going to +oo:

liminf ¢;, > liminf (—(a +bR) —br;,) (23)

n—-+o0o n—-+o0o

= —(a+bR)—blimsup(rj,) = —(a+bR).

n—-+o0o

Let w be a cluster point of the visibly bounded from below sequence (¢;,)n.
Accordingly, (0, w) is the limit of the sequence (7, tj,)n, so it belongs to the
set Ap. Relation (14) implies that

w > ir}‘f . (24)

Hence, the sequence (t;,), is bounded from below, and each of its cluster points
is no lest than inf 4 ¢, fact which proves relation (22).

Case 2: \j = 0. Let us apply relation (13) to (rj,, t;,), multiply by A;, its
both sides, and take the limit inferior upon n going to +o0o; since both sequences
(Ajm)n and (X, 7jn), converge to zero, we get that

liminf A, ¢, > liminf \;,, (—(a +bR) —br;,)

n—-+o0o n—-+o0o

= — (a+bR)limsup A;, — blimsup(\;,rj,) =0,

n—-+o0o n—-+o0o

and relation (22) is proved.

We have thus proved that, for any i € {1,2,3}, the limit inferior of the sequence
(Ain tin)n is no less than the real number \; inf 4 ¢; accordingly, by use of relation
(21), we deduce that

n—-+o0o n—-+o0o

t= lim (E?:1 (Ain tzn)) >, (lim inf (\; , tzn)>
> ¥, ()\i inf ¢) = (S5, \) inf ¢ = inf ¢,

and so

co (Ar) N ({0} x R) C {0} x [irjf ¢; +0o0. (25)

The desired relation (12) stems from relations (10) and (25). O
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Remark 3.2. Let us notice that standard examples (pick for instance X = R,
A ={0} and ¢(z) = —\/M) prove that the supremum in the dual problem may
not be achieved; Theorem 3.1 provides thus a zero duality gap valid regardless
of the existence of the Lagrange multipliers.

Remark 3.3. Condition i) in Theorem 3.1 can be easily reformulated as
"there exist o € X and b > 0 such that the function x — ¢(z) + bd(z, x¢)
is bounded from below” or equivalently, "the function ¢ admits a globally Lip-
schitzian minorant”.

The following easy application of the previous theorem may be seen as a gen-
eralization of the second part of Proposition 1.3, as it removes the blanket as-
sumptions of the continuity of ¢ at some point of A, on one hand, and of the
convexity of A, on the other.

Corollary 3.4. Let (X, |- ||x) be a real normed space, and define the optimiza-
tion problem

o(x) d(z,A) <r

F:X xR —R, F(z,r) = -

+oo  d(z,A) >,
where A C X is a weakly compact set, and ¢ : X — RU{+0o0} is a convex lower
semi-continuous function which takes at least one finite value on A. Then the
property (MS) holds.

Proof of Corollary 3.4. As ¢ is convex and lower semi-continuous, then ¢ is
also weakly lower semi-continuous. Accordingly, ¢ and A fulfills the requirements
of Theorem 3.1 when X is a real normed space and 7 is the weak topology (so
that A is norm-bounded).

Moreover, a standard consequence of the Hahn-Banach Theorem proves that any
function from I'(X) is bounded from below by an affine continuous function:

¢(r) > (z%,2) + a (26)
for some z* € X* and a € R. Let b be a real number such that b > ||z*| x~ (as
customary, || - ||x~ denotes the standard norm on X*); thus

bllzx > [|l2*]|x~ [|z]x > — (2", 2}, (27)

and we get that
¢(x) +bllz]x = a.

Accordingly, given xy € X, it holds that
¢(x) + bllz — zollx = ¢(x) + bl[x[|x — bllzollx = a — bllxol|x,

so the function ¢(x) + b||x — x| x is bounded from below. Hence, statement i)
from Theorem 3.1 is valid, which means that property min-sup holds true. O
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4. Conclusions

The newly introduced notion of convex closedness regarding a given set (Defi-
nition 1.6) lies at the basis of a new method in addressing the duality gap for
fully non-convex optimization problems depending on parameters.

This method, developed in Sections 2 and 3) had proved herself versatile enough
in order to allows us to completely characterize (Theorem 3.1) the min-sup
property for the classical penalty method with fully non-convex data, in the
general setting of a metric space. Moreover, Corollary 3.4 brings something new
even in the case of convex data, as, unlike known results, such as Proposition
1.3, it does not require the continuity of the objective function at some point of
the feasible set.
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