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In [5], we presented the separable reduction for a general statement covering practically all
important properties of Fréchet subdifferentials, in particular: the non-emptiness of subdif-
ferentials, the non-zeroness of normal cones, the fuzzy calculus, and the extremal principle;
all statements being considered in the Fréchet sense. As in earlier studies of various separa-
ble reduction techniques, this was done with the help of suitable cofinal families of separable
subspaces. In this paper we show that such reductions can be done with the help of a sub-
class of cofinal families known as rich families, recently articulated (and used) in [1], [12, page
37]. The most advantageous feature of rich families is that the intersection of even countably
many of them is again a rich family. This means that in case we need separable reduction of
a combination of properties and know that each of them is reducible by elements of a certain
rich family, then all we need to do is to take the intersection of rich families associated with
the properties instead of devising a new (and typically fairly complicated) proof.
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1. Prologue/warming up

It is said that a certain property P that may or may not be satisfied at elements
of e.g. a certain Banach space X is separably reducible (or separably determined)
if there is a family F of separable subspaces of X such that | JF = X and for
any Y € F the property P is satisfied at x € Y if the “restriction” of P to Y is
satisfied at z. (Usually it is not a problem to define the restriction of a property
to a subspace.)
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The need for separable reducibility is not rare in analysis — it often leads to
substantial simplifications and sometimes is the only way to obtain a result. We
refer to [5] for (certainly incomplete) list of separably reducible properties con-
sidered in the literature. Recently it has been realized that separable reduction
can be implemented with different types of families and there is one class espe-
cially attractive as it allows to simultaneously deal with a number of different
properties or objects.

We shall illustrate this with one of the simplest properties: continuity of a
function on a metric space. Let X be a metric space, preferably non-separable.
For z € X and r > 0 the symbol B(z,r) will denote the open ball with center
and radius r. Let f: X — (—00,4+00) be an arbitrary function. We shall focus
on recognizing the points of X where f is continuous by using the continuity of
the restrictions f [y of f to some separable subsets Y of X. Obviously, given
a fixed point z € X, then f is continuous at x if (and only if) the restriction
f|y is continuous at z for every separable, even just for every countable, subset
r €'Y C X. But statements so simple like that is not an objective of this
paper. We shall rather look for separable subsets Y C X such that for every
x €Y, if the restriction f|y is continuous at z, then the whole f is continuous
at x. In order to recognize points of the continuity of f we concentrate on the
following statement: Given any infinite countable subset C' C X we look for a
closed separable set C' C Y C X such that for every x € Y the function f is
continuous at x if (and only if) the restriction f|y is continuous at x. The latter
statement can be called a separable reduction for the continuity of f.

Let us construct such a Y. Denote by N the set of natural numbers, by Q
the set of rational numbers, and by Q, = Q N (0,+00) the set of positive
rationals. Denote Cj := C and assume that we already have found countable
sets Cy Cc C; C --- C C,_1 C X for some n € N. For every ¢ € C,_1 and
for every r € Q; we find a countable set ¢ € D(¢,r) C B(e,r) such that
diam f(B(c,r)) = diam f(D(c,r)). Define

C, = U {D(c,r) cceCyq, TE Q+};

which is clearly a countable set. Do so for every n € N and set finally Y :=
U~ Cy; the latter set is clearly separable. We shall show that this Y “works”.
So, pick any = € Y (if there is any) such that f|y is continuous at z. (If
x € (), for some n € N, then it is rather easy to verify that f is continuous
at x. However it may happen that © € Y \ | —, C, and then we have to work
a bit harder.) Let any € > 0 be given. The continuity of f|y yields an r > 0
such that diam f (B(z,7) NY) < e. We shall show that diam f(B(z,r)) < ¢
and so the continuity of f at x will be proved. So, fix any x1,z2 € B(z,r).
Since the latter ball is open, there is v > 0 such that 2y < r, that r — v € Q.
and that B(z,r — 27) © x1,x2. Find n € N so big that dist (z,C,,_1) < 7; find
then ¢ € C,_; such that the distance between ¢ and x is less than ~. Thus
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x1,22 € B(e,r — ), and so

[f(21) = f(2)| < diam f(B(c,r — 7)) = diam f(D(c,r = 7))
< diam f(B(e,r —v)NY) < diam f(B(z,7r)NY) < €.

Therefore diam f(B(z,r)) < ¢, and the continuity of f at x is proved.

Keeping still X and f fixed, let S be the family of all closed separable subsets
in X. Further, let C consist of all Y € § such that for every x € Y the function
f is continuous at z if (and only if) so is the restriction f|y at z. The statement
proved in the preceding paragraph can be reformulated as that the family C is
cofinal in' S, i.e., for every S € S there is Y € C such thatY D S.

If, instead of one f, we have two functions fi, fo : X — (—00,4+00), we can
elaborate a bit the proof above to get a cofinal family C; o C & such that for
every Y € Cya, for every x € Y, and for every ¢ € {1,2} the function f; is
continuous at z if (and only if) the restriction f;[y is continuous at x. However
it is not clear at first glance if we can for C; 5 take just the intersection of the
two cofinal families found for f; and f5; we do not even know if this intersection
is non-empty. This obstacle, and other reasons, lead to consider a stronger
concept, introduced in [1], see also [12, Section 3.6].

Definition 1.1. Let X be a (rather) non-separable metric [or normed] space.
Let S(X) denote the family of all closed separable subsets [closed separable
subspaces] of X. A subfamily R of S(X) is called rich if

(i)  for every S € S(X) there is Y € R so that S C Y and

(i) whenever ¥1,Y5,...€¢ Rand ¥ C Yo, C -+, then Y :=J 7 Y, € R.

More abstractly, let T be a set and let < be a (partial) order on it, i.e. < is a
subset of T'x T which is reflexive, symmetric and transitive, see [3, page 21].
We agree that, instead of “s,t €<” we will rather write “s < t”. Moreover,
assume that 7' is (up)-directed by <, i.e., for every ty,to € T there is t3 € T
such that ¢; < t3 and ¢ < t3. (An example of this is 7' := § and <:=“C",
see Definition 1.1.) A subset R C T is called cofinal/ dominating if for every
t € T there is r € R such that t < r. R is called o-complete/ closed if, whenever
r1 < ry < --- is an increasing sequence in R, then there is » € R such that
r; < r for every ¢ € N and r < ¢t whenever t € T" and r; < t for every ¢ € N. The
set R is called rich/a club set if it is both cofinal and o-complete. (Note that
the whole T is rich if T is o-complete.) Having these concepts introduced, then
we can easily see that a subfamily R C S is rich in the sense of Definition 1.1
if and only if R is rich in the partially ordered up-directed family (S(X), C).

The power of rich families is demonstrated by the following fundamental fact
(see [1] and also [12, page 37])

Proposition 1.2. The intersection of countably many rich families of a given
space is (not only non-empty but even) rich.
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In the paper, we shall be dealing with families of closed separable subspaces of
a Banach space ordered by inclusion.

We do not know if the family C defined above is rich, that is, if C is o-complete.
(We already showed that it is cofinal.) This can be remedied by shrinking C as
follows. Given X and f as in the beginning,

we define R as the family consisting of allY € S such that for every x € Y and
for every r > 0 we have that diam f(B(z,r)) = diam f(B(z,r)NY).

Clearly, R C C. The cofinality of R can be verified similarly as that of C. It
remains to check the o-completeness of R. Let Y1,Ys,... and Y be as in (ii) of
Definition 1.1. Fix any z € Y and any r > 0. Consider any z;,22 € B(z,7).
Find v > 0 so small that 2y < r and that B(x,r —2v) 2 z1,22. Find n € N so
big that dist (z,Y,,) < 7; find then y € Y,, such that the distance between x and
y is less than . Thus x1, 29 € B(y,r—7). AsY,, € R and y € Y,,, we have that

|[f(z1) = f(22)] < diam f(B(y,r = 7))
= diam f(B(y,r —v)NY,) < f(B(z,r)NY).

Therefore diam f(B(x,r)) = diam f(B(z,r)NY), and so Y € R.

Thus, if we have two or even countably many functions, then by taking the inter-
section of the corresponding rich families, we immediately get a rich family that
insures separable reduction of continuity simultaneously for all the functions.

This explains substantial advantage of dealing with rich families when we need
separable reduction. Typically a cofinal family can do the job for an individual
object or property. But when we need simultaneous reduction of a number of
them and have a rich family for each one, then all we have to do is to take the
intersection of all these rich families instead of devising a special proof in case
our families are only cofinal.

2. Primal representation of Fréchet subdifferentiability

Here we wish to construct rich families for separable reduction of various prop-
erties associated with Fréchet subdifferentiability. In pursuing this goal we shall
follow the traditional approach going back to [16], [6] (see also [4], [14], [9], and
[5]), whose first step is “primal” (not involving anything associated with the
dual space) characterization of the desired property.

Let (X, |- ||) be a Banach space, let f : X — (—o0, +00] be a proper function,
and let x € X be an element of its domain, i.e., f(x) < +o0o. We say that f
Fréchet subdifferentiable at x if there are an element z* of the dual space X*
and a function o : [0,4+00) — [0, +00) such that @ —0ast]0and

f(x+h) = f(x) = (2%, h) > —o([[n]])

holds for every non-zero h € X. The (possibly empty) set of all *’s for which
the above holds with a suitable function o(+) is called the Fréchet subdifferential
of f at x.
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Let k € N, let X, X,..., X be (rather) non-separable Banach spaces, and let
A, X; — X, i=1,...,k, be bounded linear operators. The statement below
is a slight extension of [5, Lemma 2.1].

Proposition 2.1. Let ¢ >0, ¢ >0, ..., >0, p1 >0, ..., ppr >0 be given
constants and let ¢ : X — (—00, +00| be a convex function, with p(0) < 4o00.
Then the following two assertions are equivalent:

(i)  There exist €, € (0,¢;), i = 1,...,k, and (wy,...wg) € Sx; X -+ X Sx,
such that

o(r) > p(0) — CHSL’ - ZAM” - Z€H|$i|| = Y_pillri — wil + > pi

holds for all (z,xq,...,x25) € X X X7 X -++ X Xj.

(it) There exists * € 0p(0) such that ||z*|| < ¢ and ||Aja*| — pi| < & for
everyt1=1,...,k.

Proof. (Above and below, 3~ means 3% |.) Assume (i) holds. Find &} € (0,¢;)

so that ||| Ajz*|| —p;| < &} for every i = 1,..., k. For each i find a norm attaining
w} € X[ such that ||w]|| = p; and |Afz* — w}|| < €;. Take finally a w; € Sx, so
that ||w}|| = (w}, w;). Then for all (x,,xq,...,2x) € X x X3 X -+ x X} we have

p(x) = (0) + (2", 2) = (0) + (2", 2 — D Aiwy)
+ 2 (AT —wi, m) + D0 (W) — wi) + Y (wy, wy)
> ¢(0) = cllz = Al = D2l = Xopilles — will + 3 pi.

Assume that (i) holds. Set

Yz, oy, .. 2) = o(x) + CHI' - ZAﬁUiH +2oellzill + 2 pillei — will = > pi.
Then
w(xvxla"ka) 2 SO(O) = 2/}(070770)

for all z € X and for all (zy,...,2x) € X7 X -++ X Xj. Thus, by Moreau-
Rockafellar theorem [15, page 47], there are 2* € 0p(0), & € ¢cBx~, and further,
for i = 1,... k, there are §; € £{Bx: and w; € X7, with (w},w;) = ||w][| = ps,
such that

(0,0,...,0)
= (2%,0,...,0) + (§, =AY, ..., = AT + (0,&1, .., &) + (0, w7, ... wy).

Hence, 0 = 2* + € and Af¢ =& +w; for i = 1,..., k. Therefore, ||2*| < ¢ and

1Azl = pif = [1ATEN = Tyl

< [|A7€ —w;

= &l < & <&

forevery i =1,..., k. O
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The proposition above gives us the key instrument for finding the necessary pri-
mal characterization of Fréchet subdifferentiability and several associated prop-
erties.

Let us call data any triple d = (c¢,e,p) such that ¢ > 0, ¢ = (e1,...,¢ex) €
(0,+00)*, and p = (p1,...,pr) € [0,+00)*. To begin with, we define for any

given data d and any w = (wy,...,w) € Sx, X --- x Sy, the function
Pdw(h, 1, .. Tp) = CHh - ZAzsz + ezl 4 Yopillws — wil|| = D ps,
where (h,z1,...,2,) € X x Xj X -+ X X} are the arguments of the function
and and d and w are parameters changing within the indicated limits. For any
fixed d and w this is a convex continuous function, equal to zero at (0,0,...,0).
Moreover for u = (uq,...,u;) € Sx, X --- x Sx, we have
Paw(hs 1, k) = Pau(hywy, o an) < opillwi — gl (1)

We need more notation for the statements below. Namely, we denote

e by A the collection of all sequences 6 = (d,) € (0,+00)” such that §; >
52 > e

e by A the collection of all sequences A = (\,,) € [0, +00)” such that > 2 A, =
1l and {n € N: A, > 0} is a finite set;

e Dby T the collection of all (v,) € N* such that {n € N: v, # 1} is a finite
set;

e and, given v = (1,) € T and 6 = (J,) € A, we denote by H(v,d) the
collection of all sequences (h,) in X such that ||h,| < d,, for every n € N.

The next proposition offers the desired primal characterization. It translates
the non-emptiness of Fréchet subdifferential (even a subtler fact) completely
into terms of the space X. The proof of the proposition repeats word for word
the proof of [5, Lemma 2.2] if we replace the reference to [5, Lemma 2.1] by the
reference to Proposition 2.1, so we omit it.

Proposition 2.2. Consider a proper function f : X — (—o0,+0o0] and fix
x € X such that f(x) < +o00. Then, given data d = (c,e,p), the following two
assertions are equivalent:

(i)  There exist £} € (0,e;), i =1,...,k, w:=(wy,...,wg) € Sx, X...x Sx,,
and a sequence 0 := (01,09,...) € AN QY such that for d' = (c,&', p) the
inequality

Z)\n (f(ZL‘ + hn) + Vith”) +pd’,w (Z )\nhnaxly e w'Ek) Z f(ZE) (2)
n=1 n n=1

holds whenever z1,...,x; € X1 X -+ X Xg, (\,) € A, v e Y, and (h,) €
H(v,0).

(it) There exists x* € Op f(x) such that ||z*|| < ¢ and ||Ajz*|| — pi| < & for
everyt=1,...,k.
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Our aim is to find a rich family that could be used for a separable reduction of
(7). Tt is the first property (i) of the proposition that equips us with a suitable
instrument for constructing such family.

3. Rich families associated with (i) in Proposition 2.2

Let k, X, X4,..., Xy, Ay, ... Ay have the same meaning as before. By a block we
understand any product Y x Y] x --- X Y, where Y,Y],..., Y}, are subspaces of
X, Xy, ..., Xy, respectively. Any F C S(X x X; X --- x Xj) whose elements are
blocks is called a block-family. For every block )V :=Y x Y] x --- X Y}, every
r €Y, every A = (\,) € A, every v = (v,,) € N¥, every § = (J,) € A, every data
d = (c,e,p) € [0,+00) x (0,+00)* x [0, +00)* and every w € Sx, x -+ X Sy, we
denote by I(z, \,v,d,d,w,)) the following (possibly infinite) quantity

1nf{z>\ ( f(x+ hy) —||hn||> + Pd,w (Z)\nhn,xl,...,xk):
Vn n=1

(3)
(hn) € H(r,0)NY™, (x1,...,25) €Y1 X -+ X Yk}.

FY=XandV, =X, foralli=1,... k, we write just I(z, \,v,d,d, w). With
this notation, (2) reads as I(x, \,v,6,d,w) > f(x).

For/\—(/\)EA v=(v,) € N and d = (c,e,p) € [0,+00) x (0,+00)" x
[0, +00)* we define the block- famlly Riv.a as that consisting of all blocks Y :=
Y xY;x - xY, e S(X x X; x ><Xk) such that

and that forallz €Y, 6 € ANQ¥, and w € Sy, X --- x Sy,
I(x,\v,0,d,w) = I(x,\v,0,d,w,)). (5)

Proposition 3.1. For any A = (\,) € A, v = (v,) € N and d = (¢,e,p) €
[0, +00) x (0, +00)k x [0, +00)*, the family Rx,.q defined above is rich.

Proof. Fix any A\, v and d as above and put, for simplicity, R := Ry, 4. We
re-denote [ (z, A\, v,d,d,w) and I(x, \, v, d,d, w,)), respectively, by I(x,d, w) and
I(z,d,w,Y). Now, for every x € X, every w = (wy,...,wg) € Sx; X ... x Sx,,
every 0 € A, and for every m,n € N we find vectors v;(z,d,w,m) € Xy,...,
vg(z, 0, w,m) € Xy, and vectors g,(z,0,w,m) € X, with ||g,(z,d,w,m)|| <J,,,
such that

> 1
o)+ 2 (F o+ gl m) + o8,

n

(6)
+ Pdw (Z /\ngn(l‘7 57 w, m)v Ul(l‘7 57 w, m)v Sz} Uk(l‘a 57 w, m))
n=1
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if I(z,d,w) > —o0, and

n

> 1
cn > 3w (gt g) + gt 8]
n=1

o (7)
+ Pdw <Z )\ngn(l‘7 57 w, m)7 Ul(l‘7 57 w, m)v e 7,Uk(l‘7 57 w, m))

n=1

if I(x,d,w) = —oo. Here, we choose the vectors v;(x,d,w, m) and g,(z,d, w, m)
in such a way that v;(x,d,w,m) =v;(x, ' ,w,m) and g, (z,0,w,m) = g,(x,8 ,w,m)
whenever 6,4’ € A and 6,, = ¢',, for every j € N such that \; > 0. By this we
guarantee that for every z € X, every w € Sx, X --- x Sx,, and every m € N
the set

{vi(x,0,w,m): i=1,....k 6 € ANQ~“}
U {gn(z,0,w,m): neN, § € ANQ~-}

is countable.

We first show that R is cofinal in S(X x X; X --+ x X}). To begin with, fix any
Z € §(X) and any Z; € S(X;), i = 1,...,k. Choose countable dense subsets
Coin Z, C}in Zy,..., and C} in Z;. Assume further that for some m € N
we have already constructed countable sets Cy € Cy C --- C (,,1 C X and
cicCic---cCl |, CSx,i=1,... k Define then C,, as the Q-linear
span of the union of C,,_1, 4;(C% ), i =1,...,k, and the set

m—1
{gu(z,6,w,m): neN, 2€Cpy, §€ANQY, weC) | x - xCk_}

Likewise, for any ¢ = 1,..., k define the set C! as the Q-linear span of the union
of C7,_, and

{vi(x,6,w,m): i=1,....k, € Cpy, SEANQY, w e CL_ | x---xCk |}

augmented with normalized versions of its elements (that is, vectors of the form
¢/11€])- Clearly, all these sets are still countable.

Set Y :=CoUC;U--- and Y; :=CiUCIU--- for every i = 1,..., k. Clearly,
these are closed separable subspaces and YV ==Y XY} X --- XY, D Z X Z; X

- X Zr We have to show that ) belongs to R, that is, that (4) and (5) hold.
The verification of (4) is easy. As regards (5), fix any z € Y, 6 € AN Q¥,

and w = (wy,...,wg) € Sy; X --- x Sy,. Clearly, it is enough to prove that
I(z,,w) > I(x,0,w,)). Uniform continuity of the assignment u +— pg,, (- -)
(see(1)) allows us to assume that w; belongs to CAUC;U- - - foreveryi =1,... k.

Now, consider any (h,) € H(v,0) and any (zq,...,zx) € X; X --- x Xj. Put
N :={n e N: )\, > 0}; this is a finite set. Take an arbitrary r € Q, so small
that ||h,| < d,, — 2r for every n € N. Find then ¢’ = (&) € A N Q¥ such that
o <6, for every n € N and 9, = 6, —r if n € N. Find m € N so big that
wy € CL_1, ..., w, € Ck | and that dist (z,C,,_) < r; pick then y,, € C,,_;
such that ||z — ym| <.
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We are now ready to estimate

5 (0 o8- 00) - ' 00 ©)
n=1 n

+ pd,w (Z )\ngn<ym7 5,7 w, m)7 U1 (ym7 6,7 w, m)a s 7'Uk:(ym7 5/7 w, m))

n=1

> 1
> M (f (& + (U =+ G0, 0, 10))) + =l = & + g (in: a',w,m>|r)
n=1 n
+pd,w <Z)\n (ym — T+ gn<ym7 5/,’11], m)) 7?}1<ym7 5/,’11], m)a ey

Uk(ymﬁ/”év,m)) —r—cr>1(x,6,w,Y)—r—cr

the last inequality being true because v;(y,, 0, w,m) € Cy,, C Y and (y,, — x+
9n(Ym, 8, w,m) : neN) € H(v,d) NY«.

If I(ym,d', w) = —oo for infinitely many m € N, then (7) and (8) imply together
that —m > I(z,0,w,Y) — r — cr for all such m; hence I(x,d,w,)Y) = —o0, and
thus I(z,d,w) > —oo = I(z,d,w,)).

Assume now that I(y,,,d,w) > —oo for all sufficiently large m € N. Fix one
such m, big enough to guarantee that m > 1. Define b/, := h,+z—vy,, if n € N,
and h) :=0if n € N\ N. Then (h]) € H(l/ 5’) and we can estimate

Z)\ ( (x + hy) —||h ||) + Pd.w (Z)\ hn,xl,...,xk) (9)

n=1
- S (f<ym+h;> 4l ||) T Paw (ZA ha:)
n=1 n=1
Z Z)\n (f(ym_’_h:z) ||h, ||) +pdw (Z/\ h .171,...,[L'k> —Tr—cCr
n=1 n=1

> I (Ym, 0, w) —1 —cr

& / 1 /
n=1

n

+ Ddw (Z AnGn(Yms 0" w0, M), 01 (Y, 85 w0,m), o Uk (Y, 8 w0, m))

n=1

1
—— —r—cr
m

> I(x,0,w,Y) — 3r — 2cr,
by (6) and (8). Since r € Q. could be arbitrarily small, this proves that I (z, d, w)

> I(x,6,w,)). Therefore Y € R and so the property (i) from Definition 1.1 is
verified.
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To prove that R is o-complete, we have to somewhat elaborate on the above
constructions. Let Y1 =Y, x Y! x -+ x Y}, Vo =Yy x Yol x --- x YF ... be
an increasing sequence of elements of R. Put ) :=Y x Y! x --- x Y* where

YVi=Y,UY,U---, Y'=Y'uYju---, ..., Y. =YFuY}fuU

We have to show that ) belongs to R. This means to verify (4) and (5).

The proof of (4) is straightforward. As regards (5), fix some z € Y, § € ANQ¥
and w = (wy,...,wg) € Sy1 X -+ X Syx. We have to prove that I(z,d,w) >
I(z,0,w,)). Because the assignment u — pg,(---) is uniformly continuous,
we may and do assume that w € SY]; X - X Syjk for some j € N. Now,
take any (h,) € H(v,0) and any (z1,...,2%) € X1 X -+- X Xj. Let again
N :={n e N: A, > 0}; this is a finite set. Take an arbitrary » € Q4 so small
that ||h,| < d,, — 2r for every n € N. Find then ¢’ = (d)) € A N Q¥ such that
o <6, for every n € N and 9/, = 6, —r if n € N. Take m € N so big that
m > j and dist (z,Y,,) < r; pick then y,, € Y, so that ||z — y,,|| < r. Define
h!,:=h,+x—yy,ifne€ N,and b}, :=0if n € N\ N. Then (h}) € H(v,0") and

n

from the first half of (9) (valid also now) we have

T+CT+Z)\ ( f(x+ hy) —Hh H) + Pdw <Z)\ hn,xl,...,wk> (10)

n=1

(ym75/7 ) = I(yma 5/7w7ym) 2 [(ym76,7w)y)

since ¥y, € Y™, YV, € R, and ), C ).

Now, consider any (k,,) € H(v,0')NY* and any (2,...,z}) € Y1 X -+- x Y}. Set
kl :=ky+ym—axifne N,and k/, :==0if n € N\ N. Then (k) € H(v,0)NY*

and we can estimate

oo 1 oo / /
Z/\n (f(ym +kn) + I/_Han) +pd,w (Z )\nknaxlw .. 7wk)
n n=1
Z/\ ( flz+k) ||kn||) + Pdw (Z)\nkn7$i,-.~,$;€>
>Z/\ ( flx+ k) _||kj/||)+pdw<z)\k’ :p’l,...,x;)

n=1

—r—cr

> ](x,é,w,y)—r—cr.

Hence
I(Ym, 0", w, V) > I(x,6,w,Y) —r — cr. (11)

Therefore, combining (10) and (11) and recalling that r € Q, was arbitrarily
small, we conclude that I(z,d,w) > I(x,d,w,)). This verifies (5) for our Y and
hence guarantees that ) € R. We proved that R is o-complete. O
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Remark 3.2. There are other rich families associated with (i). For instance
we can drop condition (4) in the definition of C,,. But the family so obtained
cannot be used for separable reduction of (iz) in Proposition 2.2.

4. Main result

We can now state and prove the main result of the paper.

Theorem 4.1. Let k € N, let X, Xq,..., X, be Banach spaces, let A; : X; —
X, 1=1,...,k, be bounded linear operators, and let f be a proper extended real-
valued function on X. Let finallyc >0, e1 >0,..., e, >0, p1 >0, ..., pp >0
be given constants. Then there exists a rich block-family R C S(X x X7 x -+ X
X) such that for every Y xYy x---xYy, € R we have A1 (Y1) C Y, ..., Ap(Yy) C
Y, and for every x € Y the following holds:

There is an * € Op f(x) such that ||z*|| < ¢ and ||Aja*||—pi| <&, i=1,... k,

whenever there is a y* € Op(fly)(z) such that ||ly*|| < c and |||(Aily,)*y*[| — pi| <
Eiy 1= 1,...,k).

Proof. Put ¢ := (e1,...,ex), p := (p1,---,pk), and d := (c,e,p). For every
A€ ANQ¥ and every v € T let Ry, q be the corresponding rich family from
Proposition 3.1. As there are countably many such A\ and v, the intersection R
of all such families over A and v is also a rich family by Proposition 1.2. This is
precisely the family we need.

Indeed, take any )V :=Y x Y] X --- x Y, € R. Take any x € Y and assume that
there is y* € dp(fly)(z), with [|y*|| < cand [|[(Aily,)*y*||—pi| <& i=1,... k.
By Proposition 2.2, there are ¢, € (0,£,) NQ, i =1,...,k, w € Sy, X -+ X Sy,
and 0 € AN Q¥ such that, when putting d' := (c, (€},...,€}),p), we have
I(x,\,v,0,d ,w,Y) > f(z) for every A € A and for every v € T. But then, by
the definition of our R and by (5), we have that I(z, \,v,d,d',w) > f(z) for
every A € ANQ¥ and v € T. Applying again Proposition 2.2, we conclude that
there exists 2* € 9pf(z), with ||z*|| < c and |[|(Ai]y;)*z*|| — pi| < &; for every
i=1,.. k. [

All the results to follow are consequences of the theorem above.

Corollary 4.2 (Preiss-Zajicek; see [12]). Let X be a Banach space and f
an extended real-valued function on X. Then there is a rich family R C S(X)
such that for anyY € R, any x € Y, and any ¢ > 0 the following two properties
are equivalent:

(a) f is Fréchet differentiable at x and || f'(x)|| < ¢;
(b)  fly is Fréchet differentiable at x and ||(fly) (x)| < c.

Proof. Applying the theorem to f and X; := -+ := X}, := {0}, we immediately
get a rich family R, C S(X) such that for any Y € R, and any = € Y we
can be sure that g f(z) contains an element with norm not greater than c if
the same is true for Op(f|y)(x). Likewise, applying the theorem, we find a rich
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family R_ C S(X) with similar properties for the function — f. It remains to set
R :=R,NR_ and apply Proposition 1.2 taking into account that f is Fréchet
differentiable at z if (and only if) both Opf(z) and Op(—f)(x) are nonempty.
This proves that (b) = (a). The opposite implication is trivial. O

Theorem 4.1 is suitable for separable reductions of various statements on Fréchet
subdifferential of one function. As a very particular case of it we get the existence
of a rich family of separable subspaces that guarantees separable reduction of
the non-emptiness of Fréchet subdifferential. But Theorem 4.1 allows to say
more.

Corollary 4.3. Given a Banach space X, a proper function f: X — (—o0,+00],
and constants 0 < § < ¢, then there exists a rich family R C S(X) such that
0 < ||z*]| < ¢ for some x* € Opf(x) whenever Y € R, x €Y, and § < ||y*|| < ¢
for some y* € Op(fly)f(x).

Proof. Let k£ := 1, X; := X, and let A; be the identity operator on X. For
every &1 > 0, py > 0 (and our given c) let R., ,, be the corresponding rich
block-family in S(X x X) found in Theorem 4.1. Put Rg := (| {Rx,p, : €1,p1 €
Q+}; this is again a rich block-family in S(X x X) by Proposition 1.2. Put
Ry ={Y xY : Y € §SX)}; clearly this is a rich family in S(X x X).
Put Ry := Ry N 'Ry; this is a rich family by Proposition 1.2. Define finally
R:={Y eS(X): Y xY € Ry}; it is easy to show that this is a rich family in
S(X).

It remains to verify that this R “works”. So take any Y in it, any = € Y, and
assume there is y* € Op(f|y)(x) satisfying that 0 < [|y*|| < ¢. Find €,p € Q4
such that § < p—e < ||y*]| < p+¢ < ¢. By Theorem 4.1, as Y € R, ,, there
is #* € Opf(z) such that [|2*| < ¢ and |[|z*|| — p| < e. It then follows that
d<p—e<|zf<pt+e<ec O

If the f is an indicator function of a closed subset 2 of X, then we get separable
reduction (via a rich family) of non-zeroness of the Fréchet normal cone of €.

We can make a one step further and apply Theorem 4.1 to get the existence of
rich families for separable reduction of Fréchet subdifferentiability of composite
functions obtained by means of one or another functional operation with various
quantitative requirements on elements of Fréchet subdifferentials. The following
umbrella theorem is a gateway to many results of this sort.

Theorem 4.4. Let m € N, let Z,Zy,...,Z,, be Banach spaces, and let con-
stants ¢ > 0, v > 0, g > 0, p; > 0, proper functions f; : Z; — (—o00,+00],
and linear bounded operators \; : Z — Z;, 1 = 1,...,m, be given. Then
there exists a rich block-family R C S(Z X Z1 X -+ X Z,,) such that for ev-
ery V.x Vi x -+ xV, €R we have A{(V) C Vi,..., Ap(V) C V,, and for
every (21, ..., 2m) € Vi X -+ X Vi, the following holds:
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There are zi € Op f1(21), ..., 25 € OF fm(2m) such that
ZHZQ‘HSC, X:Afz;k <7, [Nzl —pil <& i=1,....m,
i=1 i=1
whenever there are vy € Op(filv)(21)s ..., U5 € Or(fmlv,,)(2m) such that
Dollill e Do) o <y )il —pil <ei, i=1,...,m.
i=1 i=1

Proof. Set X := 7, x---x Z,,, and endow it with the /,,-norm, so that for z =
(21, ., 2m) € X and x* = (27,..., 2}) € X* we have ||z| = max{||z1|| zmll }
and ||z*|| = |25l + -+ + ||z%,]]. For every subspace U of Z we denote AU =
{(z,...,2) :+ z € U}. Set further Xy := AZ, X, == Z,..., X, := Z, and
define operators A; : X; — X, ¢ = 0,1,...,m, as follows: Ay(z,...,2) =
(Az,...,Apz) and, fori=1,...,m, A;(z) := (0,...,0,A;2,0,...0) with A;z at

the i-th place. An elementary calculation reveals that for 2§ € Z7,... 2} € Z%
we have L .. ..
[AG (=T, - - 2z = IIAT2T + -+ ALz 12
NAZ (21, ozl = [Af2F], i=1,...,m
More generally, if V € §(Z2), Vi € §(Z;), and vf € V[, ..., v, € V* we have
| Aolav)™ @i wn)ll = [ alv)" o7 o+ (Aly) e[| (13)
| (Ailv)" (o, o) || = [ Aalv) of], i=1,....m. (14)

Let now f: X — (—o0, +00] be defined by

f(zla'“)Zm) = fl(zl)+"'+fm(zm)7 (217"'vzm) € X.

Clearly, this is a proper function. Moreover, this is a “separable” function, i.e.,
the sum of functions depending on mutually different arguments; so

Opf(z1, ..., 2m) = Opfi(z1) X -+ X Op frn(2m). (15)

Finally, we set g = 7, po = 0.

Let Ry C S(X x X x X X -+ x X,;,) be the rich block-family found in The-
orem 4.1 for our constants, ¢, &;, p;, ¢ = 0,1,...,m, and for our operators
Ag, A1, ..., A,,. Consider the block-family

Ri={Vix XV, xAV XV x---xV:
VieS(Zy),....Vin€S8(Zn), VeSZ)};

clearly, it is rich in S (X x X x X7 X -+ x X,;,). Put Ry := RoNRy; it is also
rich by Proposition 1.2. Finally, put

Ri={VXVix o xVy: Vix XV xAV XV x -+ xV € Ry}
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this block-family is also rich, now in § (Z x Z; X --- X Z,,).

We shall show that R has the desired properties. So, fix any V x Vj x---xV,, €
R. Then Vi x- - -xV,, xAV XV x---xV € Ry. Now, apply Theorem 4.1 where we
plugk:=m+1, Y =Vix---xV,, Yo =AV, Y=V, ..., Y, ==V, and get
that Ag(AV) C Vix---xVp,, Ai(V) CVix-- XV, ..., Ap(V) CVix---xV,,.
Thus, using the definition of A;’s, we get that Ay (V) C Vi,..., A, (V) C V.

Take now any = = (z1,...,2m) € Vi X -+ x V,,. Then the statement: “there is
an z* € Op f(x) such that [|2*| < ¢ and [||Ajz*|| — pi| <& for i =0,1,...,m”
means, by (12), that z* = (z],...,2%) for some z} € Opfi(z;) and ||25|| + - +
llzill < e |[Afzf 4+ -+ A2k || <eo =1 and ’||Ajzj|] — pl-| <eg,i=1,...,m.

Likewise, the statement: “there is v* € Or (f|vix..xv;,) (z) such that [[v*] < ¢
and ||| (Ai|v)"v*|| = pi| < & for i = 0,...,m” means by (13) and (14), that

vt = (vf, ..., o) for some vf € Op (filv,) (2i), VT[4 -+ o]l < e [[(Alv) ol +
o (A ] < 20 = 7 and [[(Ay) ol = pi] <20 = 1, ..m.

As, by Theorem 4.1, the first statement holds at = = (21,...,2,) € Vi X--- XV,
if the second statement holds at the point, this completes the proof. [

As consequences of Theorem 4.4, we can get quantitative versions of separable
reductions (via suitable rich families) for a fuzzy calculus and an extremal prin-
ciple for Fréchet subdifferentials and Fréchet normal cones, respectively. In the
following corollaries we consider (as simple but basic examples) the operations
of composition with a linear operator and sum of functions.

Corollary 4.5. Let X and Y be Banach spaces, let f be a proper function on
Y, let A: X — Y be a bounded linear operator, and let x* € X*. Given an
e >0 and ¢ > ||x*||, then there exists a rich family R C S(X xY') such that for
every U x V € R we have A(U) CV and for every y € V the following holds:

There is y* € Op f(y) such that ||y*|| + ||z*|| < ¢ and ||A*y* — 2*|| < ¢ whenever
there is v* € Or(f|v)(y) such that ||v*|| —I—} *|v|| < ¢ and H(A|U)*v*—x*|UH < €.

Proof. Applying Theorem 4.4 to m := 2, v := ¢, to any €1 > 0,69 > 0,p; >
0,p0>0,and to Z :=X, Z1:=Y, Zy =X, fi:=f, fo:=—a% A;:= A, to
Ay being the identity operator on Z,, we get a rich block-family R., , p1,po C
S(X x Y x X). Put then Ro := (N {Re,copipo : 1,62, p1,p2 € Qi }; thisis a
rich block-family. Further put Ry .= {U xV xU : U € §(X), V € S(Y)}
and then Ry := Ry N Ry; we again got a rich block-family. Finally, define
R ={UxV : UxV xU € Ry}; it is easy to check that this is also a
rich block-family. Now, the verification that our R has the desired properties is
routine. [

As a consequence, we get a new fuzzy chain rule for the Fréchet subdifferential
of the composition with a linear operator.

Theorem 4.6. In addition to the assumptions of Corollary 4.5, suppose that'Y
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is an Asplund space, f is a function on'Y Lipschitzian in a vicinity of yj := AT,
let x* € Op(f o A)(T), and let ¢ > 0 be given. Then there are y € Y and
y* € Opf(y) such that ||y — AZ|| < € and ||[A*y* — z*|| < e.

The novelty of this result, when compared with the known fuzzy chain rules for
compositions, is that X is no longer assumed to be Asplund. The (small) price
we pay is the necessity to assume that f is Lipschitz near . It is not clear to
us whether this assumption is essential or is connected only with the techniques
used in the proof below.

Proof. Forz € X set g(x) = (foA)(x); then g(z) > g(T)+(z*, x—T)—r(||lx—T||,
where 7 : [0, +00) — [(0,400) is a function such that @ — 0ast | 0. We can
moreover assume that r(¢) > 0 for all ¢ > 0, that r is convex, and that or(t) — 0
as t | 0. (For convexity see [11]; the rest is easy to show.) Fix any § > 0 such
that f is Lipschitz with constant ¢ on the ball B(7,J).

For every n = 1,2, ... consider the function
en(w,y) = f(y) +nlly — Aul® + 2r(Ju = 7)) — (2", u =), (u,y) € X x Y.

Set @ := B(7,0) x B(y,d) and choose for every n € N a pair (u,,v,) € @ such
that
On (U, vy) < igfgpn +n72 (16)

We claim that (u,,v,) — (Z,7) as n — 0.

Indeed, we notice first that, ||v, — Au,|| — 0 as all terms of ¢, are bounded
below on @ and infg ¢, < ¢, (Z,7) = f(y) < +oo. Furthermore

024 F(G) = o, va) = () +2r(Jun — Z) — (@7, un — T)
> f(Aun) = Cllvn — Aug|| + 2r(Jlun — Z[]) — (2", 20 — T)
> [(@) + (" = T) = r(lun = Z) = v — Auy|

+ 2r(||u, — T||) — (=¥, up, — T)
= (@) — llvn — Aug| + 7(|lun — )

and we conclude that
0 < r(|lun —Z|) <n 2 +Lv, — Azy|| — 0 as n — oco.

Now, the properties of r force that u,, — T, and consequently v, — ¥ as claimed.

We shall first verify that the result is true when Y is a separable space. In this
case as Y is Asplund, there is a dense collection of Fréchet smooth equivalent
norms in Y ([2], pp. 43, 48). So we assume that Y is endowed with such a norm,
say || - |ly-

For every n € N so big that (u,, v,) lies in @, the variational principle of Ekeland

applied to ¢, restricted to Q yields a pair (2, y,) € @ such that ||z, —u,| < n™!,
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|90 — vnl] < n~! and that

Vn(2,y) = @n(r,y) + n_l(Hx — Zoll + 1Y = Unll) = Yn(Tn; yn) = ©n(Tn, Yn)

for all (z,y) € Q. From the above, we get that ||z, —Z| — 0 and ||y, — || — 0
as n — oo. Thus for all n € N big enough the couple (x,,y,) lies in the interior
of  and we can subdifferentiate in Fréchet sense without any troubles. From
now on, consider any such n € N.

Let v* be the derivative of nl| - |2 at the point y, — Ax,, and let v,(z,y) be
the sum of all terms of 1, except nlly — Az||*> — (2%, — 7). As the latter is
Fréchet differentiable, we have that Opt,(Tn, Yn) = O Yn(Tn, Yn) + (—A* 0, vF) —
(z*,0). On the other hand, 7, is the sum of two functions, one \,(y) =
fly) + n Yy — yall, v € Y, depending only on y and the other u,(z) =
2r(||z—=|))+n"Y|z—2,||, * € X, depending only on x. Therefore Oryy, (T, Yn) =
OFpin(Tn) X OpAn(yn). The Fréchet subdifferentials of A, and p, are easy to es-
timate. Indeed, as Y is Asplund, the standard fuzzy sum rule (see Theorem
4.8 below) gives OpAn(yn) C Opf(§n) + n "' By« + n~ !By« with some g, € YV
satisfying ||, — yn|| < n~'. On the other hand, pu, is the sum of two convex
continuous functions. Therefore the Fréchet subdifferentials of p, and both
its component functions coincide with their convex subdifferentials, so that

Opin(z,) C 20r(||x, — T||)Bx+ + n~!Bx« =: 6, Bx+, where §,, — 0 as n — oo.

Summarizing, we conclude that 0 € 9,,f(9,) + v} + 2n "By« and 0 € —Av} —
x* + 0, Bx+, where ¢,, — 0 as n — oo. This means that there is a y} € Opf(7n)
such that ||y + v < 2n~! and ||z* — A*y%|| < 6, + 2n7||Al] — 0. It remains
to note that ||g, — Az,|| — 0 as ¢, — ¥ and x,, — Z. This completes the proof
of the theorem for the case of separable Y.

Returning to the statement of the theorem, assume now that Y is a non-separable
Asplund space. Let R, C S(X xY) be a rich block-family satisfying Corollary
4.5 and corresponding to ¢ := m and € := n~'. Then R = (| R, is also a rich
family by Proposition 1.2. Take a (U,V) € R with T € U and y € V. Clearly,
Aly : U — V and 2*|y € Op(f|v o Alp)(T).

Now, from the separable case already proved, we can find a y € V and a v* €
Orflv(y) such that ||y — 7| < e [|z*|y — A[;;v*|| < e. It remains to choose
m,n € N such that the two inequalities remain valid with € replaced by n~! and
lv*|| + |z*]] < n and to apply Corollary 4.5 taking into account that (U,V) €
R O

The second corollary of Theorem 4.4 is related to sums of functions.

Corollary 4.7. Let Z be a Banach space, consider constants ¢ > 0, & >
0, pp > 0,..., pm >0, and let proper functions f; : Z — (—o0,+00], i =
1,...,m, be given. Then there exists a rich family R € S(Z) such that for every
V €R and every zi,..., 2z, €V the following holds:

There are zf € Opfi(2;), i =1,...,m, such that

Al +- izl < e M+l <e |l —pl<e, i=1....m
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whenever there are v} € Op(filv)(z), i =1,...,m, such that
il +- -+ lopll < e lvi 4ol <e [llil—pl <e i=1,....m.

Proof. Apply Theorem 4.4, with Z; :=---:= Z,, := Z, A; being identities and
vi=¢g1:= -+ =g, = ¢, and get a rich block-family Ry C S(Z™*!). Using a
simple gymnastics like in the proof of Corollary 4.5, we produce a rich family R
in §(Z) with the desired property. O

The corollary, in turn, provides a direct access to the fuzzy sum rule in Asplund
spaces which, in the simplest form, is stated as follows.

Theorem 4.8. Let X be an Asplund space, and let fi and fs be two lower
semicontinuous functions on X with one of them Lipschitz near a certainx € X.
If x* € Op(f1 + f2)(x), then for any € > O there are x; € X and x} € Or f;(x;),
i =1,2, such that ||z; — z|| < € and ||z} + 25 — 2*|| < e.

Proof. The statement is true if X is a separable Asplund space. For the proof,
first find an equivalent Fréchet smooth norm, see e.g. [2, pages 48, 43|, and then
proceed as in [7]. If X is non-separable, put together the validity of the separable
case and Corollary 4.7 in a way similar to how in has been done in the proof of
Theorem 4.6. O]
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