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1. Introduction

In 1886 Giuseppe Peano [17] publishes the first proof that the continuity of a
function f : (a b)×R → R is a sufficient condition for an initial value problem(1)

y′ = f(x, y), y(a) = c. (ODE)

to have one or more local solutions. The concepts and instruments applied by
Peano in his paper have been hardly ever recognized for the importance they
deserve. Some authors (see for example, Kennedy [8, 9], Flett [2]) assert that

1 According to Peano’s notation in Formulario Mathematico [25], we shall denote the inter-
vals of the real line in the following way: a b := {x ∈ R : a < x < b}, a b := {x ∈ R : a ≤
x < b}, a b := {x ∈ R : a < x ≤ b}, a b := {x ∈ R : a ≤ x ≤ b}.
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the proof is neither rigorous nor correct. Furthermore, ideas and techniques,
introduced by Peano in [17] had been forgotten for several years before the
rediscovery by Perron [26] (see, e.g., Müller [12] for a historical discussion of
this topic). In particular, the method of super- and sub-solutions, ideated by
Peano in [17], was erroneously attributed to Perron (see for example, Walter
[33], Výborný [32]), the existence of the maximum and minimum solutions of an
initial value problem (ODE) proved by Peano [17] was attributed to Osgood [13]
by Simpson [30] and moreover, differential inequalities, credited to Grönwall [6],
were used by Peano in [17] twenty-three years before [6].

Even if one may criticize some shortcuts of Peano’s proof, its conceptual sim-
plicity is appreciable. It involves neither polygonal approximations, nor the
notion of integral, nor that of convergence of functions (neither pointwise nor
uniform). It uses neither the Ascoli-Arzelà theorem nor the axiom of choice, but
it is essentially based on the order relation on real numbers.

The aim of this paper is to give a complete statement and a revisited proof
of the Peano’s existence theorem, emphasizing its historical background. The
proof relies on original methods and results due to Peano, such as comparison
theorems by differential inequalities (see Lemma 2.1), sub- and super-solutions,
maximum and minimum solutions, a characterization of continuously differen-
tiable functions, Grönwall-type inequalities and Weierstrass maximum theorem
for functions of several variables.

For a critical account of Peano’s original statement and proof (an account, which
fills gaps) see our paper [5]. A fine investigation on the logical ground of Peano’s
existence theorem in the setting of the second order arithmetic has been carried
out by Simpson [30]. Recently López Pouso [10, 11] proposed very interesting,
simple and readable revisited proofs of Peano’s theorem, based on a conjoined
use of Ascoli-Arzelà and Weierstrass maximum/minimum theorems.

2. Peano’s 1886 existence theorem (a complete statement and pre-
paratory lemmas)

Given a real function γ of a real variable, we shall denote the left (resp. right)
derivative of γ at a point x by D−γ(x) (resp. D+γ(x)), if it exists. Moreover, by
an inequality of the typeD±γ(x) > t we mean that both inequalitiesD+γ(x) > t
and D−γ(x) > t hold (2).

Let d ∈ a b; a function γ : a d → R is said to be a strict sub-solution (resp.
strict super-solution) of the initial value problem (ODE) on interval a d, if γ
has finite left and right derivatives, γ[a] = c and

D±γ(x) < f(x, γ(x))
(

resp. D±γ(x) > f(x, γ(x))
)

for every x ∈ a d. (1)

2 Observe that it is implicitly assumed that the inequality “D±γ(x) > t” should be understood
as “D+γ(x) > t” (resp. “D−γ(x) > t”), whenever x is the lower extremum (resp. upper
extremum) of the domain of γ. A similar convention holds for the other inequalities D±γ(x) ≥
t, D±γ(x) < t, D±γ(x) ≤ t.
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In the sequel, the set of such strict sub-solutions (resp. strict super-solutions)
will be denoted by Sol<(c; a, d) (resp. Sol>(c; a, d)). Moreover, Sol(c; a, d) will
denote the set of all solutions of (ODE) on the interval a d. A greatest (resp.
least) element of Sol(c; a, d) with respect the pointwise order will be called a
maximum solution (resp. minimum solution) on a d, if they exist (3). In [17]
Peano stated the following theorem.

Peano’s 1886 Existence Theorem. If f is a continuous function, then there
exist a real number a ∈ a b and two functions ϕ1, ϕ2 : a a→ R such that

(i) there are infinitely many strict sub- and super-solutions of (ODE) on a a,
i.e.,

Sol<(c; a, a) and Sol>(c; a, a) are infinite sets;

(ii) ϕ1 is both a minimum solution of (ODE) and the pointwise supremum of
the strict sub-solutions of (ODE) on a a, i.e.,

ϕ1 ∈ Sol(c; a, a) and ϕ1 = sup Sol<(c; a, a) = min Sol(c; a, a);

(iii) ϕ2 is both a maximum solution of (ODE) and the pointwise infimum of
the strict super-solutions of (ODE) on a a, i.e.,

ϕ2 ∈ Sol(c; a, a) and ϕ2 = inf Sol>(c; a, a) = max Sol(c; a, a);

(iv) (ODE) has a unique solution on a a, if the partial derivative ∂f

∂y
is

bounded above on (a b)× R.

Elements of originality in this Peano’s theorem are the existence of a mini-
mum and a maximum solution (ϕ1 and ϕ2, respectively) and the construction
of these solutions as the supremum of the strict sub-solutions and infimum of
the strict super-solutions, respectively (4). This particular type of construction,
first introduced by Peano, was probably linked to his method for defining the
upper integral and the lower integral [14], looking at the construction of solutions
of differential equations as a generalized kind of integration, in the spirit of a
former paper by Volterra [31]. Notice that Peano’s paper [17] was written to
give an affirmative answer to the question, first raised by Volterra [31], whether
continuity of f is sufficient for the existence of solutions of (ODE).

In 1890, by means of a different technique, Peano [20] again proved the exis-
tence of maximum and minimum solutions without using sub- and super-solution
method; more precisely, in [20] Peano defined every value of the maximum solu-
tion (resp. minimum solution) of (ODE), as the maximum (resp. minimum) of
the corresponding section of Peano’s 0-approximated funnel ; see our paper [5]
for further details.

3 The maximum (resp. minimum) solution is usually and misleadingly referred to as maximal
(resp. minimal) solution.
4 This method was rediscovered later by Perron in [26], who first introduced the term Ober-
funktion [over-functions] and Unterfunktion [under-functions].
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Before proving Peano’s 1886 Theorem, let us introduce some preparatory lem-
mas. The following comparison lemma is due to Peano [17, 20].

Lemma 2.1 (Peano, 1886). Let ψ1 : x1 x2 → R and ψ2 : x1 x2 → R be two
functions whith finite left and right derivatives such that ψ1(x1) ≤ ψ2(x1) and
either

D±ψ1(x) < f(x, ψ1(x)) and f(x, ψ2(x)) ≤ D±ψ2(x) for every x ∈ x1 x2

or

D±ψ1(x) ≤ f(x, ψ1(x)) and f(x, ψ2(x)) < D±ψ2(x) for every x ∈ x1 x2 .

Then ψ1(x) < ψ2(x) for all x ∈ x1 x2.

Proof. Following Peano [17], per absurdum let us assume that there exists x̃ ∈
x1 x2 such that ψ2(x̃) ≤ ψ1(x̃). Then, let x̄ := inf{x ∈ x1 x2 : ψ2(x) ≤ ψ1(x)}.
1st case : “x̄ > x1�. Since ψ1 and ψ2 are continuous, we have that ψ1(x̄) = ψ2(x̄);
hence, D−(ψ2−ψ1)(x̄) = [D−ψ2(x̄)−f(x̄, ψ2(x̄))]+[f(x̄, ψ1(x̄))−D−ψ1(x̄)] > 0;
therefore, there exists a δ > 0 such that (ψ2 −ψ1)(x) < 0 for all x ∈ (x̄− δ) x̄;
hence, we have a contradiction. 2nd case : “x̄ = x1�. Since ψ1(x1) ≤ ψ2(x1) by
hypothesis, we have that ψ1(x̄) = ψ2(x̄); hence D+(ψ2 − ψ1)(x̄) > 0. Therefore,
there exists a δ > 0 such that ψ2(x) > ψ1(x) for all x ∈ x1 (x1+δ); thus inf{x ∈
x1 x2 : ψ2(x) ≤ ψ1(x)} ≥ x1 + δ > x1; hence, we obtain a contradiction.

For proving his theorem of existence of solutions of (ODE), Perron [26] used the
following Lemma 2.2 which is proved here by means of the following inequality,
due to Peano [19, 23, 24]:

(2) (Peano 1888). Let µ : a b → R
n be a function with finite left and right

derivatives. Then ‖µ‖ has finite left and right derivatives, and

D±‖µ‖(x) ≤ ‖D±µ(x)‖ for every x ∈ a b.

Lemma 2.2 (Perron, 1915). inf{µ1, µ2} ∈ Sol>(c; a, b) for every µ1, µ2 ∈
Sol>(c;a,b). Analogously, sup{µ1, µ2}∈ Sol<(c;a,b) for every µ1, µ2∈ Sol<(c;a,b).

Proof. Let ψ denote inf{µ1, µ2}, where µ1, µ2 ∈ Sol>(c; a, b). Clearly, for every
x ∈ a b such that µ1(x) 6= µ2(x), by the continuity of µ1 and µ2 there exists
a neighborhood of x on which ψ coincides with µ1 or µ2; consequently, the
inequality D±ψ(x) > f(x, ψ(x)) holds. In the case where x ∈ a b is such that
µ1(x) = µ2(x), one has ψ(x) = µ1(x) = µ2(x) and, by (2) the following relations
hold:

D±ψ(x) =
1

2
D±(µ1 + µ2 − |µ1 − µ2|)(x)

=
1

2
(D±µ1(x) +D±µ2(x)−D±|µ1 − µ2|(x))

≥
1

2
(D±µ1(x) +D±µ2(x)− |D±µ1(x)−D±µ2(x)|)

= inf{D±µ1(x), D±µ2(x)} > f(x, ψ(x)).
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Hence, ψ is a strict super-solution. By duality, one can prove an analogous
property for strict sub-solutions.

By analyzing the proof of mean value theorem given by Jordan inCours d’analyze
[7], in 1884 Peano stresses a difference between differentiable functions and con-
tinuously differentiable functions (see [15, 16], [18, p. 191]), [21, p. 30] [22]). The
continuity of the derivative was expressed by Peano both in terms of uniform
convergence of difference quotient and in the following way:

(3) (Peano, 1887). A function ψ : a b → R is continuously differentiable on
a b and a function h : a b → R is its derivative if and only if for every
x ∈ a b

h(x) = lim
x1,x2→x

x1 6=x2

ψ(x2)− ψ(x1)

x2 − x1
. (5)

To prove uniqueness of solutions of a differential equation and the continuous
dependence of solutions with respect to an initial value (when Lipschitz condi-
tion holds), Peano [17, 23, 24] used an argument that amounts to the following
Grönwall-type differential inequality:

(4) (Peano, 1886). Let ψ : a b → R be a differentiable function and c ∈ R.
Then

ψ(b) ≤ ψ(a)ec(b−a) if ψ′(x) ≤ c ψ(x) for every x ∈ a b. (6)

Lemma 2.3 (Peano, 1886). Let ϕ1, ϕ2 : a a → R be solutions of (ODE)
with ϕ1 ≤ ϕ2. Then ϕ1 = ϕ2, if the partial derivative ∂f

∂y
is bounded above on

(a a)× R.

Proof. (Peano’s proof). Let ∂f/∂y be bounded above on (a a) × R by a
real number M . Since ϕ1 and ϕ2 are solution of (ODE) on the interval a a, we
have (ϕ2 − ϕ1)

′(x) = f(x, ϕ2(x))− f(x, ϕ1(x)). Further, ∂f/∂y being bounded
above by M and ϕ2 − ϕ1 ≥ 0, we have:

(ϕ2 − ϕ1)
′(x) ≤M(ϕ2 − ϕ1)(x) for every x ∈ a a. (5)

Therefore, by (4) and ϕ2(a) = ϕ1(a), we have ϕ2(x) − ϕ1(x) ≤ 0 for every
x ∈ a a. Hence, by the inequality ϕ1 ≤ ϕ2, one has ϕ1 = ϕ2, as required.

5 Strict differentiability (i.e., the existence of the limit in (3)) plays a central role in Peano’s
differentiation of measure [18]. Peano’s strict derivative (i.e., the function h in (3)), provided in
[18] a solid base for the concept of “infinitesimal ratio” between two magnitudes, successfully
used since Kepler (see Greco, Mazzucchi and Pagani [4] for details).
6 In [20] Peano proved uniqueness of solutions of a differential equation by the follow-
ing Grönwall-type differential inequality: “ψ(c) < a

b
(ebc − 1), if ψ(0) = 0 and ψ′(x) ≤

a+ bψ(x) for every x ∈ 0 c.”
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3. Peano’s 1886 existence theorem (a revisited proof)

The following proof retains many ideas of the original Peano’s arguments. In
addition to the previous lemmas, we will use the Weierstrass maximum theo-
rem on the existence of maxima and minima of continuous functions of several
variables on bounded closed sets. As Cantor [1, footnote p. 82 and pp. 85–86]
noticed (see also Pincherle [27, p. 249]), Weierstrass proved maximum theorem
for functions of one variable, i.e.,

Eine in einen Intervalle (a . . . b) (die Grenzen inkl.) der reellen Verän-
derlichen x gegebene, stetige Funktion ϕ(x) erreicht das Maximum.

As already noticed in Encyclopädie der Mathematischen Wissenschaften by
Pringsheim [28, p. 48] and in Enciclopédie des sciences mathématiques pures
et appliquées by Pringsheim and Molk [29, p. 101, 103], maximum/minimum
theorem for functions of several variables was first proved by Peano in [3, p. 131]
(see also [18, p. 166]):

(Peano, 1884). A continuous real-valued function on a closed bounded
bounded set of Rn attains its minimum and maximum.

(6)

Proof of Peano’s 1886 existence theorem. Clearly, from Lemma 2.3, (ii)
and (iii) it follows immediately that (iv) holds. Moreover, by the duality y 7→ −y
between the initial value problems “y′ = f(x, y) and y(a) = c� and “y′ =
−f(x,−y) and y(a) = −c�, the property (ii) amounts to (iii). Hence, it is
enough to prove (i) and (iii). The proof of (i) is deferred to third part.

Preliminary claim: “there exist a ∈ a b and two functions γ1, γ2 : a a →
R such that γ1 ∈ Sol<(c; a, a) and γ2 ∈ Sol>(c; a, a)�. To prove this, let us
choose m1,m2 ∈ R, with m1 < f(a, c) < m2 and consider the linear functions
γ1, γ2 : R → R defined by γ1(x) := c+m1(x−a) and γ2(x) := c+m2(x−a). The
continuous maps x 7→ γ′1(x)−f(x, γ1(x)) and x 7→ γ′2(x)−f(x, γ1(x)) are strictly
negative and strictly positive at x := a, respectively. Hence, there exists a real
number a ∈ a b such that γ′1(x) < f(x, γ1(x)) and γ

′

2(x) > f(x, γ1(x)) for all
x ∈ a a. Therefore, γ1 (resp. γ2) is a strict sub-solution (resp. a strict super-
solution) of the initial value problem (ODE) on a a. Hence, γ1 ∈ Sol<(c; a, a)
and γ2 ∈ Sol>(c; a, a), as required.

Definition of ϕ1 and ϕ2. Let ϕ1, ϕ2 : a a→ R be defined by

ϕ1(x) := sup{γ(x) : γ ∈ Sol<(c; a, a)},

ϕ2(x) := inf{γ(x) : γ ∈ Sol>(c; a, a)}.

These functions ϕ1 and ϕ2 are well defined and γ1 ≤ ϕ1 ≤ ϕ2 ≤ γ2, since
Sol>(c; a, a) and Sol<(c; a, a) are non-empty, and since by Lemma 2.1 a strict
sub-solution of the initial value problem (ODE) is less than any of its strict
super-solution. Moreover, by Lemma 2.1 a strict sub-solution (resp. a strict
super-solution) of (ODE) is less than (resp. greater than) every its solution,
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hence
ϕ1 ≤ ϕ ≤ ϕ2 for every ϕ ∈ Sol(c; a, a)}. (7)

Consequently, in order to prove (iii) it is enough to show that ϕ2 ∈ Sol(c; a, a).
For the sake of simplicity, let Φ denote ϕ2.

First part : “Φ ∈ Sol(c; a, a) for f continuous and bounded�. Denote by M a
real number greater than sup{|f(x, y)| : x ∈ a a and y ∈ R}.

1st claim: “Φ is a Lipschitz function� (7). To prove this, let x1, x2 ∈ a a
with x1 < x2. Choose an arbitrary strict super-solution γ ∈ Sol>(c; a, a) and
define a related function ψ : x1 x2 → R by ψ(x) := γ(x1)−M(x− x1). Since
ψ(x1) = γ(x1) and D±ψ(x) = −M < f(x, ψ(x)) for every x ∈ x1 x2, Lemma
2.1 implies that γ(x2) ≥ ψ(x2), that is

γ(x2) ≥ γ(x1)−M(x2 − x1). (8)

By taking the infimum of both sides of this inequality when γ varies in
Sol>(c; a, a), one obtains:

Φ(x2) ≥ Φ(x1)−M(x2 − x1). (9)

Now, fix a real number ε > 0, choose an arbitrary strict super-solution γε ∈
Sol>(c; a, a) such that γε(x1)−Φ(x1) < ε, and define a function ψ : a a→ R by
ψ(x) := γε(x) for x ∈ a x1, and ψ(x) := γε(x1)+(M+ε)(x−x1) for x ∈ x1 a.
Clearly ψ ∈ Sol>(c; a, a). Therefore, from the definition of Φ it follows that
Φ(x2) ≤ ψ(x2). On the other hand, ψ(x2)− γε(x1) = (M + ε)(x2 − x1). Hence
Φ(x2) ≤ ψ(x2) = γε(x1)+(ψ(x2)−γε(x1)) ≤ ε+Φ(x1)+(M+ε)(x2−x1). Since
ε is an arbitrary positive real number, it follows that

Φ(x2) ≤ Φ(x1) +M(x2 − x1). (10)

By combining (9) and (10), we have |Φ(x2)−Φ(x1)| ≤M |x2−x1| for all x1, x2 ∈
a a, i.e., Φ is a M -Lipschitzian function.

2nd claim: “Let x0 ∈ a a and ε ∈ 0 1. There exists δ > 0 such that

Φ(x2)− Φ(x1)

x2 − x1
≤ f(x0,Φ(x0)) + ε (11)

for every x1, x2 ∈ a a with x1 < x2, |x1 − x0| < δ and |x2 − x0| < δ�. To prove
this, define a function H : (0 1)× (a a)× (a a) → R by

H(α, x, z) := f(x0,Φ(x0)) + ε− f
(

x,Φ(z) + α+ (f (x0,Φ (x0)) + ε) (x− z)
)

.

This function H is continuous, since Φ (by 1st claim) and f (by hypothesis) are
continuous. Since H(0, x0, x0) = ε > 0, from the continuity of Φ at (0, x0, x0) it
follows that there is a real number δ > 0 such that

H(α, x, z) > 0 for α ∈ 0 δ, x, z ∈ a a, |x− x0| ≤ δ, |z − x0| ≤ δ. (12)
7 This claim which is absent in Peano [17], is suggested us by Perron’s paper [26]. To prove a
Lipschitz inequality for Φ, Perron used the notion of integral.
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Now, fix x1, x2 ∈ a a such that x1 < x2, |x1 − x0| < δ and |x2 − x0| < δ.
For every natural number n ≥ 1 choose a strict super-solution ϕn ∈ Sol>(c; a, a)
such that ϕn(x1) − Φ(x1) <

δ
n
. Let d := min{x0 + δ, a} and let the functions

ψn : a a→ R be defined by

ψn(x) :=







ϕn(x), for x ∈ a x1
ϕn(x1) + (f(x0,Φ(x0)) + ε)(x− x1), for x ∈ x1 d
ψn(d) +M(x− d), for x ∈ d a.

(13)

Since 0 ≤ ϕn(x1)−Φ(x1) < δ, by (12) the inequalityH(ϕn(x1)−Φ(x1), x, x1) > 0
holds for every x such that x ∈ x1 d; hence, one can easily verify that ψn ∈
Sol>(c; a, a). Consequently, from the definition of Φ it follows that Φ(x) ≤ ψn(x)
for every x ∈ a a and every n. Then Φ(x2) ≤ ψn(x2) for every n. Therefore,
by (13) we have that

Φ(x2) ≤ Φ(x1) +
δ

n
+ (f(x0,Φ(x0)) + ε)(x2 − x1) (14)

since x2 ∈ x1 d and ϕn(x1) = Φ(x1) + (ϕn(x)− Φ(x1)) ≤ Φ(x1) +
δ
n
. Now, by

letting n→ ∞ in (14) we have:

Φ(x2) ≤ Φ(x1) + (f(x0,Φ(x0)) + ε)(x2 − x1).

Hence (11) holds.

3rd claim: “Let x0 ∈ a a and ε ∈ 0 1. There exists δ > 0 such that

Φ(x2)− Φ(x1)

x2 − x1
≥ f(x0,Φ(x0))− ε (15)

for every x1, x2 ∈ a a with x1 < x2, |x1 − x0| < δ and |x2 − x0| < δ�. To prove
this, let H : (a a)× (a a) → R be the function defined by

H(x, z) := f(x0,Φ(x0))− ε− f
(

x,Φ(z) + (f(x0,Φ(x0))− ε)(x− z)
)

.

Since H(x0, x0) = −ε < 0, from the continuity of Φ at (x0, x0) it follows that
there is a real number δ > 0 such that

H(x, z) < 0 for x, z ∈ a a, |x− x0| ≤ δ, |z − x0| ≤ δ. (16)

Now, fix x1, x2 ∈ a a such that x1 < x2, |x1 − x0| < δ and |x2 − x0| < δ. Let
d := min{x0 + δ, a}; define the function ψ : x1 d→ R by

ψ(x) := Φ(x1) + (f(x0,Φ(x0))− ε)(x− x1).

By (16) the inequality H(x, x1) < 0 holds for every x ∈ x1 d; hence, one can
easily verify that the inequality D±ψ(x) < f(x, ψ(x)) holds for every x ∈ x1 d.
Hence, by Lemma 2.1 we have ψ ≤ ϕ on x1 d for every strict super-solution
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ϕ ∈ Sol>(c; a, a); consequently, Φ(x) ≥ ψ(x) for every x ∈ x1 x2; therefore
Φ(x2) ≥ ψ(x2), that is:

Φ(x2) ≥ Φ(x1) + (f(x0,Φ(x0))− ε)(x2 − x1).

Hence (15) holds.

Conclusion of first part: “Φ is a solution of the initial problem (ODE)�. By
(3), from 2nd and 3rd claims it follows that Φ is differentiable and Φ′(x0) =
f(x0,Φ(x0)) for every x0 ∈ a a. On the other hand Φ[a] = c, since γ1(a) ≤
Φ(a) ≤ γ2(a) and γ1(a) = γ2(a) = c.

Second part : “Φ ∈ Sol(c; a, a) for f continuous, not necessarily bounded�. Define
a function g : (a a)× R → R by

g(x, y) :=











f(x, y) if γ1(x) ≤ y ≤ γ2(x)

f(x, γ1(x)) if y < γ1(x)

f(x, γ2(x)) if y > γ2(x).

(17)

Clearly, the function γ1 (resp. γ2) is a strict sub-solution (resp. a strict super-
solution) of the following initial value problem

y′ = g(x, y), y(a) = b. (18)

By Weierstrass maximum theorem (6) the continuous function f is bounded on
the compact set K := {(x, y) : x ∈ a a and γ1(x) ≤ y ≤ γ2(x)}; therefore,

g is continuous and bounded. (19)

From Lemma 2.2 it follows that

Φ = inf{γ : γ ∈ Sol>(c; a, a) and γ1 ≤ γ ≤ γ2}. (20)

On the other hand, a function γ : a a → R, verifying γ1 ≤ γ ≤ γ2, is a strict
super-solution for (ODE) on a a if and only if γ is a strict super-solution of
(18) on a a. Therefore, by applying First Part to the initial value problem
(18), we have that Φ is a solution of (18) and, consequently, a solution of (ODE),
as required.

Third part : “Sol<(c; a, a) and Sol>(c; a, a) are infinite sets�. By duality it is
enough to prove that Sol>(c; a, a) is an infinite set. A solution of (ODE) cannot
be a strict super-solution. Hence, by Lemma 2.2 the solution Φ (which is the in-
fimum of the strict super-solutions) cannot be an infimum of finitely many strict
super-solutions. Therefore, Sol>(c; a, a) must contain infinitely many elements.
Alternatively, we may argue as in the preliminary claim. Let m2 > f(a, c) and
let a function h : (0 1)× (a b) → R defined by h(α, x) := m2 + α− f

(

x, c+

(m2 + α)(x − a)
)

. Since h is continuous and h(0, a) = m2 − f(a, c) > 0, there
exists a real number δ ∈ 0 1 and a ∈ a b such that

h(α, x) > 0 for every x ∈ a a, α ∈ 0 δ. (21)
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Therefore, for every α ∈ 0 δ the functions γα : a a→ R defined by γα(x) :=
c+(m2+α)(x−a) are strict super-solutions, that is γα ∈ Sol>(c; a, a). Therefore
Sol>(c; a, a) is an infinite set.

From the proof of Peano’s theorem we infer global existence conditions:

Corollary 3.1. Let f be continuous and a ∈ a b. If Sol<(c;a,a) and Sol>(c;a,a)
are non-empty (in particular, if f is bounded on (a a) × R), then the initial
value problem (ODE) has solutions on the interval a a.
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[11] R. López Pouso: Greatest solutions and differential inequalities: a journey in two
directions, arXiv:1304.3576 [math.CA] (2013).

[12] M. Müller: Neuere Untersuchungen über den Fundamentalsatz in der Theorie
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