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In terms of sup-inf convolutions we characterize the class CWC(7) of convolutionally weakly
convex functions, that is a special class of ®-convex functions, generated by the function
~. Motivated by Moreau—Yosida and Lasry—Lions regularizations, we consider a subclass of
CWC(7), namely, the class RCWC(7y) of regularly convolutionally weakly convex functions.
We show that under reasonable assumptions on v the class RCWC(7) is the same as the class
WC(7y), introduced from other considerations.
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1. Convolutionally weakly convex functions
Let E be a real Banach space.

Recall that the effective domain of a function f: E — R = RU {—o0, +00} is

dom f={z € F| f(z) € R}.

Jean Jacques Moreau (see [8]-[12]) introduced and studied the following opera-
tions with functions.

The infimal convolution or the episum of the functions f : E — R =RU
{—00,+0} and g : F — R is the function f H g, defined by

UBo)@)= _inf (f@)+g@)), weB (1)

z1,x2€FE: x14+x0=1
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The sup-convolution or the deconvolution or the epidifference of f and g is
defined by

B = sw (fle) + (-gl@), v€BE ()

z1,x2€E: x1—x2=1
Above + and + are the extensions of the sum operator to R:

(=00) + (+00) = (+00) + (—00) = (+00),
(—00) + (+00) = (+00) + (—00) = (=00),

otherwise (if z,y € R are not infinities with different signs) = + y=x + y=

x + y is defined as usual.

Recall the notion of ®-convexity [1], [6] (or the abstract convexity in the termi-
nology proposed in [14]). For a family ® of functions ¢ : ' — R, a function
f: E — Ris said to be ®-convez, if there exists a subset &' C ® such that

f(x) =sup p(z), z€E. (3)

ped’

For a function 7 : F — R, we consider the family

O(y)={p:E—=R|FueckE ceR: px)=c—vy(u—2z), Ve e E}. (4

For any function f : £ — R we denote
f-(x) = =f(-x), zek. (5)

Note that the graph of any function ¢ € ®() is a shifted graph of the function
y_.

A function f: E — RU {400} is said to be convolutionally weakly conver with
respect to (w.r.t.) v : £ — R if it is ®-convex with & = &(v). We denote
by CWC() the class of functions f : E — R U {+oco} with dom f # () which
are convolutionally weakly convex w.r.t. 7. The term "convolutionally" is due
to the following useful characterization of such functions by means of sup-inf
convolutions.

Lemma 1.1. For any functions v : E — R and f : E — R U {+oc} with
dom f # (0 the following assertions are equivalent:

(i) feower); -
(i) there exists a function g : E — R such that f = gB~;
(i) f=fB~yBy.
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Lemma 1.1 implies that the class CWC(y) is the same as the class of exactly
~-regular functions in the sense of [7].

We define CWC_(y) as the class of functions f : £ — R U {—oc}, which are
convolutionally weakly concave w.r.t. v, i.e. fHyH~y = f.

By (1), (2), (5) for any functions f,7 : E — R we have
(fBA)_ =/ B, (6)

Consequently, the inclusion f € CWC_(7) is equivalent to f_ € CWC(7).

Let us denote
1

Bi(z) = §H:U||2, t>0, xe k. (7)
Lemma 1.2. Let E = H be a Hilbert space and t > 0. Then f € CWC([3;)
if and only if the function f + B, is lower semicontinuous and convex (here
(f + Bt)(z) = f(z) + Bi(x) is the conventional sum of functions, rather than the
infimal convolution).

So, if E = R™, then the class CWC(/3;) is the same as the class of weakly

convex functions (or p-convex functions with o = —%) in the terminology of

Vial [15]. The local version of the weak convexity is the lower-C? property due
to Rockafellar [13].

Lemma 1.3. If E = H is a Hilbert space, f € CWC(B), 0 < s < t, then
fHBBs € CWC(Bi—s)-

In view of Lemma 1.2 the main result of [2] can be formulated as follows.

Proposition 1.4. Let E = H be a Hilbert space, t > 0. Then a function
f : E — R satisfies the inclusion f € CWC(B;) N CWC_ () if and only if the
Fréchet derivative [’ exists and is Lipschitz continuous with constant % on F.

2. Regularization

Let H be a real Hilbert space. For t > 0 and function f : H — R U {400},
the Moreau—Yosida regularization (or the Moreau envelope, or the proximal en-
velope) is defined (see [9], [16]) as

fi(x) = inf (f(x) b ol - uw) -

ueH

This can be rewritten in terms of the infimal convolution as f! = f B f,.

If f is lower semicontinuous at xy € dom f, then f'(zo) — f(xo) as t — +0.
If f € CWC(Br) for a certain T" > 0 (in particular, if f is convex), then for
any t € (0,7) the function f* is smooth, i.e. it possesses a Lipschitz continuous
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derivative. Moreover, the Moreau—Yosida regularization preserves the minimiz-
ers of the function. These well known facts give a lot of applications of the
Moreau—Yosida regularization in Hamilton—Jacobi equations and optimization.
If f & CWC(Br) for all T > 0, instead of the Moreau—Yosida regularization
one can use the Lasry-Lions [5] regularization f** = f B, B ,, which is also
smooth and converges to f as 0 < s <t — +0.

Let us show that Lemma 1.3 and Proposition 1.4 induce smoothness of the
Moreau—Yosida and the Lasry-Lions regularizations. If f € CWC(Gr), t €
(0,T), then by Lemma 1.3 we get f B 3, € CWC(Br—¢). On the other hand,
Lemma 1.1 implies that f B8 5, € CWC_(5;). Hence, by Proposition 1.4 we
deduce that the derivative of the Moreau—Yosida regularization f' = f 8 (3,
does exist and is Lipschitz continuous with constant max {ﬁ, %} on E. Since
fBB, € CWC(;), by the same reasons we obtain smoothness of the Lasry—ILions
regularization f%°.

This reasoning motivates an attempt to extend Lemma 1.3 to Banach spaces
and to more general functions than (7).

Given a function v : E — R and a number ¢ > 0, we denote
x
%(:L‘):ﬁy(?), re k. (8)

A function f € CWC(~) is called regularly convolutionally weakly conver w.r.t.
v if

Ve e (0,1) 36 € (0,1): Vt € (0,) fHy € CWC(y1-e). (9)
We denote by RCWC(~y) the class of functions, which are regularly convolu-
tionally weakly convex w.r.t. 7. Lemma 1.3 implies that the classes RCWC(f;)

and CWC(3;) coincide provided that the space is Hilbert and the function ; is
defined by (7).

Hereinafter we consider Example 4.5 with £ = R? and (1, z9) = (2% + 23)?,
which shows that RCWC () may be a proper subset of CWC(~y). We prove that
for a wide class of functions v the class RCWC(7) is the same as the class WC(7)
introduced in [3]. In the case vy(z) = ||z||* the properties of the function f
(called as Moreau s-envelope) are studied in [4].

3. Weakly convex functions

The v-predifferential of a function f : E — R at a point € dom f is defined
by

myf(z) ={uedomy| 3t >0: (fBy)(x+tu) = f(zr)+n(tu)}. (10)

A function f : E — R U {400} is said to be weakly convexr with respect to
(wrt.) y: E—Rif

(fBY)(x+u) = f(z)+vy(u), Vredomf, Yuer,f(x). (11)
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We denote by WC() the class of weakly convex (w.r.t. ) lower semicontinuous
functions f: F — RU {400} such that dom(f H~) # 0. We use WC_(7) to
denote the class of functions f such that f- € WC(~) (see (5)).

Proposition 3.1 ([3, Theorem 3.4]). Let E = H be a Hilbert space and the
function B, be defined by (7). Then f € WC(3;) if and only if the function f+ (5,
s lower semicontinuous and convex.

Lemma 1.2 and Proposition 3.1 imply that

WC(fr) = CWC(Br) (12)

provided that the space is Hilbert and the function ; is defined by (7).

A function « is called uniformly convexr on a convex set X C F if for any € > 0
there exists § > 0 such that for all 21,25 € X the inequality ||x; — z5]| > €
implies that 2y (£522) < y(zq) 4 y(z2) — 4.

A function v : E — R is coercive if im0 % = 4-00.

We say that a function v : £ — R satisfies assumptions (A1) if

(A1) ~ is coercive, bounded on any bounded set, and uniformly convex on any
convex bounded set.

Note that function (7) in a Hilbert space (or, more generally, in a uniformly
convex Banach space) satisfies (A1).

Proposition 3.2 ([3, Theorem 3.6]). Let a function vy : E — R satisfy (A1),
feWC(y), te(0,1). Then

(i)  the function f BB~ is real-valued and continuous on E;
(i) for any xo € E the infimal convolution problem

min (f(u) +ve(zo — u)) (13)

uel

has a unique solution umi, (o) and the function upy, : E — E is continu-
ous.

4. Main results

Theorem 4.1. [If a function v : E — R satisfies (A1), f € WC(v), 0 < s < t,
then fH~s € WC(yi—s).

Theorem 4.2. If a function vy : E — R satisfies (A1), then WC(vy) C CWC(7).

Example 4.5 shows that for a function v satisfying (A1), the classes WC(v) and
CWC(~y) may be different.
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Theorem 4.3. Let a function v : E — R satisfy (Al). Then for all s > 0 and
t > 0 we have

CWC(vs) NEWC_ () = WC(vs) N WC_ (1)
Theorem 4.4. If a function v : E — R satisfies (Al), then
RCWC(y) = WC(7).

Example 4.5. Note that the function y(zy, ) = (z2+22)? in R? satisfies (A1).
According to (3), (4) the function

Flar, 25) = max{—y(z1 + 1, 25), =y (21 — L,5)} = — (11| = 1)% + 22)*

satisfies the inclusion f € CWC(v). We claim that f & WC(~,) for all ¢ > 0.
Assume the contrary: f € WC(7q) for some ¢t > 0. By Proposition 3.2 the
problem

min_ (f(u1, u2) + % (—w, —u2)) (14)
u1,’LL2€R
has a unique solution (U, us). Since the function F(uy,us) = f(ui,us) +

Ye(—uy, —uy) is even (i.e. F(—uy, —ug) = F(uy,uz)), it follows that (—uy, —us)
is also a solution of problem (14). Due to the uniqueness of the solution we have
(U1, u2) = (0,0). Consequently, F'(0,u) > F(0,0) for all u € R, i.e.

1
—ﬂ+ﬁf+5ﬁZ—L Vu € R. (15)

However, —(1+u?)*+5u* = —1—2u+0(u?) as u — 0. This contradicts (15). So,
f & WC(v) for all t > 0. By Theorem 4.4 we deduce that RCWC(~y) = WC(7)
is a proper subset of CWC(7).

5. Proofs

By the definitions it immediately follows that
fBgBg<f<fBgHy (16)

Proof of Lemma 1.1. According to (4) any set &' C ®(v) is characterized by
a subset {2 C E' x R such that

' ={p: E—R|Iu,c) €Q: p(x) =c—~y(u—2z), Vo € E}.

Using (3), we deduce that any function f € CWC(v) is determined by a subset
QCExR:

flz)= sup (c—y(u—2x)), z€kFE. (17)
(u,c)eQ
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Now we prove the equivalence of (i)—(éi7) by the following scheme: (i) < (ii) <
(idi).

(i) = (ii). Assume that f € CWC(7). Thus, there exists 2 C E x R such that
(17) holds true. Then for the function

g(u) =sup{c € R| (u,c) € Q}, weE

we get
f(x) =sup(g(u) —y(u—=x), =€k, (18)

uel

that is f = g . As usual, we believe sup ) = —

(ii) = (7). Now we suppose that f = g B~ for some function g : £ — R. One
can easily see that the set Q = {(u,c) € E x R| ¢ < g(u)} satisfies (17).

(17) = (iit). Suppose again that f = gB~. Using the second inequality in (16),
we get g < gH~yH~y = fH~y. Consequently, f =g¢gH~ < fH~yH~. By the
first inequality in (16) we obtain that f = fH~yH~.

(7i1) = (di). It suffices to take g = fH . O

Proof of Lemma 1.2. Using the definitions of sup-inf convolutions (1), (2),
one can easily obtain the equation

[fBEBB 46 =(f+06)"

Thus, the Fenchel-Moreau theorem yields the required statement. O

Lemma 1.3 will be proved after the proof of Theorem 4.1.
Note that if the function v : E — R is convex, then by (1) and (8) we have
Yo BYs = Yptrs, Vo >0, s>0. (19)

Proof of Theorem 4.1. Let z € £, u € 7y, (fH~,)(z). Then by (10) there
exists 7 € (0,1) such that (f B~ B,)(xz+ru) = (f Bys)(z) + yp(ru), where
p = r(t —s). By Proposition 3.2 there exists v € F uch that (f B ~,)(x) =

f(z — sv) + vs(sv).

Putting xy =  — sv and using (19), we have

(f B Ysip) (o +ru+sv) = (fBy By (x +ru)
= ([ B7s) (@) + w(ru) = f(xo) + s(sv) + Yp(ru)

— f(x0) +87(v)+m( u )

t—s

Suppose that v # . Due to the uniform convexity of v on any convex bounded

<~4-

set we have sy(v) +py (£5) > (s +p)y <;p>, where w = sv + £ = sv + ru.
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Consequently, (f B8 vs1p)(xo + w) > f(x0) + Vs4p(w). This contradicts the

definition of the infimal convolution (1). Therefore, v = -*. Since (f B~s)(zo+

t—s”

sv) = f(xo) + 7s(sv), it follows that v € m,f(x¢) and, consequently, tv €
7, f(x0). So, taking into account that f € WC(~,), by (11) we get

(f B y)(zo + tv) = f(zo) +7e(tv) = flxo) + ty(v).
Again, using the definition of the infimal convolution (1), we obtain

(f By)(@) + y-s((t = 8)v) < f(20) + 75(50) +Y-s((t = 5)v)
= f(xo) +ty(v) = (f By)(wo + tv) = (f B ys B yis) (o + 1)
< (f By (@) + ves((t = 5)v).

Thus,

(f Bs)(@) + yi-s(u) = (f By)(wo + tv)
= (fBv)(@+u) =(fByBy ) (r+u).

So, by (11) the function fH~, is weakly convex w.r.t. v,_s. By Proposition 3.2(7)
the function fH-~;, is continuous. Finally, dom(fHB~,H~v,_s) = dom(fH~,) # 0.
Thus, fHys € WC(v—s). O

Since the function B(z) = fi(z) = i||z||* in a Hilbert space satisfies (A1),

Lemma 1.3 follows from (12) and Theorem 4.1. Note that we haven’t used
Lemma 1.3 in the proof of Theorem 4.1, so the proof is correct.

Lemma 5.1. Let a function v : E — R satisfy (A1), f € WC(y). Then
(fByE)() = (fBy)(@) —ry(0), Vre(0,1), Ve e E.

Proof. Fix any r € (0,1) and x € E. According to Proposition 3.2 there exists
zo € F such that

(fBy) () = f(x0) + 7z — o).
Putting u = £=20 we get (fB~,)(zo+71u) = f(x0) +7-(ru). By (10) we deduce

r

that u € 7, f(zo). Using (11), we have

(fBY)(ro +u) = f(wo) + v(u).

By (1) it follows that (f B~,)(z) < f(xo) + v (x — z0) = f(zo) + ry(u). Conse-
quently, using (2), we get

(fEyB)(x) = (

= f(@o) +7(u) —((

> (fBw)(@) —ry(0

The last inequality is due to the convexity of ~. O

fBY) (o +u) —y(wo +u— )
L—r)u) > (fBy)(x) + (1 —r)y(w) — (1 —7)u)
).
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For R > 0 and ¢ € E we denote by Bgr(c) the closed ball with center ¢ and

radius R.

Lemma 5.2. Let a function f : E — R be lower semicontinuous at o € E.
Let v : E — R be a conver, continuous and coercive function, dom(f B ~) # ().
Then

lim (f 8 7,)(20) = f(20).

r—+0

Proof. First let us prove that for any € > 0

li inf (o — = . 2
7‘—1>I-I|-10 xEE{%E(mO) (f(l‘) T (.T() «T)) oo ( O)

Since the function 7 is coercive, it follows that the function

_ e @)
v = o T (21)

satisfies the following condition

lim 4(t) = +00. (22)

t——+o00

Fix any z; € dom(f H~) and put C; = (f H~)(z;). Fix also any € > 0. Due to
the continuity of v at 1 — z there exist 6 € (0,¢) and C, > 0 such that

y(x) < C,, Vo e Bs(xg —x9). (23)

Let r € (O, %) be a sufficiently small number, namely 47|z, —x¢|| < §. We claim
that

@ - ) 2 G-+ 0 (5). (24)
Indeed, fix any « € E \ B.(zo). Since Cy = (f Bv)(x1), by (1) it follows that

f() > Cr = y(21 — ). (25)
Let us put ¢t = 4”#‘5_9&”. The relations © € E \ B.(zy) and § € (0,¢) imply that
te (0, i) Due to the convexity of v we have

=t (225) —atm =) 2 (1= gy (BRI o

r 1—r+t
Since
Il—l’o—i‘%(xo—.r) ( )
— (1 —x
I—r+t ! 0
(r =tz — ol |tz — 2|

rljzy — zo|| + —|lzo —
l—r+t r(l—r+t) b p 10
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by (23) and (26) it follows that

(r — 1)y (‘”0 _I) —y(m —1) > —(1—r+8)C, > —C,.

r

This and (25) imply that

@) +rlan =) = ) 4y ()

201_07+t7($0_w>201_07+ rd (.Clﬁo—w)‘

r Mzo—2) 7

Using (21), we get (24). The relations (22), (24) imply (20).

Since the function v is convex, continuous and coercive, it follows that inf,c g v(z)
= Cf;lin € R. Consequently,

inf  (f(z) +v(xo—x) > inf f(z)+rC™

2€B<(x0) T 2E€B(x0)
This and (20) yield
liminf(f By,)(zo) > inf f(z), Ve>D0.

r—+0 2€B<(x0)

Since f is lower semicontinuous at xg, passing to the limit as ¢ — +0, we obtain
lim inf(f B8 v,)(xo) > f(xo).
r——+0

Taking into account that

limsup(f B 7,)(x0) < f(o) + limsup,(0) = f(zo),
r—+0 r—+0

we complete the proof. ]

Proof of Theorem 4.2. Let a function v : F — R satisfy (Al) and f €
WC(7). Using Lemmas 5.1, 5.2, we get fH~yH~ > f. Taking into account the
first inequality in (16), we obtain fH~yH~ = f. According to Lemma 1.1 we

deduce that f € CWC(7). O

Lemma 5.3. For any functions f,g,h: E — RU{+oc} and any vectors x,y €
E the following inequality holds:

(fBLME+y) <(fBg)(z)+ (hBg)(y).

Proof. For any v € dom g we have

(fEA)(=+y) < flz+u)+h(y—u) = f(z+u) —g(u) +h(y —u) + g(u)
< (fBg)(x)+ Iy —u) + g(u).
Consequently,

(fBR)(z+y) < (fBg)(x)+ inf (Aly —u) +g(u)) = (fBg)(2)+(hBg)(y). T
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Lemma 5.4. Let v: E — RU {400} be a convex lower semicontinuous func-
tion. Suppose that for some uy € dom~y and & > 0 the function v is uni-
Jormly convex on Bs(ug). Let f: E — RU {400} be a lower semicontinuous
function. Suppose that for a vector o € dom f we have uy € ., f(xo) and

(f By BY)(x0) = f(zo). Then (f Bv)(xo — uo) = f(xo) — ¥(uo).
Proof. Since (fB~yHB7)(zo) = f(0) < f(xo) + ¢ by (1) it follows that for any
k € N there exists u, € E such that

(F 7)o — ) +7(w) < Flawo) + 7 (27)

Due to (10) and ug € 7, f(x¢) there exists r > 0 such that
(f B y) (w0 + 110) = f(20) + Ve (ruo). (28)

On the other hand, Lemma 5.3 gives (f B, )(zo + rug) < (f By)(zo — ux) +
(v B ) (rug + ug,).

Thus, by (27), (28) we have

1
7r<TUO) + ’Y(Uk) < (’Yr H ’y)(ruo + Ulc) 4 o
that is

=

Uy + Ug 1
147

m@@+%wﬂ<ﬂ+ﬂv<

Taking into account that the function v is convex and uniformly convex on
Bs(up), we deduce that limy_, ||ur — upl| = 0. Since f is lower semicontinuous,
it follows that f H~ is lower semicontinuous as well. So, passing to the limit in
(27), we obtain the inequality

(f By)(@o — uo) + 7(uo) < f (o).
The inverse inequality follows immediately from (2). O

Proof of Theorem 4.3. Suppose that f € CWC(ys) NCWC_(y), x € E, u €
7y, f(x). According to (10) there exists » > 0 such that (f B v,s)(x + ru) =
f(@) + vs(ru). Thus, for ' = 2 and ' = tu we have (f B y)(z +r'u') =
f(@) 4+ e (r'u’). Consequently,

ul € thf(l‘). (29)

Since f € CWC_(v;) we have f B~y B~ = f. Using (29) and Lemma 5.4, we
get (fBy)(x—u) = f(x) — v (u). By (6) it means that (f- By)(—z 4+ ') =
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f-(=z)+(u'). Therefore, (f-Byo)(—z+Iu) = f_(—x)+7s(Au) with A = L.
Consequently,

u € my, fo(—x). (30)

Since f € CWC(~,) by (6) and Lemma 1.1 it follows that f- B, By, = f_.
Using (30) and Lemma 5.4, we get (f- B7s)(—z —u) = f-(—x) — vs(u). By
(6) it means that (f B,)(z +u) = f(z) + vs(u). Since z € E, u € 7, f(z) are
arbitrary, we have proved that f € WC(vs). The inclusion f € WC_(~;) can be
proved analogously. O

Lemma 5.5. Let a function v: E — R be convex. Suppose that for a function
f:E — RU/{+4o00}, vectors x € dom f, u € E and a number T > 0 we have
(fBAyr)(z+ Tu) = f(x) +vr(Tu). Then for any t € (0,T)

(f Bz +tu) = f(2) +ntu), wem(f Byl +tu).
Proof. By (1) and (19) we get

f(@) +yr(Tu) = (f Byr)(z + Tu)
= (fBHvByr)(z+Tu) < (fBy)(x+tu) +yr— (T — t)u)
< f(@) +wtu) + - (T — thu) = f(z) + yr(Tw).

Hence all inequalities in this chain became equalities. Using (10), we complete
the proof. O

Lemma 5.6. Let a functiony : E — R be convex, 0 <t <T. Then CWC(~r) C
CWC(n)-

Proof. Assume that f € CWC(vyr). According to Lemma 1.1 there exists a
function g : E — R such that f = gB~p. Using (19) we get f = ¢B(yr_By) =
(9 Byr—+) B9 Again by Lemma 1.1 we complete the proof. ]

Lemma 5.7. Let a function v : E — R satisfy (Al). For a function [ : £ —
R U {400} the following assertions are equivalent:

(1) feWC(y)
(i) feCWC(y) and fB~y € CWC(y1-4) for all t € (0,1);
(7i7) f € RCWC(y).

Proof. (i) = (i7). Assume that f € WC(v). By Theorems 4.1 and 4.2 for all
t € (0,1) we obtain f B~y € WC(v1-1) C CWC(y1-+).

(1) = (4i7). According to Lemma 5.6 the assertion (i7) implies that for all
e € (0,1) and t € (0,¢) we have f By € CWC(y1-+) C CWC(7y1-¢). Taking
d = ¢, we get (9).

(t3i) = (7). Suppose that f € RCWC(v). Fix any « € dom f, v € 7, f(z) and
e € (0,1). According to (9) there exists § € (0, 1) such that for all £ € (0,0) we
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have fH~y, € CWC(7y1-¢). By (6) and Lemma 1.1 we get fH~, € CWC_(;). Us-
ing Theorem 4.3, we deduce that fH~y, € CWC(y1-c) N"CWC_(v:) = WC(y1-¢)N
WC_ (7). So,

fHE e WC(n-e), Vte(0,0). (31)

Since u € 7, f(z), by (10) there exists r > 0 such that

(f By) (@ +ru) = f(z) + 7 (ru).

Take any t such that 0 < t < min{r,é}. According to Lemma 5.5 we have
(fBy)(z+tu) = f(x) + v(tu) and u € m,(f By)(z + tu). Hence, (1 —e)u €
Ty (f B y)(x + tu). By (11) and (31) we obtain

(fByvBy )@+ ({t+1—e)u)
= ([By)(x+tu) + 71-((1 — e)u) = f(z) + ntu) + 11-((1 — )u).

So, (fByg1-c)(z+ (t+1—e)u) = f(x) + V41— ((t + 1 — £)u). Using Lemma
5.5 once more, we deduce that

(fBEN- )@+ (1 =e)u) = f(z) +n-<((1—e)u), Vee(01).

Consequently,

f@) +m-e((1 —e)u)
< flz)+ ez 4+ (1 —e)u—mx1), Vay € FE, Vee (0,1),

that is

f(@) + (1= e)y(u)

r — T

< o)+ (-2 (5

— —I—u), Vo, € B, Ve € (0,1).

Passing to the limit as ¢ — +0 and using the continuity of v, we get
f@) +(u) < fl@) +y(x — 21+ u), Vo, € E

So, (fBy)(x+u) = f(x) +v(u) for all x € dom f, u € 7w, f(x). By (11) the
function f is weakly convex w.r.t. .

Since f € CWC(y), it follows that dom f # @ and by Lemma 1.1 we have
fH~yB~ = f. Hence, dom(fH~) # 0. Finally, the function f € CWC(7) is lower
semicontinuous as the supremum of continuous functions p(z) = ¢ — y(u — z)

(see (3), (4)). Thus, f € WC(7). O
Theorem 4.4 follows directly from Lemma 5.7.
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