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We consider the general class of positively a-far sets, introduced in [29], which contains strictly
the class of uniformly prox-regular sets and the class of uniformly subsmooth sets. We provide
some conditions to assure the uniform subsmoothness, and thus the positive a-farness, of the
inverse images under a differentiable mapping. Then, we take advantage of the properties of
this class to study the generalized perturbed sweeping process

() € F(t (b)) + g(@ )N (C), h(z(t))) ae. t € [To,T],
x(To) = o € b~ (C(Ty))

where g: X — L(Y;X), h: X — Y are two functions, X,Y are two separable Hilbert spaces
and the sets C(¢) belong to the class of positively a-far sets. This differential inclusion includes
the classical perturbed sweeping process as well as complementarity dynamical systems. Our
study is achieved by approximating the given differential inclusion with maximally perturbed
differential inclusions which, under certain compactness conditions, converges to an absolutely
continuous solution. Moreover, this approach allows us to get existence for evolution inclusions
of the form

—&(t) € Of (t,z(t)) + F(t,z(t)) a.e. t e [To, T,
.T(To) = X,

where [Ty, T is a fixed interval with 0 < Ty < T, f: [Ty, T] x X — RU {400} is a lower semi-

continuous function, not necessarily convex. Here 0f(¢,-) denotes the Clarke subdifferential

of the function f(¢,-) and F': [Ty, T] x X = X is a perturbation term.
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1. Introduction

In this paper we study the class of positively a-far sets, which is the class
of closed sets for which the origin is kept uniformly positively far from the
Clarke subdifferential of the distance function, say dd(-, S), in some tube {z: 0 <
d(z,S) < p} for some p € (0,+00], and its applications to some differential
inclusions. This class was introduced in [29], as a localization of the class of
subdifferentially behaved sets in [27], to study some differential inclusions of
sweeping process type in finite dimensions. We will show that this notion of set
includes several ones as paraconvexity, uniformly prox-regularity and uniformly
subsmoothness. Then, we will develop some properties and characterizations of
positively a-far sets. Finally, we will take advantage of the properties of this
class to show existence of solutions for some differential inclusions.

Let X and Y be two separable Hilbert spaces and C': [Ty, T] = Y be an abso-
lutely continuous set-valued map with positively a-far values. We are interested
in the differential inclusion

—i(t) € F(t,x(t)) + g(x(t))N (C(t), h(z(t))) a.e. t e [Ty, T], (1)
x(T0> =X € h_l (C(Tg)) ,
where g: X — L(Y;X) and h: X — Y are two functions and N(C(¢),-) de-
notes the Clarke normal cone. We call the differential inclusion (1) generalized
perturbed sweeping process (GSP) because when X =Y, h = 1d and g = Dh
we get the classical perturbed sweeping process. The motivation to introduce
(1) is that several differential inclusions can be recast into a GSP. For exam-
ple, perturbed sweeping process, complementarity dynamical systems (CDS),
projected dynamical systems [14], some differential variational inequalities [49,
Section 2.5], etc. The perturbed sweeping process
—&(t) € N(C(t),z(t)) + F(t,z(t)) ae. te [Ty, T], @)
w(T0> =g € C(T()),

is well known in the literature and has been studied by several authors. Its im-
portance comes from the study of problems in mechanics of elastoplastic mate-
rials [47], non-smooth mechanics [13], dynamics of systems with inelastic shocks
[41], modeling and simulation of switched electrical circuits [1], crowd motion
modeling [36], etc. When F' = 0 and the sets C(t) are convex, the system above
is referred to as a sweeping process because it can be visualized as a point x(t)
moving inside C(t) and being pushed by the boundary of this convex set when
contact is established. It was introduced in the seventies by Moreau in a se-
ries of papers [43, 44, 45, 46] to study contact problems in mechanical systems.
Since then, many improvements have been made by weakening the convexity
assumption and by considering the perturbed version of (2). In [17], Castaing
dealt with sweeping process associated with sets C'(t) = S + v(t), where S is a
fixed closed nonconvex set, and v is a mapping with finite variation. Then, Val-
adier [56] extended the study of the absolutely continuous case to a more general
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situation of complements of convex sets in finite dimension. Afterward, Benab-
dellah [6] and Colombo and Goncharov [22] proved independently and almost at
the same time the existence of solutions for general nonconvex sets C'(¢) in R”
moving in a Lipschitz continuous way. Extensions of existence and uniqueness
of solution of (2) when C(t) is a uniformly prox-regular set of a Hilbert space
X, moving in a Lipschitz continuous way and in an absolutely continuous way,
have been obtained by Colombo and Goncharov [22] and Bounkhel and Thibault
[12] (see also the paper [55] by Thibault for a regularization of the process in
such a context). In the case where the uniformly prox-regular sets C'(t) move
with bounded variation we refer the reader to the paper [26] by Edmond and
Thibault.

The study of the differential inclusions which are perturbations of sweeping
processes began, as far as we know, with [30]. In this paper, Henry, to deal
with planning procedures in mathematical economy, introduced the differential
inclusion

{—j:(t) € Propy(F(x(t)) ae. t € [Ty, T),
x(Ty) = 9 € C,

where F': R™ = R" is an upper semicontinuous set-valued map with nonempty
compact convex values, C' is a fixed closed convex set, T (+) is the tangent cone
to C' and Pr,(»()) denotes the projection mapping into the closed convex set
To(z(t)). This differential inclusion has been also considered by Cornet [24]
with a Clarke tangentially regular set C' of R, reducing the problem as in [30]
to the existence of a solution of the perturbed differential inclusion

—i(t) € N(C,z(t)) + F(z(t)) ae.te [Ty, T],
ZL’(T@) =X € C.

Since then the case of moving sets C(t) has been developed. We refer to
Monteiro-Marques [40], Castaing, Duc Ha and Valadier [18] and Castaing and
Monteiro-Marques [19] for the study of perturbed sweeping processes in the form
of (2) in the cases where all the sets C(t) are either convex or complements of
open convex sets. For the case of general nonconvex closed sets of R"” we refer
to Thibault [54] (see also the paper of Haddad, Jourani and Thibault [29] for
reduction of sweeping process to unconstrained differential inclusions). Several
other papers deal with perturbed sweeping processes, in the Hilbert setting, un-
der uniform prox-regularity assumptions, such as the works of Bounkhel and
Thibault [12], Edmond and Thibault [26], Mazade and Thibault [37, 38] and
Sene and Thibault [53] (see [11] for a general account on sweeping process and
the prox-regularity).

Another interesting example of (1) can be obtained from complementarity dy-
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namical systems (CDS)

t), (3)

which can be written as a generalized perturbed sweeping process. CDS have
been object of strong interest because of their applications in various fields like
mechanics, electrical circuits, transportation science, control systems, etc (see
[15] and the references therein). The CDS formalism includes the so-called linear
complementarity systems (LCS), widely used to deal with some electrical prob-
lems (see [1]), and the so called gradient complementarity system (GCS) which
corresponds to the particular case g(x) = [Dh(z)]" for every x € X. The CDS
has been studied in [15] where the authors consider an “input-output property”
to perform a change of state variable allowing them to write (3) as a GCS which
is transformed into a perturbed sweeping process. These transformations are
made by using the identity

Iow (h(2)) = oy () Vo € X,

showing that the sets h=! (C'(¢)) are r-uniformly prox-regular and using a non-
smooth chain rule, for which they must assume some regularity and constraint
qualification conditions on h. Then, existence is obtained from known results in
the literature of sweeping process [26, 54]. We will follow this path but only in
the particular case of the GCS, where we show that the sets h™! (C(t)) are equi-
uniformly subsmooth and then we apply our existence results. In the general
case we will transform the CDS into a GSP and we apply our existence results.
This avoids the assumption of a special structure on the functions g and h, as
the input-output property in [15].

We also deal with perturbations of evolution inclusions associated to time de-
pendent subdifferentials, i.e., with differential inclusions of the form

J](To) = Xy, (4>

{—x'(t) € af(t,z(t)) + F(t,z(t)) ae. t € [Ty, T),
where [Tp, T') is still a fixed interval with 0 < Ty < T, f: [To, T]x X — RU{+o0}
is a lower semicontinuous function and X is a real separable Hilbert space. Here
Jf(t,-) denotes the Clarke subdifferential of the function f(t,-) and F': [Ty, T X
X = X is a perturbation term. These differential inclusions, which include
the perturbed sweeping process (by taking f(t,-) as the indicator function of
the sets C(t)), has been considered by several authors because they appear
naturally in differential variational inequalities, optimization, optimal control
theory, mechanics, etc. When f(t,-) is a proper, lower semicontinuous and
convex function, it has been studied principally by Bénilan and Brézis [7], Brézis
[16], Attouch and Damlamian [2], Aubin and Cellina [3], Moreau [43, 44, 45, 46,
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Watanabe [58], Yotsutami [59], Hu and Papageorgiou [32], Barbu [5], etc. (see
[32, Chapter II] and the references therein for a broader discussion on the subject
and some applications to parabolic optimal control problems). In the non-convex
case the results are less abundant; we can mention, for instance, the works of
Guillaume [28] for convex composite functions, Marcellin and Thibault [35] for
primal lower nice functions and Qin and Xue [51] for regular perturbed convex
functions among others.

Therefore, the aim of this paper is to study the class of positively a-far sets and
apply its properties to get the existence of solutions for the generalized sweeping
process (1), the perturbed sweeping process (2), the complementarity dynamical
systems (3) and the differential inclusion (4) in the following cases:

(a) Subgradient evolution inclusions: f(t,-) is lower semicontinuous and F'(t, -)
is upper semicontinuous from X into X, with nonempty closed and convex
values.

(b) Subgradient perturbed sweeping processes: f(t,x) is lower semicontinuous

and F(t,z) = N(C(t), z).

The hypotheses used in this paper are rather standard to ensure existence of
solutions of the differential inclusion (4) when F(t,z) = N(C(t),z). We assume
either ball-inf-compactness of f(t,-) or ball-compactness of the sets C(:). In-
deed, this standardization comes from the existence of solutions of optimization
problems of the form

min {f(z): z € C}, (5)

where f: X — R U {+oc} is a lower semicontinuous function and C'is a closed
subset of some Banach space X. The usual assumptions ensuring existence of
solutions to this problem are either the inf-compactness of f or the compactness
of C'. If in addition Z is a solution to this problem and f is locally Lipschitz
around T, then

0€0f(z)+ N(C,z). (6)

Our approach is based on approximating the given differential inclusion with
maximally perturbed differential inclusions which, under certain compactness
conditions, converges to an absolutely continuous solution. This method can be
fruitful in many other situations but we will limit ourselves to using it in the
cases previously mentioned.

The paper is organized as follows. In Section 2 we recall several concepts of
non-smooth and variational analysis which are involved through the paper. In
Section 3 we present the definition of the class of positively a-far sets, then
we show that this class includes the classes of paraconvex sets, uniformly prox-
regular sets and uniformly subsmooth sets and also we give conditions to assure
the uniform subsmoothness of the inverse images under a differentiable mapping.
In Section 4, for sake of readability, we collect the hypotheses used along the
paper. In Section 5 we give some results needed to prove the main results.
In Section 6, after obtaining an existence result for the GSP (1) we obtain
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the existence for the perturbed sweeping process (2). In Sections 7 and 8 we
prove the existence of solutions for (4) in the cases (a) and (b) referred above,
respectively. Finally, in Section 9 we make an application to CDS.

2. Preliminaries

From now on X stands for a separable Hilbert space whose norm is denoted by
|- |lx. The closed ball centered at x with radius 7, is defined by B(x,r) = {u €
X : |Jlu—z|| <r} and the closed unit ball is denoted by Bx. The notation X,
stands for X equipped with the weak topology and x,, — x stands for the weak
convergence of a sequence (z,,), to z.

The Clarke normal cone (see [20]) is defined as the negative polar of the Clarke
tangent cone. Recall that a vector h € X is in the Clarke tangent cone T¢ (S, x)
to the set S at x € S when for every sequence {z,}n,eny in S converging to z
and every sequence of positive numbers {t, },en converging to 0, there exists
some sequence {hy}neny in X converging to h such that z, + t,h, € S for all
n € N. This cone is closed and convex and its negative polar N(S,x) is the
Clarke normal cone to S at x € S, that is,

N(S,z)={ve X: (v,h) <OVheT(S x)}.

As usual, N(S,z) = 0 if x ¢ S. Through that normal cone, the Clarke subdif-
ferential of the function f: X — R U {400} is defined by

Of (x) :={v e X: (v,—1) € N(epi f, (z, f(x)))},

where epi f := {(y,7) € X x R: f(y) < r} is the epigraph of f. When the
function is finite and locally Lipschitzian around x, the Clarke subdifferential is
characterized (see [20]) in the following simple and amenable way

Of(x) ={ve X: (v,h) < f(x;h) Yh € X},

where

Flaih) = lmsup £ [f(a + th) — f(2')],

(t,x")—(0F,x)

is the generalized directional derivative of the locally Lipschitzian function f at
x in the direction h € X. The function f°(z;-) is in fact the support function of
Jf(z). That characterization easily yields that the Clarke subdifferential of any
locally Lipschitzian function has the important property of upper semicontinuity
from X into X, (see Proposition 2.3). The equality (see [20])

N(S,z) =R,0d(-,S)(z) forxe S,

gives the expression of the Clarke normal cone in terms of the distance function.
This will allow us to take advantage, in the next sections, of the upper semi-
continuity of the Clarke subdifferential of the particular Lipschitzian function
d(-,S). As usual, it will be convenient to write below

dd(z,S) in place of 9d(-, S)(z).
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The following definitions related to set-valued mappings will be needed in the
sequel.

Definition 2.1. Let ([Ty, T, X, i) the Lebesgue measure space and ®: [Ty, T] =
X. We say that ® is measurable if the set

P HC) = {t e [T, T): ) NC # 0} € ¥

for any closed subset C' C X.

Definition 2.2. A set-valued map ¥: X == X is said to be upper semicontin-
uous from X into X, if the set

U HO) ={r e X: U(x)NC # 0}
is norm-closed for any C' weakly closed of X.

An important example of upper semicontinuous from X into X, is the Clarke
subdifferential of a locally Lipschitz function.

Proposition 2.3 ([9, Proposition 5.2.7]). Let f: X — R be a locally Lip-
schitz function. Then 0f: X = X s upper semicontinuous from X into X,,.

Let A: D(A) C X == X be a maximal monotone operator. Then S(t)z =

lim,, (I + £ A)™" z exists for each « € D(A) and uniformly for ¢ in every compact

in Ry (see [57] for more details). In addition, {S(¢): D(A) — D(A),t > 0}
defines a semigroup called the semigroup generated by —A on D(A). If for each
t > 0, S(t) is a compact operator we say that the semigroup generated by —A

on D(A) is compact. As an example, the following proposition characterizes the
compactness of the semigroup generated for subdifferentials (see [57]).

Proposition 2.4 (Konishi-Brézis). If the operator A: D(A) C X = X s
defined by Ax = 0p(x) for each x € D(A) = D(0¢), where ¢: X — R U {+o0}

1S a proper, l.s.c., convex function, then the following conditions are equivalent:

o For each k > 0, the level set {x € X: ||z||* + ¢(z) < k} is relatively
compact in X.

o The semigroup generated by —A on D(A) is compact.
Let f € LY([Ty, T], X) be a given function and consider the differential inclusion

dx
E(t) e —Az(t) + f(t) ae. te[Tp,T],

x(Ty) = xo € D(A).

(7)

Our main tool is the following perturbed version of (7) which will be used to
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approximate the solutions of (1):

%(t c —Ax(t) + f(t) a.e.t € [TO,TL

)
f(t) € F(t,z(t)) ae. t € [Ty, T, (8)

z(Ty) = xo € D(A),
where F': [Ty, T] x D(A) = X is a given set-valued map. The next theorem,
which is a consequence of [10, Theorem 1] and [7, Corollary 1.3], asserts the
existence of solutions for (8) when D(A) = X.

Theorem 2.5. Let A: X — X be a single valued mazimal monotone operator

such that — A generates a compact semigroup on D(A) := X and let F': [Ty, T] X
D(A) = X be a set-valued map with closed and convex values satisfying

~  Foreachx € X, F(-,x) is measurable.
- For a.e. t € [Ty, T), F(t,-) is upper semicontinuous from X into X,,.
- There exist v,0 € LY(Ty, T) such that

|F(t, )| = sup{|lw]: w e F(t,2)}
< y@®)||z|| + () ae te[lyT],xe X.

Then there exists at least a solution of (8).

Finally, let A: D(A) € X = X be a maximal monotone operator such that

— A generates a compact semigroup S4(-) on D(A). We recall that for A > 0
Sxaa(t) = Sa(At) thus —AA also generates a compact semigroup.

3. Positively a-far sets

This section is devoted to the study of the class of positively a-far sets. For
p € (0,+00] let us define the open p-tube around the set S by

Uy(S) ={zr e X:0<d(z,5) < p}.

Definition 3.1. Let a € (0,1] and p € (0,+00]. Let S be a nonempty closed
subset of X with S # X. We say that the Clarke subdifferential of the distance
function d(-, S) keeps the origin a-far-off on the open p-tube around S provided

a < infs) d(0,0d(z, S)). (9)

xeUp(

Also, if F' is a given nonempty set, we say that the family (S(t)),.p is positively
a-far if every set S(t) satisfies (9) with the same o > 0 and p > 0, for some p.

The class of these sets will be called the class of positively a-far sets. It was
already proved that this class is strictly bigger than the class of uniformly prox-
regular sets (see [29] and Example 3.10 below). Since the notion of positively
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a-farness involves the Clarke subdifferential of the distance, which can be char-
acterized via the formula (see [31])

od(x, S) = (@ (%) , (10)

>0 ds (SL’)

where Pd(z) = {z € S: |lx — 2| < d(x,S) + v}, we can get the following
proposition.

Proposition 3.2. Let S be a closed subset of X and p > 0.

1. Assume that the following property holds: For every x € U,(S) there exists
v(z) such that for all v €]0,v(x)|

* * T — P’Y(l’) * *
Uy, Uy € d(x—,SS) = <U1,U2> > 042 + Q(’}/,ZE), (11)

where lim, o 0(v,z) = 0 for all x € U,(S). Then the origin is kept posi-
tively a-far from the Clarke subdifferential of the distance function d(-,S)
on U,(S).

2. Assume that the origin is kept positively a-far from the Clarke subdifferen-

tial of the distance function d(-,S) on U,(S). Then the following property
holds:

Ve e U (S) wuj,ub€dd(z,S) = (uj,us)>2a*—1. (12)

ds(z)
and \; > 0 fori =1,...,n with >." ' A\; = 1 and some n € N.

] = <Z Aiu:7ZAju;>
i=1 j=1

i=1 j=1
> Z Z >\Z)\j (Oé2 + ‘9(’}/, Zﬂ))
i=1 j=1

> a? +0(v,2).

Proof. 1. Fix x € U,(S). If u* € co <I_Pg(x)> then u* = > | \u; for some

fog(x)

u; € ds(z)

Thus,

Hence, (11) holds for uf,uj € co <%gé;ﬁ)>, and, since the weak and strong

closure of convex sets coincide, (11) holds for uf,u} € co (r_Pg (m)). Therefore,

d(z,S)
due to the formula (10), if 2* € dd(x, S)

l2*[* > o® + 6(v, 2),
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for all v < y(z), and taking v | 0, we obtain that ||z*| > a.
2. Take x € U,(S) and uj,uy € 0d(x,S). Since uj,uy € dd(x,S) we obtain
@ € dd(x,S). Thus,

2 || U1t s
- 2
luil® 1, L el
- i +§<“17U2>+ i
BRI DR
—4 20y
which entails (12). O

The next example shows that the inequality in relation (12) is attained.

Example 3.3 ([29]). Consider the set S = {(z,y) € R*: y > —|z|}. For
(r,s) ¢ S we have d ((r,s),S) = ‘/75 ||| + s| and

V2 (-1, -1) if r >0,
od((r,s),S) = {72 (1—2) 1) €R%: A e [0,1]} itr =0,
2(1,-1) if r <0,

therefore the origin is kept positively ?—far from the Clarke subdifferential of the

distance function on X\ S. Then, if (0,s) ¢ S, uj = ? (—1,-1),u; = ? (1,-1)
belong to dd ((0, s),S) and satisfy (u},us) = 0, attaining the equality in (12).

Let S be a closed set and p > 0. We recall that S is p-uniformly prox-regular
[50, Definition 2.4] if for all x € S and all v € N (S, x) with ||v]| < 1 2 is the
unique nearest point of S to x + pv, i.e.,

x = Ps(x + pv).

Here Pg(u) denotes the unique nearest point of S to w. It has been shown
[50, Corollary 3.8] that S is p-uniformly prox-regular if and only if the Clarke
subdifferential of the distance dd(-, .S) is a singleton for every x € U,(.S). Hence,
using Proposition 3.2, we can give the following characterization of p-uniformly
prox-regularity.

Corollary 3.4. Let S be a closed subset of X with S # X and p > 0. Then S
is p-uniformly prox-regular if and only if the origin is kept positive 1-far from

the Clarke subdifferential of the distance function d(-,S) on U,(S).

Proof. The necessity was shown in [29, Proposition 2]. For the sufficiency we
take z € U,(S) and uj,u; € 0d(z,S). Then, due to Proposition 3.2, we have
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(uf,ul) =1 and therefore
* * 12 * * * *
lui = will® = lupl* = 2(ui, u3) + [lul* <1 -2+1=0,

Thus, dd(z,S) is a singleton for every x € U,(S) which proves (by using [50,
Corollary 3.8]) that S is p-uniformly prox-regular. O

The next proposition gives a characterization of the concept of positively a-
farness in terms of the existence of a function called pseudo-gradient. We use
the well-known Lau theorem [34] which asserts that the set of those points which
have a nearest point to any fixed closed subset is a dense set.

Proposition 3.5. Let S be a closed subset of X and let p > 0 and o« > 0. Then
the following assertions are equivalent:

1. The origin is kept positively a-far from the Clarke subdifferential of the
distance function d(-,S) on U,(S).

2. For all e €]0,«f, there exists a locally Lipschitz function V : X \ S — X
such that

< 1 * > —£).
Vel (S), V@I <i+e inf (" Vi) 2 (a—2)

3. For all € €]0, ], there exists a locally Lipschitz function V : X \ S — X
such that

Ve e Uy(S), [[V(z)] <1+e,
(u—Ps(u),V(u) > (@ —e)d(u,S) YueU,(S)ND.

Here D 1is the dense set of those points which have a nearest point to S.

Proof. 7. = 2.: This implication is an adaptation of the proof of Theorem
4.1 in [25]. The equivalence 2. < 3. follows from the characterization of the
Clarke’s subdifferential of the distance function (see [21, Theorem 1.6.1] and [21,
Theorem 2.6.1])

i — Ps(x;
ad(z, S) :@{w—'lim I—S(x) D>y —>x},
i=+o0 ||lz; — Ps(;)|
Finally the implication 2. = 1. is direct. ]

Remark 3.6. The equivalence 1. <= 2. holds true in any Banach space.

The following proposition gives another characterization of positively a—far sets.

Proposition 3.7. Let S C X be a closed set, a €]0,1[ and p > 0.

(i) If the origin is kept positively a-far from the Clarke subdifferential of the
distance function d(-,S) on U,(S), then

Vo e U,(S), Vo* € 9d(z,S); d(z—z"d(x,S5),S) < d(z,S)V1—a2 (13)
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Figure 3.1: Geometrical interpretation of Lemma 3.8.

(i)  Conversely, if (13) is satisfied then the origin is kept positively 1—v/1 — a?-
far from the Clarke subdifferential of the distance function d(-,S) on U,(S).

The proof of the proposition is based on the following geometrical lemma.
Lemma 3.8. Letr >0 and x € X be such that SN B(x,r) # 0. Then
Vu € co(SNB(z,r)), ve SNB(x,r); |u—v|*+lz—ul]> < (14)

Consequently,

Vu e (SN B(z,r)), du,S)<r?—|z—ul? (15)

Proof of Lemma 3.8. The second assertion follows directly from the first one.
Let us prove (14). By contradiction, assume that there exists u € co (S N B(z, 1))
such that for all v € SN B(z, )

lu = ol* + [l — ul|* > r*.
Then, for all v € SN B(z,r)

r? > |z — vl
:||:1:—u~|—u—v||2
= [lz — ul* + 2(z — u,u — v) + [Ju — v|]?

> 2(x —u,u — v) + 17,
So, using the last inequality and passing to the convex hull, we obtain
(x —u,u—v) <0 forallveco(SNB(x,r)),
which is a contradiction because u € co (S N B(z,r)). O

Now we proceed to prove Proposition 3.7.
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Proof. The assertion ii) is obvious. Let us prove i). Let z € U,(S) and
a* € dd(z, ) or equivalently 2 = ==&, for some u € [, coPl(x) (see (10)).

Then, for all v > 0, u = x — 2*d(z, S) € 0P (x). So, by (15),

d(z — z*d(z, S),S) < \/(d(x,S) + )% — ||*]|2d?(, S)

and since the origin is kept positively a-far from the Clarke subdifferential of
the distance function d(-, S) on U,(S), we get

d(z — z*d(z,S), ) < v/(d(x,S) +7)? — a2d?(z, S).
As v > 0 is arbitrary, we obtain

d(x — z*d(z,S),S) < d(z,S)V1— a2 O

Now, we show that the class of positively a-far sets strictly includes the class of
uniformly subsmooth sets introduced in [4]. Let C' be a closed subset of X. We
say that C' is uniformly subsmooth, if for every € > 0 there exists 6 > 0, such
that

(2] — 25,21 — @2) = —ellwy — 22, (16)

holds for all z;, x5 € C satisfying ||z1 — x| < § and all 2} € N(C,x;) NBx for
i =1,2. Also, if F is a given nonempty set, we say that the family (C(t)),cp is
equi-uniformly subsmooth, if for every € > 0, there exists 6 > 0 such that (16)
holds for each ¢t € FE, and all zy,z9 € C(t) satisfying ||z3 — z2|| < J and all
xf € N(C(t),z;) NBy fori=1,2.

Proposition 3.9. Assume that S is uniformly subsmooth. Then, for all ¢ €
10, 1] there exists p €]0,+o0| such that the origin is kept positively \/1 — e-far
from the Clarke subdifferential of the distance function d(-,S) on the open p-tube
Uy (S)={ye H:0<d(y,S) < p}, ie.,

V1—e< inf d(0,0d(y,S)).

y€U,(S)

Proof. Let ¢ €]0,1[ and define p = min{2, 1}, where 4 is given by the uniform
subsmoothness of S for €. Fix z € U,(S5). Due to Proposition 3.2, it is sufficient

to show that for all v < min { (1—2)? _d(=,9)"

100 (@ td(e. S 4} the following property holds:

uT,uZE%é()x) = (uj,u3) >1 10\/_<( S>—|—1). (17)

For i € {1,2} we take u} = gy with z; € Pi(z), i.e, z; € S and ||z — 2] <

d(x,S) + ~. Next, we apply Ekeland’s variational principle [9, Theorem 2.1.3]
to the function u — Ig(u)+ ||u — 2|, to obtain the existence of u; € S such that

1)z —wll < v,
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(i) flus — 2l + Az = wll < flzi = =],
(iii) the function u — Ig(u) + ||[u — 2| + /¥|lu — ;|| attains a minimum at
U; € S.

Next, using exact penalization [21, Proposition 1.6.3|, (iii) is equivalent to the
fact that the function u — (1 +2/7) d(u,S) + ||[u — z|| + /7|lu — u;|| attains a
minimum at u;. Note that u; # x because u; € S and = ¢ S. Hence,

0 € (14 2y/7)dd(u;, S) + —i— “'H + /AB.

Jui — @

Therefore, there exists b; € B such that v = =l +/7b; € (1+2y7) 0d(u;, S)
for i = 1,2. Then, for 1 = 1,2

% T — U; T — U; U;

ul — v = — + b;.
R e R ey Gl

Thus,

. ¥ VY 2
li =il = sy Y aw g TV SV (d(a:, st 1)

Moreover, as a result of (ii), ||uy —ua|| < [Jug — ||+ |lug — || < 2d(z, S)+2y <0
and consequently, by uniform subsmoothness of .S,

(v —v3,ur —ug) 2 —e (1+2/7) [|ur — uel|. (18)

Next, on the one hand

(v] — vy, U — ug)
r — Uy T — Uy
< uQ>+2\/7HU1—U2||
Iz —wl  Joe—ul"

(I = will + llz = ual) [=1 4 (o1 = VA1, v3 = /b2)] + 2\ ][un — us|
< (1457 + (v, v3) (lr — wall + llz — uell) -

On the other hand,

—e(1+2y7) lur = usl =2 = (1 +27) ([l — w | + [z = us]]) -

Therefore, combining these last two inequalities with (18) and dividing by
(lx — uy|| + ||z — uz||), we obtain

SL4 57+ (], 05) > —2 (1427),

which entails

(v],v5) > 1 —e(1+2/7) — 5. (19)
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On the other hand, we notice that

(01,03) = (U —ug,v3 = uy) + (U] — uy, up) + (ug, vy — us) + (U, uy)

<37 (d(zs) + 1)2+ (ul, ) .

Finally, using this last inequality and (19), we get

(o) = 5.03) 33 (g +1)

21—5(1+2\/§)—5\/§—3\/§<d(;s)+1)

9 2
>1—-e-10 1
>1-em 107 (g )

which proves (17). O

Now, with the following example, we proceed to show that the class of positively
a-far sets is strictly bigger than the class of uniformly prox-regular sets and the
class of subsmooth sets.

Example 3.10. Consider the set S = {(z,y) € R?: y > —|z|}. Then the origin

is kept positively %i—far from the Clarke subdifferential of the distance function
d(-,5) on X'\S but S is not uniformly prox-regular neither uniformly subsmooth.

The class of positively a-far sets contains also that of paraconvex sets by Michael
[39]. Following Michael, a set S is a-paraconvex for some a € [0, 1] if, whenever
z € X and r > 0 are such that d(z,S) < r, then

d(u,S) <ar Vué€co[B(z,r)NS].
This implies immediately that
Vp >0, Yo e U,(S), Vv >0, a(d(z,S)+~v)>du,S) YuecoPd(x). (20)
This remark allows us to get the following proposition.

Proposition 3.11. Let S C X be a closed set which is a-paraconvex for some
a € [0,1]. Then for each p > 0, the Clarke subdifferential of the distance function
d(-,S) keeps the origin (1 — a)-far-off on the open p-tube around S.

Proof. Let p > 0 and = € U,(S). First note that d(0,0d(x,S)) = !;(Cx_g‘)‘ for

some u € (),.,C0Pg(z). As u € c0Pg(x) for all v > 0, relation (20) ensures
that
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y = exp(x)

y = —exp(z)

Figure 3.2: The union of two convex sets is not positively a-far.

Thus

d(0,9d(z, S)) > (1 — a) — d&‘)‘s) Yy >0,

which completes the proof. ]

Remark 3.12. 1. The union of two convex sets is not positively a-far. Indeed,
consider C' = {(z,y) € R?: exp(z) <y} and D = {(z,y) € R?: y < —exp(z)}.
Then C'U D is not positively a-far. To see this, define the function f(z) as the
unique solution of the equation y + exp(2y) = z. Thus, if x — —c0 f(x) —
_ x _ [exp(f(z))
—o00 and d((x,0),CUD) = v2exp(f(z)). Moreover, 2* = (pT,O> €
dd ((z,0),C U D) and
d((z,0),CUD) _ exp(f(z))

|l=*|| = = —0 ifx - —o0,

2 V2

which shows that C'U D is not positively a-far.

2. It will be very interesting to know, probably under some constraint quali-
fication, when the intersection of two positively a—far sets remains positively
[B—far, for some 3 €]0, 1[. But, under some constraint qualification, it is not dif-
ficult to prove [48, Theorem 0.2.5] that the intersection of uniformly subsmooth
sets remains uniformly subsmooth, and therefore positively a-far. Indeed, let C
and Cy be two uniformly subsmooth sets and assume that there is § > 0 such
that

N(C1NCyz)NB C N(Cr,2)NEB+ N(Cy,z)NPFB  for all z € C1NCy, (21)

called in [23] as “normal cone intersection property”. Then C; N Cy is uniformly
subsmooth and therefore positively a-far. Indeed, let ¢ > 0 and define § =
min{d;, dy}, where d; > 0 and d, > 0 are given, respectively, by the uniform
subsmoothnes of C and Cs for % Take 1, xo € C1NCy with ||z — 23| < 0 and
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i € N(C1NCy, x;) for i = 1,2. Thus, due to (21), there are uf € N(Cy, z1)NGB
and v € N(Cj, o) NGB for i = 1,2, such that x = uf + uj and x5 = v} + v3.
Therefore, by uniformly subsmoothnes of C; and Cj,

g

(uj — i, x1 — 19) > —§||931 — 13|,
19

(uy — v3, 21 — T2) > —§€Hx1 — 9|,

which implies (] — 27,21 — x9) > —¢||lx; — x2||, i.e, C; N Cy is uniformly sub-
smooth.

3.1. Preservation of subsmoothness under inverse images

Let h: X — Y be a differentiable mapping from a Hilbert space X into another
Hilbert space Y. In this subsection we give some conditions to assure the uniform
subsmoothness of the family (h~* (D()))ierryy where (D(t)),ciz, 1 18 a given
family.

Let C C X, D CY be two closed sets and # € h=! (D) N C. We say that the
inverse image set h=1(D) N C has the normal cone inverse image property at
T € h™! (D)NC with respect to the Clarke normal cone [23] if there exists some
k > 0 and some neighborhood U of Z such that for all z € Un (h=* (D) N C)

N (h"Y(D)NC,z) NBx C Dh(z)* (N (D, h(z)) NkBy) + N (C,z). (22)

Also, we say that the inverse image set h='(D) N C has the uniform normal
cone inverse image property (UNCIIP) if there exists some k > 0 such that
(22) holds for all z € h=' (D) N C. The next proposition gives some sufficient
conditions to assure the UNCIIP and the Lipschitz continuity of the set-valued
map w = h™' (D — w) N C which will be useful in the Section 9.

Proposition 3.13. Let C C X and D C Y be two closed convex sets and
h: X =Y be a differentiable function. Consider the following statements:

(i)  There ezists k > 0 such that for all x € C
By C Dh(x) (T(x,C)NkBx) — D
(i) There ezists k > 0 such that for allw € Y and all x € C
d(z,h" (D —w)NC) < kd(h(z) +w,D).
(1ii) There exists k > 0 such that for allw € Y and allz € h' (D —w)NC
By C T'(h(z) +w, D) — kDh(x) (T(xz,C) NBx).
() There exists k > 0 such that for allw € Y and allz € h™* (D —w)NC

N (h™' (D —w)NC,z)NBx C Dh(z)* [N(D,h(z) +w) N kBy|+N(C, z).
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Then the following hold.

1. (i) & (i) = (i)

2. If D is a cone, (i) = (ii) < (i1i) = (iv)

3. Under (ii) the set-valued map w = h™ (D —w) N C is k'-Lipschitz con-
tinuous for every k' > k.

Proof. 1. (ii) = (iti): Take b € By and z € h™' (D — w) N C. Then, by (i),
forall t >0

d(z, " (D—w—th)NC) < kd (h(z) +w +tb, D).
Thus, for every € > 0, there exists v.(t) € h™' (D —w — tb) N C such that

|z —v:(t)|| <d(z,h"" (D —w—1tb)NC) +te
< kd(h(z) +w +tb, D) + te
< kt||b]| + te
<t(k+e).

Hence, since v.(t) € h™* (D —w — tb) N C,

the D —w — h(v(t))
C D —w—h(zx) — Dh(x) (ve(t) — z) + 6 (|Jv-(t) — x||, €)
CD—w-—h(zx)—t(k+¢e)Dh(z)(T(z,C)NBx)+n(te),

for some mappings 6(-,€) and (-, £) with lim, o s7'0(s,£) = 0 and lim, o s~ 'n(s, €)
=01in Y. From where we obtain

Dzw=hl@) _ (1 o) Dhe) (T(,C) 1 Bx) + O;’ 28

By C
Y t

then, taking t | 0, we get

By C T'(h(x) +w,D) — (k+¢) Dh(x) (T'(x,C) N Bx).

Next, consider the set-valued map M: z = T'(h(x) + w, D) — (k+¢) Dh(z)z
and define the closed convex set

E={(z,y) €eT(x,C)NBx xY:y e M(z)}.
Hence, Px(E) = T(z,C) N By is bounded and
Py(E)=T(h(z),D) — (k+¢) Dh(z) (T(z,C) NBx) .

Next, using Robinson’s Lemma [52, Lemma 1] we obtain that Py (F) is closed
which implies (ii).
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(#4i) = (i1): By contradiction, suppose that for every n € N there exist x,, € C
and w,, € Y such that
d (zn, " (D — w,) N C) > nd (h(x,) + wy, D). (23)

For every n € N, consider the function f,(z) = d(h(z) + w,, D) + Ic(z). Then,
applying Ekeland’s variational principle [9, Theorem 2.1.2] with &, = d(h(x,) +
Wy, D) and A, = ne,, there exists u, € C such that

(@) [lun = @nll < An,

(b)  falun) + 5 < fala),

(¢) the function u — f,,(u) + =||u — u,|| attains a minimum at u = wu,,.

We claim that h(u,) +w, ¢ D. Indeed, if h(u,) +w, € D, due to (a) and (23),
we have
[un = @[] < nd(h(2n) + wn, D)

<d(zn,,h " (D —w,)N0O)
S Hun - xn”a

which is a contradiction, hence h(u,) + w, ¢ D. Next, on the one hand,
as a result of (c¢), we obtain the existence y! € X with ||| = 1 and y} €
dd (h(uy) + wy, D) and b, € Bx such that 0 € Dh(u,)* (y}) + b, + N(C, u,).
This last inclusion implies that

<Dh(un)* (yr) + %bn, c> >0 VeeT(u,,C), (24)

and since v € dd(h(u,) + w,, D) and h(u,) + w, ¢ D, y: € N(D,v,) with
v, the projection of h(u,) + w, into D. On the other hand, due to (i), for
every b € By there exist ¢, € T(u,,C) N kBy and d, € T(v,, D) such that
b= —Dh(uy,)c, + d,. Thus, by virtue of (24),

< Dh(“ﬂ) (Yn) n> + (Yn» dn)

k

n’

bn7 CTL> yn7 dn>
from where we get that ||y || < £, which is a contradiction. Therefore (i) holds.

IN I
3|~

IN

(17i) = (iv): For every x € X we have the following identity
Ip-1(p-wync(@) = Ip(h(z) + w) + Io(z).

Then, due to (éi7), we can apply the chain rule for nonsmooth functions [42,
Theorem 3.4.1] to obtain

N (h™' (D —w)NC,z) = Dh(z)*N(D, h(z) + w) + N(C, z)
forall z € ™' (D —w)NC.
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Next, take z* € N (h™' (D —w) N C,z) NBx so z* = Dh(z)*y* + 2* for some
y* € N(D,h(z) +w) and z* € N(C,z). Then, by (iii), for every v € By there
exist w* € T'(h(x) +w, D) and u € T'(z,C') N Bx such that v = w* — kDh(x)u.
Hence,

(y yw') = (Dh(:v)*y*,w

= (y"w") = k(" = 2" u)

<k,

which implies that ||y*|| < k. Therefore (iv) holds.

Assume that D is a cone. We proceed to prove that (i) = (i7): By contradiction,
suppose that for every n € N there exist z,, € C' and w,, € Y such that

d (2n, (D — w,) N C) > nd (h(x,) + wy, D). (25)

For every n € N consider the function f,(z) = d(h(z) + w,, D) + Ic(x). Then,
applying Ekeland’s variational principle [9, Theorem 2.1.2] for every n € N, with
en = d(h(z,) + wy, D) and A\, = ne,, there exists u,, € C such that

(a> Hun - mn” S )\na

(0)  fulun) + % < ful®n),

(¢) the function u — f,(u) + |ju — u,|| attains a minimum at u = wu,.

We claim that h(u,) +w, ¢ D. Indeed, if h(u,) + w, € D, due to (a) and (25),
we have

[tn — 2| < nd(h(2y) + Wy, D) < d (zp, A" (D — w,) NC) < |Juy — ),

which is a contradiction, hence h(u,) + w, ¢ D. Next, on the one hand, as
a result of (¢), we obtain the existence of y* € X with ||y} = 1 and y} €
dd (h(uy) + wy, D) and b, € Bx such that 0 € Dh(u,)* (y}) + ~b, + N(C, u,).
This last inclusion implies that

<Dh(un)* (W) + %bn, c> >0 Vee T(un,C), (26)

and since D is a cone (y’,d) < 0 for every d € D. On the other hand, due to
(i), for every b € By there exist ¢, € T'(u,,C) N kBx and d, € D such that
b= —Dh(u,)c, + d,. Thus, by virtue of (26),

(Yns0) = (yn, —Dh(un)cn + dn)
Dh(un)" (yp) s cn) + (Yps dn)

(-
1

<_bnvcn> ynvdn>
n

k

7’l

IN

IN
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from which we get that ||y;|| < £, and this is a contradiction because ||y | = 1.
Therefore (i) holds.

Consider wy,ws € Y and x € h~' (D — w;) N C. Then, due to (i),
d(z,h™" (D —wy) NC) < kd(h(x) + wa, D) < kllwy — wyll, (27)

Thus, for € < k' — k there exists y. € h™' (D — wy) N C such that ||z — y.|| <
d(x,h™1 (D — wy) N C) + €||wy — wy|. Therefore, as a result of (27), ||z — y.|| <
(k + ¢) ||lwy — wsl|, which implies that

h_l (D—wl)ﬁCC h_l (D—wg)ﬂ0+k"||w1—w2||BX. ]

Now we give some conditions to assure the equi-uniform subsmoothness of in-
verse images of a given family of sets under a differentiable mapping h: X — Y.
The first statement of the next proposition was stated in [48] without a proof.

Proposition 3.14. Let h: X — Y be a continuously differentiable mapping
with Dh uniformly continuous.

1. Assume that the function h is Lipschitz, the family (D(t))te[TmT] CcY is
equi-uniformly subsmooth and UNCIIP holds for all D(t), t € [Ty, T| with
the same k > 0. Then the family (h™! (D)) epr,m s equi-uniformly
subsmooth and, hence, positively a-far for some o > 0.

2. Assume that the set D(t) C Y is convex for every t € [Ty, T] and UNCIIP
holds for all D(t), t € [To,T) with the same k > 0. Then the family
(b1 (D)) ieimy ) @ equi-uniformly subsmooth and, hence, positively a-
far for some a > 0.

3. Assume that the function h is Lipschitz, the set D C'Y s uniformly sub-
smooth, d: [Ty, T| — Y is a function and UNCIIP holds for all D — d(t),
t € [To, T) with the same k > 0. Then the family (=" (D — d(t))),ciz, 7y i
equi-uniformly subsmooth and, hence, positively a-far for some o > 0.

4. Assume that the set D C 'Y is convez, d: [To,T] — Y is a function and
UNCIIP holds for all D —d(t), t € [Ty, T] with the same k > 0. Then
the family (h=' (D — d(t)))semy 1 i equi-uniformly subsmooth and, hence,
positively a-far for some o > 0.

Proof. 1. Since h is Lipschitz, there exist L > 0 and §; > 0 such that
|z — y[| <01 then [[h(z) — h(y)|| < Ll|z —yl|.

For ¢ > 0 take § = min{%, 2,01}, where d3 is given by the equi-uniform sub-
smoothness of (D())e(n, 71 for 55z, 02 is given by the uniform continuity of Dh
for 5. Next, fix t € [Ty, T] and take uy, up € h™ (D(t)) with [Ju; — ug|| < 6 and
zi € N(h 1 (D(t)),u;) NBx for i = 1,2. We have to prove that

(x] — x5, u1 — ug) > —el|lug — ug|. (28)
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Indeed, by the UNCIIP, there exist y € N(D(t), h(u;))NBy for i = 1,2 such that
xf = kDh(u;)*y; for i = 1,2. Then, since ||h(uy) — h(ug)|| < L|juy — uz|| < 03,
we can use the equi-uniform subsmoothness of D(t) to get

(U1 = 2, h(ur) = h(us 1A (ur) = R(uz)]- (29)

19
T

Next, since ||ug + s(ug — ug) — uq|| < 03 for all s € [0, 1] and due to the uniform
continuity of Dh we have

3

| DR (1 + (s = ) = Dh(un)]| < -

Therefore, using this last inequality
(kyi, h(ur) — h(uz))
= <k:y’f, /01 Dh (ug + s(uq — ug)) (ug — Ug)d5>
= (ky1, Dh(u1)(u1 — uz))
+ <ky>{, /01 (DA (us + 5(ur — u2)) — Dh(ur)] (s — u2)ds>
< (kyi, Dh () (wr =)} + k- -y = s
= (kDh ()" yi, s =) + s = s
= (o — ) + Jur —
Therefore,
(kyi. hlur) = hlua) < (@, w1 = us) + = lur = ]
and similarly,
(kys. h(uz) = hlw)) < (@5, 4z = wr) + = Jlur = ws]
Next, by adding up these two inequalities we obtain
(kyi = kys, hw) = h(us) < (@] = a3, = ) + s = wa]]

which combined with (29) and the Lipschitzianity of h entails (28), i.e., the
equi-uniform subsmoothness of the family (h‘_l(D(t)))te[To,T]'

2. For ¢ > 0 take 0 given by the uniform continuity of Dh for 5. Next,
fix t € [Ty, T] and take uj,us € h™'(D(t)) with |Ju; — ye| < ¢ and z} €

N (h~Y(D(t)) ,u;) "By for i = 1,2. We have to prove that

(x] — x5, u1 — ug) > —el|lug — ug|. (30)
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Indeed, by the UNCIIP, there exist yF € N(D(t), h(u;)) N By for i = 1,2 such
that xf = kDh(u;)*y; for i = 1,2. Then, due to the convexity of D(t), we obtain

(1 — v, h(ur) — h(uz)) > 0. (31)

Next, since ||ug + s(ug — ug) — uq|| < 02 for all s € [0, 1] and due to the uniform
continuity of Dh, we have

3

1Dh (uz + s(ur — uz)) = Dh(w)l| < .

Therefore, using this last inequality
(kyt, h(u1) — h(uz))
= <ky>f, /01 Dh (us + s(uy —ug)) (ug — ug)ds>
= (ky1, Dh(u1)(u1 — uz))
" <k;y;, /01 (DA (us + 5(ur — u2)) — Dh(uy)] (uy — ug)ds>
< (kyi, Dh (wr) (uy =) + k- |l = wa]
= (kDh (w1)" g7,y = ) + 5 |lur = o
= (afu ) + 5 ur —
Therefore,
(ky7, h(un) = h(us) < (o, = ) + = [l = wa]
and similarly,
(kys, h(uz) = () < (@5, =) + 5 |[ur = ]|
Next, by adding up these two inequalities we obtain
(kyi — kya, h(ur) — h(ug)) < (27 — 23, u1 — ug) +€lur — s,

which combined with (31) entails (30), i.e., the equi-uniformly subsmoothness
of (h=H(D)(1)).

3. It follows from the proof of Part 1 and the formula

N(D = d(t),z) = N(D,x +d(t)) for all t € [Ty, T). (32)

4. It follows from the proof of Part 2 and the formula (32). O
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The next corollary will be useful in Section 9.

Corollary 3.15. Let h: X — Y be a continuously differentiable mapping with
Dh uniformly continuous and let d: [Ty, T| — Y be a function. Assume that
there exists k > 0 such that

By C Dh(2)kBx — K for allx € X,

where K C'Y is a closed convex cone. Then the family (h™' (K — d(t))),c (. T]
18 equz uniformly subsmooth, hence, positively a-far and the set-valued map t =
h=Y (K —d(t)) is absolutely continuous over [Ty, T.

Proof. For the first assertion, by Proposition 3.14, it is sufficient to prove that
the set h™! (K — d(t)) satisfies the UNCIIP for all ¢ € [Tp, T] with the same k
which follows directly from the first statement of Proposition 3.13. The second
assertion follows from the third statement of Proposition 3.13 combined with
the absolute continuity of d. ]

4. Technical assumptions

For the sake of readability, in this section we collect the hypothesis used along
this paper.

The hypothesis on the perturbation set-valued mapping F': [Ty, 7] x X = X
are:

(HE) For each z € X, F(-,x) is measurable.
(HIF) For a.e. t € [T, T), F(t,-) is upper semicontinuous from X into X,.
(HI) There exist «, 8 € L'(Ty, T) such that

|F(t,2)] == sup{[|w|[: w e F({,2)} <aft)|z] + 5(t)
for all z € X and a.e. t € [Tp, T1.
On the set-valued mapping C': [Ty, T] = Y we consider the following ones:

(H;) ap-farness: There exist two constants ag € (0,1] and p € (0,+00) such
that, for a.e. t € [Ty, T}, the origin is kept ap-far from the Clarke subdif-
ferential of the distance function d(-, C(t)) on the open p-tube U,(C(t)) =
{reY:0<d(z,C(t) < p}, e,

< ] .e. .
0<ap < erlpr(lg(t)) d(0,0d(z,C(t)))a.e. t € [Ty, T]

(Hz) Absolute continuity: There exists an absolutely continuous function
¢: [Ty, T] — Ry, with ¢ € LY(Tp, T), such that

|d(z, C(1)) = d(z, C(s))] < [C(t) = (5],
for all z € Y and all s,t € [Tp, 7.
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(H3) Ball-compactness: For all r > 0 and ¢t € [Tp, T'] the set C(t)NrB is compact
inY.

The assumptions on the mappings g: X — L (Y;X) and h: X — Y are:
(H}) For all 7 > 0 and ¢ € [Ty, T the set h~ (C(¢)) NrB is compact in X.
(Hy) — The function g is continuous with

lg(x)|| < My||z| + M, forall x € X,

where M; > 0 and My > 0.

— h: X — Y is a differentiable function with sup,.y ||[Dh(x)|| < M for
some M > 0.

— There exists A > 0 such that for all z € X

(Dh(x)g(z)h,h) > M|h|* VheY.
Finally, the assumptions on the function f: [Tp, 7] x X — RU {400} are:
(H{) Sublinear growth: There exist v,8 € L*(Tj, T) such that

of(t,z) € (v(t)||=]] + 6(2)) B,

for all x € X and a.e. t € [Tp, 1.
(H]) Measurability: For each z € X, 8f(-, ) is measurable.

(H{) For every 7 > ( there exists an absolutely continuous function ;. : [Ty, T] —
R, with ¢, € L'(T,,T) and such that

|f(t,:L‘) - f(S,I)| < |Cr(t) - CT(S)|7

for all z € B and all s, € [Tp, T).
(H]) Ball-inf-compactness: For all 7 > 0 and A € R there exists t* € [T}, T]
such that the set {f(¢t*,-) < A} NrB is compact in X.

5. Preparatory Lemmas

In this section we gather some lemmas needed in the sequel. The next lemma
is a consequence of Zagrodny’s approximate mean value [60, Theorem 4.3].

Lemma 5.1. Let f: X — RU {400} be a lower semicontinuous function sat-
isfying Of (x) C kB for all x € B(Z,r). Then f is Lipschitz on B(Z,r) with
constant k.

Since —d(+,S) has a directional derivative that coincides with the Clarke’s di-
rectional derivative of —d(-,S) whenever « ¢ S (see [8]), we obtain the following
lemma.

Lemma 5.2. Let S C X be a closed set, x ¢ S and v € X. Then
d(x + hv, S) —d(zx, S)

lim = min *Lv).
h|0 h y*€dd(z,S) (™, v)
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The next two statements are well known compactness criteria which will be used
to prove Theorem 5.9.

Proposition 5.3 ([3, Theorem 0.3.4]). Let us consider a sequence of abso-

lutely continuous function xj from an interval I of R to a Banach space X

satisfying

(i) Vtel, {xk(t)}r is a relatively compact subset of X,

(1)  there exists a positive function ¢ € L'(I) such that, for almost all t € I,
[z (O] < e(t).

Then there exist a subsequence (again denoted by xy.) converging to an absolutely

continuous function x from I to X in the sense that

(i) . converges uniformly to x over compact subsets of I,
(1) ) conwverges weakly to x' in L*(I, X).

Lemma 5.4 ([41, Theorem 0.2.2]). Let (z,), be a sequence of functions
xn: [To, T] — X which is uniformly bounded in norm and variation, i.e.

Sup |Znleo < Ky and supvar(z,) < Ko
neN neN

for some constants K1, Ky > 0. Then there exists a subsequence (again denoted
by) (Tn)nen and a bounded variation function x: [Ty, T] — X such that

var(z) < Ko and x,(t) — z(t) weakly asn — oo for all t € [Tp, T).

If all x,, are right-continuous, then for every Ty €]0,T] and every continuous

¢o: [Ty, T] — X

lim ¢-dx, = ¢-dz+¢(0)- [27(0) — 2(0)] =o(T1) - [+7(Th) — 2(Th)] ,

noee }Dle} ]Ole]

where dx,, and dx denotes the differential measure associated with x, and x,
respectively.

We will use the following special form of the Convergence Theorem in [3, The-
orem 1.4.1].

Lemma 5.5. Let F': I x X = X be a set-valued map with closed and convex
values satisfying

(i)  For each x € X, F (-, z) is measurable,
(1) For a.e.t € 1, F(t,-) is upper semicontinuous from X into X,,.

Let x,, frn: I — X (n € N) be measurable functions such that =, converges a.e.
on I to a function z: I — X and f, converges weakly in L*(I,X) to f: I — X.
If fu(t) € F(t,z,(t)) + m.(t)B, for all n € N and almost all t € 1. If r,(¢)
converges to 0 in L'(I) then f(t) € F(t,z(t)) a.e. on I.
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To get a priori bounds on the solutions of differential inclusions we need the
following consequence of Gronwall’s inequality.

Lemma 5.6 ([3, Proposition 2.4.1]). Let I = [Ty, T|, « and u be continuous
functions and ( be a nonnegative integrable function, all defined on I. Assume
that o is non-increasing and that

t

u(t) < aft) + . B(s)u(s)ds t e [T, T1.

Then .
u(t) < aft) exp( . ﬂ(s)ds) t e [To,T).

The next result says that to have invariance of the solutions it is sufficient to
have it in small intervals.

Lemma 5.7. Let F: [Ty, T] x X =% X and C: [Ty, T] = X be two set-valued
maps. Let a,b be two positive numbers with Ty < a < b <T and let us consider
the differential inclusion

{a‘:(t) € F(t,x(t)) ae t€lab], P (a,b,)
z(7) = v.

Let n > 0 be a positive number and assume that xo € C(Ty). Suppose that for
every T € [Ty, T), with T+ n < Ty, and every y € C(7) there exists at least one
solution of P (1,7 +n,y) with z(t) € C(t) for allt € [r,7+mn]. Then there exists
at least one solution of P (Ty, T, x0) satisfying x(t) € C(t) for all t € [Tp, T].

Proof. Fix, like in [29], an integer N such that (T'—Tp)/N < n and fix also the
subdivision of [Ty, T'| with Ty, Ty, ..., Ty = T given, for each k € {0,1,..., N},
by

k
Ty =Ty + (T = To).

For k = 1, since T} — Ty < 7, there exists a solution z': [Ty, Ty] — X of
P (Ty, T, xo) with z*(t) € C(t) for all ¢ € [Ty, T1]. Inductively, for k =2,..., N,
as Ty — Tj—1 < nand 2" (Ty_1) € C(Ty_1), let 2*: [T},_1, Tx] — X be a solution
of (73 (Tk_l,Tk,xkfl(Tk_l))) with z%(t) € C(t) for all t € [T},_1,T}]). Finally,
we define z(t) = z*(t) over [Ty_1,T}] for k = 1,..., N, which is a solution of
P (To, T, z0). 0

The next result gives some properties of the distance function composed with
differentiable functions along a curve.

Lemma 5.8. Assume that X,Y are two separable Hilbert spaces. Let x: [Ty, T| —
X be an absolutely continuous function, let C: [Ty, T] =Y be a set-valued map
with nonempty closed values satisfying (Hy) and h: X — Y be a differentiable
function with bounded derivative. Then
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1. The function t — d(h(z(t)),C(t)) is absolutely continuous over [Ty, T].
For all t €]Ty, T[, where ((t) exists,

d(h(z(t+s)),C(t+s)) —d(h(z(t)),C(t))

lim sup
N b o1+ .00 — o)y P
R E——
3. Forallt €]Ty, T, where @(t) exists,
Jim sup d(h (z(t+3)),C(t)) —d(h(z(t),C{1))
510 s (34)
< max (y*, Dh(z(t)) 2(t)) .

y*€dd(h(z(1)),C(1))

4. Forallt e {t €Ty, T[: h(z(t)) ¢ C(t)}, where i(t) exists, d(h (z(-)),C(t))
has a directional derivative at t and

i AU 2+ 5)) ,C(0) — d(h (x(8)) . C(1)
sl0 S

= min * Dh(z(t)) 2(t)) .

5. For every x € X the set-valued map t — 9d(h(x),C(t)) is measurable.

Proof. Let ¢: [Ty, T] — R be the function defined by ¢(t) := d(h (z(t)),C(t)).
. It follows directly from (Hs) and the boundedness of the derivative of h.
2. Let t €Ty, T[ be such that {(t) exists. Then
Pt +s) —¢(t)

S

d(h(z(t + 5)), C(t + 5)) — d(h(x(t + 5)), C(1))

L Uh(z(t+9)), CF)) — d(h(z(t)), C(2))
S+ 5) = C(B)] | dh(z(t +5)), C(1)) = d(h(z(1)), C(1))

< + ’
s s

and taking superior limit, we get (33).
3. Let t €]Ty, T[ be such that z(t) exists. Let s,, — 0" be such
i sup A2+ 5)).C(0) — d(b(x(0). C10)

s]0+ S
b s0).C()

n—-4o0o Sn

— d(h(z(?)),C(t))
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By virtue of Lebourg’s Mean Value Theorem [21, Theorem 2.2.4|, there exist
Zn €Jh(x(t)), h(z(t + s,))[ and &, € dd(z,, C(t)) such that

d(h(z(t + s0)), C(t)) = d(h(z(t)), C(t))

Sn

_ <§m h(z(t + sn)) = h(w(t))> ,

Sn

since ||€,]| < 1, there is a subsequence (without relabeling) of {,}, such that
&, — £ € 0d(h(z(t)),C(t)), and taking limit in the last equality we get (34).
4. Let t € {t €]Ty,T[: z(t) ¢ C(t)} where &(t) exists. Then, for s > 0 small

enough,

d(h(z(t + 5)), C(t)) — d(h(z(1)), C(t))

_ d(h(x(t)) + sDh(x(t))i(t) + s2(s, 1)), C(t)) — d(h(x(1)), C(t)
d(h(x(t)) + sDh(z(t))2(t), C(t)) — d(h(z(t)), C(t))

— t
. +n(s, 1),

for some mappings €(-,t) and 7(-,t) with limgge(s,t)= 0 and lim, o n(s,t) = 0.
Then, using Lemma 5.2, we get

d(h(z(t + 5)), Ct)) — d(h(z(1)), C(t))

lim
s]0 S

_ g Yx(t)) + sDh((t))i(t), C(2)) — d(h(z(t)), C(2))
s]0 h

= min (y*, Dh(z(t))z(1)) .

y*€dd(h(z(1)),C(1))

5. Let I'(t) := dd(h(zx),C(t)). Then, I' takes weakly compact and convex values.
Fixing any d € Y, by virtue of [32, Proposition 2.2.39], it is enough to verify
that the support function ¢t — o(d,T'(t)) is measurable, where

o(d,T'(t)) := sup (v,d).

vel'(t)

Recalling that o(d,I'()) = d¢,) (h(); d) and fixing a countable dense subset A
of B, we have

o (h(x);d)
1

= inf sup —[d(y+ h(z)+sd,C(t)) —d(y+ h(x),C(t))]

"N sejo,t[yeln

Coinf osup S ld(y+ h(@) + sd, ) — d (y + hiz), C1))].

"Nselo, L g yeia
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This and the continuity of the function (¢, z) — d(h(z),C(t)), due to the con-
tinuity of h and (Hy), guarantees the desired measurability of ¢ — o(d,T'(t))
which finishes the proof. ]

The next result is the cornerstone of our approach to approximate solutions of
differential inclusions.

Theorem 5.9. Let A: X — X be a mazimal monotone operator with ||Ax| <
cllz]| + d for all x € X for some ¢,d > 0 such that —A generates a compact
semigroup on X. Fori=1,2, let F;: [To,T]| x X = X be a set-valued map with
closed and convex values satisfying (H{'), (Hf) and (Hi') for some functions
ag, B € LNTy, T) fori=1,2. Let p, € L*(Ty,T) be a sequence of nonnegative
functions which converges to u € LY(Ty, T) with pno, pinfBe € LN Ty, T) fori =
1,2. Let us consider a sequence {x,}, of solutions of the differential inclusion
(whose ezistence is guaranteed by Theorem 2.5)

—in(t) € %Aasn(t) Rt an() + () Eo(t,2n(t))  ace. t € [Ty, T],

(35)
ZL‘n(To) = 2o,

Assume that ¥t € [To, T, {zn(t)}n is a relatively compact subset of X. Then
there exists a subsequence (again denoted by (x,),) converging to an absolutely
continuous function x solution of

{—x’(t) € Fi(t,z(t) + p() Fo(t, 2(t))  ace. t € [Ty, T, (36)

l’(T()) = 2o,

which satisfies

Jo(o)] < ate)i=exo ([ t atsyds) (llal + t5<s>ds) te [T T),

To

(0] < (0= atyex (| t atsyds ) (Jlal + t@(%) A

To TO
a.e. t € [Ty, T,

where & 1= oy + pag and B = P+ pfs.

Proof. For n € N we define v, := a1 + pipan + 7, By := b1 + pnB2 + % and

()= clt)esp ([ t an(s)ts ) (aul + [ s ) + (0
a.e. te€ [;O,T]. 0
Due to (HF), we have

[En (@ < an(®)llzn(@)] + Bu(t) ace. t € [To, T].



A. Jourani, E. Vilches / Positively a-Far Sets and Existence Results ... 805

Then, by virtue of Lemma 5.6, for all t € [T}, T

a0 < o) = (] + s )exp ([ antsias) . @m)

To

Thus, using the last two inequalities, for a.e. t € [Tp, T

[ (DI < an@lzn @ + Ba(t) < calt). (38)

Therefore, as a result of Proposition 5.3, there exists a subsequence (again de-
noted by z,) converging to an absolutely continuous function z from [Ty, 7] in
the sense that

(i)  z, converges uniformly to x over [T, T,
(i) !, converges weakly to z’ in L*([Tp, T], X).

Moreover, by (HI'), (HY) and Lemma 5.5, it follows directly that z satisfies
(36). 0

6. Set-valued perturbed generalized sweeping processes

Let X and Y be two separable Hilbert spaces. Let C': [Ty, T] = Y and F': [Tp, T] %
X = X be two set-valued maps with nonempty closed values and nonempty
closed convex values, respectively. In this section we show existence of solutions
for the generalized sweeping process

2(Ty) =z € K1 (C(Ty)), (39)

{—i(t) € F(t,2(t)) + g(x(0)N (Ct), h(2(t))) a.e. t € [To, T],
where g: X — L(Y;X) and h: X — Y are two functions. To achieve this goal

we will use Lemma 5.8 and Theorem 5.9 to construct approximations which,
under an appropriate compactness conditions, converges to a solution of (39).

Theorem 6.1. Let C: [To,T] = Y be a set-valued map satisfying (Hy), (Ha),
(HY) and (Hy) and let F: [Ty, T] x X = X be a set-valued map with nonempty
closed and convex values satisfying the conditions (HY), (HI') and (HL). Then
there exists at least one solution of (39) satisfying

(0] < 600 (Jlsoll + | 5(s)as )+ Maoe) [ utohas + 50+ Mo

To
a.e. t € [To,T],

where n, o and p are functions from [Ty, T] to Ry defined by the following
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formulas:
n(t) = Mo (1) (nxon + [ @<s>ds) M) + ¢

ott) = o ([ (als) + 1) a5)

To

n(t) o(t) [* MMyr(s) / o(r)
t) = M Ms—= + M M- M M. ——=drt | ds.
u(t) 202\ * 202\ Jn, a2) P 2 ), a2 r)es

Proof. Without loss of generality we assume that MM, > 1. Under the
framework of Theorem 5.9, let us consider Fi(t,z) = F(t,x), Fy(t,x) =
g(x)dd(h(z),C(t)) and wu, defined by

() an(t) [ MMyn,(s) /t o (T)
n(t) := M M. M M. M M. dr | ds,
tn(?) 2 a2\ * PN Jn, oA P 2 ), a2) Ty

where o, and 7, are functions from [Tp, T] to Ry defined by the formulas:

on(t) := exp Ut <a(s) + M, + %) ds}

To

n(®) = 2030 (Il + [ [0+ 2] as) 51 (560 + &) + 601

To

Lemma 6.2. For alln € N

¢
M My, (t) + M M, dn(t)/ pin(8)ds = Mg, (t)  a.et € [Ty, T).

To

As a result of Lemma 5.8, Fi, F; and pu, satisfy the conditions of Theorem 5.9
with ay = o, 81 = 8, ag = M; and B3 = M,. Let (z,,), be a sequence of solutions
of (35) with z,,(Ty) = g € h™' (C(Tp)). Then there exist f,, g, € L' ([Tp, T], X)
such that for a.e. t € [To, T] fu(t) € F(t,x,(t)), gu(t) € 0d(h(z,(t)), C(t)) and
—in(t) = LAz, (8) + fu(t) + 1 (t)g (20(t)) gn(t). Moreover, due to (37) and (38),

T n

o0 < o)1= 0 (Mol [ (9001 5 ) s 0t [ utopas)
for t € [TO,JS], 0
i) < calt) = (0 (ol + | (9645 ) dsv 0t [ e

(41)
+ B(t) + g + Mopia(t) ae. t € [Ty, T)-
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Let n > 0 be such that

To+n

(Aag + M M) / tn(s)ds < p. (42)

To

Step 1. First, we prove the theorem under the condition T'— T < 7.

Suppose that for all n € N h(z,(t)) € C(t) for all t € [Ty, T]. Hence, in view of
(H%) and (40), for all ¢ € [Ty, T] {x,(t)}, is a relatively compact subset of X,
then, Theorem 5.9 asserts that there exists a subsequence (again denoted by)
x,(t) converging to an absolutely continuous function x solution of

—i(t) € F(t, (1)) + p(t)g(x(t))0d(h (x(t)),C(t)) ae. t e [To,T],
.%‘(To) = 29 < O(Tg),

with h(x(t)) € C(t) for all t € [Ty, T]. Therefore u(t)od(h(x(t)),C(t)) C
N(C(t),h(z(t))) for all t € [Ty, T] which implies that x is a solution of (39).
So it remains to prove that for all n € N, h (z,(t)) € C(t) for all t € [Ty, T]. We
begin by showing that v,,(t) := d(h (z,(t)),C(t)) < p for all ¢t € [Ty, T]. Indeed,
due to (Hy) and Lemma 5.8, the function v, is absolutely continuous. Hence,
for a.e. t € [Tp, T

Yu(t) < IC()] + max (™, b (wn(t)) Zu(t)) ,

y*€0d(h(zn(1)),C(1))
< [C@O)] + Ml @)
< IC@O] + Men(t)

t

=N (t) + MM, (t) | pn(s)ds + M Mop,(t)
To

< (Aag + MMs) pn(2).

Thus, by virtue of (42), for all t € [Ty, T

d(h (zn(t)), C(t)) = d(h (20) , C(To)) + . U (s)ds

< d(h(z),C(To)) + (Mag + MM,) / n(8)ds

To

< p.
Next we prove that h (x,(t)) € C(t) for all t € [T, T]. Indeed, the set
Qn = {t € [To, T]: h(za(t)) ¢ C(t)} =2, (0, +00])

is open in [T, T]. We claim, as in [54], that €2, is empty. In fact, let us suppose
that €, # 0 and put

7= nt{t > Ty: h(z,(t)) ¢ C1)}.
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Then 1, (7_) = 0, because of the continuity of v, and, since €2, is open, there
exists 7, such that |7, 7,[C Q,. By virtue of Lemma 5.8, (40), (41) and (H;),
for a.e. t €], 7|

Ui S KW+ min Gy D (8) (1)

160+ i (DB ) (4 An(0) - 1,0

y*€dd(h(zn(t)),C(t))
—una)g(xn(t))gn(t)) > |

< 1C) + % (cllzn (@] + d) + M (a(t)lz. ()] + 5(2))

min * =t (D) Dh (2, (1)) g(2, () gn (),
y*€dd(h(zn(t)),C(t)) <y H ( ) ( ( )) g( ( ))g ( )>

= 601+ M (a(0) + £) o + 1 500+ 2

() | it o (2(t)) 9(2a(t)) g0 (1))

<O+ M (a0 + ) () 3 (800 + 5 ) = M llan(o

< ICO1+ M (a0 £) dfe) + 01 (500) + ) = Aot

= a(t) + MMyé, (1) / bin(5)dds — A2, (1)

To
<0,

where the last inequality is due to the definition of u,, and Lemma 6.2. Therefore,
for almost all ¢ €|7_, 7, [ we have ¢/, (t) < 0 which implies

() <p(m-) =0 for every t €]7_, 74|,

which is a contradiction with |7_,7.[C Q,. So Q, = 0 which means that
h(z,(t)) € C(t) for all t € [Ty, T] and finishes the first step.

Step 2. In the general case, without any restriction on the length of 7' it is
sufficient to use Step 1 with Lemma 5.7. O

Taking X =Y, h =1Id and g = Dh* we obtain, as a consequence of Theorem
6.1, the existence of solutions for the perturbed sweeping process (2) in the
non-prox-regular setting which, as a result of Proposition 3.9, greatly extends
[48, Theorem 1.2.1]. The next result should be understood as an intermediary
one between [12, Theorem 4.2] for prox-regular sets in Hilbert spaces without
compactness and [54, Theorem 4.3] for closed sets in finite dimensional Hilbert
spaces. It is noteworthy that unlike [12, Theorem 4.2] we do not suppose any
kind of strong compactness on the perturbation F'.
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Corollary 6.3. Let C: [Ty, T] = X be a set-valued map satisfying (Hy)—(Hs)
and let F: [Ty, T] x X = X be a set-valued map with nonempty closed and
convex values satisfying the conditions (H{'), (HY) and (HY). Then there exists
at least one solution of (2) satisfying

o] < 2508 () +00) [ D (25 - T ) — e

0 T, %o Qg ap
a.e. t I~ [To,T],

where n and o are functions from [Ty, T to Ry defined by the following formulas:
t .
o0 =500 (loll + | 5G6)as) + 50+ o).
To

o(t) = exp (/Tt a(s)ds) .

In the case of the convex sweeping process our approach is flexible enough to
recover the existence and uniqueness of solutions.

Theorem 6.4. Let C: [Ty, T] = X be a set-valued map with closed convex

values satisfying (Hy). Then there exists a unique absolutely continuous solution

of the sweeping process

—i(t) € N(C(t),z(t)) a.e. t e [Ty, T), (43)
.T(TQ) =X € C(To)

which satisfies ||&(t)|| < [C(t)| a.e. t € [Ty, T).

Proof. Let (x,), be the sequence of functions defined in the proof of Theorem
6.3 with X =Y, F =0, h =1d and ¢ = Dh*. By virtue of Lemma 5.4, (40)
and (41), there exists a subsequence (again denoted by) (x,), and a bounded
variation function x: [Ty, 7] — X such that z,(t) — z(t) for all t € [Tp,T],
z, — z in L*([Ty, T], X) and &, — & in L* ([T, T], X). Under these conditions it
is not difficult to show that the function x is absolutely continuous. Furthermore,
since C(t) is convex and x,(t) — x(t) Vt € [Ty, T], we obtain that z(t) € C(¢)
for all t € [T, T]. Moreover, since z,,(t) € C(t) for all t € [T, T'], we have that
—&,(t) — LAz, (t) € N(C(t), z,(t)) for a.e. t € [Ty, T, which entails that for a.e.
t € [Ty, T]

(—n(t),y —2a(t)) < <%Aasn, y — xn(t)>

< (ellra®ll + )l + Iz (D)) for all y € C0).
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Let M > sup, ey ||%n]| and define Cy(t) := C(t) N MB. Then

(=i (), — zn(t)) < % (M +d) M forall y € Cus(t).

Next, taking supremum over C),(t) and integrating over Ty and 7',

eI = 2 ol + / sup (—aia(t). y) dt < > (eM +d) M(T — T).

To y€CuM (L) n

Therefore, by virtue of the weak convergence of &, to & and [33, Lemma 3],

1 e .
Sl (@7 = 5 [lolI” + sup (—i(t),y) di

To yEC]u(t)

IN

1 1 T
lim inf |, (T )y|2—§uw0|yz+hminf/ sup (—in(t),y)dt

o notee Jry el ()

< hmmf(1||xn< W= Sl + / sup (—ii(t), >dt>

n—+o0 To yEC]u(t)

< Timinf 2 (M +d) M(T — Ty)

n—+oo N,

= 0.

From which we obtain

1 1 4 ,
Sl = SlanlP+ [ sup (~ate). e <o
To yeCm (1)

which turns out to be equivalent to

/ A(t)dt ;:/ ((m’(t),x(t)>+ sup <—:i:(t),y>) dt < 0.

To To yeCns(t)

Therefore, noting that x(t) € Cy(t) for all t € [Ty, T], we get that A(t) > 0
a.e. t € [Ty, T]. Consequently, A(t) = 0 for a.e. t € [Ty, T], which gives for a.e.
t € [Ty, T]

(—a(t),y —x(t)) <0y e Culd).
Finally, since this inequality is valid for all M bigger enough, we conclude that

x is a solution of (43). The uniqueness of solutions follows directly from the
definition of normal cone. ]
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7. Subgradient evolution inclusions

Let F': [Ty, T] x X = X be a set-valued map with nonempty closed and convex
values satisfying the hypothesis (H{'), (HL) and (HLY) and f: [Ty, T]) x H — R
be a function such that for a.e. t € [Ty, T'] the function x — f(¢, x) is Lipschitz on
bounded sets. In this section we study the existence of solutions of the following
differential inclusion:

(44)

{—:t(t) € 0f(t,z(t)) + F(t,z(t)) ae.te [Ty, T,
x(Ty) = wo,

Before establishing the main result of this section we need the following lemma.

Lemma 7.1. Let x: [Ty, T] — X be an absolutely continuous function and sup-
pose that (H{) and (H]) hold. Put r = SuPerr, 1) 12 (8)|| + 1. Then the function
W(t) == f(t,x(t)) is absolutely continuous over [Ty, T| and for all t €]Ty, T,
where (t) exists and y(t),d(t) < o0,

hrr;lsoup - < 1G(?)] toomax (y*, 2(1)) ,

where ¢, is the function given by (HY).

Proof. The first statement follows directly from (H. 3{ ). For the second one, take
t €]y, T| where @(t) exists and (t),d(t) < +oo. Let h,, — 0 be such that

lim sup flt+ha(t+h) - f(t, () — lim S+ oy x(t + ha)) — f(2 x(t))

hl0 h n—-+0o hn

Using Lebourg’s Mean Value Theorem [21, Theorem 2.2.4], for every h, > 0
there exists z, €|x(t), z(t + h,)[ and &, € Of(t, z,,) such that

fat+ b)) = f(E,2(1) = a2+ hn) = (1)) -
Then, by virtue of (HY),

f(t+ hn,x(t+ hy)) — f(t,2(t))

hn
_ flt+ hp,x(t+ hn}zz — f(t,z(t+ hy)) N flt, x(t+ hnizz — f(t,z(t)) (45)
|G (t+ D) = G (1)] x(t+ hn) —x(t)
el h et stk st

Moreover, since &, € 0f(t, z,), in view of (H{), we have

1€all < v ()]0l + 0(2),
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using this and the fact that the sequence {z,}, belongs to the ball B we get
that the sequence {&,}, is bounded. Hence there is a subsequence of {&,},,
without relabeling, such that &, converges weakly in X to some & € 0f(¢t,z(t)).
Consequently, taking superior limit in (45) we get the desired inequality. O

In the next theorem we prove existence of solutions for (44). We emphasize that
the hypothesis considered on F' are rather standard as well as (HJ)-(H{). The
new feature here is the possibility to include a non-convex function f(t,-), in
contrast with the previous works of Hu and Papageorgiou [32, Chapter 2] where
the function f(t,-) must be proper, convex and lower semicontinuous. Of course,
there is a price to pay: (H?fc ) is a stronger condition than the considered in, for
example, [32, Theorem 1.11].

Theorem 7.2. Suppose, in addition to (HF)~(HF) and (H!)~(HY), that ~,0 €
L>(Ty,T) and o, 8 € LTy, T) or , 3,7,8 € L*(Ty,T). Then, there erists at
least one solution of (44) satisfying

ool < exp ( [ t atsyds) (Jlal + los) e [T

To

Js(0) < ayeso ([ t&@ds) (tul + T:B<s>ds>+é<t> we t€ [T, T],

where a(t) = a(t) + ~(t) and 3(t) = B(t) + 6(t).

Proof. Under the framework of Theorem 5.9, let us consider Fi(t,z) = F(t,x),
Fy(t,z) = 0f(t,x) and p,(t) = 1. Due to Lemma 5.8 Fy, F and u,, satisfy the
conditions of Theorem 5.9. Let (z,), be a sequence of solutions of (35). Then

len(®)] < du(t) = (1) (||9€0||+ Tﬂn(S)d$> fort € T0.7],  (46)
lin ()]l < en(t) = (1) (||:co||+ Tﬁn<s>ds)+ﬁn<t> ac. t € [T T], (47)

where o, and (3, are defined by o,(t) = exp (thO (a(s) +v(s) + %) ds) and
Ba(t) = B(t) + 6(t) + ¢ for t € [Ty, T]. We wish to prove that for all t € [Ty, T,

{n(t)}n is a relatively compact subset of X. To do this we use (HJ). Indeed,
define v, (t) = f(t,x,(t)), by Lemma 7.1 this function is absolutely continuous
and for a.e. t € [Tp, T

") <160+ max *an(t
BOSIGO mas ()

<&t +  max | x|, (¢
GO+ e ] (0]

<G O]+ @) llza @)l + 6(1) a(®)]
<G O]+ (YD) da(t) +6(1)) ea(t),
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where the last inequality is due to (46) and (47) and ¢, is given by (HY) with
r > d,(t) for all n € N. Therefore

t

ft,zn(t) = f(To,xo0) + | ¥ (s)ds

To

< 1T+ [ (166)1+ (L) +306) o)) s,

S L(T07 T7 xO)a

where

T

L(Ty, T, xo) = f(Tp, o) +/

To

(IG-(5)] + (5)da(s) + 8(s)) ea(s) ) ds,
is a finite constant independent of n. Furthermore, for every ¢ € [Tp, T

F zn(t) = f{ 2n(t)) — f(E 2n(t) + [ (£, 2a(1))
< ‘Cr(fk) - Cr(t)‘ + L(TO>T> ZL’o)

< HéTHLl(To,T) + L(Ty, T, o).

Thus, the bounded family {x,(t)}, belong to the fixed sublevel f(t*,-). Hence,
due to (HY), for all t € [Ty, T] {2n(t)}n is relatively compact in X. Conse-
quently, applying Theorem 5.9, there exists a subsequence (again denoted by)
x,(t) converging to an absolutely continuous function z which is solution of

(44). O

8. Subgradient perturbed sweeping processes

Let f: [Ty, T] x X — R be a function such that for a.e. t € [Ty, T the function
x — f(t,z) is lower semicontinuous. In this section we study the existence of
solutions of the following differential inclusion:

{ i(t) € Of(t,x(t)) + N(C(1),x(t) ae. t € [Ty, T), (48)
x( Zo eC

To) = (To).

This differential inclusion can be seen as the dynamic analogue of the first or-
der optimality condition (6) whose critical points, in the time-independent case,
correspond to stationary points of the problem (5). We show existence of solu-
tions of (48) under standard conditions in the study of optimization problems,
namely, ball-compactness of the sets C(-) or ball-inf-compactness of the function
f.

The first result is the existence of solution under ball-compactness of the set
C(t) for all t € [Ty, T] which is a straightforward consequence of Theorem 6.3.
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Theorem 8.1. Assume that (Hy)~(Hs) and (H{)~(H) hold. Then there exists
at least one solution of the problem (48) which satisfies for a.e. t € [Ty, T)

o < 258 (a0 + o10) [ 2 ewp (2 - D) i) - o, (a0

0 T, % Qg Qg

where n and o are functions from [Ty, T| to Ry defined by the following formulas:

n(t) = 61 (nxou v 5<s>ds) L 8(0) + IE0),

o(t) = exp ( / (s ).

The next statement asserts that we can interchange the ball-compactness of the
set-valued map C' by the ball-inf-compactness of some sublevel of the function
f(t,) for some t € [Tp, T1.

Theorem 8.2. Suppose, in addition to (H,)(Hy) and (H)-(H]), that ~,6 €
L>(Ty,T) or~,06,¢ € L*(Ty, T). Then there exists at least one solution of (48)
which satisfies (49).

Proof. We define the function p from [Ty, T to Ry:

i) =24 2 [ o ([ ar) s,

where 1 and o as in the statement of the theorem. We have the following
formula:

t

n(t) + d(t)/ p(s)ds = aiu(t) ae. t € [Ty, T). (50)

To

Let 19 > 0 be such that

To+mo
(1+ag) / p(s)ds < p. (51)

To

Step 1. First, we prove the theorem under the condition T — Tj < np.
Let us consider the following unconstrained differential inclusion:

{—:t(t) € Of(t, (1)) + u(t)dd(x(t), C(t)) ae. t e [Ty, T], 52)

z(Ty) = xo € C(Tp).

By virtue of Theorem 7.2, there exists at least one solution of the problem (52)
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satisfying

lx(t)]] < d(t) :=o(t) (||:B0|| +/ 5(s)ds) +/ u(s)ds for t € [Ty, T,

TQ TO

le(0)] < clt) = o(t) (||xo||+ aspas+ [ M(S)d8>+5(t)+u(t)

a.e. t € [To,T]
Therefore, there exist f,g € L*([Ty, T], X) such that

—i(t) = f(t) + u(t)g(t) ae. t e [Io,T],
z(Ty) = xo € C(Ty),

with f(t) € 0f(t,z(t)) and g(t) € 9d(x(t),C(t)) for a.e. t € [Ty, T]. We claim
that d(z(t),C(t)) < p for all t € [Ty, T]. Indeed, let be 1(t) = d(z(t),C(t)).
Then, due to (H;) and Lemma 5.8, v is absolutely continuous. Hence, for a.e.
t € [Ty, T]

() <ICOI+ - max (y* (),

y*€dd(z(t),C(1))
< @)+ [l
< I¢()] + e(t)
< (1+ag) pu(t).
In view of (51), this implies

t

e (), 0(0) = dlan, OT) + [ /s < (1) [ uls)is < p

To
for all t € [Tp, 7.

Next we prove that z(t) € C(¢) for all t € [Ty, T']. The set

Q={t el T]:x(t) ¢ C(t)} = (]0,+00])

is open in [Ty, T|. We claim, as in [54], that the set € is in fact empty. Indeed,
let us suppose that  # () and put

=inf{t > To: z(t) ¢ C(t)}.
Then ¥ (7_) = 0, because of continuity of 1, and, since €2 is open, there exists
74 such that |7_, 7, [C Q. By virtue of Lemma 5.8 and (H,), for a.e. t €]7_, 74|

V) <IC@)+ | omin (@ (1))

y*€dd(x(t),C(t))
<O+ ~vO x| + 5() — u(t min * gt
< |CE)] + @)l (@[] +o(2) u()yedd(x(t)c(t))<y g(t))
t

<0t) +5(0) | n(s)ds — afutt)

To
= ()’
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where the last equality is due to (50). Therefore, for almost all ¢ €|7_, 7, [ we
have ¢/(t) < 0 which implies

W(t) <P(r-) =0 for every t €|7_, 7],
which is a contradiction with |7_, 7. [C Q. So Q = () which means that x(t) €
C(t) for all t € [Ty, T]. Consequently, dd(z(t),C(t)) C N(C(t),z(t)) for all
t € [To, T) which implies that x is a solution of (48).

Step 2. In the general case, without any restriction on the length of T, it is
sufficient to use Step 1 together Lemma 5.7. ]

9. An application to complementarity dynamical systems

In this section, we apply the preceding theory to complementarity dynamical
systems and give sufficient conditions for the existence of solutions. A com-
plementarity dynamical system (CDS) consists of ordinary differential equa-
tions coupled to complementarity conditions which can be specified by functions
F: [T, T)xX -Y,9: X - L(Y;X)and H: X — Y. The defining equations
for the CDS corresponding to F', g and H are

o(t) = F(t,z(t)) + g(x(t))u(t),
y(t> - H(tv I(t), u(t)>7 (53)
K5 y(t) Lu(t) € K,

where K C Y is a closed convex cone and K* = {d € Y: (v,d) > 0Vv € K}
denotes the dual cone of K. The third line in (53) is a complementarity relation
between y(t) and u(t) which are forced to remain always orthogonal one to each
other. This fact can be expressed in an equivalent way as

Koylt) Lult) e K* & —ult)e N (K,y(t). (54)

The aim of this section is to show the existence of solutions for the CDS (53)
by using the results obtained in Section 6. For this purpose we will make the
following assumption:

Assumption 9.1. The system (53) satisfies: H(t,z(t),u(t)) = h(xz(t)) + d(t)
where h: X — Y is a differentiable function and d: [Ty, 7] — Y is an absolutely
continuous function.

Under Assumption 9.1 we can write (53) as a GSP. Indeed, due to (54) and the
identity
N (K h(a(t) + d(t) = N (K = d(t), h(z(1))),

(53) is formally equivalent to
—i(t) € =F(t, z(t)) + g(x(t))N (C(t), h(x(t))), (55)

where C(t) = K — d(t), which is a generalized sweeping process. In order to
apply the Theorem 6.1, we make the following assumption:
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Assumption 9.2.

(i)  his a differentiable function with sup,y || Dh(z)|| < M, for some M > 0.
(ii) g is a continuous function satisfying

lg(x)|| < Mi||z|| + M, forall z € X.
(iii) There exists A > 0 such that for all x € X
(Dh(z)g(z)h, k) > A||h||*> Vh €Y.
Theorem 9.3. In addition to Assumptions 9.1 and 9.2, assume that F satisfies
(HE), (HY) and (HL) and C(t) :== K — d(t) satisfies (H}). Then for every xq

with h(xo) + d(Ty) € K there exists at least one absolutely continuous solution
x of (53) satisfying x(Ty) = xo and

Hﬂ%é&w(WM+Tﬁ@%)+%dﬂ/u@m+MQ+%Mﬂ

To

a.e. t € [Ty, T7,

where n, o and p are functions from [Ty, T] to Ry defined by the following
formulas:

Mﬂszﬂ@mW+Tﬁ®%)+MMﬂ+Wm,

o (t) = exp (/t (als) + M) ds) |

To
t () " MM e
u(t) = Man™ Y 4 a2 200) oo (a0, / 70 4 as.
\ N I A DY

Proof. Let us consider the set C(t) = K — d(t) for every t € [Ty, T]. It is clear
that C(t) is convex so satisfies (Hy). Also, since d is absolutely continuous with
d € L\(Ty,T), C(t) satisfies (H,) with ((t) = d(t). Due to Assumption 9.2,
the hypothesis (Hy) is obviously satisfied. Therefore, the result follows from
Theorem 6.1. ]

Now we consider the so called gradient complementarity dynamical systems
(GCS) which correspond to the particular case where g = [Dh]". In order to
obtain the existence of solutions we will make the following assumption:

Assumption 9.4. The mapping h is differentiable with uniformly continuous
derivative Dh, g = [Dh]" and there exists k > 0 such that

By C Dh(z)kBx — K forall x € h™' (K).
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Under this assumption, we transform (55) into a perturbed sweeping process
from which we obtain the existence from Corollary 6.3. Indeed, consider the
following identity:

[h—l(K—d(t))(x) = [K(h(l') + d(t)) forall z € X,t € [TO, T}

Then, this inequality and Assumption 9.4 allow us to apply the chain rule for
nonsmooth functions [42, Theorem 3.41] to obtain

N (7 (K = d(t)) @) = [Dh@) N (K — d(t), ha)).
Therefore, (55) can be rewritten as
—i(t) € —F(t,z(t)) + N (b~ (K — d(t)), z(t)) .

Next, due to Corollary 3.15, the family (A~ (K — d(t))),em, 7 1s equi-uniformly
subsmooth, thus positively ag-far for some oy < 1, and the set-valued map
C(t) = h™' (K — d(t)) satisfies

|d(z,C(t)) — d(xz,C(s))| < K'|d(t) —d(s)| forall z € X and s,t € [Ty, T],

with k& > k. Therefore, from Corollary 6.3 we get the following result which
extends [14, Theorem 1] and [15, Theorem 4.3].

Theorem 9.5. In addition to the Assumptions 9.1 and 9.4, assume that F' sat-
isfies (HY), (HY) and (HL) and C(t) := h™' (K — d(t)) satisfies (H3). Then,
for every xo with h(xg) + d(Ty) € K, there exists at least one absolutely contin-
uous solution x of (53) satisfying x(To) = x¢ and

it <= 2128 () + 500 [ W e (25 2 i) widen)

0 T, Qo ap %)
a.e. t € [Tp, T,

where n and o are functions from [Ty, T] to Ry defined by the following formulas:

n(t) = 6(1) (onu - [ ﬂ(s)ds) () + (),

o (1) = exp (/Tt a(s)ds) |

Remark 9.6. Theorem 9.5 extends [15, Theorem 4.3] to Hilbert spaces and
weakens the regularity of the function A from the class C? to merely differentiable
functions with uniformly continuous differential.
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