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We consider the general class of positively α-far sets, introduced in [29], which contains strictly
the class of uniformly prox-regular sets and the class of uniformly subsmooth sets. We provide
some conditions to assure the uniform subsmoothness, and thus the positive α-farness, of the
inverse images under a differentiable mapping. Then, we take advantage of the properties of
this class to study the generalized perturbed sweeping process

{

−ẋ(t) ∈ F (t, x(t)) + g(x(t))N (C(t), h(x(t))) a.e. t ∈ [T0, T ],

x(T0) = x0 ∈ h−1 (C(T0)) ,

where g : X → L (Y ;X), h : X → Y are two functions, X,Y are two separable Hilbert spaces
and the sets C(t) belong to the class of positively α-far sets. This differential inclusion includes
the classical perturbed sweeping process as well as complementarity dynamical systems. Our
study is achieved by approximating the given differential inclusion with maximally perturbed
differential inclusions which, under certain compactness conditions, converges to an absolutely
continuous solution. Moreover, this approach allows us to get existence for evolution inclusions
of the form

{

−ẋ(t) ∈ ∂f(t, x(t)) + F (t, x(t)) a.e. t ∈ [T0, T ],

x(T0) = x0,

where [T0, T ] is a fixed interval with 0 ≤ T0 < T , f : [T0, T ]×X → R∪ {+∞} is a lower semi-
continuous function, not necessarily convex. Here ∂f(t, ·) denotes the Clarke subdifferential
of the function f(t, ·) and F : [T0, T ]×X ⇉ X is a perturbation term.
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1. Introduction

In this paper we study the class of positively α-far sets, which is the class
of closed sets for which the origin is kept uniformly positively far from the
Clarke subdifferential of the distance function, say ∂d(·, S), in some tube {x : 0 <
d(x, S) < ρ} for some ρ ∈ (0,+∞], and its applications to some differential
inclusions. This class was introduced in [29], as a localization of the class of
subdifferentially behaved sets in [27], to study some differential inclusions of
sweeping process type in finite dimensions. We will show that this notion of set
includes several ones as paraconvexity, uniformly prox-regularity and uniformly
subsmoothness. Then, we will develop some properties and characterizations of
positively α-far sets. Finally, we will take advantage of the properties of this
class to show existence of solutions for some differential inclusions.

Let X and Y be two separable Hilbert spaces and C : [T0, T ] ⇉ Y be an abso-
lutely continuous set-valued map with positively α-far values. We are interested
in the differential inclusion

{

− �x(t) ∈ F (t, x(t)) + g(x(t))N (C(t), h(x(t))) a.e. t ∈ [T0, T ],

x(T0) = x0 ∈ h−1 (C(T0)) ,
(1)

where g : X → L (Y ;X) and h : X → Y are two functions and N(C(t), ·) de-
notes the Clarke normal cone. We call the differential inclusion (1) generalized
perturbed sweeping process (GSP) because when X = Y , h ≡ Id and g ≡ Dh
we get the classical perturbed sweeping process. The motivation to introduce
(1) is that several differential inclusions can be recast into a GSP. For exam-
ple, perturbed sweeping process, complementarity dynamical systems (CDS),
projected dynamical systems [14], some differential variational inequalities [49,
Section 2.5], etc. The perturbed sweeping process

{

− �x(t) ∈ N(C(t), x(t)) + F (t, x(t)) a.e. t ∈ [T0, T ],

x(T0) = x0 ∈ C(T0),
(2)

is well known in the literature and has been studied by several authors. Its im-
portance comes from the study of problems in mechanics of elastoplastic mate-
rials [47], non-smooth mechanics [13], dynamics of systems with inelastic shocks
[41], modeling and simulation of switched electrical circuits [1], crowd motion
modeling [36], etc. When F ≡ 0 and the sets C(t) are convex, the system above
is referred to as a sweeping process because it can be visualized as a point x(t)
moving inside C(t) and being pushed by the boundary of this convex set when
contact is established. It was introduced in the seventies by Moreau in a se-
ries of papers [43, 44, 45, 46] to study contact problems in mechanical systems.
Since then, many improvements have been made by weakening the convexity
assumption and by considering the perturbed version of (2). In [17], Castaing
dealt with sweeping process associated with sets C(t) = S + v(t), where S is a
fixed closed nonconvex set, and v is a mapping with finite variation. Then, Val-
adier [56] extended the study of the absolutely continuous case to a more general
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situation of complements of convex sets in finite dimension. Afterward, Benab-
dellah [6] and Colombo and Goncharov [22] proved independently and almost at
the same time the existence of solutions for general nonconvex sets C(t) in R

n

moving in a Lipschitz continuous way. Extensions of existence and uniqueness
of solution of (2) when C(t) is a uniformly prox-regular set of a Hilbert space
X, moving in a Lipschitz continuous way and in an absolutely continuous way,
have been obtained by Colombo and Goncharov [22] and Bounkhel and Thibault
[12] (see also the paper [55] by Thibault for a regularization of the process in
such a context). In the case where the uniformly prox-regular sets C(t) move
with bounded variation we refer the reader to the paper [26] by Edmond and
Thibault.

The study of the differential inclusions which are perturbations of sweeping
processes began, as far as we know, with [30]. In this paper, Henry, to deal
with planning procedures in mathematical economy, introduced the differential
inclusion

{

− �x(t) ∈ PTC(x(t))(F (x(t))) a.e. t ∈ [T0, T ],

x(T0) = x0 ∈ C,

where F : Rn
⇉ R

n is an upper semicontinuous set-valued map with nonempty
compact convex values, C is a fixed closed convex set, TC(·) is the tangent cone
to C and PTC(x(t)) denotes the projection mapping into the closed convex set
TC(x(t)). This differential inclusion has been also considered by Cornet [24]
with a Clarke tangentially regular set C of Rn, reducing the problem as in [30]
to the existence of a solution of the perturbed differential inclusion

{

− �x(t) ∈ N(C, x(t)) + F (x(t)) a.e. t ∈ [T0, T ],

x(T0) = x0 ∈ C.

Since then the case of moving sets C(t) has been developed. We refer to
Monteiro-Marques [40], Castaing, Duc Ha and Valadier [18] and Castaing and
Monteiro-Marques [19] for the study of perturbed sweeping processes in the form
of (2) in the cases where all the sets C(t) are either convex or complements of
open convex sets. For the case of general nonconvex closed sets of Rn we refer
to Thibault [54] (see also the paper of Haddad, Jourani and Thibault [29] for
reduction of sweeping process to unconstrained differential inclusions). Several
other papers deal with perturbed sweeping processes, in the Hilbert setting, un-
der uniform prox-regularity assumptions, such as the works of Bounkhel and
Thibault [12], Edmond and Thibault [26], Mazade and Thibault [37, 38] and
Sene and Thibault [53] (see [11] for a general account on sweeping process and
the prox-regularity).

Another interesting example of (1) can be obtained from complementarity dy-
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namical systems (CDS)

�x(t) = f(t, x(t)) + g(x(t))u(t),

y(t) = H(t, x(t), u(t)),

0 ≤ y(t) ⊥ u(t) ≥ 0.

(3)

which can be written as a generalized perturbed sweeping process. CDS have
been object of strong interest because of their applications in various fields like
mechanics, electrical circuits, transportation science, control systems, etc (see
[15] and the references therein). The CDS formalism includes the so-called linear
complementarity systems (LCS), widely used to deal with some electrical prob-
lems (see [1]), and the so called gradient complementarity system (GCS) which
corresponds to the particular case g(x) ≡ [Dh(x)]∗ for every x ∈ X. The CDS
has been studied in [15] where the authors consider an “input-output property�
to perform a change of state variable allowing them to write (3) as a GCS which
is transformed into a perturbed sweeping process. These transformations are
made by using the identity

IC(t) (h(x)) = Ih−1(C(t))(x) ∀x ∈ X,

showing that the sets h−1 (C(t)) are r-uniformly prox-regular and using a non-
smooth chain rule, for which they must assume some regularity and constraint
qualification conditions on h. Then, existence is obtained from known results in
the literature of sweeping process [26, 54]. We will follow this path but only in
the particular case of the GCS, where we show that the sets h−1 (C(t)) are equi-
uniformly subsmooth and then we apply our existence results. In the general
case we will transform the CDS into a GSP and we apply our existence results.
This avoids the assumption of a special structure on the functions g and h, as
the input-output property in [15].

We also deal with perturbations of evolution inclusions associated to time de-
pendent subdifferentials, i.e., with differential inclusions of the form

{

− �x(t) ∈ ∂f(t, x(t)) + F (t, x(t)) a.e. t ∈ [T0, T ],

x(T0) = x0,
(4)

where [T0, T ] is still a fixed interval with 0 ≤ T0 < T , f : [T0, T ]×X → R∪{+∞}
is a lower semicontinuous function and X is a real separable Hilbert space. Here
∂f(t, ·) denotes the Clarke subdifferential of the function f(t, ·) and F : [T0, T ]×
X ⇉ X is a perturbation term. These differential inclusions, which include
the perturbed sweeping process (by taking f(t, ·) as the indicator function of
the sets C(t)), has been considered by several authors because they appear
naturally in differential variational inequalities, optimization, optimal control
theory, mechanics, etc. When f(t, ·) is a proper, lower semicontinuous and
convex function, it has been studied principally by Bénilan and Brézis [7], Brézis
[16], Attouch and Damlamian [2], Aubin and Cellina [3], Moreau [43, 44, 45, 46],
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Watanabe [58], Yotsutami [59], Hu and Papageorgiou [32], Barbu [5], etc. (see
[32, Chapter II] and the references therein for a broader discussion on the subject
and some applications to parabolic optimal control problems). In the non-convex
case the results are less abundant; we can mention, for instance, the works of
Guillaume [28] for convex composite functions, Marcellin and Thibault [35] for
primal lower nice functions and Qin and Xue [51] for regular perturbed convex
functions among others.

Therefore, the aim of this paper is to study the class of positively α-far sets and
apply its properties to get the existence of solutions for the generalized sweeping
process (1), the perturbed sweeping process (2), the complementarity dynamical
systems (3) and the differential inclusion (4) in the following cases:

(a) Subgradient evolution inclusions: f(t, ·) is lower semicontinuous and F (t, ·)
is upper semicontinuous from X into Xw with nonempty closed and convex
values.

(b) Subgradient perturbed sweeping processes: f(t, x) is lower semicontinuous
and F (t, x) = N(C(t), x).

The hypotheses used in this paper are rather standard to ensure existence of
solutions of the differential inclusion (4) when F (t, x) = N(C(t), x). We assume
either ball-inf-compactness of f(t, ·) or ball-compactness of the sets C(·). In-
deed, this standardization comes from the existence of solutions of optimization
problems of the form

min {f(x) : x ∈ C} , (5)

where f : X → R ∪ {+∞} is a lower semicontinuous function and C is a closed
subset of some Banach space X. The usual assumptions ensuring existence of
solutions to this problem are either the inf-compactness of f or the compactness
of C. If in addition x̄ is a solution to this problem and f is locally Lipschitz
around x̄, then

0 ∈ ∂f(x̄) +N(C, x̄). (6)

Our approach is based on approximating the given differential inclusion with
maximally perturbed differential inclusions which, under certain compactness
conditions, converges to an absolutely continuous solution. This method can be
fruitful in many other situations but we will limit ourselves to using it in the
cases previously mentioned.

The paper is organized as follows. In Section 2 we recall several concepts of
non-smooth and variational analysis which are involved through the paper. In
Section 3 we present the definition of the class of positively α-far sets, then
we show that this class includes the classes of paraconvex sets, uniformly prox-
regular sets and uniformly subsmooth sets and also we give conditions to assure
the uniform subsmoothness of the inverse images under a differentiable mapping.
In Section 4, for sake of readability, we collect the hypotheses used along the
paper. In Section 5 we give some results needed to prove the main results.
In Section 6, after obtaining an existence result for the GSP (1) we obtain
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the existence for the perturbed sweeping process (2). In Sections 7 and 8 we
prove the existence of solutions for (4) in the cases (a) and (b) referred above,
respectively. Finally, in Section 9 we make an application to CDS.

2. Preliminaries

From now on X stands for a separable Hilbert space whose norm is denoted by
‖ · ‖X . The closed ball centered at x with radius r, is defined by B̄(x, r) = {u ∈
X : ‖u− x‖ ≤ r} and the closed unit ball is denoted by BX . The notation Xw

stands for X equipped with the weak topology and xn ⇀ x stands for the weak
convergence of a sequence (xn)n to x.
The Clarke normal cone (see [20]) is defined as the negative polar of the Clarke
tangent cone. Recall that a vector h ∈ X is in the Clarke tangent cone TC(S, x)
to the set S at x ∈ S when for every sequence {xn}n∈N in S converging to x
and every sequence of positive numbers {tn}n∈N converging to 0, there exists
some sequence {hn}n∈N in X converging to h such that xn + tnhn ∈ S for all
n ∈ N. This cone is closed and convex and its negative polar N(S, x) is the
Clarke normal cone to S at x ∈ S, that is,

N(S, x) = {v ∈ X : 〈v, h〉 ≤ 0 ∀h ∈ TC(S, x)}.

As usual, N(S, x) = ∅ if x /∈ S. Through that normal cone, the Clarke subdif-
ferential of the function f : X → R ∪ {+∞} is defined by

∂f(x) := {v ∈ X : (v,−1) ∈ N (epi f, (x, f(x)))} ,

where epi f := {(y, r) ∈ X × R : f(y) ≤ r} is the epigraph of f . When the
function is finite and locally Lipschitzian around x, the Clarke subdifferential is
characterized (see [20]) in the following simple and amenable way

∂f(x) = {v ∈ X : 〈v, h〉 ≤ f ◦(x;h) ∀h ∈ X},

where
f ◦(x;h) := lim sup

(t,x′)→(0+,x)

t−1 [f(x′ + th)− f(x′)] ,

is the generalized directional derivative of the locally Lipschitzian function f at
x in the direction h ∈ X. The function f ◦(x; ·) is in fact the support function of
∂f(x). That characterization easily yields that the Clarke subdifferential of any
locally Lipschitzian function has the important property of upper semicontinuity
from X into Xw (see Proposition 2.3). The equality (see [20])

N(S, x) = R+∂d(·, S)(x) for x ∈ S,

gives the expression of the Clarke normal cone in terms of the distance function.
This will allow us to take advantage, in the next sections, of the upper semi-
continuity of the Clarke subdifferential of the particular Lipschitzian function
d(·, S). As usual, it will be convenient to write below

∂d(x, S) in place of ∂d(·, S)(x).
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The following definitions related to set-valued mappings will be needed in the
sequel.

Definition 2.1. Let ([T0, T ],Σ, µ) the Lebesgue measure space and Φ: [T0, T ] ⇉
X. We say that Φ is measurable if the set

Φ−1(C) := {t ∈ [T0, T ] : Φ(t) ∩ C 6= ∅} ∈ Σ

for any closed subset C ⊂ X.

Definition 2.2. A set-valued map Ψ: X ⇉ X is said to be upper semicontin-
uous from X into Xw if the set

Ψ−1(C) := {x ∈ X : Ψ(x) ∩ C 6= ∅}

is norm-closed for any C weakly closed of X.

An important example of upper semicontinuous from X into Xw is the Clarke
subdifferential of a locally Lipschitz function.

Proposition 2.3 ([9, Proposition 5.2.7]). Let f : X → R be a locally Lip-
schitz function. Then ∂f : X ⇉ X is upper semicontinuous from X into Xw.

Let A : D(A) ⊂ X ⇉ X be a maximal monotone operator. Then S(t)x =

limn

(

I + t
n
A
)−n

x exists for each x ∈ D(A) and uniformly for t in every compact

in R+ (see [57] for more details). In addition, {S(t) : D(A) → D(A), t ≥ 0}
defines a semigroup called the semigroup generated by −A on D(A). If for each
t > 0, S(t) is a compact operator we say that the semigroup generated by −A
on D(A) is compact. As an example, the following proposition characterizes the
compactness of the semigroup generated for subdifferentials (see [57]).

Proposition 2.4 (Konishi-Brézis). If the operator A : D(A) ⊂ X ⇉ X is
defined by Ax = ∂ϕ(x) for each x ∈ D(A) = D(∂ϕ), where ϕ : X → R ∪ {+∞}
is a proper, l.s.c., convex function, then the following conditions are equivalent:

• For each k > 0, the level set {x ∈ X : ‖x‖2 + ϕ(x) ≤ k} is relatively
compact in X.

• The semigroup generated by −A on D(A) is compact.

Let f ∈ L1([T0, T ], X) be a given function and consider the differential inclusion







dx

dt
(t) ∈ −Ax(t) + f(t) a.e. t ∈ [T0, T ],

x(T0) = x0 ∈ D(A).
(7)

Our main tool is the following perturbed version of (7) which will be used to
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approximate the solutions of (1):



















dx

dt
(t) ∈ −Ax(t) + f(t) a.e. t ∈ [T0, T ],

f(t) ∈ F (t, x(t)) a.e. t ∈ [T0, T ],

x(T0) = x0 ∈ D(A),

(8)

where F : [T0, T ] × D(A) ⇉ X is a given set-valued map. The next theorem,
which is a consequence of [10, Theorem 1] and [7, Corollary 1.3], asserts the
existence of solutions for (8) when D(A) = X.

Theorem 2.5. Let A : X → X be a single valued maximal monotone operator
such that −A generates a compact semigroup on D(A) := X and let F : [T0, T ]×
D(A) ⇉ X be a set-valued map with closed and convex values satisfying

– For each x ∈ X, F (·, x) is measurable.

– For a.e. t ∈ [T0, T ], F (t, ·) is upper semicontinuous from X into Xw.

– There exist γ, δ ∈ L1(T0, T ) such that

|F (t, x)| := sup{‖w‖ : w ∈ F (t, x)}
≤ γ(t)‖x‖+ δ(t) a.e. t ∈ [T0, T ], x ∈ X.

Then there exists at least a solution of (8).

Finally, let A : D(A) ⊂ X ⇉ X be a maximal monotone operator such that
−A generates a compact semigroup SA(·) on D(A). We recall that for λ > 0
SλA(t) = SA(λt) thus −λA also generates a compact semigroup.

3. Positively α-far sets

This section is devoted to the study of the class of positively α-far sets. For
ρ ∈ (0,+∞] let us define the open ρ-tube around the set S by

Uρ(S) := {x ∈ X : 0 < d(x, S) < ρ}.

Definition 3.1. Let α ∈ (0, 1] and ρ ∈ (0,+∞]. Let S be a nonempty closed
subset of X with S 6= X. We say that the Clarke subdifferential of the distance
function d(·, S) keeps the origin α-far-off on the open ρ-tube around S provided

α ≤ inf
x∈Uρ(S)

d(0, ∂d(x, S)). (9)

Also, if E is a given nonempty set, we say that the family (S(t))t∈E is positively
α-far if every set S(t) satisfies (9) with the same α > 0 and ρ > 0, for some ρ.

The class of these sets will be called the class of positively α-far sets. It was
already proved that this class is strictly bigger than the class of uniformly prox-
regular sets (see [29] and Example 3.10 below). Since the notion of positively
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α-farness involves the Clarke subdifferential of the distance, which can be char-
acterized via the formula (see [31])

∂d(x, S) =
⋂

γ>0

co

(

x− P γ
S (x)

dS(x)

)

, (10)

where P γ
S (x) = {z ∈ S : ‖x − z‖ < d(x, S) + γ}, we can get the following

proposition.

Proposition 3.2. Let S be a closed subset of X and ρ > 0.

1. Assume that the following property holds: For every x ∈ Uρ(S) there exists
γ(x) such that for all γ ∈]0, γ(x)[

u∗1, u
∗
2 ∈

x− P γ
S (x)

d(x, S)
⇒ 〈u∗1, u∗2〉 ≥ α2 + θ(γ, x), (11)

where limγ↓0 θ(γ, x) = 0 for all x ∈ Uρ(S). Then the origin is kept posi-
tively α-far from the Clarke subdifferential of the distance function d(·, S)
on Uρ(S).

2. Assume that the origin is kept positively α-far from the Clarke subdifferen-
tial of the distance function d(·, S) on Uρ(S). Then the following property
holds:

∀x ∈ Uρ(S) u∗1, u
∗
2 ∈ ∂d(x, S) ⇒ 〈u∗1, u∗2〉 ≥ 2α2 − 1. (12)

Proof. 1. Fix x ∈ Uρ(S). If u∗ ∈ co
(

x−P
γ
S (x)

dS(x)

)

then u∗ =
∑n

i=1 λiu
∗
i for some

u∗i ∈ x−P
γ
S (x)

dS(x)
and λi ≥ 0 for i = 1, . . . , n with

∑n

i=1 λi = 1 and some n ∈ N.
Thus,

‖u∗‖2 =
〈

n
∑

i=1

λiu
∗
i ,

n
∑

j=1

λju
∗
j

〉

=
n
∑

i=1

n
∑

j=1

λiλj
〈

u∗i , u
∗
j

〉

≥
n
∑

i=1

n
∑

j=1

λiλj
(

α2 + θ(γ, x)
)

≥ α2 + θ(γ, x).

Hence, (11) holds for u∗1, u
∗
2 ∈ co

(

x−P
γ
S (x)

d(x,S)

)

, and, since the weak and strong

closure of convex sets coincide, (11) holds for u∗1, u
∗
2 ∈ co

(

x−P
γ
S (x)

d(x,S)

)

. Therefore,

due to the formula (10), if x∗ ∈ ∂d(x, S)

‖x∗‖2 ≥ α2 + θ(γ, x),
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for all γ < γ(x), and taking γ ↓ 0, we obtain that ‖x∗‖ ≥ α.

2. Take x ∈ Uρ(S) and u∗1, u
∗
2 ∈ ∂d(x, S). Since u∗1, u

∗
2 ∈ ∂d(x, S) we obtain

u∗

1+u∗

2

2
∈ ∂d(x, S). Thus,

α2 ≤
∥

∥

∥

∥

u∗1 + u∗2
2

∥

∥

∥

∥

2

=
‖u∗1‖2
4

+
1

2
〈u∗1, u∗2〉+

‖u∗1‖2
4

≤ 1

4
+

1

2
〈u∗1, u∗2〉+

1

4

which entails (12).

The next example shows that the inequality in relation (12) is attained.

Example 3.3 ([29]). Consider the set S = {(x, y) ∈ R
2 : y ≥ −|x|}. For

(r, s) /∈ S we have d ((r, s), S) =
√
2
2
||r|+ s| and

∂d ((r, s), S) =



















√
2
2
(−1,−1) if r > 0,

{√
2
2
(1− 2λ,−1) ∈ R

2 : λ ∈ [0, 1]
}

if r = 0,
√
2
2
(1,−1) if r < 0,

therefore the origin is kept positively
√
2
2
-far from the Clarke subdifferential of the

distance function onX\S. Then, if (0, s) /∈ S, u∗1 =
√
2
2
(−1,−1), u∗2 =

√
2
2
(1,−1)

belong to ∂d ((0, s), S) and satisfy 〈u∗1, u∗2〉 = 0, attaining the equality in (12).

Let S be a closed set and ρ > 0. We recall that S is ρ-uniformly prox-regular
[50, Definition 2.4] if for all x ∈ S and all v ∈ N (S, x) with ‖v‖ < 1 x is the
unique nearest point of S to x+ ρv, i.e.,

x = PS(x+ ρv).

Here PS(u) denotes the unique nearest point of S to u. It has been shown
[50, Corollary 3.8] that S is ρ-uniformly prox-regular if and only if the Clarke
subdifferential of the distance ∂d(·, S) is a singleton for every x ∈ Uρ(S). Hence,
using Proposition 3.2, we can give the following characterization of ρ-uniformly
prox-regularity.

Corollary 3.4. Let S be a closed subset of X with S 6= X and ρ > 0. Then S
is ρ-uniformly prox-regular if and only if the origin is kept positive 1-far from
the Clarke subdifferential of the distance function d(·, S) on Uρ(S).

Proof. The necessity was shown in [29, Proposition 2]. For the sufficiency we
take x ∈ Uρ(S) and u∗1, u

∗
2 ∈ ∂d(x, S). Then, due to Proposition 3.2, we have
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〈u∗1, u∗2〉 = 1 and therefore

‖u∗1 − u∗1‖2 = ‖u∗1‖2 − 2〈u∗1, u∗2〉+ ‖u∗1‖2 ≤ 1− 2 + 1 = 0,

Thus, ∂d(x, S) is a singleton for every x ∈ Uρ(S) which proves (by using [50,
Corollary 3.8]) that S is ρ-uniformly prox-regular.

The next proposition gives a characterization of the concept of positively α-
farness in terms of the existence of a function called pseudo-gradient. We use
the well-known Lau theorem [34] which asserts that the set of those points which
have a nearest point to any fixed closed subset is a dense set.

Proposition 3.5. Let S be a closed subset of X and let ρ > 0 and α > 0. Then
the following assertions are equivalent:

1. The origin is kept positively α-far from the Clarke subdifferential of the
distance function d(·, S) on Uρ(S).

2. For all ε ∈]0, α[, there exists a locally Lipschitz function V : X \ S 7→ X
such that

∀x ∈ Uρ(S), ‖V (x)‖ ≤ 1 + ε, inf
x∗∈∂d(x,S)

〈x∗, V (x)〉 ≥ (α− ε).

3. For all ε ∈]0, α[, there exists a locally Lipschitz function V : X \ S 7→ X
such that

∀x ∈ Uρ(S), ‖V (x)‖ ≤ 1 + ε,

〈u− PS(u), V (u)〉 ≥ (α− ε)d(u, S) ∀u ∈ Uρ(S) ∩D.

Here D is the dense set of those points which have a nearest point to S.

Proof. 1 . ⇒ 2 .: This implication is an adaptation of the proof of Theorem
4.1 in [25]. The equivalence 2 . ⇔ 3 . follows from the characterization of the
Clarke’s subdifferential of the distance function (see [21, Theorem 1.6.1] and [21,
Theorem 2.6.1])

∂d(x, S) = co

{

w- lim
i→+∞

xi − PS(xi)

‖xi − PS(xi)‖
: D ∋ xi → x

}

,

Finally the implication 2 .⇒ 1 . is direct.

Remark 3.6. The equivalence 1 .⇐⇒ 2 . holds true in any Banach space.

The following proposition gives another characterization of positively α−far sets.

Proposition 3.7. Let S ⊂ X be a closed set, α ∈]0, 1[ and ρ > 0.

(i) If the origin is kept positively α-far from the Clarke subdifferential of the
distance function d(·, S) on Uρ(S), then

∀x ∈ Uρ(S), ∀x∗ ∈ ∂d(x, S); d(x−x∗d(x, S), S) ≤ d(x, S)
√
1− α2. (13)
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r
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u

v

S

Figure 3.1: Geometrical interpretation of Lemma 3.8.

(ii) Conversely, if (13) is satisfied then the origin is kept positively 1−
√
1− α2-

far from the Clarke subdifferential of the distance function d(·, S) on Uρ(S).

The proof of the proposition is based on the following geometrical lemma.

Lemma 3.8. Let r > 0 and x ∈ X be such that S ∩B(x, r) 6= ∅. Then

∀u ∈ co
(

S ∩B(x, r)
)

, ∃v ∈ S ∩B(x, r); ‖u− v‖2 + ‖x− u‖2 ≤ r2. (14)

Consequently,

∀u ∈ co
(

S ∩B(x, r)
)

, d(u, S) ≤
√

r2 − ‖x− u‖2. (15)

Proof of Lemma 3.8. The second assertion follows directly from the first one.
Let us prove (14). By contradiction, assume that there exists u ∈ co (S ∩B(x, r))
such that for all v ∈ S ∩B(x, r)

‖u− v‖2 + ‖x− u‖2 > r2.

Then, for all v ∈ S ∩B(x, r)

r2 ≥ ‖x− v‖2
= ‖x− u+ u− v‖2
= ‖x− u‖2 + 2〈x− u, u− v〉+ ‖u− v‖2
> 2〈x− u, u− v〉+ r2,

So, using the last inequality and passing to the convex hull, we obtain

〈x− u, u− v〉 < 0 for all v ∈ co (S ∩B(x, r)) ,

which is a contradiction because u ∈ co (S ∩B(x, r)).

Now we proceed to prove Proposition 3.7.
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Proof. The assertion ii) is obvious. Let us prove i). Let x ∈ Uρ(S) and
x∗ ∈ ∂d(x, S) or equivalently x∗ = x−u

d(x,S)
, for some u ∈ ⋂γ>0 coP

γ
S (x) (see (10)).

Then, for all γ > 0, u = x− x∗d(x, S) ∈ coP γ
S (x). So, by (15),

d(x− x∗d(x, S), S) ≤
√

(d(x, S) + γ)2 − ‖x∗‖2d2(x, S)

and since the origin is kept positively α-far from the Clarke subdifferential of
the distance function d(·, S) on Uρ(S), we get

d(x− x∗d(x, S), S) ≤
√

(d(x, S) + γ)2 − α2d2(x, S).

As γ > 0 is arbitrary, we obtain

d(x− x∗d(x, S), S) ≤ d(x, S)
√
1− α2.

Now, we show that the class of positively α-far sets strictly includes the class of
uniformly subsmooth sets introduced in [4]. Let C be a closed subset of X. We
say that C is uniformly subsmooth, if for every ε > 0 there exists δ > 0, such
that

〈x∗1 − x∗2, x1 − x2〉 ≥ −ε‖x1 − x2‖, (16)

holds for all x1, x2 ∈ C satisfying ‖x1 − x2‖ < δ and all x∗i ∈ N(C, xi) ∩ BX for
i = 1, 2. Also, if E is a given nonempty set, we say that the family (C(t))t∈E is
equi-uniformly subsmooth, if for every ε > 0, there exists δ > 0 such that (16)
holds for each t ∈ E, and all x1, x2 ∈ C(t) satisfying ‖x1 − x2‖ < δ and all
x∗i ∈ N(C(t), xi) ∩ BX for i = 1, 2.

Proposition 3.9. Assume that S is uniformly subsmooth. Then, for all ε ∈
]0, 1[ there exists ρ ∈]0,+∞[ such that the origin is kept positively

√
1− ε-far

from the Clarke subdifferential of the distance function d(·, S) on the open ρ-tube
Uρ(S) = {y ∈ H : 0 < d(y, S) < ρ}, i.e.,

√
1− ε ≤ inf

y∈Uρ(S)
d (0, ∂d(y, S)) .

Proof. Let ε ∈]0, 1[ and define ρ = min{ δ
4
, 1
2
}, where δ is given by the uniform

subsmoothness of S for ε. Fix x ∈ Uρ(S). Due to Proposition 3.2, it is sufficient

to show that for all γ < min
{

(1−ε)2

100
d(x,S)4

(2+d(x,S))4
, δ
4

}

the following property holds:

u∗1, u
∗
2 ∈

x− P γ
S (x)

d(x, S)
⇒ 〈u∗1, u∗2〉 ≥ 1− ε− 10

√
γ

(

2

d(x, S)
+ 1

)2

. (17)

For i ∈ {1, 2} we take u∗i = x−zi
d(x,S)

with zi ∈ P γ
S (x), i.e., zi ∈ S and ‖x − zi‖ ≤

d(x, S) + γ. Next, we apply Ekeland’s variational principle [9, Theorem 2.1.3]
to the function u 7→ IS(u)+ ‖u−x‖, to obtain the existence of ui ∈ S such that

(i) ‖zi − ui‖ ≤ √
γ,
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(ii) ‖ui − x‖+√
γ‖zi − ui‖ ≤ ‖zi − x‖,

(iii) the function u 7→ IS(u) + ‖u − x‖ +
√
γ‖u − ui‖ attains a minimum at

ui ∈ S.

Next, using exact penalization [21, Proposition 1.6.3], (iii) is equivalent to the
fact that the function u 7→

(

1 + 2
√
γ
)

d(u, S) + ‖u− x‖+√
γ‖u− ui‖ attains a

minimum at ui. Note that ui 6= x because ui ∈ S and x /∈ S. Hence,

0 ∈ (1 + 2
√
γ) ∂d(ui, S) +

ui − x

‖ui − x‖ +
√
γB.

Therefore, there exists bi ∈ B such that v∗i = x−ui

‖x−ui‖+
√
γbi ∈

(

1 + 2
√
γ
)

∂d(ui, S)
for i = 1, 2. Then, for i = 1, 2

u∗i − v∗i =
x− ui
d(x, S)

− x− ui
‖x− ui‖

+
ui − zi
d(x, S)

−√
γbi.

Thus,

‖u∗i − v∗i ‖ ≤ γ

d(x, S)
+

√
γ

d(x, S)
+
√
γ ≤ √

γ

(

2

d(x, S)
+ 1

)

Moreover, as a result of (ii), ‖u1−u2‖ ≤ ‖u1−x‖+‖u2−x‖ ≤ 2d(x, S)+2γ < δ
and consequently, by uniform subsmoothness of S,

〈v∗1 − v∗2, u1 − u2〉 ≥ −ε (1 + 2
√
γ) ‖u1 − u2‖. (18)

Next, on the one hand

〈v∗1 − v∗2, u1 − u2〉

≤
〈

x− u1
‖x− u1‖

− x− u2
‖x− u2‖

, u1 − u2

〉

+ 2
√
γ‖u1 − u2‖

= (‖x− u1‖+ ‖x− u2‖) [−1 + 〈v∗1 −
√
γb1, v

∗
2 −

√
γb2〉] + 2

√
γ‖u1 − u2‖

≤ (−1 + 5
√
γ + 〈v∗1, v∗2〉) (‖x− u1‖+ ‖x− u2‖) .

On the other hand,

−ε (1 + 2
√
γ) ‖u1 − u2‖ ≥ −ε (1 + 2

√
γ) (‖x− u1‖+ ‖x− u2‖) .

Therefore, combining these last two inequalities with (18) and dividing by
(‖x− u1‖+ ‖x− u2‖), we obtain

−1 + 5
√
γ + 〈v∗1, v∗2〉 ≥ −ε (1 + 2

√
γ) ,

which entails

〈v∗1, v∗2〉 ≥ 1− ε(1 + 2
√
γ)− 5

√
γ. (19)
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On the other hand, we notice that

〈v∗1, v∗2〉 = 〈v∗1 − u∗1, v
∗
2 − u∗2〉+ 〈v∗1 − u∗1, u

∗
2〉+ 〈u∗1, v∗2 − u∗2〉+ 〈u∗1, u∗2〉

≤ γ

(

2

d(x, S)
+ 1

)2

+ 2
√
γ

(

2

d(x, S)
+ 1

)(

γ

d(x, S)
+ 1

)

+ 〈u∗1, u∗2〉

≤ 3
√
γ

(

2

d(x, S)
+ 1

)2

+ 〈u∗1, u∗2〉 .

Finally, using this last inequality and (19), we get

〈u∗1, u∗2〉 ≥ 〈v∗1, v∗2〉 − 3
√
γ

(

2

d(x, S)
+ 1

)2

≥ 1− ε(1 + 2
√
γ)− 5

√
γ − 3

√
γ

(

2

d(x, S)
+ 1

)2

≥ 1− ε− 10
√
γ

(

2

d(x, S)
+ 1

)2

,

which proves (17).

Now, with the following example, we proceed to show that the class of positively
α-far sets is strictly bigger than the class of uniformly prox-regular sets and the
class of subsmooth sets.

Example 3.10. Consider the set S = {(x, y) ∈ R
2 : y ≥ −|x|}. Then the origin

is kept positively
√
2
2
-far from the Clarke subdifferential of the distance function

d(·, S) onX\S but S is not uniformly prox-regular neither uniformly subsmooth.

The class of positively α-far sets contains also that of paraconvex sets by Michael
[39]. Following Michael, a set S is α-paraconvex for some α ∈ [0, 1[ if, whenever
x ∈ X and r > 0 are such that d(x, S) < r, then

d(u, S) ≤ αr ∀u ∈ co[B(x, r) ∩ S].
This implies immediately that

∀ρ > 0, ∀x ∈ Uρ(S), ∀γ > 0, α(d(x, S) + γ) ≥ d(u, S) ∀u ∈ coP γ
S (x). (20)

This remark allows us to get the following proposition.

Proposition 3.11. Let S ⊂ X be a closed set which is α-paraconvex for some
α ∈ [0, 1[. Then for each ρ > 0, the Clarke subdifferential of the distance function
d(·, S) keeps the origin (1− α)-far-off on the open ρ-tube around S.

Proof. Let ρ > 0 and x ∈ Uρ(S). First note that d(0, ∂d(x, S)) = ‖x−u‖
d(x,S)

for

some u ∈ ⋂γ>0 coP
γ
S (x). As u ∈ coP γ

S (x) for all γ > 0, relation (20) ensures
that

‖x− u‖ ≥ d(x, S)− d(u, S) ≥ d(x, S)− α(d(x, S) + γ).
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y y = exp(x)

C

D

x
Uρ(C ∪D)

y = − exp(x)

Figure 3.2: The union of two convex sets is not positively α-far.

Thus
d(0, ∂d(x, S)) ≥ (1− α)− γα

d(x, S)
∀γ > 0,

which completes the proof.

Remark 3.12. 1. The union of two convex sets is not positively α-far. Indeed,
consider C = {(x, y) ∈ R

2 : exp(x) ≤ y} and D = {(x, y) ∈ R
2 : y ≤ − exp(x)}.

Then C ∪D is not positively α-far. To see this, define the function f(x) as the
unique solution of the equation y + exp(2y) = x. Thus, if x → −∞ f(x) →
−∞ and d ((x, 0), C ∪D) =

√
2 exp(f(x)). Moreover, x∗ =

(

exp(f(x))√
2

, 0
)

∈
∂d ((x, 0), C ∪D) and

‖x∗‖ =
d ((x, 0), C ∪D)

2
=

exp(f(x))√
2

→ 0 if x→ −∞,

which shows that C ∪D is not positively α-far.

2. It will be very interesting to know, probably under some constraint quali-
fication, when the intersection of two positively α−far sets remains positively
β−far, for some β ∈]0, 1[. But, under some constraint qualification, it is not dif-
ficult to prove [48, Theorem 0.2.5] that the intersection of uniformly subsmooth
sets remains uniformly subsmooth, and therefore positively α-far. Indeed, let C1

and C2 be two uniformly subsmooth sets and assume that there is β > 0 such
that

N(C1 ∩C2, x)∩B ⊂ N(C1, x)∩ βB+N(C2, x)∩ βB for all x ∈ C1 ∩C2, (21)

called in [23] as “normal cone intersection property�. Then C1∩C2 is uniformly
subsmooth and therefore positively α-far. Indeed, let ε > 0 and define δ =
min{δ1, δ2}, where δ1 > 0 and δ2 > 0 are given, respectively, by the uniform
subsmoothnes of C1 and C2 for

ε
2β
. Take x1, x2 ∈ C1∩C2 with ‖x1−x2‖ < δ and
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x∗i ∈ N(C1∩C2, xi) for i = 1, 2. Thus, due to (21), there are u∗i ∈ N(Ci, x1)∩βB
and v∗i ∈ N(Ci, x2) ∩ βB for i = 1, 2, such that x∗1 = u∗1 + u∗2 and x∗2 = v∗1 + v∗2.
Therefore, by uniformly subsmoothnes of C1 and C2,

〈u∗1 − v∗1, x1 − x2〉 ≥ −ε
2
‖x1 − x2‖,

〈u∗2 − v∗2, x1 − x2〉 ≥ −ε
2
ε‖x1 − x2‖,

which implies 〈x∗1 − x∗1, x1 − x2〉 ≥ −ε‖x1 − x2‖, i.e, C1 ∩ C2 is uniformly sub-
smooth.

3.1. Preservation of subsmoothness under inverse images

Let h : X → Y be a differentiable mapping from a Hilbert space X into another
Hilbert space Y . In this subsection we give some conditions to assure the uniform
subsmoothness of the family (h−1 (D(t)))t∈[T0,T ], where (D(t))t∈[T0,T ] is a given
family.

Let C ⊂ X, D ⊂ Y be two closed sets and x̄ ∈ h−1 (D) ∩ C. We say that the
inverse image set h−1(D) ∩ C has the normal cone inverse image property at
x̄ ∈ h−1 (D)∩C with respect to the Clarke normal cone [23] if there exists some
k > 0 and some neighborhood U of x̄ such that for all x ∈ U ∩ (h−1 (D) ∩ C)

N
(

h−1 (D) ∩ C, x
)

∩ BX ⊂ Dh(x)∗ (N (D, h(x)) ∩ kBY ) +N (C, x) . (22)

Also, we say that the inverse image set h−1(D) ∩ C has the uniform normal
cone inverse image property (UNCIIP) if there exists some k > 0 such that
(22) holds for all x ∈ h−1 (D) ∩ C. The next proposition gives some sufficient
conditions to assure the UNCIIP and the Lipschitz continuity of the set-valued
map w ⇉ h−1 (D − w) ∩ C which will be useful in the Section 9.

Proposition 3.13. Let C ⊂ X and D ⊂ Y be two closed convex sets and
h : X → Y be a differentiable function. Consider the following statements:

(i) There exists k > 0 such that for all x ∈ C

BY ⊂ Dh(x) (T (x,C) ∩ kBX)−D

(ii) There exists k > 0 such that for all w ∈ Y and all x ∈ C

d
(

x, h−1 (D − w) ∩ C
)

≤ kd (h(x) + w,D) .

(iii) There exists k > 0 such that for all w ∈ Y and all x ∈ h−1 (D − w) ∩ C

BY ⊂ T (h(x) + w,D)− kDh(x) (T (x,C) ∩ BX) .

(iv) There exists k > 0 such that for all w ∈ Y and all x ∈ h−1 (D − w) ∩ C

N
(

h−1 (D − w) ∩ C, x
)

∩BX ⊂ Dh(x)∗ [N(D, h(x) + w) ∩ kBY ]+N(C, x).
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Then the following hold.

1. (ii) ⇔ (iii) ⇒ (iv)

2. If D is a cone, (i) ⇒ (ii) ⇔ (iii) ⇒ (iv)

3. Under (ii) the set-valued map w ⇉ h−1 (D − w) ∩ C is k′-Lipschitz con-
tinuous for every k′ > k.

Proof. 1. (ii) ⇒ (iii): Take b ∈ BY and x ∈ h−1 (D − w) ∩ C. Then, by (ii),
for all t > 0

d
(

x, h−1 (D − w − tb) ∩ C
)

≤ kd (h(x) + w + tb,D) .

Thus, for every ε > 0, there exists vε(t) ∈ h−1 (D − w − tb) ∩ C such that

‖x− vε(t)‖ ≤ d
(

x, h−1 (D − w − tb) ∩ C
)

+ tε

≤ kd (h(x) + w + tb,D) + tε

≤ kt‖b‖+ tε

≤ t (k + ε) .

Hence, since vε(t) ∈ h−1 (D − w − tb) ∩ C,

tb ∈ D − w − h(vε(t))

⊂ D − w − h(x)−Dh(x) (vε(t)− x) + θ (‖vε(t)− x‖, ε)
⊂ D − w − h(x)− t (k + ε)Dh(x) (T (x,C) ∩ BX) + η (t, ε) ,

for somemappings θ(·, ε) and η(·, ε) with lims↓0 s
−1θ(s, ε) = 0 and lims↓0 s

−1η(s, ε)
= 0 in Y . From where we obtain

BY ⊂ D − w − h(x)

t
− (k + ε)Dh(x) (T (x,C) ∩ BX) +

η (t, ε)

t
,

then, taking t ↓ 0, we get

BY ⊂ T (h(x) + w,D)− (k + ε)Dh(x) (T (x,C) ∩ BX).

Next, consider the set-valued map M : z ⇉ T (h(x) + w,D) − (k + ε)Dh(x)z
and define the closed convex set

E = {(z, y) ∈ T (x,C) ∩ BX × Y : y ∈M(z)}.

Hence, PX(E) = T (x,C) ∩ BX is bounded and

PY (E) = T (h(x), D)− (k + ε)Dh(x) (T (x,C) ∩ BX) .

Next, using Robinson’s Lemma [52, Lemma 1] we obtain that PY (E) is closed
which implies (iii).
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(iii) ⇒ (ii): By contradiction, suppose that for every n ∈ N there exist xn ∈ C
and wn ∈ Y such that

d
(

xn, h
−1 (D − wn) ∩ C

)

> nd (h(xn) + wn, D) . (23)

For every n ∈ N, consider the function fn(x) = d(h(x) + wn, D) + IC(x). Then,
applying Ekeland’s variational principle [9, Theorem 2.1.2] with εn = d(h(xn) +
wn, D) and λn = nεn, there exists un ∈ C such that

(a) ‖un − xn‖ ≤ λn,

(b) fn(un) +
1
n
≤ fn(xn),

(c) the function u 7→ fn(u) +
1
n
‖u− un‖ attains a minimum at u = un.

We claim that h(un) +wn /∈ D. Indeed, if h(un) +wn ∈ D, due to (a) and (23),
we have

‖un − xn‖ ≤ nd(h(xn) + wn, D)

< d
(

xn, h
−1 (D − wn) ∩ C

)

≤ ‖un − xn‖,
which is a contradiction, hence h(un) + wn /∈ D. Next, on the one hand,
as a result of (c), we obtain the existence y∗n ∈ X with ‖y∗n‖ = 1 and y∗n ∈
∂d (h(un) + wn, D) and bn ∈ BX such that 0 ∈ Dh(un)

∗ (y∗n) +
1
n
bn + N(C, un).

This last inclusion implies that
〈

Dh(un)
∗ (y∗n) +

1

n
bn, c

〉

≥ 0 ∀c ∈ T (un, C), (24)

and since y∗n ∈ ∂d(h(un) + wn, D) and h(un) + wn /∈ D, y∗n ∈ N(D, vn) with
vn the projection of h(un) + wn into D. On the other hand, due to (iii), for
every b ∈ BY there exist cn ∈ T (un, C) ∩ kBX and dn ∈ T (vn, D) such that
b = −Dh(un)cn + dn. Thus, by virtue of (24),

〈y∗n, b〉 = 〈y∗n,−Dh(un)cn + dn〉
= 〈−Dh(un)∗ (y∗n) , cn〉+ 〈y∗n, dn〉

≤
〈

1

n
bn, cn

〉

+ 〈y∗n, dn〉

≤ k

n
,

from where we get that ‖y∗n‖ ≤ k
n
, which is a contradiction. Therefore (ii) holds.

(iii) ⇒ (iv): For every x ∈ X we have the following identity

Ih−1(D−w)∩C(x) = ID(h(x) + w) + IC(x).

Then, due to (iii), we can apply the chain rule for nonsmooth functions [42,
Theorem 3.4.1] to obtain

N
(

h−1 (D − w) ∩ C, x
)

= Dh(x)∗N(D, h(x) + w) +N(C, x)

for all x ∈ h−1 (D − w) ∩ C.
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Next, take x∗ ∈ N (h−1 (D − w) ∩ C, x) ∩ BX so x∗ = Dh(x)∗y∗ + z∗ for some
y∗ ∈ N(D, h(x) + w) and z∗ ∈ N(C, x). Then, by (iii), for every v ∈ BY there
exist w∗ ∈ T (h(x) + w,D) and u ∈ T (x,C) ∩ BX such that v = w∗ − kDh(x)u.
Hence,

〈y∗, v〉 = 〈y∗, w∗ − kDh(x)u〉
= 〈y∗, w∗〉 − k 〈Dh(x)∗y∗, u〉
= 〈y∗, w∗〉 − k 〈x∗ − z∗, u〉
≤ k,

which implies that ‖y∗‖ ≤ k. Therefore (iv) holds.

Assume that D is a cone. We proceed to prove that (i) ⇒ (ii): By contradiction,
suppose that for every n ∈ N there exist xn ∈ C and wn ∈ Y such that

d
(

xn, h
−1 (D − wn) ∩ C

)

> nd (h(xn) + wn, D) . (25)

For every n ∈ N consider the function fn(x) = d(h(x) + wn, D) + IC(x). Then,
applying Ekeland’s variational principle [9, Theorem 2.1.2] for every n ∈ N, with
εn = d(h(xn) + wn, D) and λn = nεn, there exists un ∈ C such that

(a) ‖un − xn‖ ≤ λn,

(b) fn(un) +
1
n
≤ fn(xn),

(c) the function u 7→ fn(u) +
1
n
‖u− un‖ attains a minimum at u = un.

We claim that h(un) +wn /∈ D. Indeed, if h(un) +wn ∈ D, due to (a) and (25),
we have

‖un − xn‖ ≤ nd(h(xn) + wn, D) < d
(

xn, h
−1 (D − wn) ∩ C

)

≤ ‖un − xn‖,

which is a contradiction, hence h(un) + wn /∈ D. Next, on the one hand, as
a result of (c), we obtain the existence of y∗n ∈ X with ‖y∗n‖ = 1 and y∗n ∈
∂d (h(un) + wn, D) and bn ∈ BX such that 0 ∈ Dh(un)

∗ (y∗n) +
1
n
bn + N(C, un).

This last inclusion implies that

〈

Dh(un)
∗ (y∗n) +

1

n
bn, c

〉

≥ 0 ∀c ∈ T (un, C), (26)

and since D is a cone 〈y∗n, d〉 ≤ 0 for every d ∈ D. On the other hand, due to
(ii), for every b ∈ BY there exist cn ∈ T (un, C) ∩ kBX and dn ∈ D such that
b = −Dh(un)cn + dn. Thus, by virtue of (26),

〈y∗n, b〉 = 〈y∗n,−Dh(un)cn + dn〉
= 〈−Dh(un)∗ (y∗n) , cn〉+ 〈y∗n, dn〉

≤
〈

1

n
bn, cn

〉

+ 〈y∗n, dn〉

≤ k

n
,
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from which we get that ‖y∗n‖ ≤ k
n
, and this is a contradiction because ‖y∗n‖ = 1.

Therefore (i) holds.

Consider w1, w2 ∈ Y and x ∈ h−1 (D − w1) ∩ C. Then, due to (ii),

d
(

x, h−1 (D − w2) ∩ C
)

≤ kd(h(x) + w2, D) ≤ k‖w1 − w2‖, (27)

Thus, for ε < k′ − k there exists yε ∈ h−1 (D − w2) ∩ C such that ‖x − yε‖ ≤
d (x, h−1 (D − w2) ∩ C) + ε‖w1 −w2‖. Therefore, as a result of (27), ‖x− yε‖ ≤
(k + ε) ‖w1 − w2‖, which implies that

h−1 (D − w1) ∩ C ⊂ h−1 (D − w2) ∩ C + k′‖w1 − w2‖BX .

Now we give some conditions to assure the equi-uniform subsmoothness of in-
verse images of a given family of sets under a differentiable mapping h : X → Y .
The first statement of the next proposition was stated in [48] without a proof.

Proposition 3.14. Let h : X → Y be a continuously differentiable mapping
with Dh uniformly continuous.

1. Assume that the function h is Lipschitz, the family (D(t))t∈[T0,T ] ⊂ Y is
equi-uniformly subsmooth and UNCIIP holds for all D(t), t ∈ [T0, T ] with
the same k > 0. Then the family (h−1 (D(t)))t∈[T0,T ] is equi-uniformly
subsmooth and, hence, positively α-far for some α > 0.

2. Assume that the set D(t) ⊂ Y is convex for every t ∈ [T0, T ] and UNCIIP
holds for all D(t), t ∈ [T0, T ] with the same k > 0. Then the family
(h−1 (D(t)))t∈[T0,T ] is equi-uniformly subsmooth and, hence, positively α-
far for some α > 0.

3. Assume that the function h is Lipschitz, the set D ⊂ Y is uniformly sub-
smooth, d : [T0, T ] → Y is a function and UNCIIP holds for all D − d(t),
t ∈ [T0, T ] with the same k > 0. Then the family (h−1 (D − d(t)))t∈[T0,T ] is
equi-uniformly subsmooth and, hence, positively α-far for some α > 0.

4. Assume that the set D ⊂ Y is convex, d : [T0, T ] → Y is a function and
UNCIIP holds for all D − d(t), t ∈ [T0, T ] with the same k > 0. Then
the family (h−1 (D − d(t)))t∈[T0,T ] is equi-uniformly subsmooth and, hence,
positively α-far for some α > 0.

Proof. 1. Since h is Lipschitz, there exist L > 0 and δ1 > 0 such that

‖x− y‖ < δ1 then ‖h(x)− h(y)‖ ≤ L‖x− y‖.

For ε > 0 take δ = min{ δ3
L
, δ2, δ1}, where δ3 is given by the equi-uniform sub-

smoothness of (D(t))t∈[T0,T ] for
ε

2kL
, δ2 is given by the uniform continuity of Dh

for ε
4k
. Next, fix t ∈ [T0, T ] and take u1, u2 ∈ h−1 (D(t)) with ‖u1 − u2‖ < δ and

x∗i ∈ N (h−1 (D(t)) , ui) ∩ BX for i = 1, 2. We have to prove that

〈x∗1 − x∗2, u1 − u2〉 ≥ −ε‖u1 − u2‖. (28)
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Indeed, by the UNCIIP, there exist y∗i ∈ N(D(t), h(ui))∩BY for i = 1, 2 such that
x∗i = kDh(ui)

∗y∗i for i = 1, 2. Then, since ‖h(u1) − h(u2)‖ ≤ L‖u1 − u2‖ < δ3,
we can use the equi-uniform subsmoothness of D(t) to get

〈y∗1 − y∗2, h(u1)− h(u2)〉 ≥ − ε

2kL
‖h(u1)− h(u2)‖. (29)

Next, since ‖u2 + s(u1 − u2)− u1‖ < δ2 for all s ∈ [0, 1] and due to the uniform
continuity of Dh we have

‖Dh (u2 + s(u1 − u2))−Dh(u1)‖ ≤ ε

4k
.

Therefore, using this last inequality

〈ky∗1, h(u1)− h(u2)〉

=

〈

ky∗1,

∫ 1

0

Dh (u2 + s(u1 − u2)) (u1 − u2)ds

〉

= 〈ky∗1, Dh(u1)(u1 − u2)〉

+

〈

ky∗1,

∫ 1

0

[Dh (u2 + s(u1 − u2))−Dh(u1)] (u1 − u2)ds

〉

≤ 〈ky∗1, Dh (u1) (u1 − u2)〉+ k · ε
4k

‖u1 − u2‖

= 〈kDh (u1)∗ y∗1, u1 − u2〉+
ε

4
‖u1 − u2‖

= 〈x∗1, u1 − u2〉+
ε

4
‖u1 − u2‖

Therefore,

〈ky∗1, h(u1)− h(u2)〉 ≤ 〈x∗1, u1 − u2〉+
ε

4
‖u1 − u2‖,

and similarly,

〈ky∗2, h(u2)− h(u1)〉 ≤ 〈x∗2, u2 − u1〉+
ε

4
‖u1 − u2‖,

Next, by adding up these two inequalities we obtain

〈ky∗1 − ky∗2, h(u1)− h(u2)〉 ≤ 〈x∗1 − x∗2, u1 − u2〉+
ε

2
‖u1 − u2‖,

which combined with (29) and the Lipschitzianity of h entails (28), i.e., the
equi-uniform subsmoothness of the family (h−1(D(t)))t∈[T0,T ].

2. For ε > 0 take δ given by the uniform continuity of Dh for ε
2k
. Next,

fix t ∈ [T0, T ] and take u1, u2 ∈ h−1 (D(t)) with ‖u1 − y2‖ < δ and x∗i ∈
N (h−1 (D(t)) , ui) ∩ BX for i = 1, 2. We have to prove that

〈x∗1 − x∗2, u1 − u2〉 ≥ −ε‖u1 − u2‖. (30)
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Indeed, by the UNCIIP, there exist y∗i ∈ N(D(t), h(ui)) ∩ BY for i = 1, 2 such
that x∗i = kDh(ui)

∗y∗i for i = 1, 2. Then, due to the convexity of D(t), we obtain

〈y∗1 − y∗2, h(u1)− h(u2)〉 ≥ 0. (31)

Next, since ‖u2 + s(u1 − u2)− u1‖ < δ2 for all s ∈ [0, 1] and due to the uniform
continuity of Dh, we have

‖Dh (u2 + s(u1 − u2))−Dh(u1)‖ ≤ ε

2k
.

Therefore, using this last inequality

〈ky∗1, h(u1)− h(u2)〉

=

〈

ky∗1,

∫ 1

0

Dh (u2 + s(u1 − u2)) (u1 − u2)ds

〉

= 〈ky∗1, Dh(u1)(u1 − u2)〉

+

〈

ky∗1,

∫ 1

0

[Dh (u2 + s(u1 − u2))−Dh(u1)] (u1 − u2)ds

〉

≤ 〈ky∗1, Dh (u1) (u1 − u2)〉+ k · ε
2k

‖u1 − u2‖

= 〈kDh (u1)∗ y∗1, u1 − u2〉+
ε

2
‖u1 − u2‖

= 〈x∗1, u1 − u2〉+
ε

2
‖u1 − u2‖

Therefore,

〈ky∗1, h(u1)− h(u2)〉 ≤ 〈x∗1, u1 − u2〉+
ε

2
‖u1 − u2‖,

and similarly,

〈ky∗2, h(u2)− h(u1)〉 ≤ 〈x∗2, u2 − u1〉+
ε

2
‖u1 − u2‖,

Next, by adding up these two inequalities we obtain

〈ky∗1 − ky∗2, h(u1)− h(u2)〉 ≤ 〈x∗1 − x∗2, u1 − u2〉+ ε‖u1 − u2‖,

which combined with (31) entails (30), i.e., the equi-uniformly subsmoothness
of (h−1(D)(t)).

3. It follows from the proof of Part 1 and the formula

N(D − d(t), x) = N(D, x+ d(t)) for all t ∈ [T0, T ]. (32)

4. It follows from the proof of Part 2 and the formula (32).
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The next corollary will be useful in Section 9.

Corollary 3.15. Let h : X → Y be a continuously differentiable mapping with
Dh uniformly continuous and let d : [T0, T ] → Y be a function. Assume that
there exists k > 0 such that

BY ⊂ Dh(x)kBX −K for all x ∈ X,

where K ⊂ Y is a closed convex cone. Then the family (h−1 (K − d(t)))t∈[T0,T ]

is equi-uniformly subsmooth, hence, positively α-far and the set-valued map t ⇉

h−1 (K − d(t)) is absolutely continuous over [T0, T ].

Proof. For the first assertion, by Proposition 3.14, it is sufficient to prove that
the set h−1 (K − d(t)) satisfies the UNCIIP for all t ∈ [T0, T ] with the same k
which follows directly from the first statement of Proposition 3.13. The second
assertion follows from the third statement of Proposition 3.13 combined with
the absolute continuity of d.

4. Technical assumptions

For the sake of readability, in this section we collect the hypothesis used along
this paper.

The hypothesis on the perturbation set-valued mapping F : [T0, T ] × X ⇉ X
are:

(HF
1 ) For each x ∈ X, F (·, x) is measurable.

(HF
2 ) For a.e. t ∈ [T0, T ], F (t, ·) is upper semicontinuous from X into Xw.

(HF
3 ) There exist α, β ∈ L1(T0, T ) such that

|F (t, x)| := sup{‖w‖ : w ∈ F (t, x)} ≤ α(t)‖x‖+ β(t)

for all x ∈ X and a.e. t ∈ [T0, T ].

On the set-valued mapping C : [T0, T ] ⇉ Y we consider the following ones:

(H1) α0-farness: There exist two constants α0 ∈ (0, 1] and ρ ∈ (0,+∞) such
that, for a.e. t ∈ [T0, T ], the origin is kept α0-far from the Clarke subdif-
ferential of the distance function d(·, C(t)) on the open ρ-tube Uρ(C(t)) =
{x ∈ Y : 0 < d(x,C(t)) < ρ}, i.e.,

0 < α0 ≤ inf
x∈Uρ(C(t))

d(0, ∂d(x,C(t)))a.e. t ∈ [T0, T ].

(H2) Absolute continuity: There exists an absolutely continuous function
ζ : [T0, T ] → R+, with �ζ ∈ L1(T0, T ), such that

|d(x,C(t))− d(x,C(s))| ≤ |ζ(t)− ζ(s)|,

for all x ∈ Y and all s, t ∈ [T0, T ].
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(H3) Ball-compactness: For all r > 0 and t ∈ [T0, T ] the set C(t)∩rB is compact
in Y .

The assumptions on the mappings g : X → L (Y ;X) and h : X → Y are:

(H ′
3) For all r > 0 and t ∈ [T0, T ] the set h−1 (C(t)) ∩ rB is compact in X.

(H4) – The function g is continuous with

‖g(x)‖ ≤M1‖x‖+M2 for all x ∈ X,

where M1 ≥ 0 and M2 > 0.
– h : X → Y is a differentiable function with supx∈X ‖Dh(x)‖ ≤ M for

some M > 0.
– There exists λ > 0 such that for all x ∈ X

〈Dh(x)g(x)h, h〉 ≥ λ‖h‖2 ∀h ∈ Y.

Finally, the assumptions on the function f : [T0, T ]×X → R ∪ {+∞} are:

(Hf
1 ) Sublinear growth: There exist γ, δ ∈ L1(T0, T ) such that

∂f(t, x) ⊂ (γ(t)‖x‖+ δ(t))B,

for all x ∈ X and a.e. t ∈ [T0, T ].

(Hf
2 ) Measurability: For each x ∈ X, ∂f(·, x) is measurable.

(Hf
3 ) For every r > 0 there exists an absolutely continuous function ζr : [T0, T ] →

R+ with �ζr ∈ L1(T0, T ) and such that

|f(t, x)− f(s, x)| ≤ |ζr(t)− ζr(s)|,

for all x ∈ rB and all s, t ∈ [T0, T ].

(Hf
4 ) Ball-inf-compactness: For all r > 0 and λ ∈ R there exists t∗ ∈ [T0, T ]

such that the set {f(t∗, ·) ≤ λ} ∩ rB is compact in X.

5. Preparatory Lemmas

In this section we gather some lemmas needed in the sequel. The next lemma
is a consequence of Zagrodny’s approximate mean value [60, Theorem 4.3].

Lemma 5.1. Let f : X → R ∪ {+∞} be a lower semicontinuous function sat-
isfying ∂f(x) ⊂ kB for all x ∈ B(x̄, r). Then f is Lipschitz on B(x̄, r) with
constant k.

Since −d(·, S) has a directional derivative that coincides with the Clarke’s di-
rectional derivative of −d(·, S) whenever x /∈ S (see [8]), we obtain the following
lemma.

Lemma 5.2. Let S ⊂ X be a closed set, x /∈ S and v ∈ X. Then

lim
h↓0

d(x+ hv, S)− d(x, S)

h
= min

y∗∈∂d(x,S)
〈y∗, v〉 .
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The next two statements are well known compactness criteria which will be used
to prove Theorem 5.9.

Proposition 5.3 ([3, Theorem 0.3.4]). Let us consider a sequence of abso-
lutely continuous function xk from an interval I of R to a Banach space X
satisfying

(i) ∀t ∈ I, {xk(t)}k is a relatively compact subset of X,

(ii) there exists a positive function c ∈ L1(I) such that, for almost all t ∈ I,
‖x′k(t)‖ ≤ c(t).

Then there exist a subsequence (again denoted by xk) converging to an absolutely
continuous function x from I to X in the sense that

(i) xk converges uniformly to x over compact subsets of I,

(ii) x′k converges weakly to x′ in L1(I,X).

Lemma 5.4 ([41, Theorem 0.2.2]). Let (xn)n be a sequence of functions
xn : [T0, T ] → X which is uniformly bounded in norm and variation, i.e.

sup
n∈N

|xn|∞ ≤ K1 and sup
n∈N

var(xn) ≤ K2

for some constants K1, K2 > 0. Then there exists a subsequence (again denoted
by) (xn)n∈N and a bounded variation function x : [T0, T ] → X such that

var(x) ≤ K2 and xn(t) → x(t) weakly as n→ ∞ for all t ∈ [T0, T ].

If all xn are right-continuous, then for every T1 ∈]0, T ] and every continuous
φ : [T0, T ] → X

lim
n→∞

∫

]0,T1]

φ ·dxn =

∫

]0,T1]

φ ·dx+φ(0) ·
[

x+(0)− x(0)
]

−φ(T1) ·
[

x+(T1)− x(T1)
]

,

where dxn and dx denotes the differential measure associated with xn and x,
respectively.

We will use the following special form of the Convergence Theorem in [3, The-
orem 1.4.1].

Lemma 5.5. Let F : I × X ⇉ X be a set-valued map with closed and convex
values satisfying

(i) For each x ∈ X, F (·, x) is measurable,

(ii) For a.e. t ∈ I, F (t, ·) is upper semicontinuous from X into Xw.

Let xn, fn : I → X (n ∈ N) be measurable functions such that xn converges a.e.
on I to a function x : I → X and fn converges weakly in L1(I,X) to f : I → X.
If fn(t) ∈ F (t, xn(t)) + rn(t)B, for all n ∈ N and almost all t ∈ I. If rn(t)
converges to 0 in L1(I) then f(t) ∈ F (t, x(t)) a.e. on I.
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To get a priori bounds on the solutions of differential inclusions we need the
following consequence of Grönwall’s inequality.

Lemma 5.6 ([3, Proposition 2.4.1]). Let I = [T0, T ], α and u be continuous
functions and β be a nonnegative integrable function, all defined on I. Assume
that α is non-increasing and that

u(t) ≤ α(t) +

∫ t

T0

β(s)u(s)ds t ∈ [T0, T ].

Then

u(t) ≤ α(t) exp

(
∫ t

T0

β(s)ds

)

t ∈ [T0, T ].

The next result says that to have invariance of the solutions it is sufficient to
have it in small intervals.

Lemma 5.7. Let F : [T0, T ] × X ⇉ X and C : [T0, T ] ⇉ X be two set-valued
maps. Let a, b be two positive numbers with T0 ≤ a < b ≤ T and let us consider
the differential inclusion

{

�x(t) ∈ F (t, x(t)) a.e. t ∈ [a, b],

x(τ) = y.
P (a, b, y)

Let η > 0 be a positive number and assume that x0 ∈ C(T0). Suppose that for
every τ ∈ [T0, T ), with τ + η ≤ T0, and every y ∈ C(τ) there exists at least one
solution of P (τ, τ + η, y) with x(t) ∈ C(t) for all t ∈ [τ, τ+η]. Then there exists
at least one solution of P (T0, T, x0) satisfying x(t) ∈ C(t) for all t ∈ [T0, T ].

Proof. Fix, like in [29], an integer N such that (T −T0)/N < η and fix also the
subdivision of [T0, T ] with T0, T1, . . . , TN = T given, for each k ∈ {0, 1, . . . , N},
by

Tk = T0 +
k

N
(T − T0).

For k = 1, since T1 − T0 < η, there exists a solution x1 : [T0, T1] → X of
P (T0, T, x0) with x

1(t) ∈ C(t) for all t ∈ [T0, T1]. Inductively, for k = 2, . . . , N ,
as Tk−Tk−1 < η and xk−1(Tk−1) ∈ C(Tk−1), let x

k : [Tk−1, Tk] → X be a solution
of
(

P
(

Tk−1, Tk, x
k−1(Tk−1)

))

with xk(t) ∈ C(t) for all t ∈ [Tk−1, Tk]. Finally,
we define x(t) = xk(t) over [Tk−1, Tk] for k = 1, . . . , N , which is a solution of
P (T0, T, x0).

The next result gives some properties of the distance function composed with
differentiable functions along a curve.

Lemma 5.8. Assume that X,Y are two separable Hilbert spaces. Let x : [T0,T ]→
X be an absolutely continuous function, let C : [T0, T ] ⇉ Y be a set-valued map
with nonempty closed values satisfying (H2) and h : X → Y be a differentiable
function with bounded derivative. Then
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1. The function t→ d(h(x(t)), C(t)) is absolutely continuous over [T0, T ].

2. For all t ∈]T0, T [, where �ζ(t) exists,

lim sup
s↓0

d(h (x(t+ s)) , C(t+ s))− d(h (x(t)) , C(t))

s

≤ | �ζ(t)|+ lim sup
s↓0

d(h (x(t+ s)) , C(t))− d(h (x(t)) , C(t))

s
.

(33)

3. For all t ∈]T0, T [, where �x(t) exists,

lim sup
s↓0

d(h (x(t+ s)) , C(t))− d(h (x(t)) , C(t))

s

≤ max
y∗∈∂d(h(x(t)),C(t))

〈y∗, Dh(x(t)) �x(t)〉 .
(34)

4. For all t ∈ {t ∈]T0, T [ : h (x(t)) /∈ C(t)}, where �x(t) exists, d(h (x(·)) , C(t))
has a directional derivative at t and

lim
s↓0

d(h (x(t+ s)) , C(t))− d(h (x(t)) , C(t))

s

= min
y∗∈∂d(h(x(t)),C(t))

〈y∗, Dh(x(t)) �x(t)〉 .

5. For every x ∈ X the set-valued map t 7→ ∂d(h(x), C(t)) is measurable.

Proof. Let ψ : [T0, T ] → R be the function defined by ψ(t) := d(h (x(t)) , C(t)).

1. It follows directly from (H2) and the boundedness of the derivative of h.

2. Let t ∈]T0, T [ be such that �ζ(t) exists. Then

ψ(t+ s)− ψ(t)

s

=
d(h(x(t+ s)), C(t+ s))− d(h(x(t+ s)), C(t))

s

+
d(h(x(t+ s)), C(t))− d(h(x(t)), C(t))

s

≤ |ζ(t+ s)− ζ(t)|
s

+
d(h(x(t+ s)), C(t))− d(h(x(t)), C(t))

s
,

and taking superior limit, we get (33).

3. Let t ∈]T0, T [ be such that �x(t) exists. Let sn → 0+ be such

lim sup
s↓0+

d(h(x(t+ s)), C(t))− d(h(x(t)), C(t))

s

= lim
n→+∞

d(h(x(t+ sn)), C(t))− d(h(x(t)), C(t))

sn
.
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By virtue of Lebourg’s Mean Value Theorem [21, Theorem 2.2.4], there exist
zn ∈]h(x(t)), h(x(t+ sn))[ and ξn ∈ ∂d(zn, C(t)) such that

d(h(x(t+ sn)), C(t))− d(h(x(t)), C(t))

sn

=

〈

ξn,
h(x(t+ sn))− h(x(t))

sn

〉

,

since ‖ξn‖ ≤ 1, there is a subsequence (without relabeling) of {ξn}n such that
ξn ⇀ ξ ∈ ∂d(h(x(t)), C(t)), and taking limit in the last equality we get (34).

4. Let t ∈ {t ∈]T0, T [ : x(t) /∈ C(t)} where �x(t) exists. Then, for s > 0 small
enough,

d(h(x(t+ s)), C(t))− d(h(x(t)), C(t))

s

=
d(h(x(t)) + sDh(x(t)) �x(t) + sε(s, t)), C(t))− d(h(x(t)), C(t))

s

=
d(h(x(t)) + sDh(x(t)) �x(t), C(t))− d(h(x(t)), C(t))

s
+ η(s, t),

for some mappings ε(·, t) and η(·, t) with lims↓0 ε(s, t)= 0 and lims↓0 η(s, t) = 0.
Then, using Lemma 5.2, we get

lim
s↓0

d(h(x(t+ s)), C(t))− d(h(x(t)), C(t))

s

= lim
s↓0

d(h(x(t)) + sDh(x(t)) �x(t), C(t))− d(h(x(t)), C(t))

h

= min
y∗∈∂d(h(x(t)),C(t))

〈y∗, Dh(x(t)) �x(t)〉 .

5. Let Γ(t) := ∂d(h(x), C(t)). Then, Γ takes weakly compact and convex values.
Fixing any d ∈ Y , by virtue of [32, Proposition 2.2.39], it is enough to verify
that the support function t 7→ σ(d,Γ(t)) is measurable, where

σ(d,Γ(t)) := sup
v∈Γ(t)

〈v, d〉.

Recalling that σ(d,Γ(t)) = d◦C(t)(h(x); d) and fixing a countable dense subset ∆
of B, we have

d◦C(t)(h(x); d)

= inf
n∈N

sup
s∈]0, 1

n
[,y∈ 1

n
B

1

s
[d(y + h(x) + sd, C(t))− d(y + h(x), C(t))]

= inf
n∈N

sup
s∈]0, 1

n
[∩Q,y∈ 1

n
∆

1

s
[d(y + h(x) + sd, C(t))− d (y + h(x), C(t))] .
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This and the continuity of the function (t, x) 7→ d(h(x), C(t)), due to the con-
tinuity of h and (H2), guarantees the desired measurability of t 7→ σ(d,Γ(t))
which finishes the proof.

The next result is the cornerstone of our approach to approximate solutions of
differential inclusions.

Theorem 5.9. Let A : X → X be a maximal monotone operator with ‖Ax‖ ≤
c‖x‖ + d for all x ∈ X for some c, d ≥ 0 such that −A generates a compact
semigroup on X. For i = 1, 2, let Fi : [T0, T ]×X ⇉ X be a set-valued map with
closed and convex values satisfying (HF

1 ), (H
F
2 ) and

(

HF
3

)

for some functions
αi, βi ∈ L1(T0, T ) for i = 1, 2. Let µn ∈ L1(T0, T ) be a sequence of nonnegative
functions which converges to µ ∈ L1(T0, T ) with µnα2, µnβ2 ∈ L1(T0, T ) for i =
1, 2. Let us consider a sequence {xn}n of solutions of the differential inclusion
(whose existence is guaranteed by Theorem 2.5)







− �xn(t) ∈
1

n
Axn(t) + F1(t, xn(t)) + µn(t)F2(t, xn(t)) a.e. t ∈ [T0, T ],

xn(T0) = x0,
(35)

Assume that ∀t ∈ [T0, T ], {xn(t)}n is a relatively compact subset of X. Then
there exists a subsequence (again denoted by (xn)n) converging to an absolutely
continuous function x solution of

{

− �x(t) ∈ F1(t, x(t)) + µ(t)F2(t, x(t)) a.e. t ∈ [T0, T ],

x(T0) = x0,
(36)

which satisfies

‖x(t)‖ ≤ d(t) := exp

(
∫ t

T0

α̃(s)ds

)(

‖x0‖+
∫ t

T0

β̃(s)ds

)

t ∈ [T0, T ],

‖ �x(t)‖ ≤ c(t) := α̃(t) exp

(
∫ t

T0

α̃(s)ds

)(

‖x0‖+
∫ t

T0

β̃(s)ds

)

+ β̃(t)

a.e. t ∈ [T0, T ],

where α̃ := α1 + µα2 and β̃ := β1 + µβ2.

Proof. For n ∈ N we define αn := α1 + µnα2 +
c
n
, βn := β1 + µnβ2 +

d
n
and

cn(t) := αn(t) exp

(
∫ t

T0

αn(s)ds

)(

‖x0‖+
∫ t

T0

βn(s)ds

)

+ βn(t)

a.e. t ∈ [T0, T ].

Due to (HF
3 ), we have

‖ �xn(t)‖ ≤ αn(t)‖xn(t)‖+ βn(t) a.e. t ∈ [T0, T ].
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Then, by virtue of Lemma 5.6, for all t ∈ [T0, T ]

‖xn(t)‖ ≤ dn(t) :=

(

‖x0‖+
∫ t

T0

βn(s)ds

)

exp

(
∫ t

T0

αn(s)ds

)

. (37)

Thus, using the last two inequalities, for a.e. t ∈ [T0, T ]

‖ �xn(t)‖ ≤ αn(t)‖xn(t)‖+ βn(t) ≤ cn(t). (38)

Therefore, as a result of Proposition 5.3, there exists a subsequence (again de-
noted by xn) converging to an absolutely continuous function x from [T0, T ] in
the sense that

(i) xn converges uniformly to x over [T0, T ],

(ii) x′n converges weakly to x′ in L1([T0, T ], X).

Moreover, by (HF
1 ), (H

F
2 ) and Lemma 5.5, it follows directly that x satisfies

(36).

6. Set-valued perturbed generalized sweeping processes

LetX and Y be two separable Hilbert spaces. Let C : [T0, T ] ⇉ Y and F : [T0, T ]×
X ⇉ X be two set-valued maps with nonempty closed values and nonempty
closed convex values, respectively. In this section we show existence of solutions
for the generalized sweeping process

{

− �x(t) ∈ F (t, x(t)) + g(x(t))N (C(t), h(x(t))) a.e. t ∈ [T0, T ],

x(T0) = x0 ∈ h−1 (C(T0)) ,
(39)

where g : X → L (Y ;X) and h : X → Y are two functions. To achieve this goal
we will use Lemma 5.8 and Theorem 5.9 to construct approximations which,
under an appropriate compactness conditions, converges to a solution of (39).

Theorem 6.1. Let C : [T0, T ] ⇉ Y be a set-valued map satisfying (H1), (H2),
(H ′

3) and (H4) and let F : [T0, T ]×X ⇉ X be a set-valued map with nonempty
closed and convex values satisfying the conditions (HF

1 ), (H
F
2 ) and (HF

3 ). Then
there exists at least one solution of (39) satisfying

‖ �x(t)‖ ≤ �σ(t)

(

‖x0‖+
∫ t

T0

β(s)ds

)

+M2 �σ(t)

∫ t

T0

µ(s)ds+ β(t) +M2µ(t)

a.e. t ∈ [T0, T ],

where η, σ and µ are functions from [T0, T ] to R+ defined by the following
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formulas:

η(t) =M �σ(t)

(

‖x0‖+
∫ t

T0

β(s)ds

)

+Mβ(t) + | �ζ(t)|,

σ(t) = exp

(
∫ t

T0

(α(s) +M1) ds

)

,

µ(t) =MM2
η(t)

α2
0λ

+MM2
�σ(t)

α2
0λ

∫ t

T0

MM2η(s)

α2
0λ

exp

(

MM2

∫ t

s

�σ(τ)

α2
0λ
dτ

)

ds.

Proof. Without loss of generality we assume that MM2 ≥ 1. Under the
framework of Theorem 5.9, let us consider F1(t, x) = F (t, x), F2(t, x) =
g(x)∂d(h(x), C(t)) and µn defined by

µn(t) :=MM2
ηn(t)

α2
0λ

+MM2
�σn(t)

α2
0λ

∫ t

T0

MM2ηn(s)

α2
0λ

exp

(

MM2

∫ t

s

�σn(τ)

α2
0λ

dτ

)

ds,

where σn and ηn are functions from [T0, T ] to R+ defined by the formulas:

σn(t) := exp

[
∫ t

T0

(

α(s) +M1 +
c

n

)

ds

]

ηn(t) :=M �σn(t)

(

‖x0‖+
∫ t

T0

[

β(s) +
d

n

]

ds

)

+M

(

β(t) +
d

n

)

+ | �ζ(t)|.

Lemma 6.2. For all n ∈ N

MM2ηn(t) +MM2 �σn(t)

∫ t

T0

µn(s)ds = λα2
0µn(t) a.e t ∈ [T0, T ].

As a result of Lemma 5.8, F1, F2 and µn satisfy the conditions of Theorem 5.9
with α1 = α, β1 = β, α2 =M1 and β2 =M2. Let (xn)n be a sequence of solutions
of (35) with xn(T0) = x0 ∈ h−1 (C(T0)). Then there exist fn, gn ∈ L1 ([T0, T ], X)
such that for a.e. t ∈ [T0, T ] fn(t) ∈ F (t, xn(t)), gn(t) ∈ ∂d(h(xn(t)), C(t)) and
− �xn(t) =

1
n
Axn(t)+fn(t)+µn(t)g (xn(t)) gn(t). Moreover, due to (37) and (38),

‖xn(t)‖ ≤ dn(t) := σn(t)

(

‖x0‖+
∫ t

T0

(

β(s) +
d

n

)

ds+M2

∫ t

T0

µn(s)ds

)

for t ∈ [T0, T ],

(40)

‖ �xn(t)‖ ≤ cn(t) := �σn(t)

(

‖x0‖+
∫ t

T0

(

β(s) +
d

n

)

ds+M2

∫ t

T0

µn(s)ds

)

+ β(t) +
d

n
+M2µn(t) a.e. t ∈ [T0, T ].

(41)
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Let η > 0 be such that

(

λα2
0 +MM2

)

∫ T0+η

T0

µn(s)ds < ρ. (42)

Step 1. First, we prove the theorem under the condition T − T0 < η.
Suppose that for all n ∈ N h(xn(t)) ∈ C(t) for all t ∈ [T0, T ]. Hence, in view of
(H ′

3) and (40), for all t ∈ [T0, T ] {xn(t)}n is a relatively compact subset of X,
then, Theorem 5.9 asserts that there exists a subsequence (again denoted by)
xn(t) converging to an absolutely continuous function x solution of

{

− �x(t) ∈ F (t, x(t)) + µ(t)g(x(t))∂d(h (x(t)) , C(t)) a.e. t ∈ [T0, T ],

x(T0) = x0 ∈ C(T0),

with h (x(t)) ∈ C(t) for all t ∈ [T0, T ]. Therefore µ(t)∂d(h (x(t)) , C(t)) ⊂
N(C(t), h (x(t))) for all t ∈ [T0, T ] which implies that x is a solution of (39).
So it remains to prove that for all n ∈ N, h (xn(t)) ∈ C(t) for all t ∈ [T0, T ]. We
begin by showing that ψn(t) := d(h (xn(t)) , C(t)) < ρ for all t ∈ [T0, T ]. Indeed,
due to (H2) and Lemma 5.8, the function ψn is absolutely continuous. Hence,
for a.e. t ∈ [T0, T ]

ψ′
n(t) ≤ | �ζ(t)|+ max

y∗∈∂d(h(xn(t)),C(t))
〈y∗, h′ (xn(t)) �xn(t)〉 ,

≤ | �ζ(t)|+M‖ �xn(t)‖
≤ | �ζ(t)|+Mcn(t)

= ηn(t) +MM2 �σn(t)

∫ t

T0

µn(s)ds+MM2µn(t)

≤
(

λα2
0 +MM2

)

µn(t).

Thus, by virtue of (42), for all t ∈ [T0, T ]

d(h (xn(t)) , C(t)) = d(h (x0) , C(T0)) +

∫ t

T0

ψ′
n(s)ds

≤ d(h (x0) , C(T0)) +
(

λα2
0 +MM2

)

∫ t

T0

µn(s)ds

< ρ.

Next we prove that h (xn(t)) ∈ C(t) for all t ∈ [T0, T ]. Indeed, the set

Ωn = {t ∈ [T0, T ] : h (xn(t)) /∈ C(t)} = ψ−1
n (]0,+∞[)

is open in [T0, T ]. We claim, as in [54], that Ωn is empty. In fact, let us suppose
that Ωn 6= ∅ and put

τ− = inf{t > T0 : h (xn(t)) /∈ C(t)}.
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Then ψn(τ−) = 0, because of the continuity of ψn and, since Ωn is open, there
exists τ+ such that ]τ−, τ+[⊂ Ωn. By virtue of Lemma 5.8, (40), (41) and (H1),
for a.e. t ∈]τ−, τ+[

ψ′
n(t) ≤ | �ζ(t)|+ min

y∗∈∂d(h(xn(t)),C(t))
〈y∗, Dh (xn(t)) �xn(t)〉 ,

= | �ζ(t)|+ min
y∗∈∂d(h(xn(t)),C(t))

〈

y∗, Dh (xn(t))

(

−1

n
Axn(t)− fn(t)

−µn(t)g(xn(t))gn(t)

)〉

,

≤ | �ζ(t)|+ M

n
(c‖xn(t)‖+ d) +M (α(t)‖xn(t)‖+ β(t))

+ min
y∗∈∂d(h(xn(t)),C(t))

〈y∗,−µn(t)Dh (xn(t)) g(xn(t))gn(t)〉 ,

= | �ζ(t)|+M
(

α(t) +
c

n

)

‖xn(t)‖+M

(

β(t) +
d

n

)

+ µn(t) min
y∗∈∂d(h(xn(t)),C(t))

〈y∗,−Dh (xn(t)) g(xn(t))gn(t)〉 ,

≤ | �ζ(t)|+M
(

α(t) +
c

n

)

dn(t) +M

(

β(t) +
d

n

)

− λµn(t)‖gn(t)‖2,

≤ | �ζ(t)|+M
(

α(t) +
c

n

)

dn(t) +M

(

β(t) +
d

n

)

− λα2
0µn(t),

= ηn(t) +MM2 �σn(t)

∫ t

T0

µn(s)ds− λα2
0µn(t)

≤ 0,

where the last inequality is due to the definition of µn and Lemma 6.2. Therefore,
for almost all t ∈]τ−, τ+[ we have ψ′

n(t) ≤ 0 which implies

ψn(t) ≤ ψn(τ−) = 0 for every t ∈]τ−, τ+[,
which is a contradiction with ]τ−, τ+[⊂ Ωn. So Ωn = ∅ which means that
h (xn(t)) ∈ C(t) for all t ∈ [T0, T ] and finishes the first step.

Step 2. In the general case, without any restriction on the length of T , it is
sufficient to use Step 1 with Lemma 5.7.

Taking X = Y , h ≡ Id and g ≡ Dh∗ we obtain, as a consequence of Theorem
6.1, the existence of solutions for the perturbed sweeping process (2) in the
non-prox-regular setting which, as a result of Proposition 3.9, greatly extends
[48, Theorem 1.2.1]. The next result should be understood as an intermediary
one between [12, Theorem 4.2] for prox-regular sets in Hilbert spaces without
compactness and [54, Theorem 4.3] for closed sets in finite dimensional Hilbert
spaces. It is noteworthy that unlike [12, Theorem 4.2] we do not suppose any
kind of strong compactness on the perturbation F .
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Corollary 6.3. Let C : [T0, T ] ⇉ X be a set-valued map satisfying (H1)–(H3)
and let F : [T0, T ] × X ⇉ X be a set-valued map with nonempty closed and
convex values satisfying the conditions (HF

1 ), (H
F
2 ) and (HF

3 ). Then there exists
at least one solution of (2) satisfying

‖ �x(t)‖ ≤ 1 + α2
0

α2
0

(

η(t) + �σ(t)

∫ t

T0

η(s)

α2
0

exp

(

σ(t)

α2
0

− σ(s)

α2
0

)

ds

)

− | �ζ(t)|

a.e. t ∈ [T0, T ],

where η and σ are functions from [T0, T ] to R+ defined by the following formulas:

η(t) = �σ(t)

(

‖x0‖+
∫ t

T0

β(s)ds

)

+ β(t) + | �ζ(t)|,

σ(t) = exp

(
∫ t

T0

α(s)ds

)

.

In the case of the convex sweeping process our approach is flexible enough to
recover the existence and uniqueness of solutions.

Theorem 6.4. Let C : [T0, T ] ⇉ X be a set-valued map with closed convex
values satisfying (H2). Then there exists a unique absolutely continuous solution
of the sweeping process

{

− �x(t) ∈ N(C(t), x(t)) a.e. t ∈ [T0, T ],

x(T0) = x0 ∈ C(T0).
(43)

which satisfies ‖ �x(t)‖ ≤ | �ζ(t)| a.e. t ∈ [T0, T ].

Proof. Let (xn)n be the sequence of functions defined in the proof of Theorem
6.3 with X = Y , F ≡ 0, h = Id and g = Dh∗. By virtue of Lemma 5.4, (40)
and (41), there exists a subsequence (again denoted by) (xn)n and a bounded
variation function x : [T0, T ] → X such that xn(t) ⇀ x(t) for all t ∈ [T0, T ],
xn ⇀ x in L1([T0, T ], X) and �xn ⇀ �x in L1([T0, T ], X). Under these conditions it
is not difficult to show that the function x is absolutely continuous. Furthermore,
since C(t) is convex and xn(t) ⇀ x(t) ∀t ∈ [T0, T ], we obtain that x(t) ∈ C(t)
for all t ∈ [T0, T ]. Moreover, since xn(t) ∈ C(t) for all t ∈ [T0, T ], we have that
− �xn(t)− 1

n
Axn(t) ∈ N(C(t), xn(t)) for a.e. t ∈ [T0, T ], which entails that for a.e.

t ∈ [T0, T ]

〈− �xn(t), y − xn(t)〉 ≤
〈

1

n
Axn, y − xn(t)

〉

≤ 1

n
(c‖xn(t)‖+ d) (‖y‖+ ‖xn(t)‖) for all y ∈ C(t).
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Let M ≥ supn∈N ‖xn‖∞ and define CM(t) := C(t) ∩MB. Then

〈− �xn(t), y − xn(t)〉 ≤
2

n
(cM + d)M for all y ∈ CM(t).

Next, taking supremum over CM(t) and integrating over T0 and T ,

1

2
‖xn(T )‖2 −

1

2
‖x0‖2 +

∫ T

T0

sup
y∈CM (t)

〈− �xn(t), y〉 dt ≤
2

n
(cM + d)M(T − T0).

Therefore, by virtue of the weak convergence of �xn to �x and [33, Lemma 3],

1

2
‖x(T )‖2 − 1

2
‖x0‖2 +

∫ T

T0

sup
y∈CM (t)

〈− �x(t), y〉 dt

≤ lim inf
n→+∞

1

2
‖xn(T )‖2 −

1

2
‖x0‖2 + lim inf

n→+∞

∫ T

T0

sup
y∈CM (t)

〈− �xn(t), y〉 dt

≤ lim inf
n→+∞

(

1

2
‖xn(T )‖2 −

1

2
‖x0‖2 +

∫ T

T0

sup
y∈CM (t)

〈− �xn(t), y〉 dt
)

≤ lim inf
n→+∞

2

n
(cM + d)M(T − T0)

= 0.

From which we obtain

1

2
‖x(T )‖2 − 1

2
‖x0‖2 +

∫ T

T0

sup
y∈CM (t)

〈− �x(t), y〉 dt ≤ 0,

which turns out to be equivalent to

∫ T

T0

∆(t)dt :=

∫ T

T0

(

〈 �x(t), x(t)〉+ sup
y∈CM (t)

〈− �x(t), y〉
)

dt ≤ 0.

Therefore, noting that x(t) ∈ CM(t) for all t ∈ [T0, T ], we get that ∆(t) ≥ 0
a.e. t ∈ [T0, T ]. Consequently, ∆(t) = 0 for a.e. t ∈ [T0, T ], which gives for a.e.
t ∈ [T0, T ]

〈− �x(t), y − x(t)〉 ≤ 0 y ∈ CM(t).

Finally, since this inequality is valid for all M bigger enough, we conclude that
x is a solution of (43). The uniqueness of solutions follows directly from the
definition of normal cone.
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7. Subgradient evolution inclusions

Let F : [T0, T ]×X ⇉ X be a set-valued map with nonempty closed and convex
values satisfying the hypothesis (HF

1 ), (H
F
2 ) and (HF

3 ) and f : [T0, T ]×H → R

be a function such that for a.e. t ∈ [T0, T ] the function x 7→ f(t, x) is Lipschitz on
bounded sets. In this section we study the existence of solutions of the following
differential inclusion:

{

− �x(t) ∈ ∂f(t, x(t)) + F (t, x(t)) a.e. t ∈ [T0, T ],

x(T0) = x0,
(44)

Before establishing the main result of this section we need the following lemma.

Lemma 7.1. Let x : [T0, T ] → X be an absolutely continuous function and sup-
pose that (Hf

1 ) and (Hf
3 ) hold. Put r = supt∈[T0,T ] ‖x(t)‖+1. Then the function

ψ(t) := f(t, x(t)) is absolutely continuous over [T0, T ] and for all t ∈]T0, T [,
where �x(t) exists and γ(t), δ(t) < +∞,

lim sup
h↓0

f(t+ h, x(t+ h))− f(t, x(t))

h
≤ | �ζr(t)|+ max

y∗∈∂f(t,x(t))
〈y∗, �x(t)〉 ,

where �ζr is the function given by (Hf
3 ).

Proof. The first statement follows directly from (Hf
3 ). For the second one, take

t ∈]T0, T [ where �x(t) exists and γ(t), δ(t) < +∞. Let hn → 0+ be such that

lim sup
h↓0

f(t+ h, x(t+ h))− f(t, x(t))

h
= lim

n→+∞

f(t+ hn, x(t+ hn))− f(t, x(t))

hn
.

Using Lebourg’s Mean Value Theorem [21, Theorem 2.2.4], for every hn > 0
there exists zn ∈]x(t), x(t+ hn)[ and ξn ∈ ∂f(t, zn) such that

f(t, x(t+ hn))− f(t, x(t)) = 〈ξn, x(t+ hn)− x(t)〉 .

Then, by virtue of (Hf
3 ),

f(t+ hn, x(t+ hn))− f(t, x(t))

hn

=
f(t+ hn, x(t+ hn))− f(t, x(t+ hn))

hn
+
f(t, x(t+ hn))− f(t, x(t))

hn

≤ |ζr(t+ hn)− ζr(t)|
hn

+

〈

ξn,
x(t+ hn)− x(t)

hn

〉

.

(45)

Moreover, since ξn ∈ ∂f(t, zn), in view of (Hf
1 ), we have

‖ξn‖ ≤ γ(t)‖zn‖+ δ(t),
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using this and the fact that the sequence {zn}n belongs to the ball rB we get
that the sequence {ξn}n is bounded. Hence there is a subsequence of {ξn}n,
without relabeling, such that ξn converges weakly in X to some ξ ∈ ∂f(t, x(t)).
Consequently, taking superior limit in (45) we get the desired inequality.

In the next theorem we prove existence of solutions for (44). We emphasize that
the hypothesis considered on F are rather standard as well as (Hf

1 )-(H
f
3 ). The

new feature here is the possibility to include a non-convex function f(t, ·), in
contrast with the previous works of Hu and Papageorgiou [32, Chapter 2] where
the function f(t, ·) must be proper, convex and lower semicontinuous. Of course,
there is a price to pay: (Hf

3 ) is a stronger condition than the considered in, for
example, [32, Theorem 1.11].

Theorem 7.2. Suppose, in addition to (HF
1 )–(H

F
3 ) and (Hf

1 )–(H
f
4 ), that γ, δ ∈

L∞(T0, T ) and α, β ∈ L1(T0, T ) or α, β, γ, δ ∈ L2(T0, T ). Then, there exists at
least one solution of (44) satisfying

‖x(t)‖ ≤ exp

(
∫ t

T0

α̃(s)ds

)(

‖x0‖+
∫ t

T0

β̃(s)ds

)

t ∈ [T0, T ],

‖ �x(t)‖ ≤ α̃(t) exp

(
∫ t

T0

α̃(s)ds

)(

‖x0‖+
∫ t

T0

β̃(s)ds

)

+ β̃(t) a.e. t ∈ [T0, T ],

where α̃(t) = α(t) + γ(t) and β̃(t) = β(t) + δ(t).

Proof. Under the framework of Theorem 5.9, let us consider F1(t, x) = F (t, x),
F2(t, x) = ∂f(t, x) and µn(t) = 1. Due to Lemma 5.8 F1, F2 and µn satisfy the
conditions of Theorem 5.9. Let (xn)n be a sequence of solutions of (35). Then

‖xn(t)‖ ≤ dn(t) := σn(t)

(

‖x0‖+
∫ t

T0

βn(s)ds

)

for t ∈ [T0, T ], (46)

‖ �xn(t)‖ ≤ cn(t) := �σn(t)

(

‖x0‖+
∫ t

T0

βn(s)ds

)

+ βn(t) a.e. t ∈ [T0, T ], (47)

where σn and βn are defined by σn(t) = exp
(

∫ t

T0

(

α(s) + γ(s) + c
n

)

ds
)

and

βn(t) = β(t) + δ(t) + d
n
for t ∈ [T0, T ]. We wish to prove that for all t ∈ [T0, T ],

{xn(t)}n is a relatively compact subset of X. To do this we use (Hf
4 ). Indeed,

define ψn(t) = f(t, xn(t)), by Lemma 7.1 this function is absolutely continuous
and for a.e. t ∈ [T0, T ]

ψ′
n(t) ≤ | �ζr(t)|+ max

y∗∈∂f(t,xn(t))
〈y∗, �xn(t)〉

≤ | �ζr(t)|+ max
y∗∈∂f(t,xn(t))

‖y∗‖ × ‖ �xn(t)‖

≤ | �ζr(t)|+ (γ(t)‖xn(t)‖+ δ(t)) ‖ �xn(t)‖
≤ | �ζr(t)|+ (γ(t)dn(t) + δ(t)) cn(t),
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where the last inequality is due to (46) and (47) and ζr is given by (Hf
3 ) with

r > dn(t) for all n ∈ N. Therefore

f(t, xn(t)) = f(T0, x0) +

∫ t

T0

ψ′
n(s)ds

≤ f(T0, x0) +

∫ t

T0

(

| �ζr(s)|+ (γ(s)dn(s) + δ(s)) cn(s)
)

ds,

≤ L(T0, T, x0),

where

L(T0, T, x0) = f(T0, x0) +

∫ T

T0

(

| �ζr(s)|+ (γ(s)d1(s) + δ(s)) c1(s)
)

ds,

is a finite constant independent of n. Furthermore, for every t ∈ [T0, T ]

f(t∗, xn(t)) = f(t∗, xn(t))− f(t, xn(t)) + f(t, xn(t))

≤ |ζr(t∗)− ζr(t)|+ L(T0, T, x0)

≤ ‖ �ζr‖L1(T0,T ) + L(T0, T, x0).

Thus, the bounded family {xn(t)}n belong to the fixed sublevel f(t∗, ·). Hence,
due to (Hf

4 ), for all t ∈ [T0, T ] {xn(t)}n is relatively compact in X. Conse-
quently, applying Theorem 5.9, there exists a subsequence (again denoted by)
xn(t) converging to an absolutely continuous function x which is solution of
(44).

8. Subgradient perturbed sweeping processes

Let f : [T0, T ]×X → R be a function such that for a.e. t ∈ [T0, T ] the function
x → f(t, x) is lower semicontinuous. In this section we study the existence of
solutions of the following differential inclusion:

{

− �x(t) ∈ ∂f(t, x(t)) +N(C(t), x(t)) a.e. t ∈ [T0, T ],

x(T0) = x0 ∈ C(T0).
(48)

This differential inclusion can be seen as the dynamic analogue of the first or-
der optimality condition (6) whose critical points, in the time-independent case,
correspond to stationary points of the problem (5). We show existence of solu-
tions of (48) under standard conditions in the study of optimization problems,
namely, ball-compactness of the sets C(·) or ball-inf-compactness of the function
f .
The first result is the existence of solution under ball-compactness of the set
C(t) for all t ∈ [T0, T ] which is a straightforward consequence of Theorem 6.3.
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Theorem 8.1. Assume that (H1)–(H3) and (Hf
1 )–(H

f
2 ) hold. Then there exists

at least one solution of the problem (48) which satisfies for a.e. t ∈ [T0, T ]

‖ �x(t)‖ ≤ 1 + α2
0

α2
0

(

η(t) + �σ(t)

∫ t

T0

η(s)

α2
0

exp

(

σ(t)

α2
0

− σ(s)

α2
0

)

ds

)

− | �ζ(t)|, (49)

where η and σ are functions from [T0, T ] to R+ defined by the following formulas:

η(t) = �σ(t)

(

‖x0‖+
∫ t

T0

δ(s)ds

)

+ δ(t) + | �ζ(t)|,

σ(t) = exp

(
∫ t

T0

γ(s)ds

)

.

The next statement asserts that we can interchange the ball-compactness of the
set-valued map C by the ball-inf-compactness of some sublevel of the function
f(t, ·) for some t ∈ [T0, T ].

Theorem 8.2. Suppose, in addition to (H1)–(H2) and (Hf
1 )–(H

f
4 ), that γ, δ ∈

L∞(T0, T ) or γ, δ, �ζ ∈ L2(T0, T ). Then there exists at least one solution of (48)
which satisfies (49).

Proof. We define the function µ from [T0, T ] to R+:

µ(t) =
η(t)

α2
0

+
�σ(t)

α2
0

∫ t

T0

η(s)

α2
0

exp

(
∫ t

s

�σ(τ)

α2
0

dτ

)

ds,

where η and σ as in the statement of the theorem. We have the following
formula:

η(t) + �σ(t)

∫ t

T0

µ(s)ds = α2
0µ(t) a.e. t ∈ [T0, T ]. (50)

Let η0 > 0 be such that

(

1 + α2
0

)

∫ T0+η0

T0

µ(s)ds < ρ. (51)

Step 1. First, we prove the theorem under the condition T − T0 < η0.
Let us consider the following unconstrained differential inclusion:

{

− �x(t) ∈ ∂f(t, x(t)) + µ(t)∂d(x(t), C(t)) a.e. t ∈ [T0, T ],

x(T0) = x0 ∈ C(T0).
(52)

By virtue of Theorem 7.2, there exists at least one solution of the problem (52)
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satisfying

‖x(t)‖ ≤ d(t) := σ(t)

(

‖x0‖+
∫ t

T0

δ(s)ds

)

+

∫ t

T0

µ(s)ds for t ∈ [T0, T ],

‖ �x(t)‖ ≤ c(t) := �σ(t)

(

‖x0‖+
∫ t

T0

δ(s)ds+

∫ t

T0

µ(s)ds

)

+ δ(t) + µ(t)

a.e. t ∈ [T0, T ].

Therefore, there exist f, g ∈ L1([T0, T ], X) such that
{

− �x(t) = f(t) + µ(t)g(t) a.e. t ∈ [T0, T ],

x(T0) = x0 ∈ C(T0),

with f(t) ∈ ∂f(t, x(t)) and g(t) ∈ ∂d(x(t), C(t)) for a.e. t ∈ [T0, T ]. We claim
that d(x(t), C(t)) < ρ for all t ∈ [T0, T ]. Indeed, let be ψ(t) = d(x(t), C(t)).
Then, due to (H2) and Lemma 5.8, ψ is absolutely continuous. Hence, for a.e.
t ∈ [T0, T ]

ψ′(t) ≤ | �ζ(t)|+ max
y∗∈∂d(x(t),C(t))

〈y∗, �x(t)〉 ,

≤ | �ζ(t)|+ ‖ �x(t)‖
≤ | �ζ(t)|+ c(t)

≤
(

1 + α2
0

)

µ(t).

In view of (51), this implies

d(x(t), C(t)) = d(x0, C(T0)) +

∫ t

T0

ψ′(s)ds ≤
(

1 + α2
0

)

∫ t

T0

µ(s)ds < ρ

for all t ∈ [T0, T ].

Next we prove that x(t) ∈ C(t) for all t ∈ [T0, T ]. The set

Ω = {t ∈ [T0, T ] : x(t) /∈ C(t)} = ψ−1 (]0,+∞[)

is open in [T0, T ]. We claim, as in [54], that the set Ω is in fact empty. Indeed,
let us suppose that Ω 6= ∅ and put

τ− = inf{t > T0 : x(t) /∈ C(t)}.
Then ψ(τ−) = 0, because of continuity of ψ, and, since Ω is open, there exists
τ+ such that ]τ−, τ+[⊂ Ω. By virtue of Lemma 5.8 and (H1), for a.e. t ∈]τ−, τ+[

ψ′(t) ≤ | �ζ(t)|+ min
y∗∈∂d(x(t),C(t))

〈y∗, �x(t)〉

≤ | �ζ(t)|+ γ(t)‖x(t)‖+ δ(t)− µ(t) min
y∗∈∂d(x(t),C(t))

〈y∗, g(t)〉

≤ η(t) + �σ(t)

∫ t

T0

µ(s)ds− α2
0µ(t)

= 0,
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where the last equality is due to (50). Therefore, for almost all t ∈]τ−, τ+[ we
have ψ′(t) ≤ 0 which implies

ψ(t) ≤ ψ(τ−) = 0 for every t ∈]τ−, τ+[,
which is a contradiction with ]τ−, τ+[⊂ Ω. So Ω = ∅ which means that x(t) ∈
C(t) for all t ∈ [T0, T ]. Consequently, ∂d(x(t), C(t)) ⊂ N(C(t), x(t)) for all
t ∈ [T0, T ] which implies that x is a solution of (48).

Step 2. In the general case, without any restriction on the length of T , it is
sufficient to use Step 1 together Lemma 5.7.

9. An application to complementarity dynamical systems

In this section, we apply the preceding theory to complementarity dynamical
systems and give sufficient conditions for the existence of solutions. A com-
plementarity dynamical system (CDS) consists of ordinary differential equa-
tions coupled to complementarity conditions which can be specified by functions
F : [T0, T ]×X → Y , g : X → L (Y ;X) and H : X → Y . The defining equations
for the CDS corresponding to F , g and H are

�x(t) = F (t, x(t)) + g(x(t))u(t),

y(t) = H(t, x(t), u(t)),

K ∋ y(t) ⊥ u(t) ∈ K∗,

(53)

where K ⊂ Y is a closed convex cone and K∗ = {d ∈ Y : 〈v, d〉 ≥ 0∀v ∈ K}
denotes the dual cone of K. The third line in (53) is a complementarity relation
between y(t) and u(t) which are forced to remain always orthogonal one to each
other. This fact can be expressed in an equivalent way as

K ∋ y(t) ⊥ u(t) ∈ K∗ ⇔ −u(t) ∈ N (K, y(t)) . (54)

The aim of this section is to show the existence of solutions for the CDS (53)
by using the results obtained in Section 6. For this purpose we will make the
following assumption:

Assumption 9.1. The system (53) satisfies: H(t, x(t), u(t)) = h(x(t)) + d(t)
where h : X → Y is a differentiable function and d : [T0, T ] → Y is an absolutely
continuous function.

Under Assumption 9.1 we can write (53) as a GSP. Indeed, due to (54) and the
identity

N (K,h(x(t)) + d(t)) = N (K − d(t), h(x(t))) ,

(53) is formally equivalent to

− �x(t) ∈ −F (t, x(t)) + g(x(t))N (C(t), h(x(t))) , (55)

where C(t) = K − d(t), which is a generalized sweeping process. In order to
apply the Theorem 6.1, we make the following assumption:
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Assumption 9.2.

(i) h is a differentiable function with supx∈X ‖Dh(x)‖ ≤M , for some M > 0.

(ii) g is a continuous function satisfying

‖g(x)‖ ≤M1‖x‖+M2 for all x ∈ X.

(iii) There exists λ > 0 such that for all x ∈ X

〈Dh(x)g(x)h, h〉 ≥ λ‖h‖2 ∀h ∈ Y.

Theorem 9.3. In addition to Assumptions 9.1 and 9.2, assume that F satisfies
(HF

1 ), (H
F
2 ) and (HF

3 ) and C(t) := K − d(t) satisfies (H ′
3). Then for every x0

with h(x0) + d(T0) ∈ K there exists at least one absolutely continuous solution
x of (53) satisfying x(T0) = x0 and

‖ �x(t)‖ ≤ �σ(t)

(

‖x0‖+
∫ t

T0

β(s)ds

)

+M2 �σ(t)

∫ t

T0

µ(s)ds+ β(t) +M2µ(t)

a.e. t ∈ [T0, T ],

where η, σ and µ are functions from [T0, T ] to R+ defined by the following
formulas:

η(t) =M �σ(t)

(

‖x0‖+
∫ t

T0

β(s)ds

)

+Mβ(t) + | �d(t)|,

σ(t) = exp

(
∫ t

T0

(α(s) +M1) ds

)

,

µ(t) =MM2
η(t)

λ
+MM2

�σ(t)

λ

∫ t

T0

MM2η(s)

λ
exp

(

MM2

∫ t

s

�σ(τ)

λ
dτ

)

ds.

Proof. Let us consider the set C(t) = K − d(t) for every t ∈ [T0, T ]. It is clear
that C(t) is convex so satisfies (H1). Also, since d is absolutely continuous with
�d ∈ L1(T0, T ), C(t) satisfies (H2) with ζ(t) = d(t). Due to Assumption 9.2,
the hypothesis (H4) is obviously satisfied. Therefore, the result follows from
Theorem 6.1.

Now we consider the so called gradient complementarity dynamical systems
(GCS) which correspond to the particular case where g ≡ [Dh]∗. In order to
obtain the existence of solutions we will make the following assumption:

Assumption 9.4. The mapping h is differentiable with uniformly continuous
derivative Dh, g ≡ [Dh]∗ and there exists k > 0 such that

BY ⊂ Dh(x)kBX −K for all x ∈ h−1 (K) .
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Under this assumption, we transform (55) into a perturbed sweeping process
from which we obtain the existence from Corollary 6.3. Indeed, consider the
following identity:

Ih−1(K−d(t))(x) = IK(h(x) + d(t)) for all x ∈ X, t ∈ [T0, T ].

Then, this inequality and Assumption 9.4 allow us to apply the chain rule for
nonsmooth functions [42, Theorem 3.41] to obtain

N
(

h−1 (K − d(t)) , x
)

= [Dh(x)]∗N (K − d(t), h(x)) .

Therefore, (55) can be rewritten as

− �x(t) ∈ −F (t, x(t)) +N
(

h−1 (K − d(t)) , x(t)
)

.

Next, due to Corollary 3.15, the family (h−1 (K − d(t)))t∈[T0,T ] is equi-uniformly
subsmooth, thus positively α0-far for some α0 < 1, and the set-valued map
C(t) = h−1 (K − d(t)) satisfies

|d(x,C(t))− d(x,C(s))| ≤ k′|d(t)− d(s)| for all x ∈ X and s, t ∈ [T0, T ],

with k′ > k. Therefore, from Corollary 6.3 we get the following result which
extends [14, Theorem 1] and [15, Theorem 4.3].

Theorem 9.5. In addition to the Assumptions 9.1 and 9.4, assume that F sat-
isfies (HF

1 ), (H
F
2 ) and (HF

3 ) and C(t) := h−1 (K − d(t)) satisfies (H3). Then,
for every x0 with h(x0) + d(T0) ∈ K, there exists at least one absolutely contin-
uous solution x of (53) satisfying x(T0) = x0 and

‖ �x(t)‖ ≤ 1 + α2
0

α2
0

(

η(t) + �σ(t)

∫ t

T0

η(s)

α2
0

exp

(

σ(t)

α2
0

− σ(s)

α2
0

)

ds

)

− k′| �d(t)|

a.e. t ∈ [T0, T ],

where η and σ are functions from [T0, T ] to R+ defined by the following formulas:

η(t) = �σ(t)

(

‖x0‖+
∫ t

T0

β(s)ds

)

+ β(t) + k′| �d(t)|,

σ(t) = exp

(
∫ t

T0

α(s)ds

)

.

Remark 9.6. Theorem 9.5 extends [15, Theorem 4.3] to Hilbert spaces and
weakens the regularity of the function h from the class C2 to merely differentiable
functions with uniformly continuous differential.
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Sémin. Anal. Convexe, Univ. Sci. Tech. Languedoc, Exposé 8 (1988) 1–21.
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