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Let f,g: RY — (—00, o] be Borel measurable, bounded below and such that inf f +infg > 0.
We prove that with my , := (inf f—infg)/2, the inequality ||(f—my.q) " o+ (g+msg) " e <
41|(f0g)~!||4 holds in every Orlicz space Ly, where flg denotes the infimal convolution of f
and g and where || - ||4 is the Luxemburg norm (i.e., the LP norm when L, = LP).

Although no genuine reverse inequality can hold in any generality, we also prove that such re-
verse inequalities do exist in the form ||(fOg) " ||s < 2V (||(f—my.0) " Hlo+(G+myg) " e,
where f and § are suitable transforms of f and ¢ introduced in the paper and reminiscent of,
yet very different from, nondecreasing rearrangement.

Similar inequalities are proved for other extremal operations and applications are given to the
long-time behavior of the solutions of the Hamilton-Jacobi and related equations.
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1. Introduction

If f,g:RY — (—00,00], the infimal convolution fCg : RY — [—o0, 0], first
introduced by Fenchel [9] and Moreau [24], [25], [26], is defined by the formula

(fOg)(x) := yie%fN(f(rv —y)+9(y)).

Since then, this operation and its extension to general vector spaces have found
an ever growing variety of applications, including convex functions [13], [29],
extension of Lipschitz functions [12], solutions of the Hamilton-Jacobi equations
[2], [20], [31] and much more (even a proof of the Hahn-Banach theorem [11]). In
fact, there are by now several thousands publications using infimal convolution in
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areas as diverse as image processing, economics and finance, information theory,
probabilities and statistics, etc. For a glimpse into some of these problems, see
the excellent recent survey by Lucet [21].

In this paper, we investigate the mathematical properties of infimal convolution
in a new direction, by exploring the existence of integral inequalities involving
f,g and fOg. The remark that fllg = 0 whenever f > 0 and ¢ > 0 are
integrable could cast serious doubts on the value of this program, but they
are quickly dispelled by the rebuttal that no similar triviality arises from the
integrability of f~! and g~!. Here and everywhere else, f~!:=1/f, g71 :=1/g,
etc. This notation will not be used to denote any set-theoretic inverse.

Omitting technicalities to which we shall return shortly, the first batch of in-
equalities will relate the (Luxemburg) norm ||(fOg)™!||s in any Orlicz space Ly,
to the norms ||(f —2) 7|4 and ||(g+2) || for a suitable constant z independent
of ¢, to be defined in due time. The only restrictions are that f and g must
be Borel measurable, bounded below and that f[dg > 0. The proofs depend
crucially upon (a slightly weaker form of) the Brunn-Minkowski inequality.

The setting of Orlicz spaces instead of just the classical LP spaces introduces
only mild additional technicalities, is more natural in many respects and, as we
shall see in the examples of Section 7, is useful in some applications. It does
not even require any knowledge of Orlicz spaces beyond the definitions of Young
functions and of the Luxemburg norm, which will both be reviewed.

This being said, a simple special case asserts that if f, g > 0 are Borel measurable
and inf f = infg (see Theorem 3.5 for a full and much more general statement)

17l + g™ e < 411(F8g) "y, (1)

for every 1 < p < oo, where || - ||, is the norm of L? := L?(R"). The constant
4 is best possible among all constants independent of p, as is readily seen when
f=g=1and p=cc.

The Borel measurability requirement has to do with the measurability of fUg,
without which (1) cannot make sense. Curiously, we were unable to find a dis-
cussion of the measurability properties of the infimal convolution in the classical
literature, but the evidence points to the fact that f and g Lebesgue measurable
does not suffice for the measurability of fllg. Indeed, as is well-known, the
strict epigraph of fOg is the (vector, also called Minkowski) sum of the strict
epigraphs of f and g and Sierpinski [30] showed, almost a century ago, that the
sum of two Lebesgue measurable sets need not be Lebesgue measurable. In con-
trast, the sum of two Borel sets is always Lebesgue measurable (but not always
a Borel set). See Section 2 for further details.

A peculiar feature of (1) and of more general similar inequalities is that only the
left-hand side is unchanged by modifications of f and g on null sets, as long as
Borel measurability and inf f = infg > —oco are preserved.

Most of the paper is actually devoted to perhaps more important -and definitely
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more delicate- reverse inequalities which, in a simpler world, would read

1(/0g)~Hlp < CUL I + g™ 1), (2)

with C' > 0 independent of f and g in some suitable class of nonnegative func-
tions. Unfortunately, the main obstacle to (2) is that no remotely general con-
verse of the Brunn-Minkowski inequality holds in any form, even for convex sets.
Such a converse is actually trivially true for Euclidean balls, but a direct appli-
cation of this remark only yields (2) for a narrow subclass of radially symmetric
functions.

To take advantage of the converse of the Brunn-Minkowski inequality for balls
in a much broader setting, we introduce a new function transform, strongly rem-
iniscent of, yet very different from, nonincreasing rearrangement. The difference
is that the upper level sets are rounded before being rearranged, the rounding
being performed by using the concept of enclosing ball (see Section 4).

To each function f : RY — [—o00, o0 (no measurability needed), the aforemen-
tioned transform associates a measurable radially symmetric function f , which
in turn produces another measurable radially symmetric function f := —(—=f).
In the special case when f,g > 0 are Borel measurable and inf f = infg (see
Theorem 6.1 for a full and much more general statement), the reverse inequality
in LP reads (compare with (1) under the same assumptions)

10/89) M lp < 2Vl + 17 ). (3)

Such an inequality breaks down completely if f and § are replaced with f and
g, respectively, even if both functions are radially symmetric. For example, if
N=1,f(x)=2>+1and g(xr) = 2> + 1 when z ¢ Q,g(z) = 1 if z € Q, then
f and g are Borel measurable and inf f = infg = 1. But (fOg)™' = 1/2 is in
no LP space with p < oo, whereas f~! and ¢g7! = f~! a.e. are in all of them.
(In this example, it turns out that f=fbutg=1. ) This example also shows
that, unlike in (1), neither side of (3) is independent of modifications of f or g
on null sets that do not affect Borel measurability or inf f = inf g.

When not trivial (i.e., f = f), the explicit calculation of f is generally not
possible. Nevertheless, the inequality (3) is useful because some simple and
general conditions about f and g ensure the finiteness of the right-hand side
(Lemma 6.3). There is certainly more to be discovered in that regard.

The proofs of the inequalities involve two other classical extremal operations

(f ~g)(x) == supmin{ f(z —¥),g(y)}

Y

and  (f ¥ g)(z) := infmax{f(z —y), 9(y)}-

Either of these operations fully determines the other, but both notations will
be useful. In general, f Y g = —(—f) A (—g) and, for nonnegative functions,
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fYg=(f"'AgH)~! will be important. We also prove inequalities similar to (1)
and (3) for the operations A and ¥ (both being often referred to as “level sum”
operations in the literature). In fact, a good part of the work will consist in
proving integral inequalities for A, from which those for [J and ¥ will be derived.

In the last section, the inequalities are used to obtain L? (and other) estimates for
the inverses of solutions of the Hamilton-Jacobi equations and variants thereof.

Throughout the paper, u, denotes the N-dimensional Lebesgue measure and,
without a qualifier, measurability always means Lebesgue measurability.

2. Background

The purpose of this short section is to review the basic properties of the opera-
tions mentioned in the Introduction, to set the notation used in future sections
and to settle basic measurability issues.

Recall that if X and Y are subsets of R, their sum X + Y is defined by

{r+y:zeXyeY} X #PandY #0,

X+Y:{® i X =0 or Y = 0.

The following key lemma is well-known. The “proof” below merely makes the
connection with the deep property behind it.

Lemma 2.1. If X and Y are Borel subsets of RN, their sum X +Y is measur-
able'.

Proof. In Euclidean space (any dimension), the continuous image of a Borel
set is Lebesgue measurable; see Federer [8, p. 69]. Since X x Y is a Borel subset
of RV x RY and the addition is continuous on R, the result follows. ]

Given two functions f,g : RN — [—o0,00] and £ € R, call F" and G{ the upper
level sets

Ff= {x e RN : f(z) > ¢}, G = {x e RY : g(z) > ¢} (4)
and call ng the corresponding upper level set of f A g :
W= {z € BV (fRg)(x) > €). )
It is a standard elementary property that
W = FF + G (6)

By Lemma 2.1 and since fY g = —(—f) A(—g), it follows at once from (6) that:

'Even a Suslin set, but not necessarily a Borel set.
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Lemma 2.2. If f,g: RY — [0, 0| are Borel measurable, then fAg and fVg
are measurable.

If f:RY — [—o00, 00] we set
My = sup f, my = inf f. (7)
The next relations are elementary, but important

Myzg = min{ My, My}, myzry > min{my, my},

(8)

Mpv, < max{M;, M,}, myvy = max{mgs, my}.

We now turn to infimal convolution. Given a function f : RY — (—o0, 00|, we
denote by E := {(z,&) € RN xR : f(z) < £} the strict epigraph of f. It is also
a simple well-known property that if g : RY — (—o00,00] is another function,
then

Eng = Ef + Eg.

Since a function is Borel measurable (measurable) if and only if its strict epigraph
is a Borel set (measurable), it follows from Lemma 2.1 that

Lemma 2.3. If f,g: RY — (—00, 00| are Borel measurable, then fOg is mea-
surable.

For future use, we also note that if z € R,
fOg = (f —2)0(g + 2). (9)

3. First integral inequalities

The Brunn-Minkowski inequality (see e.g. Gardner’s survey [10]) asserts that if
X, Y are nonempty measurable subsets of RY and if X +Y is measurable, then
Py (X +Y)YN > i (XO)YN 4 (Y)YN. Obviously, it fails if X or Y is empty
and the other has positive measure. We shall only need the less sharp form

pn (X +Y) > un(X) + py(Y), (10)

if X,Y and X + Y are measurable and X # 0,Y # ().

Lemma 3.1. If f,g : RY — [0,00] are measurable and M; = M, (possibly co;
see (7)) and if f A g is measurable, then

/RNH/RNgs/RNm. (11)

Proof. Set M := M; = M, < oco. If M =0, then f =g= fAg=0and (11)
is trivial. In what follows, M > 0.
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Since f > 0, it is well-known (see (4)) that [y f = [;° puy(F¢)dE. By using
F =0 when £ > M, this reads [y f = fOM pn(F)dE. Likewise, [ong =
foM MN(Gg)dév so that fRN f + fRN g= f0M<:uN<F§+> + NN(GEF))df

By (5) and (6) and since f A g is measurable by hypothesis, Fg’ +Gf = Wg is
measurable for every . If & < M, then F” # § and G{ # () by definition of
M and so, by (10), puy(F¢") + pn(GE) < pun(F + Gf) = py(W,"). Therefore,
Jan [+ Jan g < fOM ,uN(Wg“)df < fooo MN(W;)df (by (8), the second inequality

is even an equality). Now, fooo ,uN(WgL)df = Jun f A g since fAg >0 and the
proof is complete. O

Of course, (11) does not follow from a pointwise inequality. The condition
My = M, cannot be dropped. For example, if f > 0 and g =0, then f A0 =0
and (11) fails.

Lemma 3.1 is just the stepping stone for much more general inequalities. Recall
that in the theory of Orlicz spaces, a nonconstant function ¢ : [0, co] — [0, 0]
is called a Young function if ¢(0) = 0 and ¢ is nondecreasing, convex and
left continuous ([27]; see also [1], [18] for a simplified treatment limited to N-
functions). In particular, ¢(co) = co.

Remark 3.2. If ¢ is a Young function and h : RY — [0, 00| is measurable, the
monotonicity of ¢ shows at once that ¢(h) is measurable.

If ¢ is a Young function, the corresponding Orlicz space L, consists of all the
measurable functions A on RY such that [y ¢ (A|h]) < oo for some A > 0 (this
makes sense by Remark 3.2). It is a (complete) normed space for the Luxemburg
norm || - ||, defined by

|h]g = inf{r >0 /RN d(r'|h|) < 1} . (12)

Since the right-hand side of (12) is finite if and only if h € Ly, it will always be
understood that ||h||s = co when h is measurable and h ¢ L,. Thus, h € L, is
equivalent to ||h||s < co. Furthermore, it is readily checked that

[1Alls < 1[Elly if [A] < K| (13)

and, by the left-continuity of ¢ and monotone convergence?, that if h € Ly,
[ oty <1 (14)
RN

If ¢(7) := 77 for some 1 < p < oo, then ||h||s = ||h||,- On the other hand,
[|h]|ls = ||h|| When ¢ is the indicator function of [0,1] (¢ = 0 in [0,1] and oo
outside).

2This is of course a well-known inequality.
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Lemma 3.3. If ¢ is a Young function and if h : RN — [0, 00], then (see (7))
My = ¢(Mp).

Proof. It is plain that h < M), implies ¢(h) < ¢(Mj), so that Mypy < ¢(My).
It only remains to show that ¢(M),) < My, which is trivial if M, = 0. We
henceforth assume M), > 0.

By the monotonicity of ¢ and ¢(0) = 0, there is 71 € [0, 0o] such that ¢ = 0o on
(71, 00] and that ¢ < oo on [0, 7). Specifically, 79 = sup{7 > 0: ¢(7) < co}. If
71 € (0,00), then ¢(71) may be finite or infinite. We split the proof into three
cases.

(i) My, > 1. If so, 71 < oo and then ¢(M},) = co. The set {z € RY : h(z) > 71}
is not empty and ¢(h(x)) = oo for every x in that set. Thus, {x € RV :
d(h(x)) = oo} # 0, so that Mypy = 0o = ¢(Mp).

(ii) My, = 71 = 0o. Then, ¢(M}) = ¢(cc) = oo. If 7> 0 is finite, ) # {z € RV :
h(z) > 7} C {x € RY : ¢(h(x)) > ¢(7)}(by the monotonicity of ¢). As a result,
Mgy > ¢(1). By letting 7 — oo = 7 and since lim, ., ¢(7) = ¢(00) = oo by
the left continuity of ¢, it follows that My = 0o = ¢(M,).

(iii) 0 < My, < 711. If M}, = oo, then 71 = oo and (ii) above applies. Assume
now M; < oo. For every e > 0,5 := {z € RN : h(z) > M), —e} # (. If ¢ is
small enough, then M, —¢ > 0 and S C {zx € RY : ¢(h(z)) > ¢(M;, —€)} by
the monotonicity of ¢. Hence, Mypy > ¢(M), — ). Since ¢ is left continuous,
Mgy = ¢(Mp). O]

From Lemma 3.1 and Lemma 3.3, we obtain:

Lemma 3.4. Let ¢ : [0,00] — [0,00] be a Young function. If f, g : RN — [0, oc]
are Borel measurable and if My = M, (possibly 0o), then f A g is measurable
and

max{[[ s, [lgllo} <[1f A gllo- (15)

Proof. By Lemma 2.2, fAg is measurable and so, by Remark 3.2, ¢(f), ¢(g) and

¢(f A g) are measurable. Since ¢(min{f(y), g(x —y)}) = min{o(f(y)), d(g(z —
y))} by the monotonicity of ¢, we infer that sup, ¢(min{f(y),g(z —y)}) =

(o(f)Aé(g))(x). By Lemma 3.3 with A(y) := min{f(y), g(x —y)}, the left-hand
side is 6((f A g)(x)), so that 6(f A g) = 6(f) A 6(g). In particular, 6(/) A 6(g)

is measurable.

Since My = M,, then My = My, once again by Lemma 3.3. Thus, from
the above and from Lemma 3.1 with f and g replaced with ¢(f) and ¢(g),
respectively,

o+ [ e< [ a(rng) (16)

Ifr >0, thenr'(fAg) =r'fAr~tg and M,-1; = M,-1,. Thus, (16) for r~'f
and r~'g yields [pn (7 f) < fon (7 (f A g)), so that [[flle < [[f Aglls by
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(12). Likewise, ||g]lo < ||f A gl and (15) follows. O

Of course, when Ly = L', Lemma 3.1 yields the stronger ||f||1+||g9]l1 < ||fAg]|1
but (15) is optimal when ¢ is arbitrary (let f =g =1 and Ly = L).

We are now in a position to prove our first main integral inequality for infimal
convolution. Recall once more the notation (7).

Theorem 3.5. Suppose that f,g : RY — (—o0, 00| are Borel measurable, that
mys,mg € R and that my +mg > 0. Set

myg = (my—mg)/2. (17)

Then, f —myg,9+my, and fUg are measurable and nonnegative and

10 = mpg) " Hlo + 11(g +mpg) " Hls < 4l(FTg) s, (18)

for every Young function ¢.

Proof. The measurability of f{]g was established in Lemma 2.3. Next, inf(f —
myy) = inf(g + myy) = (my +my)/2 > 0, whence fOg = (f — my,)0(g +
mysg) > 0 by (9). This also implies (f —myg)~" > 0,(g +my,)~" > 0 and
sup(f —mysy) ™t = 2(my +my)~! = sup(g + mys,)~"'. Therefore, the inequality
(15) is applicable in the form

10 = mpg) o+ 11(g +mpg) o < 2M(f —mpg) ™ Alg+mpg) " o

and (18) follows from 0 < h™ ' A k™' = (A Y k)~ < 2(hJk)~! when h and k are
nonnegative, from fOg = (f —mys,)0(g9 + myy) > 0 and from (13). O

It was noted in the Introduction that the constant 4 in (18) is already best
possible when L4 = L.

Remark 3.6. Theorem 3.5 gives a simple necessary condition for the existence
of solutions of infimal convolution equations (see [23], [21] and the references
therein): Suppose that A > 0 is measurable and that g is Borel measurable
and bounded below. If h=' € L, for some Orlicz space Ly and [|(g — my +
mp/2) 7|y > 4]|h 7|4 (in particular, if (g — m, +mp/2)"' ¢ Ly), the equation
fUg = h has no Borel measurable solution f. Indeed, if f exists, then m; =
mp —mg € R and (18) cannot hold.

If z # 0 is a constant, there is no simple pointwise relationship between (f —z) VY
(g+2) and fVYg. As aresult, the method of proof of Theorem 3.5 does not yield
a variant of (14) or (18) with fOg replaced with f V¥ g. However, if f,g > 0,
then 0 < f Vg < flg and such a variant can be obtained as a straightforward
corollary of Theorem 3.5:
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Corollary 3.7. Suppose that f,g : RN — [—o0,00] are Borel measurable, that
g > 0 and that f # oo and g # o0, so that 0 < myy + my < oo, where
f+ =max{f,0}. Then, fr—my g4, g+my, 4 (see (17)) and f¥Y g are measurable
and nonnegative and

1(f+ = mprg) o + 11 +mpg) " o < 41 ¥ 9) 7 o, (19)

for every Young function ¢.

Proof. Since g > 0, it follows that 0 < fV g = f, Vg < f,0g. By Lemma
2.2, fVg= fiYgis measurable. Therefore, the corollary follows from (13) and
from Theorem 3.5 for f, and g. O]

The constant 4 is also best possible in (19) (among constants independent of
¢): If f =1and g = ¢ > 1 is constant, the inequality for the L> norm is
4(0+1)7! < 4471 By letting ¢ — oo, it follows that, in the right-hand side, 4
cannot be lowered.

4. The radial transforms f and f

The proof of Lemma 3.1 shows that the existence of a converse of the inequality

(11), that is,
/RNfMSC(/RNfﬂL/RNg),

with C' > 0 independent of f and g would require puy (F;" +GY) < Oy (F) +

pin(G¢)) for every & > 0. However, as pointed out in the Introduction, no
converse of the Brunn-Minkowski inequality or its weaker form (10) holds in any
generality.

The transforms defined in this section will enable us (in the next section) to
take advantage of the fact that such a converse trivially exists when X and Y
are Fuclidean balls. The thought that this case is so special that it cannot have
any broad value would result in a serious oversight.

By a classical theorem of Jung [8, p. 200], [17], every nonempty bounded subset
X of RY is contained in a unique closed ball Bx with minimal diameter among
all closed balls containing X, called the enclosing ball of X. If X is unbounded,
no closed ball contains X and we set By := RY. Lastly, if X = (), every singleton
{z} satisfies the “minimal diameter” requirement, whence uniqueness, but not
existence, is lost. For definiteness, we arbitrarily set By := {0}. Evidently,
X C By in all cases. Jung’s theorem also provides the estimate diam(X) <
diam(Bx) < v/2N/(N + 1) diam(X), but we shall only make use of the (trivial)

first one.

Remark 4.1. An easily overlooked aspect of enclosing balls is that X C Y
implies 1y (Bx) < pn(By) but not Bx C By, unless N = 1.
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The following property of enclosing balls will be important.

Lemma 4.2. If X, is a nondecreasing sequence of subsets of RN, then juy(Bux,)
= limpuy(Bx,) = sup iy (Bx,).

Proof. Set X := UX,,. If X is unbounded, then Bx = R" and so y(Bx) = 00
Since X :=UX, and X,, C X,,11 ,_the diameter of X, and, hence, that of By, ,
tends to co. Accordingly, lim py(Bx,) = 0.

Suppose now that X is bounded, so that By is a ball. Since X,, C X im-
plies jix(Bx,) < uy(Bx) and since uy(By,) is nondecreasing, it is plain that
lim py(Bx,) < pun(Bx). To prove the converse, call r,, > 0 the radius of By, .
The sequence 7, is nondecreasing and bounded above (by the radius of Bx) and
so it has a limit r > r,, for every n. As a result, lim 1y (By,) is the measure of
any ball with radius r.

Next, call x,, the center of By,. By a simple contradiction argument, the se-
quence z,, is bounded (since x, might not be in By -see Remark 4.1- this is
not totally trivial). After extracting a subsequence, assume that x, — z € RY.
Every y € X is in X,, for n large enough. Since Bx, C B(x,,7), it follows that
(TS F(x 7). Thus, X C B(xz,r), whence uy(B(x,7)) > puy(Bx) by definition
of Bx. Since r = limr,, amounts to uy(B(x,r)) = lim uy(Bx,), it follows that
lim yu(Bx,) = pun(Bx)- N

Given any function f : RY — [—oo,ool, we now proceed to constructing a
measurable radially symmetric function f : RN — [—o0, 0o] whose upper level
sets Fg have measure equal to (B F;) for every &£. The construction follows

that of the nonincreasing rearrangement of f.

Lemma 4.3. The function ,uN(EF;) s nonincreasing and right-continuous on
[—00, 00].

Proof. If { <7, then FF C F{, so that MN(EFJ) < pN(EFg). For the right
continuity, let £, \, §, so that F¢" = UFg; and then, by Lemma 4.2, uN(EFgL) =
lim p (B Fr ). O

Call p; (€) the radius of FF;. Since pj (§) is proportional to (EF;)VN, it fol-

lows from Lemma 4.3 that p]f is nonincreasing and right-continuous. Therefore,

75 () = inf{¢ : pf (§) <t} (20)
is a nonincreasing and right-continuous function on [0, c0) and
{t=0:77(t) > & =1[0,0f())- (21)

Indeed, when f > 0 and pj (§) is replaced with puy(F"), 77 becomes the non-
increasing rearrangement of f and these properties follow uniquely from the
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monotonicity and right-continuity of yy(F;"); see for instance [33, pp. 26-27].
We also point out that in most modern expositions, the nonincreasing rearrange-
ment of a function f is defined to be that of |f|. This has not always been the
case (see Day [7] or Luxemburg [22]) and the monotonicity and right-continuity
properties of nonincreasing rearrangements are independent of whether f or |f]
is used in their definition.

We now set

f(@) =7} (|z]). (22)
Some basic properties of f are summarized in the next theorem.

Theorem 4.4. Given f : RN — [—00,00], the function f has the following
properties:

(7) f is measurable and f = f if and only if [ is a right-continuous nonin-
creasing function of |x|.

(1) pn(FE) = NN(EFQ) for every € € [—o0,00], where F¢ denotes the upper
&-level set of f

(44i) Mf < My and m; > my (in particular, f > 0 = f > 0). Furthermore,
M; = esssupf and mj = essinff.

() (f+2)=f+zforzeR and (f(c¢)) = f(c) for c € R\{0}.

(v) (cfj = cf for every ¢ > 0.

(vi) Ifh:RN — [—00,00] and h < f, then h < f.

(vid) If f is bounded below on bounded subsets and lim, . f(x) = —oo and
if h : RN — [—o00,00] satisfies h(z) < f(x) for |x| large enough, then
hz) < f(z) for |z| large enough. Furthermore, if f is a right-continuous
strictly decreasing function of |x| and if h(x) < f(x) when x ¢ B for some
open ball B centered at the origin, then h(z) < f(z) (= f(z) by (i)) for
every x ¢ B.

Proof. (i) The measurability of f follows at once from the monotonicity of 7?

and the necessity of the given conditions for f = f is obvious. Conversely, if
f(z) = y(|z|) with v : [0,00) — [—00, 00] nonincreasing, the upper level sets
of f are balls centered at the origin (possibly RY) and p}“ is the distribution

function of 7, so that 7;{ = ~*, the nonincreasing rearrangement of . Since
7" = 7 except perhaps at the countably many points of discontinuity of v, it
follows that f = f a.e. If v is right-continuous, then v* = v and f = f.

(77) Just notice that, by (21) and (22), Fg is the open ball with center 0 and
radius pj (€).

(¢7) With no loss of generality, assume M; < oco. Since 7}“ is nonincreasing,
maxy; = 77 (0) = inf{¢ : pj (&) = 0}. If & > My, then F,” = (), whence EF; =
{0} and so p;(§) = 0. Thus, maxy; = inf{¢ : uy(F) = 0} < My. On the
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other hand, by (22), max~y; = M;. This shows that M; < M;. Furthermore,
Mj = esssup f by (22) and the right-continuity of Py}“.

That m; > my is obvious if my = —oo, or if my = oo (for then f = f=o0). If
my € R and & < my, then pf (&) = oo. Thus, v§ > my by (20) and so f>my,

whence my > my. That m; = essinf f follows from the monotonicity of 73{.

(iv) Since {x € RN : f(z) + 2 > £} = F{_, it follows that p}, (£) = p} (§ — 2),
which in turn yields ’Y}l,a = ’y}“ + z, ie, (f+ zj = f—i— z. The proofs that

~

fle- ) = f(e) if ¢ € R\{0} is equally straightforward.
(v) Since this is trivial wlzen ¢ = 0, assume ¢ > 0. Then, p(§) = pj(£/c),
whence v, = ¢y, ie. (cf) = cf.

(vi) If h < f, then (with a self-explanatory notation) HZ C Fg“ and so ;LN(EH;)
< ,uN(EFg). Hence, pjf (§) < pf(§) and, by (20), v < 77, so that h<f.

(vii) Choose an open ball B centered at the origin such that h(z) < f(z) when
x ¢ B. Since f is bounded below on bounded subsets, infp f is finite and, if
§o < infp f, then B C F," for every £ < &,. By (vi), h is increased when h is

increased. Thus, if it can be shown that h < f after increasing h, this inequality
also holds before h is increased. In particular, we may increase h on B so that
£y < infp h and then B C H, for every £ < &,. Thus, B C HS N F, for every
€ < &,. On the other hand, {z ¢ B : h(z) > &} C {z ¢ B: f(xz) > £} since
h < f on RM\B. Altogether, if { < &, then HS C F¢" and so p; (§) < pf(€).
As a result,

vi(t) == inf{€: pf (&) <t} <inf{€ < &2 pf (&) <t}
< inf{€ < &z pf(€) <t} (23)

Since limy|—.o f(7) = —00, the level set Fg; is bounded, whence p}(go) < 00.
Choose any t > p} (&,). If £ > &, then pi (&) < pf(§y) <t by the monotonicity
of py, so that v (t) := inf{¢ : p(§) <t} = inf{§ < &, : pr(§) <t} By (23),
Vi (t) < 75 (t). Since this is true for every t > p7 (&), it follows that h(z) < f(z)
when |z| > P?(fo)-

To complete the proof, assume in addition that f (x) is a strictly decreasing
function of |z|. We show that h(z) < f(x) when z ¢ B. If B = (), the result

follows from (v). From now on, assume B # () (hence B # {0} as well since B
is open).

By the monotonicity of f in |z|, infip f < infp f if ¢ > 1. It follows that
Fgg C tB if t > 1 and &, above is close enough to infg f. Thus, BFg C tB,
0
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so that pi(&,) < tp where p is the radius of B. From the above, hz) < f(z)
when |z| > tp and, hence, when |z| > p by first letting ¢ — 1 (which gives only
|z| > p) and next using the right-continuity of f and h with respect to |z|. Since
p is the radius of B and B is centered at the origin, this means that h(z) < f(z)
when z ¢ B. O

Even when f > 0, it is not true that f = 0 implies f = 0. The following
characterization is important for the proof of the reverse inequalities (specifically,
of Theorem 5.6 later).

Lemma 4.5. If f : RY — [0,00] and f =0, then either f = 0 or there are
1o € RY and 0 < z < oo such that f(z) =0 if v # xo and f(zo) = 2.

Proof. By (20) and (22) and since p}f is nonincreasing, f = 0 means p}L(O) =0,
i.e., that the enclosing ball EF; has radius 0, which happens only when £} = ()
or when F” = {x¢} is a singleton. If F;" = (), then f = 0 since f > 0. Suppose
now that F” = {xo}. This means that z is the only point where f is positive,

so that f(z¢) = z > 0 (possibly co) and that f(z) < 0 when z # z,. Since
f >0, it follows that f(z) =0 when z # xy. ]

Remark 4.6. By the argument of the above proof, the inequality M; < My
in Theorem 4.4 (#ii) can be made precise: M; < My if and only if some upper
level set of f is a singleton. Put differently, M; = My if and only if there is a
sequence of distinct points x,, such that f(z,) — M;.

We shall also need the transform defined by

f===0, (24)
directly given by the formula
fla) =7 (), (25)
where
V5 () = sup{¢ : p; (§) <t} (26)

and p; () is the radius of EFg with, of course, Fy = {z € RN : f(x) < £}

Theorem 4.7. Given f : RN — [—o0, 00|, the function f has the following
properties:

(7) f is measurable and f = f if and only if f is a right-continuous nonde-
creasing function of |x|.
i) pn(F7) = pn(Bp) for every € € [—o00, 00|, where E denotes the lower
N\Le NP F; 3
&-level set of f.
) Mz < My and my > my (in particular, f > 0 = F>0). Furthermore,
f f f f
My = esssup f and my = essinf f.
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(iv) (f+z) f+z for every z € R and (f(c)) = f(c) for c € R\{0}.

(v)  (cf) =cf for every ¢ >0 (and (cf) = cf for every ¢ < 0).

(vi) Ifh:RYN — [—o00,00] and h < f, then h < f.

(vii) Ifh: RN — [—00,00] is bounded above on bounded subsets, limy,| oo h(z) =
oo and h(x) < f(z) for |z| large enough, then h(z) < f(x) for |z| large
enough. Furthermore, if h is a right-continuous strictly increasing function
of |x| and if h(x) < f(x) when x & B for some open ball B centered at the

origin, then h(z) (= h(z) by (1)) < f(z) for every x ¢ B.

(vii) If f >0, then (f) = (f)!
(iz) (f+) =T

Proof. Parts (i) to (vii) follow at once from (24) and from the corresponding
properties in Theorem 4.4.

(vidi) First, note that if f > 0 and £ < 0, then p;(§) = oo and p;(§) = 0.
Hence, by (20) and (26), 77 (t) := inf{§ > 0: p7 (£) <t} and 75 (t) := sup{{ >
0:pp (¢€) <t} > 0. Upon replacing f with f~! in the former formula, we get
(since passing from f to f~! changes upper level sets into lower ones) 7;{_1 (t) ==
inf{¢ > 0: p;(£7") < t}. On the other hand, since inf(S™!) = (supS)~" for
every subset S C [0,00], we have (v;(t))~" = inf{¢"' >0 : p;(§) <t} =
inf{¢ > 0: p; (€7') < t}. This shows that v/, = (7;)~" and the result follows
from (22) and (25).

(ix) The lower level sets {x € RN : f, (z) < £} are empty if £ < 0 and coincide
with F if £ > 0. Thus, p; (§) = 0if & < 0 and p; (§) = p;(§) if £ > 0.
Therefore, by (26),

7y, (t) = max{sup{¢ < 0: p; (§) < t},sup{{ > 0:p, () < t}}
= max{0,sup{§ > 0: p; (£) < t}}. (27)

Suppose first that 75 (t) = sup{¢ : p;(§) < t} < 0. Accordingly, {{£ > 0 :
p7(€) < 1} = 0 and so supl€ > 01 p;(€) < 1} = —c0. By (27), 77, (1) =
max{0, —oo} = 0 = (75 )4(t). Suppose next that v, (t) = sup{§ : p; (§) <t} >
0, so that 75 (t) = sup{{ > 0: p;(§) < t}. By (27), 74, (1) = max{0,7, ()} =
(77 )+(t). This shows that v; = (7;)4, whence (f+) = f+ by (25). O

Remark 4.8. By (24) and Remark 4.6, m; = my if and only if there is a
sequence of distinct points x,, such that f(z,) — m;.

5. Reverse inequalities for f A g

We begin with the (trivial) converse of the Brunn-Minkowski inequality for Eu-
clidean balls.
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Lemma 5.1. If By and By are Euclidean balls in RY, then uy(B; + By) <
2N_1(MN(BI) + ,UN(B2>>~

Proof. Call r; the radius of B;,7 = 1,2. It is readily checked that By + Bs is
a ball with radius r; + ry and the inequality simply follows from (r; + TQ)N <
N=L(pN 4 V). O

In the next lemma, My = M, is not needed (compare with Lemma 3.1).

Lemma 5.2. If f,g: RY — [0,00] are Borel measurable, then

RNng§2N—1(ANf+éNg).

Proof. By (5) and (6) and since f Ag > 0 is measurable (Lemma 2.2), it follows
that [on fAg = )" pn(Fe + GE)dE. Next, F + Gf C EF; +§GZ and so
pn (P +G{) < :LLN(EFQ' +§Gg) < QN_I(NN(FFg) + IMN(EG%"))? where Lemma
5.1 was used. This yields [on fAg <2V71( [° uN(EF;)dé + [ MN(EG?)df).
By Theorem 4.4 (ii), the right-hand side is 2V ! (fOOOMN(F§+))d£+foo°uN(CA¥§))dg),
which in turn equals 2V71( [ x f+ Jen §) because f,9 > 0 by Theorem 4.4
(d). 0

No variant of Lemma 5.2 is true if f (or §) is replaced with f (or g):

Example 5.3. With N = 1, let 0 < f < 1 be integrable with f(n) = 1 for
every n € Z and let g = x(_;,) (= g). Then, f Ag =1, whence [, fAg = o0
but f,g € L'.

If N =1, f,g > 0 are even and right-continuous and nonincreasing on [0, co) and
My = M,, then, [, fAg= [, f+ Jgg by Theorem 4.4 (i) and Lemmas 3.1 and
5.2. Is there a different proof? (If f = g, this follows from (f A f)(z) = f(z/2).)

To go further, we need a simple property of Young functions.

Lemma 5.4. If ¢ is a Young function and f : RN — [0, 00], then (gb(f)j = o(f).

Proof. For brevity, we only give the proof in the more important case when
0 < ¢ < oo on (0,00), so that ¢ is continuous on [0, 00| and has an inverse
v. The general case involves extra technicalities that lengthen the exposition.
Recall that py (§) denotes the radius of Epg-

Since ¢(f) > 0, it follows that p;j(f)(f) =o00if £ < 0. If £ >0, then {z € RV :
6(f(x) > € = {z € RY : f(x) > $(&)} = Ffg, so that p (&) = pf (¥(€)).
Thus, by (20) and (22), (¢(f))(x) = inf{€ > 0 : pF(¥(€)) < |2[} = inf{o(n) :
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Py () < lal} = é(inf{n > 0: py(n) < [al}). Now, inf{n > 0: pp(n) < |z[} =
f(z) by (20) and (22) because f > 0 implies p}(n) = oo if n < 0. O

Lemma 5.5. If ¢ is a Young function and f : RN — [0, cc] is measurable, then

1£1lo < 11f1lg-

Proof. Since f > 0 implies f > 0, it follows from Theorem 4.4 (4) and from
MN(F?) < MN(EFQ'> that fRNf = fooo MN(F5+)d’5 < fooo MN(Fg)df = fRN -
Upon replacing f by ¢(f) in this inequality, it follows from Lemma 5.4 that
Jan 0(f) < [on @(f). Now, replace f with r~!f where r > 0 and use Theorem

4.4 (v) to get [on O(r ' f) < Jon d(r~1f) for every r > 0. By (12), this implies
L 1ls < 116 O

Theorem 5.6. If f,g : RY — [0,00] are Borel measurable and ¢ is a Young
function, then ¢(f), ¢(g) and ¢(f A g) are measurable and nonnegative and

1£ A glls < 25711 f1lo + 113lo)- (28)

Proof. For the measurability of ¢(f),¢(g) and ¢(f A g), see Lemma 3.4 and
Remark 3.2. That all three are nonnegative is trivial. In the proof of Lemma
3.4, we already established that ¢(f A g) = ¢(f) A ¢(g). Therefore, by Lemma
5.2 for ¢(f) and ¢(g) and by Lemma 5.4, we get

[ourg =2 ([ oh [ o). (29

N

Suppose first that ||f]|, > 0 and ||j||, > 0. Since (28) is trivial otherwise, we

may and shall assume || ||, < 0o and ||g||s < co. If s0, 0 < r == || f|ls+||4]|s <
oo and the inequality (29) for r=!f and r~'g is (use Theorem 4.4 (v))

2N TR < | ST )+ | elrg).

RN
With A == r~1||f[|s € (0,1), so that r~f = X||f||;"f and that r1§ = (1 —
A)HgH;lg, this reads

2N [ oot Aan < [ o (NIAE)+ [ oMl )
Since ¢ is convex and ¢(0) = 0, then ¢(u7) < pué(r) when 7 > 0 and 0 < p < 1.

The choices i = 217" in the left-hand side of (30) and, next, u = A and g = 1—\
in its right-hand side, yield

/RNcb(zl_NT—l(ng)) < /\/RN¢<||J?||;1J?> +(1_/\)/RN¢(HQ||;1§)'
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By (14), it follows that [uy ¢ (27" Vr~1(f A g)) < 1 and so, by (12), ||f A g]|s <
2Vt = 2N7U([| fll + 1191]), as claimed in (28).

To complete the proof, suppose now that ||| = 0 or ||g||s = 0. By symmetry,
we may and shall assume that ||f||, = 0, whence f = 0 a.e. Since f(z) is a

nonincreasing and right-continuous function of |z|, it follows that f = 0. Thus,
by Lemma 4.5, either f = 0 or there are 75 € RY and 0 < z < oo such that
f(zo) = z and f(z) = 0 when z # .

If f=0,then fAg=0since g > 0 and (28) is trivial. If f(zg) = 2z > 0 and
f(z) = 0 when z # xy, a straightforward calculation shows that (f A g)(z) =
min{g(zr — x¢), z}. In particular, 0 < (f A g) < g(- — x¢), whence ||f A g||, <
llg(- — zo)lle = l9lle < ||gl|¢, the latter by Lemma 5.5. This proves (28). O

Since (fAf)(z) > f(2/2), equality holds in (28) if Ly, = L' and 0 < g = f = f €
L'. Thus, 2V~ is best possible among all the constants independent of ¢. On the
other hand, even when Ly, = L™, (28) is trivial only under additional assump-
tions, namely, M; = esssup f, M, = esssup g and min{ My, M,} = esssup(fAg)
(which is not implied by the former two, see Example 5.7 below). If so,

1F A glloe = min{][| floc, [9lloc } (31)

which is much better than (28) since ||f]lse < ||flsc and [|g]lse < ||d]|co by
Lemma 5.5. However, (31) is false without the extra assumptions mentioned
above and then (28) is no longer trivial in L. How badly (31) may fail is

shown in:

Example 5.7. Let C C [0,1] be the Cantor set. It is not hard to see that
(x—=C)NC # 0 for every z € [0, 2] (notice that (z—Cx)NCy, # 0 for every k € N,
where C; = [0, 1] and Cy41 C C is obtained by removing the open middle thirds
of the intervals in Cy). As a result, if f = oo on C and 0 outside, then f is Borel
measurable, the right-hand side of (31) with g = f is 0, but since f A f = 0o on
[0, 2], its left-hand side is occ.

6. Reverse inequalities for f(lg and f Vg

With the help of Theorem 5.6, it is a simple matter to prove a converse of
Theorem 3.5.

Theorem 6.1. Suppose that f,g : RN — (—o0, o0] are Borel measurable, that
mys,mg € R and that my +mgy > 0. Then flg > 0,f —mysg >0, +mype >0
and

1(£89) Mo < 2V = mpg) Mo+ 117 +mpg) " o), (32)

for every Young function ¢.

Proof. Use f—my, > 0,g9+my, > 0along with fOg = (f —my¢)O(g+myy) >
(f —myg) VY (g+myp,) >0toget f—myp, >0and g+myg, >0 (by Theorem
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4.7 (i4i) and (iv)) as well as 0 < (fOg)™' < ((f —mypy) Y (g +mypy))™t =
(f —mysg) P A(g+myy)~t. This yields

1(f09) M Mle < 11(f = mpg) ™ A (g +myg) Yo <
2V = mpg) ™o + 11((g + mpg) ™,

where Theorem 5.6 was used for the second inequality.

Next, ((f—myg)™") = (f—my,) " and ((g+my,) ") = (§+my,)~" by Theorem
4.7 (vii) and (4v) (in that order), which proves (32). O

The comments after Theorem 5.6 may be repeated: Without extra assumptions,
(32) is not trivial even when L, = L*. The proof of Theorem 6.1 shows that,
more generally, if z € R and —m, < z < my (whence my + m, > 0),

1(£89) Ml < 2YH I = 2) 7 lls + 1107+ 2)lo)- (33)

However, (32) is optimal (to prove (fOg)™' € Ly) among all the inequalities
(33). Indeed, if the right-hand side of (33) is finite for some z as above, the
right-hand side of (32) is also finite®. To see this, assume first m; + m, = 0.
Then, z = my = —my, = my, is the only possible choice in (33) and (32) is
optimal by default. Suppose now that m; +m, > 0 and note that, by Theorem
4.7 (iii), f — msy and § + my, are both bounded below by (m; 4+ m,)/2 >
0. Thus, (f —my,)~" € L*® and so, if f — 2 > 0 and (f — 2)~' € L, for
some 2, then (f —my,)™t = [1 — (2 — mysg)(f —mysy) ' J(f — 2)~' € L, since
1— (2 —mypy)(f —mysy)~" € L. Likewise, if g+ 2 > 0 and (§ + 2)~" € Ly,
then (g4 my,)~t € L.

It is not clear whether 2¥~1 is best possible in (32), among all the constants

independent of ¢. The remark that (fOf)(x) < 2f(z/2) and the choice g =

f=f>0with f'e L' = L4 only shows that the best constant is at least
2N=2,

There is also a converse of Corollary 3.7:

Corollary 6.2. Suppose that f,g : RN — [—o00, 0] are Borel measurable, that
g >0 and that f # 00,9 #Z oo. Then, fY g >0 and

1Y) Mo < 2% (1 = mpg) s 11 +mp ) ls) . (39)

for every Young function ¢.

Proof. Since g is nonnegative, fVYg = f, Vg > (f+0g)/2 = (f+/2)0(g/2) > 0.
Also, 0 < my, ,my < oo since f # oo and g # oo. Thus, it suffices to use
Theorem 6.1 with f, /2 and g/2 along with Theorem 4.7 (v) and (iz). O

3While mostly true, the converse may fail when myg+mg > 0 and z = my = my or z =
—my = —my.
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In many cases, Theorem 6.1 and Corollary 6.2 can be used to prove that (fCg)~*
€ Lyor (fYg)™ € Ly without any calculation of f or §, because there are easily
verifiable sufficient conditions for the finiteness of the right-hand sides of (32)
and (34). The simplest one is given in the following lemma.

Lemma 6.3. Given f : RN — (—o0, 00] withmy > —oo (i.e., f bounded below),
suppose that there are constants ¢ > 0 and o > 0 such that f(x) > h(z) := c|z|*
for |z| large enough. Then, for every z < my,

10F =)Mo < 20l llozmg + (my — 2) 7 Ixslle, (35)

for every open ball B centered at the origin such that* f > h > 2z outside B
and every Young function ¢. If ¢ is invertible with inverse 1, this also reads

10 =2 lls < 201 lgmmp + (my = 2) by (B) )7 (36)

In particular, if A" € Ly(RN\B), then (f —2)~' € Ly. (Case in point: Since
h is explicitly known, h™' € Ly(RN\B) can often be checked by a calculation.)

Proof. Let B be as in the theorem. By the “furthermore” part of Theorem 4.7
(vii), f > h > 2z outside B. Thus, h < 2(f — 2), whence (f — 2)~' < 2n~1,
outside B. Meanwhile, by Theorem 4.7 (iii), (f — 2)~' < (mj—2)"" < (my —
2)7! < oo in B (and everywhere else) and (35) follows. To get (36) when ¢ is
invertible with inverse 1, just notice that ||xg|ls = [¥(uy(B)™1)] 7t by (12). O

From the proof of Lemma 6.3, |z|* can be replaced with a function h(z) satisfying
general conditions. For example, if L, = LP with p > 1, Lemma 6.3 yields
(f —2)7' € P if a > N/p but, if f(x) > clz|*(log|z|)? for large |z|, the
choice of any continuous strictly increasing function h of |z| that coincides with
clz|*(log|z|)? for |x| > 1 (say) shows that (f — z)~' € L? in the limiting case
a=N/pif 3> pL.

Remark 6.4. The proof of Lemma 6.3 also shows that, more generally, (35) is
true with m; replaced with m; and that this requires only mj > —oo. This may
occasionally be useful, but rarely (see Remark 4.8).

It is more delicate to extend Lemma 6.3 when z = m; = my. The extra difficulty
is that (f —my)~' ¢ L2, (because my = ess inf f; see Theorem 4.7 (iii)), so that

loc
local integrability becomes an issue. This requires further investigation. We
only mention without proof (and will not use later) that if my is a unique and
nondegenerate minimum of f (plus a mild technical condition) then (f—m;)~! €
LP if N>3and 1 <p< N/2.

loc

A direct application of Lemma 6.3 yields the following sample result.

4Since lim| ;o h(7) = 00, the existence of B is not an issue.
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Theorem 6.5. Given f,g : RY — (—o00,00], suppose that there are constants
¢ >0 and a > 0 such that f(z) > c|z|* and g(x) > c|z|* for |z| large enough.
Then:

7 Ifms,mg € R andms+mg, > 0, then (fOg)~t € LP if p > 1 and p > N/a.
frtltg f g
i) Ifg>0and ms, +my, >0, then (fYg)~t € LP ifp>1 and p > N/a.
f+ g

Proof. (i) Just notice that my, < m; (< my) and —my, < my (< my) since
my¢ +mgy > 0 and use Lemma 6.3 with Ly = LP and Theorem 6.1.

(it) If my, = oo or my = oo, then f Y g = oo and the result is trivial.
From now on, my,,my, < oo, whence my,,my € R (because f,g > 0). By

Theorem 4.7 (iz), f+ = (f1), whereas my, g < my, and —my, , < My since
my, +mg > 0. Now, use Lemma 6.3 and Corollary 6.2 with Ly = L?. [

Lemma 6.3 and its aforementioned variants yield generalizations of Theorem 6.5
to all Orlicz spaces. The proof of Theorem 6.5 does not use the estimate (35) but
the next theorem, relevant to the results in the next section, does. As explained
after the proof, there is a good reason to confine attention to LP spaces.

Theorem 6.6. Suppose that f, g : RY — (—o0, 0] are Borel measurable, that
mys > 0,my > —oo and that my > 0 if my = 0. Given 1 < p < oo, suppose
also that for some a > N/p, there are constants ¢ > 0 and o > 0 such that
f(z) > c|z|* for |x| large enough. Fort >0, set

fi(z) = tf(t '2),

so that my, = tmy. Lastly, assume (§ — 2)~" € LP when z < m, (e.g., if
g(x) > c|x|* for |x| large enough by Lemma 6.3, but this is not necessary).
Then, (f,0g)~" € LP when tmg+mg >0 (i.e., t >0 if my =0 and t > —m;'my
if my > 0) and:

(i) If my =0, then ||(f:0g)7 Y|, = ON'?) as t — .

(1) Ifmy >0 and p > N, then lim;_, ||(f,0g)7], = 0.

(i) If my >0 and p > N, then ||(£:.0g) 7|, = Ot 1H/P) as t — .

Proof. Asin Lemma 6.3, set h(z) := c|z|* and, in (35), let B be a ball centered
at the origin sucll that f > h and h > my + |my| > 2my, = my — m, outside
B. Evidently, (f); > hy (:= th(t™'-)) outside ¢B and, by Theorem 4.7 (iv)

and (v), (f) = (f)e. Thus, (f); > h; outside ¢B. Furthermore, if ¢ > 1, then
hy > tmy + |my| > 2my, , = tmy — m, outside tB.

Since hy(z) = t'7%c|z|*, it follows from the above that the estimate (35) can
be used with f,h and B replaced with f;, h; and tB, respectively, and with
z=my, 4 = (tms —my)/2, provided that ¢ > 1 and that tm +m, > 0 (so that
my,, < my, = tmyg), which holds for large t. Accordingly,

1(fe = m50) "l
< 2t71+N/th71Hp7RN\B 4 2(tmf + mg>71tN/PMN(B)1/P’ (37)
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where [|x,5|l, = t"/Ppy(B)"? was used. Since ||h~!||, g3z < 0o by the choice

a > N/p, it follows that (f, — my,,)~" € LP. Also, (§ +my,,)~" € LP since
—my, 4 = (Mg —tmy)/2 < m, when tms + m, > 0 and since it is assumed that
(g — 2)"' € LP when z < m,. Thus, by (32), (f;,0g)""! € LP.

The estimates (i), (i) and (iii) follow from (32) and (37) and from the remarks
that (a) if m; = 0, then (m, > 0 and) (§+ my, )" = (¢ — m,/2)"" is inde-
pendent of ¢ and (b) if m; > 0, then lim; . [|(§+my, 4)*|], = 0 by dominated
convergence if p < oo and by g+ my, 3 > (tmy +my)/2 if p = oo. O

Similar estimates hold when f is replaced with f; in Corollary 6.2 and estimates
can also be worked out in other spaces Ly, but the technicalities depend on ¢.
For instance, while Theorem 6.6 remains true if L? is replaced with L' + L?, the
proof is substantially more demanding (recall that L'+ LP = L, with ¢(7) = 77
in [0,1] and ¢(7) =pr+1—pin (1,00) if 1 < p < oo and L' + L>® = L4 with
¢(1) =01in [0,1] and ¢(7) =t — 1 in (1, 00); see e.g. [15])). Choices of h other
than h(x) = c|z|* often lead to challenging calculations.

7. Application to the Hamilton-Jacobi equations

We shall now apply the results of the previous sections to the Hamilton-Jacobi
equations in their simplest form (see Subsection 8.1 for a variant)

{ut + H(Vu) =0 on (0,00) x RV, (38)

u(0,) =g on RV,

where the Hamiltonian H and the initial value g are given functions on R¥.

Roughly speaking, when the Hamiltonian H (initial condition g¢) is convex, the
Hopf-Lax formula (Hopf formula) provides a solution of (38). In both cases,
various additional conditions are required of H and ¢g and, as always, what
constitutes a solution is somewhat flexible. While the more recent work focuses
on viscosity solutions, other definitions exist as well.

Throughout this section, we assume that g, H : RN — (—o0, 0], that m, € R
(hence g # o0), H # oo and that g is Borel measurable. Further assumptions
will be introduced when needed. It is once and for all understood that ¢ > 0.

We denote by (tH)* the Legendre-Fenchel conjugate of tH, that is,
(LH)"(2) = sup (x -y — tH(y)) = tH" (t"2)

yERN

Since (tH)* is always lsc, it is Borel measurable.

7.1. Solutions by the Hopf-Lax formula

In this subsection, H is convex and H**(0) € R. The Hopf-Lax formula (Hopf
[14], Lax [19])
u(t,-) = (tH) Oy, (39)
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is known to give a solution of (38) under various conditions about g. That g is
real-valued and continuous is a common assumption; see Bardi and Faggian [4]
and the references therein. The case when ¢ is Isc and not everywhere finite
was considered by Imbert [16] and Stromberg [32]. Chen and Su [6] show that
(39) is a solution when g is real-valued, a.e. continuous and satisfies a condition
weaker than upper semicontinuity. Undoubtedly, other options can be found in
the literature.

The inequality (18) in Theorem 3.5 can be used with f = (tH)* if mm)- +mgy >
0. That m, > —oo was assumed earlier, whereas m gy = —tH**(0) € R. As a
result, the condition m gy~ + my > 0 is simply

—tH**(0) +m, > 0, (40)
so that mpy- 4 (see (17)) is given by

M)y = —(EH™(0) +my)/2.

Thus, assuming (40), the corresponding inequality (18)

12(EH)™ + tH™(0) +mg) " |ls + |(29 — tH™(0) —mg) ||
< 2lfult, )Mo (41)

and the reverse inequality (32) of Theorem 6.1

a(t, )l (42)
< 2V (|(2((EH)") + tH (0) 4+ mg) o + 1125 — LH(0) = my) 1)

hold for every Young function ¢.

Given a > 1, call ¢/ := a/(aw — 1) > 1 the Holder conjugate of «. It is easily
checked and certainly folklore that if there is a constant d > 0 such that H(x) <
d|z|* for |z| large enough, then H*(z) > c|z|® for |z| large enough. Consistent
with Theorem 6.5, it follows that if also g(z) > c|x|* for |z| large enough, then
u(t,-)~! € L? for every p > 1,p > N/a.

Furthermore, since (tH)*=tH*(t~!-), Theorem 6.6 gives estimates for ||u(t,-) ||,
as t — oo if H*(0) < 0 or if H**(0) = 0 and m, > 0. (If H**(0) > 0, then (42)
breaks down when ¢ > m,/H**(0).) The accuracy (or possible lack thereof) of
these estimates can be evaluated by using the inequality (41) with |||, = || - |,

We now look at two classical examples in more detail. In both cases, H**(0) =
H(0) = 0 will make the inequalities simpler, but confines the discussion to
mg > 0.

Example 7.1. Suppose that H(z) := |z|*/2, so that (tH)*(z) = |z|?/2t and
(40) boils down to my > 0 since H* = H. If 1 < p < 00, a quick calculation
shows that ||(2(tH)*+my) Y]], = A(p, m,)t"/?" where A(p,m,) > 0 is a constant
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which is finite if and only if m, > 0 and p > N/2. Accordingly, from (41),
u(t, )™t ¢ LP for any t > 0if my = 0 or if N > 2 and 1 < p < N/2, even if
u(0,)" L =gl e IP.
Assume now m, > 0 and p > N/2. By (41) with H**(0) = 0 and since 0 < g <
29 —my < 2g,

[lu(t, )" Hlp = et + llg™ 1)), (43)

for some constant ¢ > 0 depending only upon N, p and m,. Thus, once again,
u(t, )"t & Lrif g~ ¢ LP.

Conversely, since ((tH)*) = (tH)* by Theorem 4.7 (i), it follows from (42)
and from 0 < g < 2§ —m, < 2¢ (since my > my; see Theorem 4.7 (ii7))
that u(t,-)~! € LP for every t > 0 if g~* € LP and that ||u(t, )|, < C(V/?% +
17],), where C' > 0 depends only upon N, p and my,. In particular, ||u(t,-)~],
= O(tN/?P) as t — oo (which is sharp because of (43)). Note that the general
estimate of Theorem 6.6 gives only the less precise O(t"/P).

Even though u(t,)~!' ¢ LP if m, = 0, this does not preclude u(t,-)™' € L
for Orlicz spaces outside the LP scale. For instance, if L, = L' + LP, a simple
calculation® shows that (2(tH)*+m,)~t € L*+L? if p > N/2, with the restriction
N >3 if my = 0. If so, by (42), u(t,")™ € L* + LP if g~' € L' + L? and, by
another calculation, ||u(t, )™ |z11» = O(t) as t — oo (optimal by (41)). In
particular, this holds if g~! € L? with 1 < ¢ < pand p > N/2. This complements
the LP discussion above, even when m, > 0.

Example 7.2. Suppose that H(z) = [z|, so that (tH)* is the indicator function
of the closed ball B(0,t). Thus, the formula (39) is simply u(t, ) = infj,<; g(x —
Y)-

Once again, H** = H, so that (40) amounts to m, > 0 and, if ¢ is a Young
function, then (with wy := uy(B(0,1))

2EH )" +mg) H|p =inf{r >0:¢ (r 'm,") wnt" <1}, (44)

which is oo if my, = 0. Thus, by (41), u(t,-)™' ¢ L, for any ¢t > 0 and any ¢
if my = 0, even if u(0,-)~" = g~' € Ly. (Since u(t,r)™" = supy, <, gz —y)~ ',
this also follows from the remark that for every € > 0,u(t,-)™! > ¢~ on some

ball of radius ¢.) Assuming from now on that m, > 0, it follows from (44) that
if ¢ has an inverse ¢ on [0, 00|, then ||(2(tH)* + my)~"||g = m, "¢ (w]_\,lt_N)_l
(where, as usual, ¢»~" = 1/1, not ¢). In the simple case when ¢(7) = 72 with
p > 1, this yields

12(EH)" +mg) ], = mg wy . (45)

Once again, ((¢H)*) = (tH)* by Theorem 4.7 (i). Thus, if §~! € L? (equivalent
to (2g —m,)~' € LP), it follows from (42) and (45) that u(t,-)~! € L? and that
lJu(t, )|, = O(N/?) as t — oo (which is sharp because of (41)). This is the
general estimate in Theorem 6.6 (i) which, in this example, is therefore optimal.

5The formula for ¢ was given at the end of the previous section.
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In Example 7.2, g~' € L? is not enough to get u(t,-)~' € LP : If N = 1 and if
g = f~YP with p < oo and f from Example 5.3, then m, = 1, g~! = fY/? € L,
but u(t, ) = infi, <, f/P(x —y) = 1if t > 1, so that u(t,-) ' =1 ¢ LP.

8. Solutions by the Hopf formula
The Hopf formula (Hopf [14])

ult, ) = (tH +¢°)°

gives a solution of (38) when g is convex and various other technical assumptions
are satisfied. See for instance Bardi and Evans [3]. In Penot and Volle [28], g
and H can be extended real-valued. Below, we assume that g is Isc. Since u(t, )
is convex, there is no measurability issue.

First, —¢g*(0) = inf g = m, (finite, as assumed above) by definition of ¢g*. Next,
if h,k: RY — (—o00,00] and h # oo, k # oo (so that h* and k* are proper), it is
well-known and easily checked that (h+k)* < h*0k*. Asaresult, u(t, ) = (tH+
g")* < (tH)*Og** = (tH)*Og. On the other hand, by using “infsup > supinf”,
we get inf,(tH + ¢*)*(x) > sup, inf,(z -y — (tH + g*)(y)) = —tH(0) — g*(0) =
—tH(0) +m,. Indeed, inf,(x-y— (tH +¢*)(y)) = —o0 if y # 0 because tH and
g* are proper. This shows that if —tH(0) +m, > 0, then 0 < u(t,-) < (tH)*Og.
Furthermore, since (tH)* = (tH¢)* where Ho = H™ is the closed convex hull
of H, it follows that m ) = —tHc(0) > —tH(0). To ensure that mumy- € R,
i.e., that Ho(0) > —oo, it must be assumed that H is bounded below by an
affine function. If so, it follows from Theorem 3.5 with f = (tH)* that if
—tH(0) +my > 0 (hence —tHc(0) +my > 0), then

12(tH)" + tHe(0) +mg) " [lo + 129 — tHe(0) — mg) ™,
< 2lJu(t, )" e, (46)

for every Young function ¢.

Since the inequality (46) depends only upon Hg, it remains true when H is
replaced with any proper closed convex function X' < H (so that K = K¢ ) under
the same assumption —tH(0) +m, > 0 as above (still needed to ensure u > 0)
because this substitution decreases the left-hand side. This is less accurate, but
often more convenient for practical evaluation.

As an illustration of this point, it follows from the discussion in Example 7.1 that
u(t,-)~t ¢ LPif H(x) > |z|?/2 and either 0 < p < N/2 or m, = 0. Alternatively,
from Example 7.2, u(t,-)~! ¢ Ly for any ¢ if H(x) > |z| and m, = 0.

In the opposite direction, if L > H is any lsc convex function, then (tH + ¢g*) <
(tL + g*) and, since both tL and g* are proper and lsc, (tL + ¢*)* = (tL)*Og as
soon as the relative interiors of dom L and dom g* have nonempty intersection
([29, p. 145]). If so, (tL)*Cg < u(t, -), so that the reverse inequalities of Theorem
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6.1 can be used with f = (tL)* if —tL(0) +m, > 0. Since 0 < —tL(0) +m, =
maryog < u(t,-), it follows that

lu(t, )l
< 21 (J1A(EL)") +1L(0) + 1) o + 1125 — £L(0) = my) M), (47)

for every Young function ¢. Unlike (46), the inequality (47) does not require H
to be bounded below by an affine function.

For instance, by Example 7.1, ||u(t,)7!||, = O#V/%) as t — oo if H(z) <
L(z) = |z[*/2,my > 0 and §g~' € LP,p > N/2. Also, by Example 7.2,
u(t, )|, = O/?) as t — oo if H(x) < L(z) := |z|,my; > 0 and §~! €
LP.p>1.

8.1. Explicit solutions of related problems

Various explicit formulas for the solution of

(48)

u; + H(u,Vu) =0 on (0,00) x RY,
U(O, ) =g on RN:

when the Hamiltonian depends upon u, have been obtained under suitable (but
restrictive) conditions. The result most directly relevant to this paper can be
found in the work of Barron et al. [5], complemented and generalized in [2]. It
is shown in [2, Theorem 6.11] that if H is continuous on RN™! with H(s,z)
nondecreasing in s € R, convex and positively homogeneous of degree 1 in
r € RY, and if g : RY — (—o00, o0] is Isc, then (for ¢ > 0)

u(t,-) == hy Yy, (49)
is the minimal lsc supersolution of (48), where® hyj(z) := h (¢t 'z) and
h(z) :=inf{s € R: H(s,-)"(z) < 0}. (50)
It is shown in [5] that A is quasiconvex and lsc and that m), = —oo.

From now on, we assume g > 0, so that u(t, ) = hyy4 ¥ g(= hyy ¥ g). Note that
hig+ = hyp. Since my, = —oo implies My, = —00, it follows that My, = 0, so
that Mgy, g = —my/2 < 0.

] ]+

Corollary 3.7 and Corollary 6.2 with f = hyy can be used to evaluate |[u(t, -) ||,
Specifically,

(kg4 +mg) o + 1129 — mg) ™l < 2lJult, )l (51)
and

(e, )l < 28 (1120Rg+) + my) o + 1125 —m) o) . (52)

for every Young function ¢.

6This differs from h; previously defined by th(t~-).
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Example 8.1. Let H(s,z) = (s;)%z| with & > 0. When g > 0, the (non-
negative) solution (49) of (48) actually solves u; + u®|Vu| = 0. By (50) and a
straightforward calculation, h(0) = —co and h(z) = |z|"/® if 2 # 0.

If m, = 0, then u(t,-)~' ¢ LP for any p > 1 by (51) since h[_ﬂﬂr = tl/e|. |7V ¢ [P,

However, it is readily checked that h[;]ﬁr € L'+ LPif 1 < Na < p. If so, it fol-

lows from (52) with m, = 0 that u(¢t,-) € L'+ L? if 7' € L' + L? (hence
g~' € L' + L? by (51)) and the calculation of the estimates (51) and (52) is
trivial since my, = 0 and since hpyy = t~°| - |¥* = (b, ) by Theorem 4.7 (7).

Ths, (i) ler 20 = (g )=l 20 = OO with € o= [ |- 11,10,
which yields ||u(t,)™||11» = O(t/*) as t — oo (optimal).

If mgy > 0, then (2hy +my)~" € LP if and only if p > Na. If so and if g~ € L?
(equivalent to (2g — my)~! € LP), it follows from (52) that u(¢,-)~' € LP with
lJu(t, )], = O(Y/?) as t — oo (optimal by (51)).

Example 7.2 is recovered when a = 0 in Example 8.1. If so, h(z) = —oo on the
closed unit ball and h(z) = oo outside, so that hy is the indicator function of
the closed unit ball. Even though the formulas (39) and (49) look different, they
both provide the same solution u(t,x) = infy,<; g(x — y).

Example 8.2. Let H(s,z) = ¢°|z|, so that, by (50), h(0) = —oco and h(x) =
In|z| if 2 # 0. Thus, hy(z) = Iny |2| is continuous, radially symmetric and
nondecreasing in ||, so that, once again, (hyj4) = hy4 by Theorem 4.7 (7). As
always in this subsection, g > 0.

Since hpy4 = 0 on the ball with center 0 and radius ¢, it follows from (51) that
u(t,-)™t ¢ L, for any t > 0 and any Young function ¢ if m, = 0. In addition,
the slow growth of In|z| reveals that u(t,-)™' ¢ LP, 1 < p < oo, even if m, > 0.
However, if my > 0, then (2hy4 + mg)~' € Ly if ¢ vanishes fast enough at
the origin. Aside from L*°, one of the simplest examples is given by the Young
function ¢(7) := ™7 °. (The growth of ¢ at infinity could be damped consid-
erably to enlarge the space Ly.) Thus, if m; > 0 and §~! € L, (equivalent to
(29 —my)™' € Ly), it follows from (52) that u(t,)™' € Ly for every t > 0. We
did not attempt to estimate ||u(t, )|, as t — oo.
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