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1. Introduction

Jean Jacques Moreau introduced the sweeping processes in a series of articles
[26, 27, 28, 29, 32] which culminated in the celebrated paper [33], originating
a research that is still active. A sweeping process is an evolution differential
inclusion, and its most simple formulation can be described as follows. Let H be
a real Hilbert space and, for every positive time t, let C(t) be a given nonempty,
closed and convex subset of H such that the mapping t 7−→ C(t) is locally
Lipschitz continuous when the family of closed subsets of H is endowed with
the Hausdorff metric. One has to find a locally Lipschitz continuous function
y : [0,∞[ −→ H such that

y(t) ∈ C(t) ∀t ∈ [0,∞[ , (1)

y′(t) +NC(t)(y(t)) ∋ 0 for L 1-a.e. t ∈ [0,∞[, (2)

y(0) = ProjC(0)(y0), (3)

y0 being a prescribed point in H. Here L 1 is the Lebesgue measure, ProjC(0)
denotes the projection operator on C(0), and NC(t) is the exterior normal cone
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to C(t) at y(t) (all the precise definitions will be given in Section 2). When the
interior of C(t) is nonempty, the process defined by (1)–(3) has a nice and useful
geometrical-mechanical interpretation which we recall from [33]: “the moving
point y(t) remains at rest as long as it happens to lie in the interior of C(t); when
caught up with the boundary of the moving set, it can only proceed in an inward
normal direction, as if pushed by this boundary, so as to go on belonging to C(t)”.
Moreau was originally motivated by elastoplaticity and friction dynamics (cf.
[29, 32, 34]), but now sweeping processes have found applications to nonsmooth
mechanics (see [25]), to economics ([14, 11]), to electrical circuits (cf., e.g., [1, 6]),
to crowd motion modeling ([23]), and to other fields (see, e.g., the references in
the recent paper [2]).

Differential inclusion (2) can be seen as a time dependent gradient flow

y′(t) + ∂φt(y(t)) ∋ 0,

indeed NC(t) = ∂φt, the subdifferential of the indicator function φt = IC(t),
defined by IC(t)(x) = 0 if x ∈ C(t), IC(t)(x) = ∞ otherwise. Problem (1)–(3) was
solved by Moreau by approximating φt by what is now called Moreau-Yosida
regularization:

φt
λ(x) := min

y∈H

(
1

2λ
‖y − x‖2 + φt(y)

)
, x ∈ H, (4)

where ‖ · ‖ is the norm of H and λ > 0. The resulting equation y′λ(t) +
∂φt

λ(yλ(t)) = 0 admits a unique continuously differentiable solution satisfying
the initial condition (3), and in [26] it is proved that if λ approaches 0, then yλ
converges to a function y =: S(C) which uniquely solves (1)–(3).

If C(t) is not regular enough in time, for instance if the mapping t 7−→ C(t)
is of bounded variation, then one expects that the solution of any reasonable
generalized sweeping processes is of bounded variation, hence in general its (L 1-
a.e.) pointwise derivative does not coincide with the distributional one, and
an alternative formulation has to be found. In [33] Moreau introduced the
following generalization of (2)–(3). If t 7−→ C(t) is right continuous and with
local bounded variation, one has to find a right continuous local BV function
y : [0,∞[ −→ H such that there exist a positive measure µ and a µ-locally
integrable function w : [0,∞[ −→ H satisfying

Dy = wµ, (5)

y(t) ∈ C(t) ∀t ∈ [0,∞[ , (6)

w(t) +NC(t)(y(t)) ∋ 0 for µ-a.e. t ∈ [0,∞[, (7)

y(0) = ProjC(0)(y0), (8)

where Dy denotes the differential measure of y, that is its distributional deriva-
tive.
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Problem (5)–(8) is solved in [33] by means of the so called “catching-up algo-
rithm”. It consists in choosing a suitable sequence of subdivisions 0 = tn1 <
· · · < tnm < · · · , with tm → ∞ as m → ∞, and in defining the functions yn by

yn0 := ProjC(0)(y0), ynj := ProjC(tn
j
)(y

n
j−1),

yn(t) := ynj if t ∈ [tnj−1, t
n
j [.

In [33] it is proved that yn converges to a function y =: Sc(C) of local bounded
variation which is exactly the solution of the sweeping process “in the sense of
differential measures”, i.e. such that (5)–(8) hold (the subscript c in Sc stands
for “catching-up”). Then it is proved that for regular C(t), the solution y solves
(5)–(8), so that Sc is actually an extension of S.

Tha aim of the present paper is to solve the BV sweeping processes (5)–(8) by
reducing it to the Lispchitz continuous case (1)–(3). This method is based on
the observation that sweeping processes are rate independent. This means that
if S is the solution operator of the sweeping process, associating with a Lipschitz
C the solution y of (1)–(3), then we have

S(C ◦ γ) = S(C) ◦ γ (9)

for every Lipschitz continuous increasing reparametrization γ of time. For the
theory of general rate independent operators we refer, e.g., to [15, 9, 17, 24, 43],
and we remark that property (9) was already observed by J. J. Moreau in [33,
Proposition 2i], even if he did not use the term “rate independence”.

In particular we can reparametrize the rectifiable curve C(t) by the arc length
ℓC(t) := V(C, [0, t]), the variation of C on [0, t], so we find a Lipschitz continuous

C̃ such that C = C̃ ◦ ℓC. This reparametrization method was used by Moreau in
[26, 29] in order to reduce to the Lipschitz continuous case the sweeping process
driven by an absolutely continuous moving set C(t). Now, whatever generalized
BV-solution of problem (1)–(3) one may define, rate independence suggests that

its solution may be y = S(C̃) ◦ ℓ. We used this idea in [41] to deal with the case
of a continuous BV moving set C(t) and, together with some measure theory
tools, we reduced the associated sweeping process to the classical Lipschitz case.

It is natural to try to extend this procedure to the case where C is a discontinuous
function of bounded variation. When we reparametrize a discontinuous BV

mapping C by the arc length ℓC we find a Lipschitz continuous function C̃ which
is defined on the image ℓC([0,∞[) and such that C = C̃ ◦ ℓC. At this point we

need to extend the definition of C̃ to the whole [0,∞[, in other words we have to
fill in the jumps of C. But it is not clear what kind of curve we have to choose to
connect two endpoints of a jump of C. In order to see which problems arise, let
us consider the special case C(t) := u(t)−Z, where Z is a fixed nonempty closed
convex set, and u : [0,∞[ −→ H is a given function of bounded variation (cf.
[29, p. 294]). In this case we can restate problem (1)–(3) without any reference
to the Hausdorff distance, and the solution operator S can be rewritten as an
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operator P : u 7−→ y associating with u the solution y = S(u−Z). The operator
P is usually called “play operator” and is one the main building blocks of the
theory of hysteresis operators (see, e.g., the vectorial case in [15, 16, 17]).

Since we are now in a Hilbert setting, there is a canonical way to fill in the
jumps of u: it consists in choosing segments, which represent the shortest tra-
jectory. This natural possibility was observed in [19] and was analyzed in [39],
where we defined ũs to be the arc length reparametrization of u obtained by fill-
ing in the jumps with segments, and we proved that the operator Ps defined by
Ps(u) := P(ũs)◦ℓu produces an extension of P having good continuity properties
(the subscript s in ũs and Ps stands for “segments”). However in [39] a coun-
terexample shows that, if C(t) = u(t) − Z with u of bounded variation, then
the extension Ps(u) is different from the solution Pc(u) := Sc(C) in the sense
of differential measures. They agree if H is the real line (cf. [38]), but when
H = R

n, with n ≥ 2, they agree if and only if Z is a non obtuse polyhedron (see
[20]). In the continuous BV case there are no jumps and Ps and Pc coincide (cf.
[36, 41]). This procedure is generalized in [35, 37, 39] for a large class of rate
independent operators: in the one dimensional case it unifies several extension
results presented in [43]; in the multidimensional case the extension by “filling
in the jumps” can be interpreted as an alternative model for some discontinuous
phenomena and it works for instance for the so called Mroz model (cf. [18, 7, 8]).

If we come back to the general framework of sweeping processes, a segment
gs(t) := (1 − t)a + tb, t ∈ [0, 1], joining two points a, b ∈ H, corresponds to the
convex-valued curve of the form Gs(t) := (1 − t)A + tB, connecting two closed
convex sets A and B. Thus from the previous discussion it follows that this kind
of curves are not the proper choice to fill in the jumps of C(t) if we want to solve
problem (5)–(8), even if they are geodesics. In order to get the solution in the
sense of differential measure, we need to find another geodesic G(t) connecting
A and B with the property that any “initial” point a ∈ A is swept by G(t)
to its projection on B, in other words for any initial datum a ∈ A, the final
point of trajectory of the solution of the sweeping process driven by G(t) must
be ProjB(a). In this way we would recover the catching-up algorithm by means
of a continuous sweeping process and the reduction to the Lipschitz case would
work. The proper curve is given by G(t) := (A+Dtρ)∩ (B+D(1−t)ρ), where ρ is
the Hausdorff distance between A and B, and Dr is the closed ball with radius
r ≥ 0 and center 0.

The paper is organized as follows. In the next section we present some prelim-
inaries and in Section 3 we state the results on Lipschitz continuous sweeping
processes. The sweeping processes driven by the geodesic G(t) is studied in

Section 4, while in Section 5 we define the reparametrization C̃(t) of a BV

convex-valued function C(t) by the arc length ℓC, where the jumps are filled in
by the geodesics of the form G(t). In the final section we reduce the BV sweep-
ing process (5)–(8) to the Lipschitz continuous case by means of the formula

C = C̃ ◦ ℓC. This formula also allows to recover the continuous dependence on
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the data and the convergence of the catching up algorithm.

2. Preliminaries

In this section we recall the main definitions and tools needed in the paper.
The set of integers greater than or equal to 1 will be denoted by N. Given an
interval I of the real line R, we say that a function f : I −→ R is increasing if
(f(t)− f(s))(t− s) ≥ 0 for every t, s ∈ I. If B(I) indicates the family of Borel
sets in I, µ : B(I) −→ [0,∞] is a measure, p ∈ [1,∞], and E is a Banach space,
then the space of E-valued functions which are p-integrable with respect to µ will
be denoted by L

p(I, µ;E) or simply by L
p(µ;E). As usual the set of locally p-

integrable functions is denoted by L
p
loc(I, µ;E). We do not identify two functions

which are equal µ-almost everywhere (µ-a.e.). For the theory of integration of
vector valued functions we refer, e.g., to [22, Chapter VI]. When µ = L 1, the
one dimensional Lebesgue measure, we write L

p(I;E) := L
p(I, µ;E).

2.1. Functions with values in a metric space

In this section we assume that

(X , d) is a complete metric space, (10)

where we admit that d is an extended metric, i.e. X is a set and

d : X × X −→ [0,∞]

satisfies the usual axioms of a distance, but may take on the value∞. The notion
of completeness remains unchanged and the topology induced by d is defined in
the usual way by means of the open balls Br(x0) := {x ∈ X : d(x, x0) < r}
for r > 0 and x0 ∈ X , so that it satisfies the first axiom of countability. The
general topological notions of interior, closure and boundary of a subset Y ⊆ X

will be respectively denoted by int(Y), cl(Y) and ∂Y . The underlying metric
d will always be clear from the context. If x ∈ X and Y ⊆ X , we also set
d(x,Y) := infy∈Y d(x, y).

If I ⊆ R is an interval and f ∈ XI , the space of X -valued functions defined on
I, then Cont(f) denotes the continuity set of f , and Discont(f) := IrCont(f).
For S ⊆ I we write Lip(f, S) := sup{d(f(s), f(t))/|t − s| : s, t ∈ S, s 6= t},
Lip(f) := Lip(f, I), the Lipschitz constant of f , and Lip(I;X) := {f ∈ XI :
Lip(f) < ∞}, the set of X-valued Lipschitz continuous functions on I. As usual
Liploc(I;X) := {f ∈ XI : Lip(f, J) < ∞ ∀J compact in I}. We recall now the
notion of BV function with values in a metric space (see, e.g., [4, 44]).

Definition 2.1. Given an interval I ⊆ R, a function u ∈ XI , and a subinterval
J ⊆ I, the (pointwise) variation of u on J is defined by

V(u, J) := sup

{
m∑

j=1

d(u(tj−1), u(tj)) : m ∈ N, tj ∈ J ∀j, t0 < · · · < tm

}
.
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If V(u, I) < ∞ we say that u is of bounded variation on I and we set BV(I;X) :=
{u ∈ XI : V(u, I) < ∞} and BV loc(I;X) := {u ∈ XI : V(u, J) <
∞ ∀J compact in I}.

It is well known that the completeness of X implies that every u ∈ BV(I;X)
admits one sided limits u(t−), u(t+) at every point t ∈ I, with the convention
that u(inf I−) := u(inf I) if inf I ∈ I, and that u(sup I+) := u(sup I) if sup I ∈
I. Moreover there exist u(−∞) := limt→−∞ u(t) and u(∞) := limt→∞ u(t). We
set

BV
l(I;X) := {u ∈ BV(I;X) : u(t−) = u(t) ∀t ∈ I},

BV
r(I;X) := {u ∈ BV(I;X) : u(t) = u(t+) ∀t ∈ I}.

Accordingly we set BV
l

loc(I;X) := {u ∈ BV loc(I;X) : u(t−) = u(t) ∀t ∈ I}
and BV

r

loc := {u ∈ BV loc(I;X) : u(t) = u(t+) ∀t ∈ I}. Clearly we have
Liploc(I;X) ⊆ BV loc(I;X).

In the next definition we introduce some natural metrics in BV(I;X).

Definition 2.2. For every u, v ∈ BV(I;X) and every interval J ⊆ I we set

d∞,J(u, v) := sup
t∈J

d(u(t), v(t)), (11)

dus,J(u, v) := d∞,J(u, v) + |V(u, J)− V(v, J)|. (12)

We set d∞ := d∞,I and dus := dus,I , which are called respectively uniform metric
on BV(I;X) and uniform strict metric on BV(I;X). We say that un → u
uniformly strictly on J if dus,J(un, u) → 0 as n → ∞. We say that un → u
locally uniformly strictly on I if dus,J(un, u) → 0 as n → ∞ for every interval J
compact in I.

Observe that the metric dus is the metric that fits with the convergence of the
catching up algorithm (cf. formula (29)). Of course d∞ is the distance inducing
the topology of uniform convergence. Now we recall the notion of geodesic.

Definition 2.3. Assume that x, y ∈ X and d(x, y) < ∞. A function g ∈
Lip([0, 1] ;X) is called a geodesic connecting x to y if g(0) = x, g(1) = y, and
V(g, [0, 1]) = d(x, y).

2.2. Hilbert spaces

Throughout the remainder of the paper we assume that
{
H is a real Hilbert space with inner product (x, y) 7−→ 〈x, y〉

‖x‖ := 〈x, x〉1/2,
(13)

and we endow H with the natural metric defined by d(x, y) := ‖x−y‖, x, y ∈ H.
We also use the notation

Dr := {x ∈ H : ‖x‖ ≤ r}, r ≥ 0.
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We set

CH := {K ⊆ H : K nonempty, closed and convex}.

If K ∈ CH and x ∈ H, then ProjK(x) is the projection on K, i.e. y = ProjK(x)
is the unique point such that d(x,K) = ‖x− y‖, and it is also characterized by
the fact that y ∈ K and satisfies the variational inequality

〈x− y, v − y〉 ≤ 0 ∀v ∈ K.

If K ∈ CH and x ∈ K, then NK(x) denotes the (exterior) normal cone of K at
x:

NK(x) := {u ∈ H : 〈u, v − x〉 ≤ 0 ∀v ∈ K} = Proj−1
K (x)− x. (14)

It is well-known that if int(K) 6= ∅ and x ∈ ∂K, then NK(x) 6= {0} (see, e.g.,
[17, Proposition 2.11]). We endow the set CH with the Hausdorff distance. Here
is the definition.

Definition 2.4. The Hausdorff distance dH : CH ×CH −→ [0,∞] is defined by

dH (A,B) := max

{
sup
a∈A

d(a,B), sup
b∈B

d(b,A)

}
, A,B ⊆ CH.

For the proof of the following proposition see, e.g., [10, Theorem II-14, Section
II.3.14, p. 47] and [3, Lemma 3.71, Section 3.16, p. 110].

Proposition 2.5. The distance dH makes CH a complete metric space. If A,B ∈
CH then

dH (A,B) = inf{ρ > 0 : A ⊆ B +Dρ, B ⊆ A+Dρ},

where inf ∅ := ∞.

Now we recall the notion of subdifferential (cf. [5, Chapter 2]). If φ : H −→
[0,∞] is convex and lower semicontinuous and D(φ) := {x ∈ H : φ(x) 6=
∞} 6= ∅, then for x ∈ H the subdifferential of φ at x is defined by ∂φ(x) :=
{y ∈ H : 〈y, v − x〉 + φ(x) ≤ φ(v) ∀v ∈ H}. The domain of ∂φ is defined by
D(∂φ) := {x ∈ H : ∂φ(x) 6= ∅}. If K ∈ CH and IK, the indicator function of K,
is defined by IK(x) = 0 if x ∈ K and IK(x) = ∞ if x 6∈ K, then ∂IK(x) = NK(x)
for every x ∈ D(IK) = D(∂IK) = K.

2.3. Differential measures

Let I ⊆ R be an interval and let E be a Banach space with norm ‖ · ‖E and
let Bc(I) be the family of precompact Borel subsets of I. We recall that a
(Borel) vector measure on I is a map µ : Bc(I) −→ E such that µ(

⋃∞

n=1Bn) =∑∞

n=1 µ(Bn) whenever (Bn) is a sequence of mutually disjoint sets in Bc(I)
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and
⋃∞

n=1Bn ∈ Bc(I). The total variation of µ is the positive measure
µ :

B(I) −→ [0,∞] defined by

µ(B)

:= sup

{
∞∑

n=1

‖µ(Bn)‖E : B =

∞⋃

n=1

Bn, Bn ∈ Bc(I), Bh ∩Bk = ∅ if h 6= k

}
.

The vector measure µ is said to be with bounded variation if
µ(I) < ∞.

Finally we say that µ is with local bounded variation if
µ(J) < ∞ for every

interval J compact in I (see, e.g., [12, Chapter I, Section 3.]).

Let E j, j = 1, 2, 3, be Banach spaces with norms ‖·‖E j
and let E1×E2 −→ E3 :

(x1, x2) 7−→ x1 • x2 be a bilinear form such that ‖x1 • x2‖E3 ≤ ‖x1‖E1‖x2‖E2 for
every xj ∈ E j, j = 1, 2. Assume that µ : Bc(I) −→ E2 is a vector measure with
local bounded variation and let f : I −→ E1 be a step map with respect to µ,
i.e. there exist f1, . . . , fm ∈ E1 and A1, . . . , Am ∈ Bc(I) mutually disjoint such
that

µ(Aj) < ∞ for every j and

f =

m∑

j=1

1Aj
fj,

where 1S is the characteristic function of a set S, i.e. 1S(x) := 1 if x ∈ S and
1S(x) := 0 if x 6∈ S. For such f we define

∫

I

f • dµ :=
m∑

j=1

fj • µ(Aj) ∈ E3.

If St(
µ;E1) is the set of E1-valued maps with respect to µ, then the map

St(
µ;E1) −→ E3 : f 7−→

∫
I
f •dµ is linear and continuous when St(

µ;E1)
is endowed with the L1-semimetric ‖f−g‖

L
1(
µ

;E1) :=
∫
I
‖f−g‖E1 d

µ. There-
fore it admits a unique continuous extension Iµ : L1(

µ;E1) −→ E3 and we
set ∫

I

f • dµ := Iµ(f), f ∈ L
1(
µ;E1).

As usual
∫
S
f • dµ :=

∫
I
1Sf • dµ for every S ∈ B(I). We will use the previous

integral in two particular cases, namely when

a) E1 = R, E2 = E3 = H, λ • x := λx (
∫
I
f • dµ =

∫
I
f dµ, integral of a real

function with respect to a vector measure);

b) E1 = E2 = H, E3 = R, x1 • x2 := 〈x1, x2〉 (
∫
I
f • dµ =

∫
I
〈f, dµ〉, integral

of a vector function with respect to a vector measure).

The following proposition (cf. [12, Theorem 1, section III.17.2, p. 358]) provides
a connection between functions with bounded variation and vector measures.
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Theorem 2.6. If f ∈ BV loc(I;H) then there exists a unique vector measure
of local bounded variation µf : Bc(I) −→ H such that for every c, d ∈ I with
−∞ < c < d < ∞ we have

µf(]c, d[) = f(d−)− f(c+), µf([c, d]) = f(d+)− f(c−),

µf([c, d[) = f(d−)− f(c−), µf(]c, d]) = f(d+)− f(c+).

Moreover if f+ : I −→ H is defined by f+(t) := f(t+) if t ∈ int(I), f+(t) := f(t)
if t ∈ ∂I, then µf = µf+. Vice versa if µ : Bc(I) −→ H is a vector measure
with local bounded variation, if a ∈ I, and if fµ : I −→ H is defined by fµ(t) :=
µ([a, t]) if t ≥ a, fµ(t) := −µ([t, a]) if t < a, then fµ ∈ BV loc(I;H) and µfµ = µ.

The measure µf is called Lebesgue-Stieltjes measure or differential measure of
f . Like in the scalar case if I is right-open and f ∈ BV

r
loc(I;H) then µf = Df ,

the distributional derivative of f , i.e.

−

∫

I

ϕ′(t)f(t) dt =

∫

I

ϕ dDf ∀ϕ ∈ C
1
c(int(I))

(cf. [39, Section 2]). Let us also recall that if f ∈ Liploc(I;H) then there exists
the derivative f ′(t) for L 1-a.e. in t ∈ I and Df = f ′

L
1 (cf. [5, Appendix]).

Observe that the functional g 7−→
∫
I
〈f, dDg〉 is linear in the integrator function

g. In [39, Section A.4] we show that the integral with respect to Df coincides
with the Young integral with respect to f (cf. [19, Section 3]). Therefore from
[19, Corollary 3.15] we infer the following

Proposition 2.7. If f ∈ BV
r

loc(I;H), a, b ∈ I, and a < b < sup I, then

∫

[a,b]

〈f, dDf〉 =
1

2

(
‖f(b)‖2 − ‖f(a)‖2

)
+

1

2

∑

t∈[a,b]

‖f(t)− f(t−)‖2.

In [39, Lemma 6.4 and Theorem 6.1] it is also proved that

Proposition 2.8. Assume that I, J ⊆ R are right-open intervals, and that h :
I −→ J is increasing and right continuous.

(i) Dh(h−1(B)) = L 1(B) for every B ∈ B(h(Cont(h))).

(ii) If f ∈ Liploc(J ;H) and g : I −→ H is defined by

g(t) :=





f ′(h(t)) if t ∈ Cont(h)

f(h(t+))− f(h(t−))

h(t+)− h(t−)
if t ∈ Discont(h),

then f ◦ h ∈ BV loc(I;H) and D(f ◦ h) = gDh. This result holds even if f ′

is replaced by any of its L 1-representives.
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3. Review of sweeping processes

In this section we briefly review the main existence result for Lipschitz continu-
ous sweeping processes and we recall the definition of “catching-up” algorithm.
We aim to emphasize that the existence of solution of problem (1)–(3) can also
be proved by means of a regularization method with no use of discretization
procedures.

Problem 3.1. Let y0 ∈ H and C ∈ Liploc([0,∞[ ; CH) be given. One has to find
a function y ∈ Liploc([0,∞[ ;H) such that (1)–(3) hold. Such function y is called
solution of the sweeping processes with driving term C and initial condition y0.

The uniqueness of solutions of Problem 3.1 follows from the “monotonicity” of
the normal cone to a set K ∈ CH, that is

〈v1 − v2, x1 − x2〉 ≥ 0 ∀xj ∈ K, ∀vj ∈ NK(xj), j = 1, 2.

Indeed if y1, y2 are two solutions, then from (2) we get 0 ≥ 〈y′1(t)− y′2(t), y1(t)−
y2(t)〉 = (1/2)(d/ dt)‖y1(t)−y2(t)‖

2 for L 1-a.e. t ≥ 0, hence t 7−→ ‖y1(t)−y2(t)‖
2

is decreasing, and from (3) it follows that Problem 3.1 has at most one solution.
Concerning existence, we would like to emphasize that the solution of sweeping
processes can be obtained as a limit of continuously differentiable approximating
functions. As mentioned in the Introduction, this method was used by Moreau
in [29] by replacing the indicator function φt = IC(t) of C(t) by the Moreau-
Yosida approximation (4). It turns out (cf. e.g. [5, Section 2.8, p. 46]) that the
normal cone NC(t)(x) = ∂IC(t) is replaced by its Yosida approximation

(NC(t))λ(x) = ∂(IC(t))λ =
1

λ

(
x− ProjC(t)(x)

)
, x ∈ H, (14)

where λ > 0. Therefore the regularized problem consists in searching for a
function yλ ∈ C

1([0,∞[ ;H) such that

y′λ(t) +
1

λ

(
yλ(t)− ProjC(t)(yλ(t))

)
= 0 ∀t ≥ 0, (15)

yλ(0) = ProjC(0)(y0). (16)

The map defined by (14) is clearly Lipschitz continuous in the variable x ∈ H,
and Moreau proved (cf. [33, formula 2.17]) that it is also continuous in time,
therefore standard results in ordinary differential equations imply that there is
a unique solution to (15)–(16). By proving further time regularity properties of
t 7−→ (NC(t))λ(yλ(t)), he was able to deduce enough a priori estimates allowing
to prove the following existence theorem for Problem 3.1.

Theorem 3.2. Assume that C ∈ Liploc([0,∞[ ;CH) and y0 ∈ H. Then there
exists a unique S(C) := S(C, y0) := y ∈ Liploc([0,∞[ ;H) such that

y(t) ∈ C(t) ∀t ∈ [0,∞[ , (17)

y′(t) +NC(t)(y(t)) ∋ 0 for L 1-a.e. t ∈ [0,∞[, (18)

y(0) = ProjC(0)(y0). (19)
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Moreover

Lip(y, [0, t]) ≤ Lip(C, [0, t]) ∀t > 0. (20)

If yλ ∈ C
1([0,∞[ ;H) is the unique function satisfying (15)–(16), then yλ → y

locally uniformly in [0,∞[ as λ ց 0.

Thanks to Theorem 3.2 we can define the solution operator

S = S(·, y0) : Liploc([0,∞[ ;CH) −→ Liploc([0,∞[ ;H) (21)

assigning to every C ∈ Liploc([0,∞[ ;CH) the unique function S(C) := S(C, y0) :=
y satisfying (17)–(19). We will often omit the dependence on the initial datum
y0 if no confusion may arise. This operator has the semigroup property

S(C, y0)(t) = S(C(· + s), S(C, y0)(s))(t− s) ∀t, s, 0 ≤ s < t. (22)

Definition 3.3. If y0 ∈ H and C ∈ Lip([0, T ] ;CH) for some T > 0, then
we say that y is a solution of the sweeping process with driving term C and
initial condition y0 if it is the restriction to [0, T ] of the solution of the sweeping
process with initial condition y0 and driving term CT ∈ Lip([0,∞[ ;CH) defined
by CT (t) := C(t) if t ∈ [0, T ] and CT (t) := C(T ) if t > T .

From (17)–(20) one can derive the following continuous dependence result (see
[21, Theorem 4]).

Theorem 3.4. Assume that C1, C2 ∈ Liploc([0,∞[ ;CH), y0,1, y0,2 ∈ H, and set
yk := S(Ck, y0,k), k = 1, 2. Then

‖y1(t)− y2(t)‖

≤ ‖y0,1 − y0,2‖ + 2 (Lip(C1, [0, t]) + Lip(C2, [0, t]))

∫ t

0

dH (C1(s), C2(s)) ds

for every t ≥ 0.

For non regular data C ∈ BV
r
loc([0,∞[ ;CH), the following notion of generalized

solution is introduced in [33].

Problem 3.5. Given C ∈ BV
r

loc([0,∞[ ;CH) and y0 ∈ H one has to find a
function y ∈ BV

r

loc([0,∞[ ;H) such that there exist a measure µ : B([0,∞[) −→
[0,∞] and a function w ∈ L

1
loc(µ;H) satisfying

Dy = wµ (23)

y(t) ∈ C(t) ∀t ∈ [0,∞[ , (24)

w(t) +NC(t)(y(t)) ∋ 0 for µ-a.e. t ∈ [0,∞[, (25)

y(0) = ProjC(0)(y0). (26)
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In [33] Moreau proved that Problem 3.5 has solutions by means of the so called
“catching-up algorithm”. It consists in choosing a sequence of subdivisions (tnm)
such that

0 = tn0 < · · · < tnm < · · · , lim
m→∞

tnm = ∞ ∀n ∈ N. (27)

Then we define Cn := [0,∞[ −→ CH by

Cn(t) := C(tnj−1) if t ∈
[
tnj−1, t

n
j

[
. (28)

If C ∈ BV
r

loc([0,∞[ ;CH) then it is possible to choose the sequence (tnm) such that
(cf. [33, formulas (1.11), (1.12)]) Cn → C locally uniformly strictly on [0,∞[, i.e.

dus,[c,d](Cn, C) → 0 as n → ∞, ∀c, d ≥ 0, c < d. (29)

Then one defines the local step function yn ∈ BV
r

loc([0,∞[ ;H) by

yn0 := y0, ynj := ProjC(tnj )(y
n
j−1) (30)

yn(t) := ynj if t ∈ [tnj−1, t
n
j [. (31)

In [33] it is proved that there exists y ∈ BV
r

loc([0,∞[ ;H) such that yn → y lo-
cally uniformly, and y is the unique solution of Problem 3.5. In the next sections
we will show a new procedure allowing to reduce Problem 3.5 directly to Problem
3.1. This reduction will be obtained by means of a suitable reparametrization
of the driving moving set C(t).

4. A particular sweeping process

In this section we find the solution of a particular sweeping process driven by a
curve G : [0, 1] −→ CH having the property that S(G, y0)(1) = ProjG(1)(y0) for
any initial datum y0 ∈ G(0). Before we need some simple technical lemmas.

Lemma 4.1. Assume that ρ > 0, K ∈ CH, and Kρ := K +Dρ. Then

(i) Kρ = {x ∈ H : ‖x− ProjK(x)‖ ≤ ρ} ∈ CH.

(ii) ∂Kρ = {x ∈ H : ‖x− ProjK(x)‖ = ρ}.

(iii) If y ∈ ∂Kρ and x = ProjK(y), then NKρ
(y) = {λ(y − x) : λ ≥ 0}.

Proof. The proofs of (i) and (ii) are straightforward. In order to show (iii),
observe that int(Kρ) 6= ∅, therefore NKρ

(y) 6= {0}. Take n ∈ NKρ
(y) with

‖n‖ = 1. Thus, since ‖y−x‖ = ρ and x+ ρn ∈ Kρ, we have 〈n, x+ ρn− y〉 ≤ 0,
which implies that 〈n−(y−x)/ρ, y−x〉 = 〈n, y−x〉−ρ ≥ 〈n, ρn〉−ρ = 0. On the
other hand by the Cauchy-Schwarz inequality we have 〈n− (y − x)/ρ, y − x〉 =
〈n, y − x〉 − ρ ≤ ‖n‖‖y − x‖ − ρ = 0. Thus we have shown that n = (y − x)/ρ
which implies that every vector of the normal cone NKρ

(y) is necessarily of the
form λ(y − x) for some λ ≥ 0.
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Lemma 4.2. Assume that Z,W ∈ CH and Z ∩ W 6= ∅. Then ∂(Z ∩ W) ⊆
∂Z ∪ ∂W and

x ∈ ∂Z ∩ int(W) =⇒ x ∈ ∂(Z ∩W), NZ∩W(x) = NZ(x).

Proof. The inclusions ∂(Z ∩ W) ⊆ ∂Z ∪ ∂W and ∂Z ∩ int(W) ⊆ ∂(Z ∩W)
obviously hold in any topological space, thus we address the statement about
the normal cones. It is easily seen that NZ(x) ⊆ NZ∩W(x), so let us consider
n ∈ NZ∩W(x), i.e. 〈n, v − x〉 ≤ 0 for every v ∈ Z ∩ W, and take z ∈ ZrW.
Then the segment joining z and x is contained in Z and, since x ∈ int(W), there
exists a point on this segment, say wλ := (1 − λ)z + λx with λ ∈ ]0, 1[ small
enough, such that wλ ∈ W. Therefore 〈n, z − x〉 = 〈n, wλ + λ(z − x) − x〉 =
〈n, wλ−x〉+λ〈n, z−x〉 ≤ λ〈n, z−x〉 which yields (1−λ)〈n, z−x〉 ≤ 0. Therefore
NZ∩W(x) ⊆ NZ(x) and we are done.

Lemma 4.3. If Z,W ∈ CH then Z ∩ (W +Dρ) ⊆ ((Z +Dρ) ∩W) +Dρ.

Proof. Take x ∈ Z ∩ (W + Dρ). Thus x ∈ Z and there exists w ∈ W such
that d(x, w) ≤ ρ. It follows that w ∈ (Z + Dρ) ∩ W and d(x, w) ≤ ρ, that is
x ∈ ((Z +Dρ) ∩W) +Dρ.

Now we can introduce the curve G. Let A,B ∈ CH be such that ρ := dH (A,B) <
∞ and let us define, for every t ∈ [0, 1], the following closed convex subset of H:

G(t) := G(A,B)(t) := (A+Dtρ) ∩ (B +D(1−t)ρ), t ∈ [0, 1] . (32)

In the remainder of this section we simply write G rather than G(A,B). Observe
that G(t) 6= ∅ for every t ∈ [0, 1], indeed, if a ∈ A and b = ProjB(a), then
‖b−a‖ ≤ ρ, hence xt = a+ t(b−a) = b+(1− t)(a−b) ∈ G(t) for every t ∈ [0, 1].
The CH-valued curve G can be found in [42] where A and B are assumed to be
compact sets of an arbitrary metric space, and it is shown a proof that G is a
geodesic. For the sake of completeness we prefer to provide a proof in a slightly
different form which makes use of convexity.

Proposition 4.4. Let A,B ∈ CH be such that ρ := dH (A,B) < ∞ and let
G : [0, 1] −→ CH be defined by (32). Then

dH (G(s),G(t)) = dH (A,B)|t− s| ∀s, t ∈ [0, 1] , (33)

i.e. G ∈ Lip([0, 1] ;CH) with Lip(G) = dH (A,B), and G is a geodesic connecting
A to B.

Proof. Let us suppose that s < t. Since ρ = dH (A,B) we have that A ⊆ B+Dρ
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and B ⊆ A+Dρ, hence G(0) = A and G(1) = B. Using Lemma 4.3 we get

G(s) = (A+Dsρ) ∩ (B +D(1−s)ρ)

= (A+Dsρ) ∩ (B +D(1−t)ρ +D(t−s)ρ)

⊆
[
(A+Dsρ +D(t−s)ρ) ∩ (B +D(1−t)ρ)

]
+D(t−s)ρ

=
[
(A+Dtρ) ∩ (B +D(1−t)ρ)

]
+D(t−s)ρ

= G(t) +D(t−s)ρ

and similarly

G(t) = (A+Dtρ) ∩ (B +D(1−t)ρ)

= (A+Dsρ +D(t−s)ρ) ∩ (B +D(1−t)ρ)

⊆
[
(A+Dsρ) ∩ (B +D(1−s)ρ)

]
+D(t−s)ρ

= G(s) +D(t−s)ρ.

Therefore
dH (G(s),G(t)) ≤ (t− s)ρ = (t− s)dH (A,B). (34)

In order to prove the opposite inequality, let us observe that by the triangle
inequality and by (34) we have

dH (A,B) ≤ dH (A,G(s)) + dH (G(s),G(t)) + dH (G(t),B)

≤ sdH (A,B) + dH (G(s),G(t)) + (1− t)dH (A,B)

hence (t− s)dH (A,B) ≤ dH (G(s),G(t)).

Lemma 4.5. Let A,B ∈ CH be such that ρ := dH (A,B) < ∞ and let G(A,B) =
G : [0, 1] −→ CH be defined by (32). If y0 ∈ A, then let t0 ∈ [0, 1] be the unique
number such that

‖y0 − ProjB(y0)‖ = (1− t0)ρ (35)

and define y ∈ Lip([0, 1] ;H) by

y(t) :=





y0 if t ∈ [0, t0[

y0 +
t− t0
1− t0

(ProjB(y0)− y0) if t ∈ [t0, 1[

ProjB(y0) if t = 1

. (36)

Then

y(t) ∈ G(A,B)(t) ∀t ∈ [0, 1] , (37)

y′(t) +NG(A,B)(t)(y(t)) ∋ 0 for L 1-a.e. t ∈ [0, 1], (38)

y(0) = ProjG(A,B)(0)
(y0) = y0, (39)

i.e. y is the unique solution of the sweeping process driven by G(A,B) with initial
condition y0 ∈ A.
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Proof. We use the notation Kρ := K + Dρ for K ∈ CH and ρ ≥ 0. Observe
that t0 ∈ [0, 1] is the unique number satisfying (35) because 0 ≤ d(y0,B) ≤ ρ. If
y0 ∈ B we have that t0 = 1, y(t) = y0 = ProjB(y0) ∈ G(t) and y′(t) = 0 for every
t ∈ [0, 1], and there is nothing to prove. Therefore we assume that y0 6∈ B, i.e.
t0 < 1, and from Lemma 4.1-(ii) and formula (35) we infer that

y0 ∈ ∂B(1−t)ρ ⇐⇒ t = t0, (40)

that is t0 is the unique time when ∂B(1−t)ρ meets y0. If t ∈ ]t0, 1] we have that

‖y(t)− ProjB(y0)‖ =
1− t

1− t0
‖y0 − ProjB(y0)‖ =

1− t

1− t0
(1− t0)ρ = (1− t)ρ,

therefore
y(t) ∈ ∂B(1−t)ρ ∀t ∈ [t0, 1] . (41)

On the other hand thanks to Lemma 4.1-(i) we have

d(y0, ∂Atρ) ≥ tρ ∀t ∈ [0, 1] , (42)

hence

y(t) = y0 +
t− t0
1− t0

(ProjB(y0)− y0) ∈ int(Atρ) ∀t ∈ ]t0, 1] . (43)

Now observe that, as

∂G(t) ⊆ ∂Atρ ∪ ∂B(1−t)ρ ∀t ∈ [0, 1] , (44)

we have that y0 ∈ int(G(t)) for every t ∈ ]0, t0[, and from (41), (43), and Lemma
4.2 we infer that

y(t) ∈ ∂G(t) ∀t ∈ [t0, 1[

and
NG(t)(y(t)) = NB(1−t)ρ

(y(t)) ∀t ∈ [t0, 1[ . (45)

Therefore, since

y′(t) =




0 if t ∈ ]0, t0[

1

1− t0
(ProjB(y0)− y0) if t ∈ ]t0, 1[,

we infer from (45) and from Lemma 4.1-(iii) that y′(t) ∈ NG(t)(y(t)) for every
t ∈ ]0, 1[r{t0}.

We conclude this section with a uniform bound for the distance between two
geodesics of form G(A,B). Before we need the following

Lemma 4.6. If A,B ∈ CH and ρ := dH (A,B) < ∞, then dH (A + Dtρ,B +
D(1−t)ρ) = max{2tρ, 2(1− t)ρ}.
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Proof. The conclusion follows from the fact that ρ := dH (A,B) is the minimal
number such that the following inclusions hold:

A+Dtρ ⊆ B +Dρ +Dtρ = B +D(1−t)ρ +D2tρ,

B +D(1−t)ρ ⊆ A+Dρ +D(1−t)ρ = A+Dtρ +D2(1−t)ρ.

Proposition 4.7. Assume that A,B ∈ CH, 0 < dH (A,B) < ∞, and ε ∈
]0, dH (A,B)/8[. If Aε,Bε ∈ CH, dH (A

ε,A) < ε, and dH (B
ε,B) < ε, then

dH

(
G(Aε,Bε)(t),G(A,B)(t)

)
< 3ε ∀t ∈ [0, 1] .

Proof. For simplicity we set G := G(A,B) and Gε := G(Aε,Bε). We also set

ρ := dH (A,B), ρε := dH (A
ε,Bε),

and

ρt := dH (A+Dtρ,B +D(1−t)ρ), ρε,t := dH (A
ε +Dtρε ,B

ε +D(1−t)ρε)

for t ∈ [0, 1]. From Lemma 4.6 we infer that

ρ ≤ ρt ≤ 2ρ, ρε ≤ ρε,t ≤ 2ρε (46)

for every t ∈ [0, 1], and from the triangle inequality for dH we get that |ρε−ρ| ≤
2ε, which easily yields

dH (Dtρε , Dtρ) ≤ t|ρε − ρ| ≤ 2tε ≤ 2ε ∀t ∈ [0, 1] (47)

so that 3ε < ρ− 5ε. Then from (47), (46), and (33) (with A, B, ρ, s, t replaced
by A+Dε, B +D(1−t)ρ, ρt, 0 and 3ε/ρt), we have, since 3ε < ρ− 5ε < ρ− 3ε,

Gε(t) = (Aε +Dtρε) ∩ (Bε +D(1−t)ρε)

⊆ (A+Dtρ +D3ε) ∩ (B +D(1−t)ρ +D3ε)

⊆ (A+Dtρ +D3ε) ∩ (B +D(1−t)ρ +Dρ−3ε)

⊆ (A+Dtρ +D3ε) ∩ (B +D(1−t)ρ +Dρt−3ε)

= (A+Dtρ +D(3ε/ρt)ρt) ∩ (B +D(1−t)ρ +D(1−3ε/ρt)ρt)

⊆
[
(A+Dtρ) ∩ (B +D(1−t)ρ)

]
+ ρtD3ε/ρt = G(t) +D3ε. (48)

On the other hand, using the same arguments, since 3ε < ρ − 5ε < ρε − 3ε by
(47), we find

G(t) = (A+Dtρ) ∩ (B +D(1−t)ρ)

⊆ (Aε +Dtρε +D3ε) ∩ (Bε +D(1−t)ρε +D3ε)

⊆ (Aε +Dtρε +D3ε) ∩ (Bε +D(1−t)ρε +Dρ−5ε)

⊆ (Aε +Dtρε +D3ε) ∩ (Bε +D(1−t)ρε +Dρε−3ε)

⊆ (Aε +Dtρε +D3ε) ∩ (Bε +D(1−t)ρε +Dρε,t−3ε)

= (Aε +Dtρε +D(3ε/ρε,t)ρε,t) ∩ (Bε +D(1−t)ρε +D(1−3ε/ρε,t)ρε,t)

⊆
[
(Aε +Dtρε) ∩ (Bε +D(1−t)ρε)

]
+ ρε,tD3ε/ρε,t = Gε(t) +D3ε. (49)

We conclude by collecting (48) and (49).
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Corollary 4.8. Assume that A,B,An,Bn ∈ CH for every n ∈ N, and An → A,
Bn → B as n → ∞. Then G(An,Bn) is uniformly convergent to G(A,B) as n → ∞.

Remark 4.9. The results on the intersection of moving convex sets contained in
[31] do not apply to the previous situation, indeed in general G(t) is unbounded
and/or with empty interior.

Remark 4.10. The curve G is not the only curve with the property that
S(G, y0)(1) = ProjB(y0) for every y0 ∈ A. It is not hard to prove that another
example is provided by

F(t) :=

{
(1− 2t)A+ 2tBρ if t ∈ [0, 1/2[

2(1− t)Bρ + (2t− 1)B if t ∈ [1/2, 1].
(50)

This is not a geodesic connecting A and B, and is not useful in order to prove
next Proposition 6.3. However it is a geodesic for the asymmetric distance
ρ = e(A,B) := supa∈A d(a,B), therefore it suits well for the analysis of the
sweeping process driven by a moving convex set with local bounded retraction
(cf. [30, 33]).

5. “Catching-up” reparametrization

Now we introduce the reparametrization by the arc length of a BV function
with values in a metric space X . The novelty with respect to other approaches
is that we fill in the jumps of the function with curves chosen in a prescribed
family of geodesics G . We also prove some convergence results on sequences of
reparametrizations. Assume that (10) holds and set

F := {(x, y) ∈ X ×X : 0 < d(x, y) < ∞}. (51)

Proposition 5.1. If u ∈ BV
r

loc([0,∞[ ;X), let ℓu : [0,∞[ −→ [0,∞[ be defined
by

ℓu(t) := V(u, [0, t]), t ∈ [0,∞[ .

(i) We have Discont(u) = Discont(ℓu) and there is a unique U : ℓu([0,∞[) −→
X such that

u = U ◦ ℓu. (52)

Moreover Lip(U) ≤ 1.

(ii) Let F be given by (51), and let G = (g(x,y))(x,y)∈F be a family in Lip([0, 1];X)
such that g(x,y)(0) = x and g(x,y)(1) = y. If ũ : [0,∞[ −→ X is defined by

ũ(σ) :=





U(σ) if σ ∈ ℓu(Cont(u))

g(u(t−),u(t))

(
σ − ℓu(t−)

ℓu(t)− ℓu(t−)

)
if σ ∈ [ℓu(t−), ℓu(t)],

t ∈ Discont(u),

(53)

and by ũ(σ) := u(∞) if sup ℓu([0,∞[) ≤ σ < ∞, then ũ ∈ Lip([0,∞[ ;X),

u = ũ ◦ ℓu, (54)
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and

ũ([0,∞[) = u([a,∞[)
⋃


 ⋃

t∈Discont(u)

g(u(t−),u(t))([0, 1])




= ũ(ℓu([0,∞[))
⋃


 ⋃

t∈Discont(u)

g(ũ(ℓu(t−)),ũ(ℓu(t)))([0, 1])


 . (55)

Moreover, if g(x,y) is a geodesic connecting x to y for every (x, y) ∈ F ,
then Lip(ũ) = Lip(U) ≤ 1 and V(ũ, [0,∞[) = V(u, [0,∞[).

Proof. The proof of (i) follows the classical lines as in [13, Section 2.5.16, p.
109]. The statements in (ii) are a straighforward consequence of the fact that
g(u(t−),u(t)) is a geodesic connecting u(t−) = U(ℓu(t−)) to u(t) = U(ℓu(t)) for
every t ∈ Discont(u) = Discont(ℓu).

The arc length reparametrization of a continuous function of bounded variation
u is a classical argument. If u is not continuous, in [13, Section 2.5.16, p. 109]
the jumps are “filled in” with segments belonging to a Banach space where X is
embedded. However it seems that such procedure is not useful to our purposes.

Definition 5.2. Under the assumptions of Proposition 5.1, the function ũ de-
fined in (53) will be called arc length reparametrization of u associated with the
family G .

When X = CH and the family G is given by the geodesics (32), then the arc
length reparamerization of C ∈ BV

r
loc([0,∞[ ;CH) associated to (G(A,B)) will

be called “catching up” reparametrization, since it is essentially a continuous
version of the catching up algorithm (30)–(31).

Proposition 5.3. Let J ⊆ [0,∞[ be an interval. Assume that u, un ∈
BV

r

loc([0,∞[ ;X), V(u, J) < ∞, V(un, J) < ∞ for every n ∈ N, and dus,J(un, u)
→ 0 as n → ∞. Then ℓun

→ ℓu uniformly on J .

Proof. For simplicity we assume that 0 = inf J ∈ J (which is what we need),
but the proof clearly holds in the general case. Let ε > 0 and let K ⊆ J an
interval arbitrarily fixed. Then there are points infK ≤ t0 < · · · < tm ≤ supK
such that

V(u,K) < ε+

m∑

j=1

d(un(tj−1), un(tj)). (56)

Moreover there exists nε ∈ N (which does not depend on K) such that

sup
s∈J

d(u(s), un(s)) < ε/m, V(un, J) < V(u, J) + ε ∀n ≥ nε. (57)
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It follows that

V(u,K) < ε+
m∑

j=1

d(u(tj−1), u(tj))

≤ ε+
m∑

j=1

(
d(u(tj−1), un(tj−1)) + d(un(tj−1), un(tj)) + d(un(tj), u(tj))

)

≤ ε+
m∑

j=1

(
ε/m+ d(un(tj−1), un(tj)) + ε/m

)
≤ V(un, K) + 3ε.

Now fix an arbitrary t ∈ J and apply the previous inequality with K = Jr[0, t]
and K = [0, t]. We get

V(u, Jr[0, t]) < V(un, Jr[0, t]) + 3ε, (58)

V(u, [0, t]) < V(un, [0, t]) + 3ε. (59)

Therefore we also have

V(un, [0, t]) = V(un, J)−V(un, Jr[0, t])

< V(u, J) + ε+ 3ε− V(u, Jr[0, t])

= V(u, [0, t]) + 4ε,

i.e.
V(un, [0, t]) < V(u, [0, t]) + 4ε. (60)

Thus from (59)–(60) we get |ℓun
(t) − ℓu(t)| < 4ε whenever n ≥ nε, and we are

done.

The assumption on G in the next proposition is an abstract version of the thesis
of Proposition 4.7.

Proposition 5.4. Assume that G = (g(x,y))(x,y)∈F is a family of geodesics in
Lip([0, 1] ;X) connecting x to y for every (x, y) ∈ F , and it satisfies the following
property:

∀ε > 0 ∃δ > 0 :

0 < d(x, y) < ε,
xε, yε ∈ F,

max{d(x, xε), d(y, yε)} < δ



 =⇒ sup

σ∈[0,1]

d(g(xε,yε)(σ), g(x,y)(σ)) < ε.

If u, un ∈ BV
r

loc([0,∞[ ;X) for every n ∈ N and un → u locally uniformly strictly
on [0,∞[, then ũn → ũ locally uniformly strictly on [0,∞[.

Proof. First of all let us observe Lip(ũn) ≤ 1, thus (ũn) is equi-Lipschitz con-
tinuous on [0,∞[. Now let c, d ∈ R be such that 0 ≤ c < d < ∞ and let
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a, b ∈ [0,∞[ be such that c = ℓu(a), d = ℓu(b). Fix ε > 0 and let nε ∈ N be such
that supt∈[a,b] d(un(t), u(t)) < min{ε, δ} for all n ≥ nε. Therefore

un([a, b]) ⊆ {x ∈ X : d(x, u([a, b])) < ε} ∀n ≥ nε.

If t ∈ [a, b], the following three cases (a), (b), (c) can occur.

(a) Assume that t ∈ Discont(un) definitely, and t ∈ Cont(u).
Then limn→∞ un(t) = limn→∞ un(t−) = u(t) and we have

d(g(un(t−),un(t))(σ), u(t)) ≤ d(g(un(t−),un(t))(σ), un(t)) + d(un(t), u(t)) (61)

= (1− σ)d(un(t−), un(t)) + ε

≤ d(un(t−), u(t)) + d(u(t), un(t)) + ε

= d(un(t−), u(t−)) + d(u(t), un(t)) + ε ≤ 3ε.

(b) Assume that t ∈ Cont(un) frequently.
Then by standard uniform convergence arguments we have that t ∈
Cont(u), therefore d(un(t), u(t)) < ε for every n ∈ N such that t ∈
Cont(un). If nk is a subsequence of n such that t ∈ Discont(unk

) for
every k, then from (a) we infer that

d(g(unk
(t−),unk

(t))(σ), u(t)) < 3ε. (62)

(c) Assume that t ∈ Discont(un) definitely, and t ∈ Discont(u).
Then un(t−)→ u(t−) and un(t)→ u(t) as n → ∞, and d(un(t−), u(t−)) <
ε, d(un(t), u(t)) < ε for every n ≥ nε. We consider two subcases:
(c.1) If ε < d(u(t−), u(t)) then from the assumption on G we know that

sup
σ∈[0,1]

d(g(un(t−),un(t))(σ), g(u(t−),u(t))(σ)) < ε. (63)

(c.2) If ε ≥ d(u(t−), u(t)) then for every σ ∈ [0, 1] we have that

d(g(un(t−),un(t))(σ), u(t)) ≤ d(g(un(t−),un(t))(σ), un(t)) + d(un(t), u(t))

= d(un(t−), un(t))(1− σ) + ε (64)

≤ (d(u(t−), u(t)) + 2ε)(1− σ) + ε ≤ 4ε.

Taking into account (55), from (61)–(64) we infer that

ũn([c, d]) ⊆ {x ∈ X : d(x, ũ([c, d])) < ε} ∀n ≥ nε.

Thus, as ũ([c, d]) is compact, we can apply the generalized Arzelá-Ascoli theorem
and infer that, up to subsequences, there exists û ∈ Lip([c, d] ;X) such that
ũn → û uniformly on [c, d]. Since ℓun

→ ℓu uniformly on [a, b] by Proposition
5.3, taking the limit in the equality un = ũn ◦ ℓun

we get u = û ◦ ℓu, thus from
(54) we get ũ = û on ℓu([a, b]). If σ 6∈ ℓu([a, b]), then σ ∈ [ℓu(t−), ℓu(t)] for some
t ∈ Discont(u). Then, arguing as in (a), (b), (c), we get that t ∈ Discont(un)
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definitely, therefore un(t−) → u(t−) and un(t) → u(t) as n → ∞, and the
assumption on G implies that g(un(t−),un(t)) → g(u(t−),u(t)) uniformly on [0, 1].
Hence, thanks to Lemma 5.3, it follows that

ũn(σ) = g(un(t−),un(t))

(
σ − ℓun

(t−)

ℓun
(t)− ℓun

(t−)

)

→ g(u(t−),u(t))

(
σ − ℓu(t−)

ℓu(t)− ℓu(t−)

)
= ũ(σ)

as n → ∞ and we are done.

Now from Lemma 5.4 and Proposition 4.7 we infer the following

Corollary 5.5. Assume that C, Cn ∈ BV
r

loc([0,∞[ ;CH) and let C̃, C̃n be their
reparametrizations by the arc length associated with the family (G(A,B)). If Cn →

C locally uniformly strictly on [0,∞[, then C̃n → C̃ locally uniformly strictly on
[0,∞[.

6. BV sweeping processes: reduction to the Lipschitz case

In this section we provide a new proof of the existence and uniqueness of solutions
of BV sweeping processes. It consists in reducing to the Lipschitz continuous
case by means of the “catching-up” reparametrization technique shown in Sec-
tion 5. This reduction makes use of measure theory tools only, and shows that
BV sweeping processes are somehow a direct consequence of the regular case.
Let us set

F := {(A,B) ∈ CH : 0 < dH (A,B) < ∞}.

Theorem 6.1.Assume that C∈BV
r

loc([0,∞[ ;CH),y0∈H,and let (G(A,B))(A,B)∈F

be the family in Lip([0, 1] ;CH) defined by (32). Let ℓC and C̃ be respectively the
arc length and the arc length reparametrization of C associated with (G(A,B))F .

Then y := S(C̃) ◦ ℓC ∈ BV
r

loc([0,∞[ ;H) is the unique function such that there
exists a measure µ : B([0,∞[) −→ [0,∞] and a function w ∈ L

1
loc(µ;H) such

that

Dy = wµ, (65)

y(t) ∈ C(t) ∀t ∈ [0,∞[ , (66)

w(t) +NC(t)(y(t)) ∋ 0 for µ-a.e. t ∈ [0,∞[, (67)

y(0) = ProjC(0)(y0). (68)

We can take µ = DℓC, and w given by (69).

Proof. Let us begin with existence. Since C̃ ∈ Lip([0,∞[ ;H), by Theorem 3.2

we have that S(C̃) ∈ Liploc([0,∞[ ;H). Let us set

ŷ := S(C̃), y := S(C̃) ◦ ℓC,
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thus conditions (66) and (68) follow immediately from (17) and (19). If w :
[0,∞[ −→ H is defined by

w(t) :=





S(C̃)′(ℓC(t)) if t ∈ Cont(ℓC)

S(C̃)(ℓC(t))− S(C̃)(ℓC(t−))

ℓC(t)− ℓC(t−)
if t ∈ Discont(ℓC),

(69)

then, since ℓC is right continuous and increasing, from Proposition 2.8-(ii) we
infer that y ∈ BV

r

loc([0,∞[ ;H) and Dy = wDℓC, i.e. (65) holds with µ = DℓC.
Let us set

Z := {t ∈ [0,∞[ : −ŷ′(t) 6∈ N
C̃(t)(ŷ(t))}. (70)

From formula (18) we deduce that

L
1(Z) = 0,

therefore, thanks to Proposition 2.8-(i), we have that

DℓC({t ∈ Cont(ℓC) : −w(t) 6∈ NC(t)(y(t))})

= DℓC({t ∈ Cont(ℓC) : −ŷ′(ℓC(t)) 6∈ N
C̃(ℓC(t))

(ŷ(ℓC(t))})

= DℓC({t ∈ Cont(ℓC) : ℓC(t) ∈ Z}) = L 1(Z) = 0. (71)

Now let us fix t ∈ Discont(ℓC) and observe that if s ∈ [ℓC(t−), ℓC(t)] then C̃(s) =
G(C(t−),C(t))(s− ℓC(t−)/(ℓC(t)− ℓC(t−))). Hence the semigroup property (22) and

Lemma 4.5 imply that S(C̃)(ℓC(t)) = ProjC(t)(ŷ(ℓC(t−))), therefore

−w(t) =
S(C̃)(ℓC(t−))− S(C̃)(ℓC(t))

ℓC(t)− ℓC(t−)
=

ŷ(ℓC(t−))− ProjC(t)(ŷ(ℓC(t−)))

ℓC(t)− ℓC(t−)
.

It follows that−w(t)∈NC(t)(ProjC(t)(ŷ(ℓC(t−))))=NC(t)(ŷ(ℓC(t))))=NC(t)(y(t))),
hence from (70) and (71) we obtain

DℓC({t ∈ [0,∞[ : −w(t) 6∈ NC(t)(y(t))}) = 0, (72)

and (67) is proved with µ = DℓC. Concerning uniqueness, assume that y1 and
y2 are two solutions, and µj, wj are such that Dyj = wjµj, j = 1, 2. Then
〈wj(t), v − yj(t)〉 ≥ 0 for every v ∈ C(t) and for µj-a.e. t ∈ [0,∞[. We can take
v = yi, i 6= j and infer that

∫

[0,t]

〈wj(s), yi(s)− yj(s)〉 dµj(s) =

∫

[0,t]

〈yi(s)− yj(s), d(wjµj)(s)〉

=

∫

[0,t]

〈yi(s)− yj(s), dDyj(s)〉 ≥ 0
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hence, subtracting these inequalities for j = 1, 2 and using Proposition 2.7 we
get

0 ≥

∫

[0,t]

〈y1 − y2, dD(y1 − y2)〉 ≥ ‖y1(t)− y2(t)‖
2
H/2

for every t ≥ 0 and we are done.

The previous theorem defines the solution operator S of the BV sweeping process
defined in Problem 3.5

S = S(·, y0) : BV
r

loc([0,∞[ ;CH) −→ BV
r

loc([0,∞[ ;H) (73)

and we have the “representation formula”

S(C) = S(C̃) ◦ ℓC.

It is possible to check directly that the operator S actually extends the operator
S, indeed we have the following

Proposition 6.2. If C ∈ Liploc([0,∞[ ;CH) then y := S(C) = S(C̃) ◦ ℓC ∈
Liploc([0,∞[ ;H) is the unique solution of Problem 3.1, i.e. is the unique function
satisfying (1)–(3).

The proof can be found in [41, Proposition 3.2] where we deal with the continuous
case. From the Lipschitz continuous case we can also deduce the following
continuous dependence on the data.

Proposition 6.3. Assume that y0, y0,n ∈ H and C, Cn ∈ BV
r

loc([0,∞[ ;CH) for
every n ∈ N. If ‖y0,n − y0‖ → 0 and dus,[0,t](Cn, C) → 0 for every t > 0, then
d∞,[0,t](S(Cn, y0,n), S(C, y0)) → 0 for every t > 0.

Proof. From Theorem 3.4, estimate (20), and Proposition 5.1-(ii), we infer that
for every t ≥ 0

‖S(Cn, y0,n)(t)− S(C, y0)(t)‖

= ‖S(C̃n, y0,n)(ℓCn(t))− S(C̃, y0)(ℓC(t))‖

≤ ‖S(C̃n, y0,n)(ℓCn(t))− S(C̃n, y0,n)(ℓC(t))‖

+ ‖S(C̃n, y0,n)(ℓC(t))− S(C̃, y0)(ℓC(t))‖

≤ Lip(S(C̃n, y0,n), [0, t])|ℓC(t)− ℓCn(t)|+ ‖y0,n − y0‖ + 2(Lip(S(C̃, y0), [0, ℓC(t)])

+ Lip(S(C̃n, y0,n), [0, ℓC(t)]))

∫ ℓC(t)

0

dH (C̃(s), C̃n(s)) ds

≤ ‖y0,n − y0‖ + |ℓC(t)− ℓCn(t)|+ 2ℓC(t) sup
s∈[0,ℓC(t)]

dH (C̃(s), C̃n(s)).

The conclusion now follows Propositions 5.3 and Corollary 5.5
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We finally deduce the convergence of the catching-up algorithm.

Corollary 6.4. Assume that C∈BV
r

loc([0,∞[ ;CH) and let Cn∈BV
r

loc([0,∞[ ;CH)
be such that (27)–(29) hold for every n ∈ N. Then yn = S(Cn, y0,n) is given by
(30)–(31) and d∞,[0,t](S(Cn, y0,n), S(C, y0)) → 0 as n → ∞ for every t > 0.
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[30] J. J. Moreau: Multiapplications à retraction finie, Ann. Sc. Norm. Super. Pisa,
Cl. Sci., IV. Ser. 1 (1974) 169–203.

[31] J. J. Moreau: Intersection of moving convex sets in a normed space, Math. Scand.
36 (1975) 159–173.

[32] J. J. Moreau: Application of convex analysis to the treatment of elastoplastic sys-
tems, in: Applications of Methods of Functional Analysis to Problems in Mechan-
ics, P. Germain, B. Nayroles (eds.), Lecture Notes in Mathematics 503, Springer,
Berlin (1976) 56–89.



946 V. Recupero / Sweeping Processes

[33] J. J. Moreau: Evolution problem associated with a moving convex set in a Hilbert
space, J. Differ. Equations 26 (1977) 347–374.

[34] J. J. Moreau: An introduction to unilateral dynamics, in: Novel Approaches in
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