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1. Introduction

Jean Jacques Moreau introduced the sweeping processes in a series of articles
[26, 27, 28, 29, 32] which culminated in the celebrated paper [33], originating
a research that is still active. A sweeping process is an evolution differential
inclusion, and its most simple formulation can be described as follows. Let H be
a real Hilbert space and, for every positive time ¢, let C(t) be a given nonempty,
closed and convex subset of H such that the mapping t —— C(t) is locally
Lipschitz continuous when the family of closed subsets of H is endowed with
the Hausdorff metric. One has to find a locally Lipschitz continuous function
y : [0, 00 — H such that

y(t) € C(t) Vt e [0,00[, (1)
y'(t) + Ney(y(t)) 20 for £'-a.e. t € [0,00], (2)
y(0) = Proje (o) (%0), (3)

Yo being a prescribed point in H. Here £! is the Lebesgue measure, Proje (o)
denotes the projection operator on C(0), and Ne( is the exterior normal cone
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to C(t) at y(t) (all the precise definitions will be given in Section 2). When the
interior of C(t) is nonempty, the process defined by (1)—(3) has a nice and useful
geometrical-mechanical interpretation which we recall from [33]: “the moving
point y(¢) remains at rest as long as it happens to lie in the interior of C(¢); when
caught up with the boundary of the moving set, it can only proceed in an inward
normal direction, as if pushed by this boundary, so as to go on belonging to C(t)”.
Moreau was originally motivated by elastoplaticity and friction dynamics (cf.
[29, 32, 34]), but now sweeping processes have found applications to nonsmooth
mechanics (see [25]), to economics ([14, 11]), to electrical circuits (cf., e.g., [1, 6]),
to crowd motion modeling ([23]), and to other fields (see, e.g., the references in
the recent paper [2]).

Differential inclusion (2) can be seen as a time dependent gradient flow

Y () + 094 (y(t)) 30,

indeed Ngyy = 0¢', the subdifferential of the indicator function ¢' = I¢(,
defined by Iew(x) = 0 if o € C(t), Iew)(x) = oo otherwise. Problem (1)—(3) was
solved by Moreau by approximating ¢! by what is now called Moreau-Yosida
regularization:

1
tO o in [l — 12 1 At
Ox(x) = min <2A||y "+ ¢ (y)) , TEMN, (4)
where || - || is the norm of H and A > 0. The resulting equation y}(t) +

994 (ya(t)) = 0 admits a unique continuously differentiable solution satisfying
the initial condition (3), and in [26] it is proved that if A\ approaches 0, then y,
converges to a function y =: S(C) which uniquely solves (1)—(3).

If C(t) is not regular enough in time, for instance if the mapping t — C(t)
is of bounded variation, then one expects that the solution of any reasonable
generalized sweeping processes is of bounded variation, hence in general its (£!-
a.e.) pointwise derivative does not coincide with the distributional one, and
an alternative formulation has to be found. In [33] Moreau introduced the
following generalization of (2)—(3). If t — C(t) is right continuous and with
local bounded variation, one has to find a right continuous local BV function
y : [0,00[ — H such that there exist a positive measure p and a p-locally
integrable function w : [0, co] — H satisfying

Dy = wy, (5)

y(t) € C(t) Vte [0,00], (6)

w(t) + Newy(y(t)) 20 for p-a.e. t € [0, 00], (7)
y(0) = Proje (o) (%0), (8)

where Dy denotes the differential measure of y, that is its distributional deriva-
tive.
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Problem (5)—(8) is solved in [33] by means of the so called “catching-up algo-
rithm”. It consists in choosing a suitable sequence of subdivisions 0 = ¢} <
st < --- with ¢,, = 0o as m — 0o, and in defining the functions y,, by

Yo = PrOjC(O) (%o), ?/Jn = Pl"OjC(ty)(y;L—l),

yn(t) :=y; it et )]

In [33] it is proved that y, converges to a function y =: S.(C) of local bounded
variation which is exactly the solution of the sweeping process “in the sense of
differential measures”, i.e. such that (5)—(8) hold (the subscript . in S, stands
for “catching-up”). Then it is proved that for regular C(¢), the solution y solves
(5)—(8), so that S, is actually an extension of S.

Tha aim of the present paper is to solve the BV sweeping processes (5)—(8) by
reducing it to the Lispchitz continuous case (1)—(3). This method is based on
the observation that sweeping processes are rate independent. This means that
if S is the solution operator of the sweeping process, associating with a Lipschitz
C the solution y of (1)—(3), then we have

S(Coy)=5(C)oy (9)

for every Lipschitz continuous increasing reparametrization ~ of time. For the
theory of general rate independent operators we refer, e.g., to [15, 9, 17, 24, 43|,
and we remark that property (9) was already observed by J. J. Moreau in [33,
Proposition 2i], even if he did not use the term “rate independence”.

In particular we can reparametrize the rectifiable curve C(t) by the arc length
le(t) == V(C,[0,¢]), the variation of C on [0, ], so we find a Lipschitz continuous

C such that C = C o lc. This reparametrization method was used by Moreau in
[26, 29] in order to reduce to the Lipschitz continuous case the sweeping process
driven by an absolutely continuous moving set C(¢). Now, whatever generalized
BV-solution of problem (1)—(3) one may define, rate independence suggests that

its solution may be y = S(C) o £. We used this idea in [41] to deal with the case
of a continuous BV moving set C(¢) and, together with some measure theory
tools, we reduced the associated sweeping process to the classical Lipschitz case.

It is natural to try to extend this procedure to the case where C is a discontinuous
function of bounded variation. When we reparametrize a discontinuous BV
mapping C by the arc length /¢ we find a Lipschitz continuous function C which
is defined on the image £¢([0,00[) and such that C = C o fz. At this point we

need to extend the definition of C to the whole [0, 00|, in other words we have to
fill in the jumps of C. But it is not clear what kind of curve we have to choose to
connect two endpoints of a jump of C. In order to see which problems arise, let
us consider the special case C(t) := u(t) — Z, where Z is a fixed nonempty closed
convex set, and u : [0,00[ — H is a given function of bounded variation (cf.
[29, p. 294]). In this case we can restate problem (1)—(3) without any reference
to the Hausdorff distance, and the solution operator S can be rewritten as an
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operator P : u — y associating with u the solution y = S(u— Z). The operator
P is usually called “play operator” and is one the main building blocks of the
theory of hysteresis operators (see, e.g., the vectorial case in [15, 16, 17]).

Since we are now in a Hilbert setting, there is a canonical way to fill in the
jumps of u: it consists in choosing segments, which represent the shortest tra-
jectory. This natural possibility was observed in [19] and was analyzed in [39)],
where we defined u, to be the arc length reparametrization of v obtained by fill-
ing in the jumps with segments, and we proved that the operator P4 defined by
Ps(u) := P(us) 0¥, produces an extension of P having good continuity properties
(the subscript s in us and P, stands for “segments”). However in [39] a coun-
terexample shows that, if C(t) = u(t) — Z with u of bounded variation, then
the extension P,(u) is different from the solution P.(u) := S.(C) in the sense
of differential measures. They agree if H is the real line (cf. [38]), but when
H =R", with n > 2, they agree if and only if Z is a non obtuse polyhedron (see
[20]). In the continuous BV case there are no jumps and Pg and P. coincide (cf.
[36, 41]). This procedure is generalized in [35, 37, 39] for a large class of rate
independent operators: in the one dimensional case it unifies several extension
results presented in [43]; in the multidimensional case the extension by “filling
in the jumps” can be interpreted as an alternative model for some discontinuous
phenomena and it works for instance for the so called Mroz model (cf. [18, 7, 8]).

If we come back to the general framework of sweeping processes, a segment
gs(t) := (1 —t)a + tb, t € [0, 1], joining two points a,b € H, corresponds to the
convex-valued curve of the form G,(t) := (1 — t).A + tB, connecting two closed
convex sets A and B. Thus from the previous discussion it follows that this kind
of curves are not the proper choice to fill in the jumps of C(¢) if we want to solve
problem (5)—(8), even if they are geodesics. In order to get the solution in the
sense of differential measure, we need to find another geodesic G(t) connecting
A and B with the property that any “initial” point a € A is swept by G(t)
to its projection on B, in other words for any initial datum a € A, the final
point of trajectory of the solution of the sweeping process driven by G(¢) must
be Projz(a). In this way we would recover the catching-up algorithm by means
of a continuous sweeping process and the reduction to the Lipschitz case would
work. The proper curve is given by G(t) := (A+ Dy,) N (B+ D(1-y),), Where p is
the Hausdorff distance between A and B, and D, is the closed ball with radius
r > 0 and center 0.

The paper is organized as follows. In the next section we present some prelim-
inaries and in Section 3 we state the results on Lipschitz continuous sweeping
processes. The sweeping processes driven by the geodesic G(t) is studied in

Section 4, while in Section 5 we define the reparametrization C(t) of a BV
convex-valued function C(t) by the arc length ¢z, where the jumps are filled in
by the geodesics of the form G(¢). In the final section we reduce the BV sweep-
ing process (5)—(8) to the Lipschitz continuous case by means of the formula

C = C o (. This formula also allows to recover the continuous dependence on
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the data and the convergence of the catching up algorithm.

2. Preliminaries

In this section we recall the main definitions and tools needed in the paper.
The set of integers greater than or equal to 1 will be denoted by N. Given an
interval I of the real line R, we say that a function f : I — R is increasing if
(f(t) — f(s))(t—s) >0 for every t,s € I. If #(I) indicates the family of Borel
setsin I, u: B(1) — [0, 00] is a measure, p € [1, 00|, and E is a Banach space,
then the space of E-valued functions which are p-integrable with respect to p will
be denoted by LP(I, u; E) or simply by LP(u; E). As usual the set of locally p-
integrable functions is denoted by L (I, u; E). We do not identify two functions
which are equal p-almost everywhere (p-a.e.). For the theory of integration of
vector valued functions we refer, e.g., to [22, Chapter VI]. When y = 2!, the
one dimensional Lebesgue measure, we write LP(I; E) := LP(I, u; E).

2.1. Functions with values in a metric space

In this section we assume that
(X, d) is a complete metric space, (10)
where we admit that d is an extended metric, i.e. X is a set and
d: X x X — [0, 00]

satisfies the usual axioms of a distance, but may take on the value co. The notion
of completeness remains unchanged and the topology induced by d is defined in
the usual way by means of the open balls B,(zg) := {x € X : d(z,z9) < r}
for r > 0 and 2y € X, so that it satisfies the first axiom of countability. The
general topological notions of interior, closure and boundary of a subset Y C X
will be respectively denoted by int(Y), cl(Y) and 0Y. The underlying metric
d will always be clear from the context. If x € X and Y C X, we also set
d(z,Y) :=inf ey d(z,y).

If I C Ris an interval and f € X', the space of X-valued functions defined on
I, then Cont(f) denotes the continuity set of f, and Discont(f) := I~ Cont(f).
For S C I we write Lip(f,S) := sup{d(f(s), f(t))/|t —s| : s, t €S, s #t},
Lip(f) := Lip(f,I), the Lipschitz constant of f, and Lip([; X) := {f € X!
Lip(f) < oo}, the set of X-valued Lipschitz continuous functions on /. As usual
Lip,.(I; X) :={f € X! : Lip(f,J) < oo V.J compact in I}. We recall now the
notion of BV function with values in a metric space (see, e.g., [4, 44]).

Definition 2.1. Given an interval I C R, a function u € X!, and a subinterval
J C I, the (pointwise) variation of u on J is defined by

V(u, J) := sup {Z d(u(tj—1),u(t;)) : meN, t; € JVy, tp<--- < tm} .
j=1
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If V(u, I) < oo we say that u is of bounded variation on I and we set BV (I; X) :=
{u e X' V(u,I) < oo} and BV ([;X) == {u € X! : V(u,J) <
oo VJ compact in I}.

It is well known that the completeness of X implies that every u € BV([; X)
admits one sided limits u(t—), u(t+) at every point ¢t € I, with the convention
that u(inf I—) := u(inf I) if inf I € I, and that u(sup I+) := u(sup ) if sup [ €
I. Moreover there exist u(—o00) := lim;_,_ u(t) and u(oo) := lim;_, u(t). We
set

BVI(I; X) :={u € BV(I;X) : u(t—) =u(t) Vt € I},

BV'(I; X) :={ue BV([;X) : u(t) =u(t+) Vt € I'}.
Accordmgly we set BVi (I;X) := {u € BVioo(I; X) : u(t—) = u(t) Vt € I}

and BV . := {u € BV ([;X) : u(t) = u(t+) Vt € I}. Clearly we have
Lipy, (I; X) € BVige(I; X).

In the next definition we introduce some natural metrics in BV([; X).

Definition 2.2. For every u,v € BV([; X) and every interval J C I we set
Ao,y (u,v) = sup d(u(t), v(t)), (11)
ted

dys, s (u,v) == doo s(u,v) + | V(u, J) — V(v, J)|. (12)

We set do 1= doo r and dys := dys 1, Which are called respectively uniform metric
on BV(I;X) and uniform strict metric on BV(I;X). We say that u, — u
uniformly strictly on J it dys j(u,,u) — 0 as n — oco. We say that u, — u
locally uniformly strictly on I if dys j(u,,u) — 0 as n — oo for every interval J
compact in [.

Observe that the metric d,, is the metric that fits with the convergence of the
catching up algorithm (cf. formula (29)). Of course d, is the distance inducing
the topology of uniform convergence. Now we recall the notion of geodesic.

Definition 2.3. Assume that z,y € X and d(z,y) < oo. A function g €
Lip([0,1]; X) is called a geodesic connecting x to y if g(0) = =, g(1) = y, and
V(g,[0,1]) = d(z,y).

2.2. Hilbert spaces

Throughout the remainder of the paper we assume that

12 (13)

H is a real Hilbert space with inner product (x,y) — (z,y)
2] := (z,z)

and we endow H with the natural metric defined by d(z,y) := ||z —y||, z,y € H.
We also use the notation

D,:={zxeH : ||z <r}, r>0.
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We set
¢y = {K CH : K nonempty, closed and convex}.

If € € ¢y and © € H, then Proji(x) is the projection on K, i.e. y = Proj(x)
is the unique point such that d(x,K) = ||z — y/||, and it is also characterized by
the fact that y € K and satisfies the variational inequality

(r—y,v—y) <0 YveKk.

If £ € € and x € K, then Ni(x) denotes the (exterior) normal cone of K at
x:
Ni(z) :={ueH : {u,v—1) <0Vve€K}=Projc'(z) —z. (14)

It is well-known that if int(K) # @ and x € 9K, then N(z) # {0} (see, e.g.,
[17, Proposition 2.11]). We endow the set 6, with the Hausdorff distance. Here
is the definition.

Definition 2.4. The Hausdorff distance d,; : €y X €3 — [0, 00| is defined by

dy (A, B) := max {sup d(a, B),sup d(b, A)} , A BC Ey.

acA beB

For the proof of the following proposition see, e.g., [10, Theorem II-14, Section
11.3.14, p. 47] and [3, Lemma 3.71, Section 3.16, p. 110].

Proposition 2.5. The distance d,, makes €y a complete metric space. If A, B €
€y then

dy(A,B)=inf{p>0 : ACB+D, BCA+D,},
where inf @ := oo.

Now we recall the notion of subdifferential (cf. [5, Chapter 2]). If ¢ : H —
[0,00] is convex and lower semicontinuous and D(¢) := {x € H : ¢(x) #
oo} # &, then for x € H the subdifferential of ¢ at x is defined by d¢(z) :=
{yeH : (yv—1)+¢(z) < ¢(v) Vv € H}. The domain of 0¢ is defined by
D(0¢) :=={xz e H : 0p(x) # @}. If K € €3 and I, the indicator function of K,
is defined by Ix(x) =0 if z € K and Ix(x) = oo if x &€ K, then Olx(z) = Nx(z)
for every x € D(Ix) = D(01Ix) = K.

2.3. Differential measures

Let I C R be an interval and let E be a Banach space with norm || - [|g and
let A.(I) be the family of precompact Borel subsets of I. We recall that a
(Borel) vector measure on I is a map p : AB.(I) — E such that u(lJ>_, B,) =
Yoo iw(By) whenever (B,) is a sequence of mutually disjoint sets in Z.(I)
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and |J,~, B, € B.(I). The total variation of pu is the positive measure || :
AB(I) — [0, 00| defined by

|l (B)
= sup{ZH,u e+ B=|]JBn Bn€ B, BhﬁBkzzifh;ék:}.

n=1

The vector measure p is said to be with bounded variation if |p] (I) < oo.
Finally we say that p is with local bounded variation if || (J) < oo for every
interval J compact in I (see, e.g., [12, Chapter I, Section 3.]).

Let E;, j = 1,2, 3, be Banach spaces with norms ||- ||g, and let £y x E; — Ej :
(x1,22) — 1 ® x5 be a bilinear form such that ||z;  xs||g, < |21 g, || 72| £, for
every x; € E;, j = 1,2. Assume that p: #.(I) — E; is a vector measure with
local bounded variation and let f : I — E; be a step map with respect to u,
i.e. there exist fi,..., fn € E1 and Ay, ..., A, € B.(I) mutually disjoint such
that |p] (A4;) < oo for every j and

= Z]lAjfj>
=1

where 1g is the characteristic function of a set S, i.e. 1g(x) :=1if x € S and
1s(z) :==01if € S. For such f we define

/f dN—ZfJ‘/i ) € E3.

It St(|,u| ;E1) is the set of Ej-valued maps with respect to p, then the map
St(|pl; E1) — Es: f|—>flfod,u is linear and continuous when St (| x| ; E1)
is endowed with the L'-semimetric || f— 9l uren = S 1 f=glle, d 1] There-

fore it admits a unique continuous extension |, : (|u| :E1) — E3 and we
set

/Ifodu =), FeL'(ul:E).

As usual [ fedu:= [,1sfedpu for every S € A(I). We will use the previous

integral in two particular cases, namely when

a) E1 =R, E;=E;=H,Aex:=Xx ([, fedu= [, fdu, integral of a real
function with respect to a vector measure)

b) Ey=E; =M, E3 =R, z; ez := (v1,22) ([, fedp = [,(f dp), integral
of a Vector function with respect to a vector measure).

The following proposition (cf. [12, Theorem 1, section I11.17.2, p. 358]) provides
a connection between functions with bounded variation and vector measures.
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Theorem 2.6. If f € BV\,.(I;H) then there exists a unique vector measure
of local bounded variation py : B.(I) — H such that for every c,d € I with
—00 < ¢ < d< oo we have

ppled) = fld=) = flet),  pylle.d]) = fld+) = fle—),
pplle,dl) = fld=) = fle=),  py(led]) = fld+) = flet).

Moreover if fo : I — H is defined by f.(t) := f(t+) ift € int(I), fi(t) := f(t)
if t € OI, then py = py, . Vice versa if p: B.(l) — H is a vector measure
with local bounded variation, if a € I, and if f, : I — H is defined by f,(t) ==

p(la,t]) ift > a, fu(t) == —p([t,a]) ift <a, then f, € BVioo(I;H) and iy, = pu.

The measure iy is called Lebesque-Stieltjes measure or differential measure of
f. Like in the scalar case if I is right-open and f € BV} (I;H) then puy = Df,
the distributional derivative of f, i.e.

—/Igpl(t)f(t)dt = /Isode Y € Cy(int(1))

(cf. [39, Section 2]). Let us also recall that if f € Lip,,.(I;H) then there exists
the derivative f'(t) for £'-a.e. in t € I and Df = f'r* (cf. [5, Appendix]).
Observe that the functional g — [,(f,dDg) is linear in the integrator function
g. In [39, Section A.4] we show that the integral with respect to Df coincides
with the Young integral with respect to f (cf. [19, Section 3]). Therefore from
[19, Corollary 3.15] we infer the following

Proposition 2.7. If f € BV .(I;H), a,be I, and a < b < sup I, then

/ (f.dDf) =
[a,b]

In [39, Lemma 6.4 and Theorem 6.1] it is also proved that

(LF @) =11 (a) Z 1/ (#) =)

teab]

N —

Proposition 2.8. Assume that I,J C R are right-open intervals, and that h :
I — J s increasing and right continuous.

(1)  Dh(h™*(B)) = £Y(B) for every B € #(h(Cont(h))).
(i) If f € Lipioo(J; H) and g : I — H is defined by

f'(h(t)) if t € Cont(h)

9(t) == q f(h(t+)) — f(h(t-))
h(t+) — h(t—)

if t € Discont(h),

then foh € BViyo(I;H) and D(f o h) = gDh. This result holds even if f’
is replaced by any of its £'-representives.
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3. Review of sweeping processes

In this section we briefly review the main existence result for Lipschitz continu-
ous sweeping processes and we recall the definition of “catching-up” algorithm.
We aim to emphasize that the existence of solution of problem (1)—(3) can also
be proved by means of a regularization method with no use of discretization
procedures.

Problem 3.1. Let yo € H and C € Lip,,.(]0,00[;Cyx) be given. One has to find
a function y € Lip,,.([0,00];H) such that (1)—~(3) hold. Such functiony is called
solution of the sweeping processes with driving term C and initial condition .

The uniqueness of solutions of Problem 3.1 follows from the “monotonicity” of
the normal cone to a set K € %%, that is

(1 —wve, 1 —x2) >0 Vx; € K, Yv; € Ne(zy), j=1,2.

Indeed if 41, y2 are two solutions, then from (2) we get 0 > (v (t) —y5(t), y1(t) —
y2(t)) = (1/2)(d/ dt)[lys(t) —ya(t)||* for £'-a.e. £ > 0, hence t — [ly1(t) —y2(t) |
is decreasing, and from (3) it follows that Problem 3.1 has at most one solution.
Concerning existence, we would like to emphasize that the solution of sweeping
processes can be obtained as a limit of continuously differentiable approximating
functions. As mentioned in the Introduction, this method was used by Moreau
in [29] by replacing the indicator function ¢' = I¢yy of C(t) by the Moreau-
Yosida approximation (4). It turns out (cf. e.g. [5, Section 2.8, p. 46]) that the
normal cone N¢g)(x) = Olc) is replaced by its Yosida approximation

1 .
(NC(Q)A(.T) = 8([C(t)))\ = X (,’,U — Pl”OJC(t)(:L’)) y T &€ H, (14)
where A > 0. Therefore the regularized problem consists in searching for a
function yy € C*(]0, oo[ ; H) such that

Yi(t) + = (42(t) — Projeg (sn(£)) =0 Vit >0, (15)

A
yA(0) = Projeq) (0)- (16)

The map defined by (14) is clearly Lipschitz continuous in the variable = € H,
and Moreau proved (cf. [33, formula 2.17]) that it is also continuous in time,
therefore standard results in ordinary differential equations imply that there is
a unique solution to (15)—(16). By proving further time regularity properties of
t — (Newy)a(ya(t)), he was able to deduce enough a priori estimates allowing
to prove the following existence theorem for Problem 3.1.

Theorem 3.2. Assume that C € Lip,,.([0,00];%%) and yo € H. Then there
exists a unique S(C) := S(C, yo) :=y € Lipy,(]0,00];H) such that

y(t) € C(t) Vte [0,00], (17)

Y'(t) + Newy (y(t)) 20 for £'-a.e. t € [0, 00], (18)

y(0) = Proje (o) (%0)- (19)
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Moreover
Lip(y, [0,t]) < Lip(C, [0,]) V¢ > 0. (20)

If yx € C*([0,00[;H) is the unique function satisfying (15)-(16), then yy — y
locally uniformly in [0, 00] as A\ N\, 0.

Thanks to Theorem 3.2 we can define the solution operator
S= 5(7 yO) : Liploc([oa OO[ 7%7'{) — Liploc([()? OO[ ) H) (21)

assigning to every C € Lip,..([0, 00| ; %) the unique function S(C) := S(C, yo) :=
y satisfying (17)—(19). We will often omit the dependence on the initial datum
Yo if no confusion may arise. This operator has the semigroup property

S(C,y0)(t) =S(C(- + 5),S(C,y0)(s))(t —s) Vit,s, 0<s<H. (22)

Definition 3.3. If yp € H and C € Lip([0,7];%) for some T" > 0, then
we say that y is a solution of the sweeping process with driving term C and
initial condition yo if it is the restriction to [0, T of the solution of the sweeping
process with initial condition yo and driving term Cr € Lip([0, 0ol ; 6%) defined
by Cr(t) :=C(t)if t € [0,T] and Cr(t) :=C(T) if t > T.

From (17)—(20) one can derive the following continuous dependence result (see
[21, Theorem 4]).

Theorem 3.4. Assume that Cy,Cy € Lip,.([0,00[; Cx), Yo1.Yo2 € H, and set
Yr = S(Ck, Yor), k = 1,2. Then

11(8) = w2 (D)

< llyo1 = yozll +2 (Lip(Cy, [0, #]) + Lip(Cs, [O,t]))/o dy (C1(s),Ca(s)) ds

for everyt > 0.

T
loc

For non regular data C € BV
solution is introduced in [33].

Problem 3.5. Given C € BV] ([0,00];%3) and yo € H one has to find a
functiony € BV}, ([0,00[; H) such that there exist a measure p = B([0, 00[) —

[0,00] and a function w € Ly, (u; H) satisfying

([0, 00 ; €3 ), the following notion of generalized

Dy = wpu (23)

y(t) € C(t) Vte [0,00], (24)

w(t) + New (y(t)) 20 for p-a.e. t € [0,00], (25)
y(0) = Proje (o) (%0)- (26)
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In [33] Moreau proved that Problem 3.5 has solutions by means of the so called
“catching-up algorithm”. It consists in choosing a sequence of subdivisions (¢,)
such that

O=ti<--- <ty <---, lim ¢) =00 VneN. (27)

m—ro0
Then we define C,, := [0, co[ — @ by

Colt) :=C(t]_y) ifte [th ][ (28)

J=17g

If C € BV},.([0, 00[; %) then it is possible to choose the sequence (7, ) such that

loc

(cf. [33, formulas (1.11), (1.12)]) C,, — C locally uniformly strictly on [0, o], i.e.
dus,fe,q (Cn,C) = 0 asn — o0, Ve, d >0, ¢ < d. (29)

Then one defines the local step function y,, € BV] ([0, 00];H) by

loc

Yo = Yo, Yy = Projegn (i) (30)
ya(t) ==y ift € [t 7] (31)

In [33] it is proved that there exists y € BV, ([0, 00[; H) such that y, — y lo-
cally uniformly, and y is the unique solution of Problem 3.5. In the next sections
we will show a new procedure allowing to reduce Problem 3.5 directly to Problem
3.1. This reduction will be obtained by means of a suitable reparametrization

of the driving moving set C(t).

4. A particular sweeping process

In this section we find the solution of a particular sweeping process driven by a
curve G : [0,1] — % having the property that S(G, yo)(1) = Projg(yo) for
any initial datum yy € G(0). Before we need some simple technical lemmas.

Lemma 4.1. Assume that p >0, K € €3, and K, := K+ D,. Then

(1) K,={veM : |z —Proje(z)|| <p} e Gy
(i) 0K, ={xeH : [lz—Proj(z)| = p}.
(1i) Ify € OK, and x = Projc(y), then Ni,(y) = {My—x) : A >0}.

Proof. The proofs of (i) and (ii) are straightforward. In order to show (i),
observe that int(K,) # @, therefore Ni (y) # {0}. Take n € Ng,(y) with
|n|| = 1. Thus, since |y —z|| = p and x4 pn € K,, we have (n,z+pn—y) <0,
which implies that (n—(y—=x)/p,y—z) = (n,y—x)—p > (n, pn) —p = 0. On the
other hand by the Cauchy-Schwarz inequality we have (n — (y — z)/p,y — x) =
(n,y —x) — p < |In|||ly — z|]| — p = 0. Thus we have shown that n = (y — x)/p
which implies that every vector of the normal cone N, (y) is necessarily of the
form A\(y — z) for some A > 0. O
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Lemma 4.2. Assume that Z, 0V € €3 and ZNW # @. Then 0(ZNW) C
0Z U oW and

r €IJZN mt(W) - T € 6(2 N W), Ngmw(llf) = NZ([L’)

Proof. The inclusions (Z N W) C 9Z UIOW and 9Z Nint(W) C 9(Z NW)
obviously hold in any topological space, thus we address the statement about
the normal cones. It is easily seen that Nz(z) C Nzmw(x), so let us consider
n € Nzaw(z), ie. (n,v —x) <0 for every v € ZNW, and take z € Z~W.
Then the segment joining z and x is contained in Z and, since x € int(W), there
exists a point on this segment, say wy = (1 — A\)z + Az with A € |0, 1[ small
enough, such that wy € W. Therefore (n,z —x) = (n,wy + ANz —z) —x) =
(n,wy—x)+An, z—z) < X(n, z—z) which yields (1—\)(n, z—z) < 0. Therefore
Nzew(z) € Nz(x) and we are done. O

Lemma 4.3. If ZW € 6y then Z0N W+ D,) C ((Z+D,)NW)+ D,.

Proof. Take x € ZN (W + D,). Thus z € Z and there exists w € W such
that d(z,w) < p. It follows that w € (Z + D,) N W and d(z,w) < p, that is
re((Z+D,)NW)+D,. O

Now we can introduce the curve G. Let A, B € € be such that p := d,; (A, B) <
oo and let us define, for every ¢ € [0, 1], the following closed convex subset of H:

G(t) = Gup(t) = (A+ D) N (B+ Da_y,), te[0,1]. (32)

In the remainder of this section we simply write G rather than G 4 ). Observe
that G(t) # @ for every t € [0,1], indeed, if a € A and b = Projgz(a), then
|lb—al| < p, hence zy = a+t(b—a) =b+(1—t)(a—b) € G(t) for every t € [0, 1].
The €y-valued curve G can be found in [42] where A and B are assumed to be
compact sets of an arbitrary metric space, and it is shown a proof that G is a
geodesic. For the sake of completeness we prefer to provide a proof in a slightly
different form which makes use of convexity.

Proposition 4.4. Let A, B € €y be such that p := d,(A,B) < oo and let
G : [0,1] — G be defined by (32). Then

Ay (G(5),G(1) = d (A, B)|t — 5| Vs, t€[0,1], (33)

i.e. G € Lip([0,1]; €x) with Lip(G) = dy (A, B), and G is a geodesic connecting
A to B.

Proof. Let us suppose that s < t. Since p = d,, (A, B) we have that A C B+D,
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and B C A+ D,, hence G(0) = A and G(1) = B. Using Lemma 4.3 we get
g(s) = (.A + Dsp) N (B + D(l—s)p)
= (A+ Dp) N (B+ Dy + Di—s)p)
(A+ Dsp+ D—g)p) N (B+ Da—yyp)] + D,

< [
[A+Dtp B+D1 t) ):| +D(t—s)p
g()‘l’Dts

and similarly

G(t) = (A+ Dy,) N (B + D))
= (A+ Dy, + Dy—g),) N (B+ Da—p,)

C [(A+ Dsp) N (B + Das))] + Diu—s)y
= G(5) + D),
Therefore
dy (G(5),G(1)) < (t—s)p=(t — 5)du (A, B). (34)

In order to prove the opposite inequality, let us observe that by the triangle
inequality and by (34) we have

du (A, B) < dur (A, G(s)) + di (G(s), G(1)) + du (G(1), B)
< sdy (A, B) + dy (G(s),G(t)) + (1 — t)dy (A, B)

hence (t — s)d, (A, B) < d,;(G(s),G(t)). O

Lemma 4.5. Let A, B € € be such that p := d,; (A, B) < oo and let Ga ) =
G : [0,1] — 63 be defined by (32). If yo € A, then let ty € [0, 1] be the unique
number such that

lyo — Projs(yo)|| = (1 —to)p (35)

and define y € Lip([0,1];H) by

Yo if t € [0,t0[
y(0)i= {0+ T (Prolis(n) =) i/t € [t 1] (36)
Projs(yo) ift=1
Then
y(t) € Gup(t) Vtel0,1], (37)
y'(t) + Nomw W) 20 for £'-a.e. t €10,1], (38)
y(0) = Projg(AB)(o)(yo) = Yo, (39)

i.e. y is the unique solution of the sweeping process driven by G4 py with initial
condition yy € A.
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Proof. We use the notation K, := K + D, for K € ¢ and p > 0. Observe
that ¢y € [0, 1] is the unique number satisfying (35) because 0 < d(yo, B) < p. If
Yo € B we have that to = 1, y(t) = yo = Projz(yo) € G(t) and y/(t) = 0 for every
t € [0,1], and there is nothing to prove. Therefore we assume that yo & B, i.e.
to < 1, and from Lemma 4.1-(ii) and formula (35) we infer that

Yo € 88(1_t),, <~ t =i, (40)

that is ¢ is the unique time when 0B _;), meets yo. If t € |t, 1] we have that

) —t i 1-—1¢
|y(t) — Projs(yo)ll = Yo — Projs(yo) | = (I—=to)p=(1—1t)p,
1—1 11—+t
therefore
y(t) c 88(1_t)p Vt S [to, 1] . (41)

On the other hand thanks to Lemma 4.1-(7) we have

d(yo, 0A,) > tp Vte[0,1], (42)
hence
() = 0+ T (Proji(un) — ) € int(Ay) VE€ Jio 1] (43)
Now observe that, as
OG(t) C OA, UdBy_y, Vtel[0.1], (44)

we have that yo € int(G(t)) for every ¢ € ]0, o[, and from (41), (43), and Lemma
4.2 we infer that

y(t) € 0G(t) Vt € [to, 1]

and
Ng (y(t)) = Np,_, (y(t)) Vit € [to, 1] (45)
Therefore, since
0 if £ € 0, o]
'(t) = 1
y'(t) T3 (Projs(so) = vo) i € Jto, 1]

we infer from (45) and from Lemma 4.1-(49) that /() € Ngw (y(t)) for every
S ]O,l[\{to} U

We conclude this section with a uniform bound for the distance between two
geodesics of form G4 ). Before we need the following

Lemma 4.6. If A,B € €y and p := d,(A,B) < oo, then dy(A+ Dy,, B +
D—y),) = max{2tp,2(1 — t)p}.
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Proof. The conclusion follows from the fact that p := d, (A, B) is the minimal
number such that the following inclusions hold:

A + Dtp Q B + Dp + Dtp - B + D(l—t)p + Dgtp,
B+ Dty €A+ D,+ Du—yp = A+ Dy, + Doii—y)p. [

Proposition 4.7. Assume that A,B € ¢y, 0 < dy(A,B) < oo, and € €
10,d, (A, B)/8]. If A, B° € €3, dyy (A%, A) < e, and d,, (B, B) < €, then

dy (Geas 5oy (), Gap)(t)) <3 Vtel0,1].

Proof. For simplicity we set G := G4 5) and G, := G4- 5-). We also set
pi=dy(AB),  pei=dy(AB),
and
pr = dy (A+ Dip, B+ D—p),), Peyt = dy (A° + Dy, B + D(1-),.)
for ¢t € [0,1]. From Lemma 4.6 we infer that
pP<p<2p,  pe<per <20 (46)

for every ¢ € [0, 1], and from the triangle inequality for d,, we get that |p. —p| <
2e, which easily yields

dy (Dyp.. Dyy) < tpe — p| < 2te <26 Ve [0,1] (47)

so that 3e < p — 5e. Then from (47), (46), and (33) (with A, B, p, s, t replaced

by A+ D., B+ Da—y),, pi, 0 and 3¢/p;), we have, since 3¢ < p — be < p — 3¢,
G=(t) = (A° + Dyp.) N (B° + Dia—)p. )

(A+ Dy + Ds.) N (B4 Da—yy, + Dse)

(A+ Dy, + Ds.) N (B+ Da—pyp + Dp3c)

(

= (

N 1N 1N

A+ Dy, + Ds.) N (B+ Da—yp + Dp,—3c)
A+ Dip+ De/pyp) 0V (B + Da—p + Da—s</pi)pi)

= [(A + Dy,) N (B + D(l—t)p)} + piDse/p, = G(t) + Dse. (48)

On the other hand, using the same arguments, since 3¢ < p — be < p. — 3¢ by
(47), we find

( ) A+ Dtp) (B + D(l—t)p)

‘l— Dtps ‘l— D3E) ﬂ BE + D(l—t)pg
A+ Dtpg + Dge) N (B° + D(l—t)pg + Dp_55)
) )

(

(A + Ds.)

(

(A°+ Dyp. + Ds.) N (B° 4+ Da—pyp. + Dp.—3c)
(

= (

(
(
( :
A+ Dy, + D3) N (B* + Datyp, + Dy —3¢)
A* + Dy, + D(3E/ps t)pe, ) N(B°+ D(l—t)ps + D(1—3€/Ps,t)Ps,t)
= [(Aa + Dyp.) N (B° + D(l—t)ps)} + petDsesp., = G=(t) + Ds-. (49)
We conclude by collecting (48) and (49). O

N 1N 1N 1N
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Corollary 4.8. Assume that A, B, A,, B, € €3 for everyn € N, and A, — A,
B, — B asn — oo. Then G4, B, ts uniformly convergent to G4 p) as n — 0.

Remark 4.9. The results on the intersection of moving convex sets contained in
[31] do not apply to the previous situation, indeed in general G(t) is unbounded
and/or with empty interior.

Remark 4.10. The curve G is not the only curve with the property that
S(G,y0)(1) = Projg(yo) for every yo € A. It is not hard to prove that another
example is provided by

(50)

F(t) = (1—2t)A+2tB, if ¢ € 0,1/2
T 20 -0B,+ (2t —1)B ifte[1/2,1].

This is not a geodesic connecting A and B, and is not useful in order to prove
next Proposition 6.3. However it is a geodesic for the asymmetric distance
p = e(A,B) := sup,c4d(a,B), therefore it suits well for the analysis of the
sweeping process driven by a moving convex set with local bounded retraction
(cf. [30, 33]).

5. “Catching-up” reparametrization

Now we introduce the reparametrization by the arc length of a BV function
with values in a metric space X. The novelty with respect to other approaches
is that we fill in the jumps of the function with curves chosen in a prescribed
family of geodesics ¢. We also prove some convergence results on sequences of
reparametrizations. Assume that (10) holds and set

F:={(zr,y) e XxX : 0<d(x,y) < oo}. (51)

Proposition 5.1. Ifu € BV (]0,00[; X), let £, : [0,00] — [0, 00] be defined
by
Cu(t) :=V(u,[0,t]), te][0,00].

(i)  We have Discont(u) = Discont(¢,) and there is a unique U : £,(]0, co[) —
X such that
u="Uol,. (52)

Moreover Lip(U) < 1.
(11) Let I be given by (51), and let G = (g(z,y)) (2,y)cF be a family in Lip([0, 1}; X)
such that g, (0) =z and g, (1) = y. Ifu: [0,00] — X is defined by
U(o) if o € £,(Cont(u))
0 — lu(t=) if o € [lu(t=), tu(t)],  (53)
Glut-).ut)) — .
Co(t) — £,(t—) t € Discont(u),
and by u(o) := u(o00) if sup £, ([0, 00[) < 0 < 00, then u € Lip([0, oo ; X),
u=1uol,, (54)

u(o) ==
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and

([0, 00[) = u([a, o) J U gweouw(0,1])

teDiscont (u)

= (,([0,00])) | U g@wenaeon(0.1) |- (55

teDiscont (u)

Moreover, if gz, s a geodesic connecting x to y for every (x,y) € F,
then Lip(u) = Lip(U) <1 and V(u, [0, 00[) = V(u, [0, ool).

Proof. The proof of (i) follows the classical lines as in [13, Section 2.5.16, p.
109]. The statements in (i7) are a straighforward consequence of the fact that
Gu(t—)u()) 15 a geodesic connecting u(t—) = U(ly(t—)) to u(t) = U(€,(t)) for
every t € Discont(u) = Discont(/,). O

The arc length reparametrization of a continuous function of bounded variation
w is a classical argument. If u is not continuous, in [13, Section 2.5.16, p. 109]
the jumps are “filled in” with segments belonging to a Banach space where X is
embedded. However it seems that such procedure is not useful to our purposes.

Definition 5.2. Under the assumptions of Proposition 5.1, the function u de-
fined in (53) will be called arc length reparametrization of u associated with the
family 4.

When X = %% and the family ¢ is given by the geodesics (32), then the arc
length reparamerization of C € BVj ([0, 00[;%%) associated to (Gap)) will
be called “catching up” reparametrization, since it is essentially a continuous
version of the catching up algorithm (30)—(31).

Proposition 5.3. Let J C [0,00] be an interval. Assume that u,u, €
BVi,.(]0,00[; X), V(u, J) < 0o, V(up, J) < 0o for everyn € N, and dys j(un, u)

loc

— 0 asn — oco. Then {,, — £, uniformly on J.

Proof. For simplicity we assume that 0 = inf J € J (which is what we need),
but the proof clearly holds in the general case. Let ¢ > 0 and let K C J an
interval arbitrarily fixed. Then there are points inf K <ty < --- <t,, <sup K
such that

Vi K) <2+ 3 dunlty 1), unhy)) (56)
j=1
Moreover there exists n. € N (which does not depend on K) such that

sup d(u(s), u,(s)) <e/m, V(un,J) < V(u,J)+e Vn > n.. (57)

sed
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It follows that

NE

V(u, K) <e+ d(u(tj—1),u(t;))

1

<.
Il

NE

VAN

e+ (dultion) wnt0)) + dlun(ti1) wn(t)) + d(ua(ty), u(t;)))

1

<.
Il

NE

IA

€+ (5/m+d(un(tj_1),un(tj)) —i—é/m) < V(uy,, K) + 3¢.

1

<.
Il

Now fix an arbitrary ¢ € J and apply the previous inequality with K = J\]0, t]
and K = [0,]. We get

V(u, J\1[0,t]) < V(un, JN[0,t]) + 3¢, (58)
V(u, [0,t]) < V(uy, [0,1]) + 3. (59)

Therefore we also have

V(tn, [0,t]) = V(un, J) — V(tp, J\[0,1])
<V(u,J)+¢e+3c—V(u, J\[0,1])
= V(u, [0,]) + 4e,
le.
V(tn, [0,t]) < V(u, [0,t]) + 4e. (60)
Thus from (59)—(60) we get |€,, (t) — €. ()| < 4¢ whenever n > n., and we are
done. O

The assumption on ¢ in the next proposition is an abstract version of the thesis
of Proposition 4.7.

Proposition 5.4. Assume that 9 = (g(zy)) @y)ecr 5 a family of geodesics in
Lip([0,1]; X) connecting = to y for every (z,y) € F, and it satisfies the following
property:

Ve>0d0>0 :
0 <d(z,y) <e,
x°,y° € F, = sup d(gey)(0), gay)(0)) < e.
max{d(z, 2%), d(y, y°)} <0 7elo

Ifu,u, € BV}, .([0,00[; X) for everyn € N and u,, — u locally uniformly strictly

loc
on [0,00[, then w, — wu locally uniformly strictly on [0, co|.

Proof. First of all let us observe Lip(w,) < 1, thus (u,) is equi-Lipschitz con-
tinuous on [0,00[. Now let ¢,d € R be such that 0 < ¢ < d < oo and let
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a,b € [0,00[ be such that ¢ = ¢,(a), d = ¢, (b). Fix e > 0 and let n. € N be such
that supe(, 5 d(un(t), u(t)) < min{e,d} for all n > n.. Therefore

un(la,b]) C{x e X : d(z,u([a,b])) <e} Vn>n..

If ¢t € [a,b], the following three cases (a), (b), (c¢) can occur.

(a) Assume that ¢ € Discont(u,) definitely, and ¢t € Cont(u).
Then lim,, o u,(t) = lim,, o u,(t—) = u(t) and we have

d(g(unt=)un ) (@), u(t)) < d(Glun(t=)ua (0 (0), un(t)) + d(un(t), u(t)) (61)
= (1= 0)d(u,(t—),u,(t)) + ¢
< d(un(t=), u(t)) + d(u(t), un(t)) + ¢
= d(u,(t—),u(t—)) + d(u(t), u,(t)) + & < 3e.

, U

, U

(b) Assume that ¢ € Cont(u,) frequently.
Then by standard uniform convergence arguments we have that ¢t €
Cont(u), therefore d(u,(t),u(t)) < e for every n € N such that t €
Cont(u,). If ng is a subsequence of n such that ¢ € Discont(u,,) for
every k, then from (a) we infer that

A(G(un, (t—)um, (1)) (), u(t)) < 3e. (62)

(¢) Assume that t € Discont(u,,) definitely, and ¢ € Discont(u).
Then u,(t—) — u(t—) and u,(t) = u(t) asn — oo, and d(u,(t—),u(t—)) <
g, d(uy,(t),u(t)) < e for every n > n.. We consider two subcases:
(c.1) If e < d(u(t—),u(t)) then from the assumption on ¢ we know that

Sl[JE)pl} A(Gun (t=),un () ()5 Ylut—) e (0)) < €. (63)
oe|0,

(c.2) If e > d(u(t—), u(t)) then for every o € [0, 1] we have that

A(G(un (t=),un () (0)5 (1)) < d(Glun (t=),0m (1)) (0)s un (1)) + d(un(t), u(t))
= d(un(t=), un(t))(1 —0) +¢ (64)
< (d(u(t=),u(t)) +2e)(1 — o) + € < 4e.

Taking into account (55), from (61)—(64) we infer that
un(le,d]) C{x e X : d(z,u([c,d])) <e} Vn>n..

Thus, as u([c, d]) is compact, we can apply the generalized Arzela-Ascoli theorem
and infer that, up to subsequences, there exists u € Lip([c,d]; X) such that
U, — u uniformly on |[¢,d]. Since ¢,, — ¢, uniformly on [a,b] by Proposition
5.3, taking the limit in the equality u, = u, o f,, we get u = u o {,, thus from
(54) we get u = w on £, ([a,b]). If o & £,([a,b]), then o € [€,(t—), £, (t)] for some
t € Discont(u). Then, arguing as in (a), (b), (c), we get that ¢ € Discont(u,,)
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definitely, therefore u,(t—) — wu(t—) and u,(t) — wu(t) as n — oo, and the
assumption on ¢ implies that g, @—)u.(t) — Gu(t—)u@) uniformly on [0, 1].
Hence, thanks to Lemma 5.3, it follows that

N o — gun(t_)
Un(0) = Glun(t-)un(t)) (gu (t) — 4, (t—))

o—l,(t—) .
= G(ult-).u(t) (m) = u(o)

as n — oo and we are done. O

Now from Lemma 5.4 and Proposition 4.7 we infer the following

Corollary 5.5. Assume that C,C,, € BV} .([0,00[;%%) and let C.C,, be their

loc
reparametrizations by the arc length associated with the family (Gag)). If Cn —
C locally uniformly strictly on [0, 00|, then C, —C locally uniformly strictly on
[0, 0o

6. BYV sweeping processes: reduction to the Lipschitz case

In this section we provide a new proof of the existence and uniqueness of solutions
of BV sweeping processes. It consists in reducing to the Lipschitz continuous
case by means of the “catching-up” reparametrization technique shown in Sec-
tion 5. This reduction makes use of measure theory tools only, and shows that
BV sweeping processes are somehow a direct consequence of the regular case.
Let us set

F ={(A,B)eby : 0<d,(A B) <o}
Theorem 6.1. Assume that C € BVy ([0, 00[; €x),y0 € H, and let (G aB))(AB)cs

loc

be the family in Lip([0,1];€%) defined by (32). Let ¢ and C be respectively the
arc length and the arc length reparametrization of C associated with (Gag))z.

Then y := S(C) o lc € BV, (]0,00[;H) is the unique function such that there
exists a measure ji : B([0,00[) — [0,00] and a function w € Li, (1; H) such
that

Dy = wp, (65)

y(t) e C(t) Vte [0,00], (66)

w(t) + New(y(t)) 20 for p-a.e. t € [0,00], (67)
y(0) = Proje o) (yo)- (68)

We can take = Dlc, and w given by (69).

Proof. Let us begin with existence. Since C € Lip([0,00[; H), by Theorem 3.2

we have that S(C) € Lip,..([0, 00[; H). Let us set

§:=5(C), y:=5(C)ole,
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thus conditions (66) and (68) follow immediately from (17) and (19). If w :
[0,00[ — H is defined by

S(CY (Le(t)) if t € Cont(£c)
w(t) =9 5(C)(te(t)) — SEC)(Le(t-)) . . (69)
1o () — le(i) if t € Discont(/c),

then, since /¢ is right continuous and increasing, from Proposition 2.8-(ii) we
infer that y € BV} (]0,00[;H) and Dy = wD/{¢, i.e. (65) holds with p = D/.
Let us set

Z:={te0,00] : —§(t) & Ngo (i(D)}. (70)

From formula (18) we deduce that

therefore, thanks to Proposition 2.8-(7), we have that

Délc({t € Cont(fc) : —w(t) & New(y(t)})
= Dle({t € Cont(le) : —§' (e(t)) & Nagoqy (G(le(t)})
= Dle({t € Cont(le) : le(t) € Z}) = £X(Z) = 0. (71)

Now let us fix ¢ € Discont(f¢) and observe that if s € [(e(t—), o(t)] then C(s) =
Giew—)cw) (s —Le(t—)/(le(t) —Le(t—))). Hence the semigroup property (22) and

Lemma 4.5 imply that S(C)({c(t)) = Projeq)(9(fe(t—))), therefore

—w(t) =

S(C)(le(t—)) —S(C)(Le(t))  (le(t=)) = Projeqy ((Le(t—)))
le(t) — Le(t—) B le(t) — Lle(t—) .

It follows that — () € Ne (Projeqy (3(le(t—)))) = Neg (7(¢e () = Neg (4())),
hence from (70) and (71) we obtain

Dle({t € 0,00 = —w(t) & New(y(t))}) =0, (72)

and (67) is proved with g = D{c. Concerning uniqueness, assume that y; and
Y2 are two solutions, and p;, w; are such that Dy; = w;u;, 7 = 1,2. Then
(w;(t),v —y;(t)) > 0 for every v € C(t) and for pj-a.e. t € [0, 00[. We can take
v =1;, © # j and infer that

/[0 {005 (5) — 300 s (5) = / (i) — w3 (5), d(wy11;)(5)

[0,2]
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hence, subtracting these inequalities for j = 1,2 and using Proposition 2.7 we
get

0> /[ = 0D~ ) Z 1(0) ~ (02

for every t > 0 and we are done. O

The previous theorem defines the solution operator S of the BV sweeping process
defined in Problem 3.5

S :g(?yo) : BV{OC([O?OO[ %H) — B loc([oaoo[;H) (73)
and we have the “representation formula”

S(C) =S(C) o L.

It is possible to check directly that the operator S actually extends the operator
S, indeed we have the following

Proposition 6.2. If C € Lip,.([0,00[;%%) then y = S(C) = S(C) ol €
Lipy. ([0, 00[ ; H) is the unique solution of Problem 3.1, i.e. is the unique function
satisfying (1)—(3).

The proof can be found in [41, Proposition 3.2] where we deal with the continuous
case. From the Lipschitz continuous case we can also deduce the following
continuous dependence on the data.

Proposition 6.3. Assume that yo, Y0, € H and C,C, € BV} .(]0,00];Cx) for
every n € N. If ||yon — Yol| — 0 and dys, O,t](Cn,C) — 0 for every t > 0, then
doo,[O,t}(S(Cm yO,n)> S(C> yO)) — 0 fOT every t>0.

Proof. From Theorem 3.4, estimate (20), and Proposition 5.1-(¢7), we infer that
for every t > 0

1S(Crs yo.n) () = S(C, 50) (1)]]
= [IS(Cns Yo.0) (Ce, (£)) = S(C, o) (£e(?))]
< [IS(Cas o) (bew (6)) = S(Cos o) (Le (1))
+ 11S(Cas yo.) (b () = S(C. o) (Le (D))
< Lip(S(Ca youn): [0, 1)) |€e(t) = Le, ()] + l[yom — yoll + 2(Lin(S(C, yo). [0, fe()])

Le(t) -

+ Lip(S(Cn, yo.n), [0, Le(1)])) dy (C(s),Cp(s)) ds

0

< lyon = yoll + 1e(t) = e, ()] +26e(t)  sup dye(C(s), Cals))-

s€[0,6c(t)]

The conclusion now follows Propositions 5.3 and Corollary 5.5 O
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We finally deduce the convergence of the catching-up algorithm.
Corollary 6.4. Assume that C € BV}, ([0, 00[; %) and let C,, € BV}, ([0, 00]; 6%)

loc loc

be such that (27)—(29) hold for every n € N. Then y,, = S(Cy, yo,n) 5 given by
(30)(31) and ds0,4(S(CnsYo,n), S(C,40)) = 0 as n — oo for every t > 0.

Acknowledgements. I would like to thank an anonymous referee for pointing out
that the proof of Lemma 4.1 was incomplete. She/he also showed me different proofs of
Lemmas 4.1-(4¢7) and 4.2: the first using the “Slater condition”, the second exploiting
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