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We are interested in Bernstein and Lévy measures having certain convexity-type properties.
We thoroughly investigate how the shape of these measures results in various properties of the
corresponding completely monotone and Bernstein functions. We hope that by understanding
these connections one would be able to shed more light on the several conjectures posed in [9].
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1. Introduction

The need for the current investigations emerged from the works [9] and [10].
These works described intriguing parallels between completely monotone func-
tions with harmonically convex measures and Bernstein functions, having Lévy
measures with harmonically concave tail. The connections with convex analysis,
the Coupon Collector’s Problem, Polay’s criterion for characteristic functions,
necessitate the need to better understand the structure of measures that either
have a harmonically convex cumulative distribution function or have a harmon-
ically concave tail. We hope that this work will contribute to the solution of the

*The second author was partially supported by the Natural Sciences and Engineering Research
Council (NSERC) of Canada.

ISSN 0944-6532 / $ 2.50 (© Heldermann Verlag



982 H. Sendov, S. Shan / Completely Monotone and Bernstein Functions ...

several open problems formulated in [9].

A non-negative function f(z) : (0,00) — [0,00) is called completely monotone,
if it is infinitely differentiable and

(=1)"f™(z) >0 forallz>0andn> 1.

A non-negative function g(z) : (0,00) — [0,00) is called Bernstein, if it is
infinitely differentiable and

(=1)" g™ (z) >0 forall x>0 andn > 1.

Completely monotone and Bernstein functions are classical objects with numer-
ous applications in areas ranging from complex analysis and monotone operator
theory to stochastic Lévy processes. As the well-known Bernstein representation
theorem shows that completely monotone functions are the Laplace transforms
of measures on [0, 00).

Theorem 1.1 (Bernstein). A function f(x) is completely monotone, if and
only if it is the Laplace transform of a unique Radon measure p on [0,00), that
18,

fe) = /[ ot

for all x > 0, while measure p is such that the above integral is finite for all
x> 0.

The measure p in the Bernstein representation theorem will be called Bernstein
measure.

The Bernstein functions are in one-to-one correspondence with the Laplace ex-
ponent of the subordinator Lévy processes. The monograph [8] is an excellent
introduction to the subject. The Lévy-Khintchine representation theorem char-
acterizes completely the Bernstein functions.

Theorem 1.2 (Lévy-Khintchine). A function g(x) is Bernstein, if and only
if it admaits the representation

g(z) =a+bx + /(0 )(1 — e " u(dt)

for some constants a,b > 0 and a Radon measure v on (0,00) which satisfies
the integrability condition

/ (1 A1) v(dt) < oo. (1)
(0,00)

The triplet (a,b,v) uniquely determines the Bernstein function g(x), and vice
versa.
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The measure v in this representation is usually called the Lévy measure of the
Bernstein function g(z), and (a,b,v) is called the Lévy triplet of g(z).

Clearly, if g(z) is a Bernstein function, then ¢'(x) is completely monotone, but
there are completely monotone functions that do not have a Bernstein primitive.
The following proposition clarifies this implication by characterizing completely
monotone functioins that have a Bernstein primitive.

Proposition 1.3 (Proposition 3.4 in [8]). Suppose f(x) is completely mono-
tone with measure . It has a primitive g(x), which is Bernstein, if and only if
the measure p satisfies

/(0 Lu(dt) < 00. (2)

o) L1

All measures considered in this paper are Radon measures. In particular, they
are o-finite and finite on compact sets, see [13, Definition 19.15]. The cumulative
distribution function for measure p on [0, c0) is denoted by

Fu(x) = pl0, =],

while the tail of measure v on (0, 00) is denoted by
v(x) = v(x,00).

These notions are used without further clarification. We say that a measure p
has a convexity property if the function F,(x) has that property. Similarly, we
say that the tail of a measure v has a convexity property if the function v(x)
does so. (See Definition 2.5 for details.)

Recently, interest in Bernstein functions has focused on different subclasses of
such functions, see for example [2], [4], and [11]. The subclass of Bernstein func-
tions examined in [9], requires a convexity-type property on the tail of the Lévy
measure. More specifically, it requires that the function x — zv(z, 00) be con-
cave on (0,00). A parallel property for Bernstein measures is that the function
x +— zuf0,x] is convex on [0,00). In this work we give several characterizations
of such measures.

Pélya criterion, see [3, Theorem 3.3.10] and [5, Theorem 4.3.3], is well-known
as it provides a simple sufficient condition for a function to be a characteristic
function. We derive an analogous representation for measures with desirable
convexity properties. See Definition 2.5 for details of the convexity properties
mentioned in Tables 1.1 and 1.2.

The conditions on the measure 7 in Table 1.1 depend on each case and the
reader should refer to the corresponding theorems for details. The last row in
Table 1.1 is trivial. The function # — [0, 1/2] is concave, non-increasing, and
non-negative. It can not be concave, unless it is a constant on (0, 00), implying
©[0, z] = a.
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p on [0, 00) Characterization Reference
. +
harmonically w0, 2] = a +/ (1 - i) 7(ds) Thm. 3.1
convex (0,00) s
concave p[0, 2] = a+ bx +/ (1 A f) 7(ds) Thm. 4.1
(0,00) 5
+
convex w[0, 2] = a + bx +/ <£ - 1) 7(ds) Thm. 5.1
(0,00) *5
harmonically [0, 2] = a N/A
concave

Table 1.1: Characterization of measure p on [0, 00) with convexity properties

Again, the conditions on the measure 7 in Table 1.2 depend on each case and
the reader should refer to the corresponding theorems for details. The third
row is trivial, since x — v(x,00) is non-increasing and non-negative, it can not
be concave unless v(x,00) is constant. Continuity of Radon measure implies
v(z,00) = 0.

Applying the representations in Tables 1.1 and 1.2, we characterize completely
monotone and Bernstein function with those convexity properties on their mea-
The main results are listed in Tables 1.3 and 1.4 with corresponding
references for details.

sures.

The paper is organized as follows. The second section introduces the important
concepts and notions. In the third section, we characterize harmonically con-
vex measures and measures with harmonically concave tail, which leads to the
characterization for completely monotone functions with harmonically convex
measure and Bernstein functions, whose Lévy measure has harmonically con-
cave tail. In the fourth section, we discuss concave measures and measures with
convex tail. Convex measures and measures with harmonically convex tail are
considered in Section 5 and Section 6.

2. Background Results
2.1. Harmonic convexity and concavity

Let I be a convex interval of R. A function h: I — R is convex on [ if
hiaz + (1 — a)y) < ah(x) + (1 — a)h(y)

for z,y € I, and a € [0,1]. The function h is concave if —h is convex. If h is
twice differentiable on an open interval I, then A is convex on I, if and only if
R"(x) >0 for all  in I.
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v on (0, 00) Characterization Reference

harmonically v(z,00) = é +/ (1 A i) 7(ds) Thm. 3.2
T
)

concave tail (0,00 s
r\ t+
convex tail v(zr,00) = / <1 - —) T(ds) Thm. 4.2
(0,00) 5
concave tail v(r,00) =0 N/A

. b 1 +
harmonically v(z,00) = - +/ <_ _ 1> 7(ds) Thm. 6.1
(0,00)

convex tail T s

Table 1.2: Characterization of measure v on (0,00) with convexity properties
on its tail

Every convex function is locally Lipschitz continuous on the interior of its do-
main. The left and the right directional derivatives exist (in the extended sense)
for every x € I and

Wy(x) <hl(y) < hy(y) <hl(z) (3)

for all # < y < zin I, see [7, Theorem 24.1]. The function A/ (z) is right-
continuous while 2" (z) is left continuous. Moreover, for any x,y in the interior
of I we have

h(y) — h(z) = /( )h;(t)dt: /( )h’_ (1) dt, (4)

see [7, Corollary 24.2.1] for details.

Definition 2.1. A function h : (0,00) — R is called harmonically convez (con-
cave) if the function h(1/x) is convex (concave) on (0, 00).

The justification for the terminology comes from the fact that 2/(1/z + 1/y) is
the harmonic mean of x and y, and h is harmonically convex, if and only if

2 h(z) + h(y)
h(l/x—l—l/y) = 2

for every z,y € (0,00). Examples of harmonically convex functions can be
found in [6]. It is not clear how to tell whether the function is harmonically
convex by looking at its graph, see for example [9, Figure 1]. However, once
noticing that 2/(1/z + 1/y) < (z 4+ y)/2 holds for z,y > 0, one can tell that:

a) a non-decreasing convex function on (0, c0) is harmonically convex; and
b) a non-increasing concave function on (0, c0) is harmonically concave.
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Property on p Characterization Reference
f(x)=a +/ Tk (f) 7(ds) Prop. 3.5
harmonically (000) 5 5
convex f(x) —zf'(x) is completely monotone Cor. 3.6
b
flx)=a+— +/ r(zs) 7(ds) Prop. 4.5
T Jo)
concave
f(z) + xf'(x) is completely monotone Cor. 4.6
b
flx)=a+—+ / [(zs)T(ds) Prop. 5.4
S ()
convex
x(f(z) — u({0})) is completely monotone | Cor. 5.5
harmonically flz)=a N/A
concave

Table 1.3: Characterization of completely monotone functions f(z) with con-
vexity properties on their measure p

The following result, a variant of [6, Lemma 2.2], clarifies the relationship be-
tween convexity and harmonic convexity.

Lemma 2.2. A function h : (0,00) — R is harmonically convez (concave), if
and only if xh(zx) is convex (concave).

Alternatively, h(z) is convex on (0,00), if and only if h(z)/x is harmonically
convex. If h is twice differentiable, then it is harmonically convex, if and only if
21 (x) + xh”(x) > 0 for all x > 0.

The next lemma can be verified directly from the definition of directional deriva-
tive. It shows that if a function h is harmonically convex then its left and right
directional derivatives exist.

Lemma 2.3. Suppose the left (reps. right) directional derivative of ¢ : I — R
exists at x # 0. Then, the right (reps. left) directional derivative of h(x) =
o(1/x) exists and

Wy () = —¢ (l) L e (@)= -, (1) L

x ) x? x /) x?

Proposition 2.4. Formula (4) is valid if the function h is harmonically convex
on (0,00).
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Property on v Characterization Reference

g(:p):a+bx+/

(0,00) <1 N Ek <£>> T(ds) Prop. 3.8

harmonically 5

concave tail g(x) — z¢'(r) is Bernstein Cor. 3.9

g(x) =a+bxr+ /(0 )(1 —r(zs)) 7(ds) Prop. 4.8

convex tail

g(x) + zg'(x) is Bernstein Cor. 4.9
concave tail g(x) =a+bx N/A
harmonically _ b
9(x) = a+bx Cor. 6.2b)

convex tail

Table 1.4: Characterization of Bernstein functions g(z) with convexity proper-
ties on the tail of their Lévy measure v

Proof. For any 0 < x < y, since the function h has bounded variation (on
intervals away from 0), we have

h(y) — h(z) = /( ) = /(_1/ A

:/ (h(~1/5)) ds
(=1/z,—1/y)
1
:/ h;(—l/s)—st:/ W (1) dt.
(=1/z,~1/y) § (z,y)

Change of variable ¢ = —1/s is applied in the second and the fifth equality,
see [12, Theorem 11a]. The third equality follows by (4) applied to the convex
function h(—1/s). Analogously, Equation (4) holds for the left derivative. [

Definition 2.5. a) Let u be a measure on [0,00). We say that u is (harmoni-
cally) convex on (0, 00) if F,(x) is (harmonically) convex on (0, c0).

b) Let v be a measure on (0, 00). We say that v has (harmonically) concave tail
if 7(x) is (harmonically) concave on (0, 00).

It is easy to see that if a measure p is convex, then it is harmonically con-
vex, because the cumulative distribution function of p is non-decreasing. By
Lemma 2.2, a measure p is harmonically convex, if and only if the function
xr — xF,(x) is convex.
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2.2. Podlya’s criterion

The property of a measure being harmonically convex is realted to the notion
of a characteristic function as the following trivial modification of the Polya’s
criterion shows, see [3, Theorem 3.3.10]. (Here, % denotes the function that is
zero if © < 0 and x otherwise.)

Theorem 2.6 (Polya’s criterion). Suppose a function ¢ : [0, 00) — [0,00) is
convez and continuous, with ¢(0) =1 and

lim p(z) = 0.

T—00
Then, it admits the representation

T

o) = [ (1=7) ) )

for some probability measure T on (0,00). Furthermore, p(|z|) is the character-
istic function of a symmetric distribution.

The theorem fails without the assumption lim, o4 ¢(z) = 1 since z — 1y (x)
satisfies all other conditions in the theorem, but does not admit such integral
representation. Here, 1{o(x) is the indicator function of the set {0}.

A probability measure p on [0, 00) can not be convex unless x({0}) = 1, however,
it can be harmonically convex. Such probability measure are easily characterized
by Polya’s criterion.

Corollary 2.7. A probability measure i on (0,00) is harmonically convez, if
and only if there is a probability measure T on (0,00) such that

1(0, 2] = /(o,oo) (1 _ %y ~(ds).

Proof. Let ¢(z) be equal to u(0,1/z|, for x > 0, and to 1 when = = 0.
Then, ¢(z) is non-negative, non-increasing, ¢(0) = 1, lim, o4 ¢(z) = 1, and
lim, o () = 0. Moreover, p is a harmonically convex measure, if and only if
¢ is convex. The proof is completed after replacing x by 1/z in (5). O

3. Characterization of harmonically convex measures and measures
with harmonically concave tail

This section is devoted to the proof of Theorem 3.1 and Theorem 3.2. Following
the ideas used in the proof of Polya’s criterion, we characterize harmonically
convex measures and measures having harmonically concave tail.
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Theorem 3.1. A measure p on [0,00) is harmonically convex, if and only if
there is a measure T on (0,00) such that

1[0,2] = a+ /(o,oo) (1 _ %y ~(ds), (6)

where a > 0 and T satisfies the integrability condition T(1,00) < oo.

Proof. First, we show the sufficiency. If (6) holds for any x > 0, then

ul0,1/x] = a—l—/(ooo) <1 _ %)* 7(ds).

The integral is well-defined because u[0,1/z] < a+7(z,00) < 00, for any x > 0.
As the function z +— (1 — x/s)" is convex for any s > 0, the integral is also
convex. Hence, p is harmonically convex.

Now, we show the necessity. If u is harmonically convex, then p(z) := u[0,1/x]
is convex, non-increasing and non-negative on (0, 00). The following limits exist

= i = > i ! = i ! > —
lim () = p({0}) 20, lim @ (2) =0, lim ¢ () > —o0.

Define a Radon measure on (0, 00) by

(o] = v (a) — & (p) if 0 <p <g<oo,
P ET ) - lim G(2) if0=p<q <o

For all ¢t > 0, we have

pi(t,00) = 0 = ¢ (1) = ¢, (1)
Consider the measure 7 defined on (0, 00) by 7(dt) = tu*(dt). By (4), for M > 0,

() = () — p(M) + (M) = - /( i o),

Letting M approaching infinity, and using Fubini’s theorem, we obtain

gp(x)—a—/ dt-a—f—/ / *(ds)d
(z,00) o (t,00)
= / / —7' (ds) dt—a+/ / dt T(ds)
(z,00)  (t,00) (z,00) (z,s)
- 1—-— d
al+\/(\0700)( S) (S)

A change of variable leads to (6). The integrability condition on 7 follows from

(1, 00) = /<1,oo> (ds) < /<1,oo> (2 . é) 7(ds) < 20(1/2) < oo.

The proof is completed. O
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Theorem 3.2. A measure v on (0,00) has harmonically concave tail, if and
only if there is a measure T on (0,00) such that

v, 00) = g + /(0700) (1 A %) ~(ds), (7)

where b > 0 and T satisfies

/(Om) (1 A é) ~(ds) < 0. (8)

Proof. First, we show the sufficiency. If (7) holds for any x > 0, then
v(l/x,00) :bx+/ <1/\£) 7(ds).
(0,00) 5

The integral is well-defined for any x > 0, since 7 satisfies condition (8). As
the function z — min(1, z/s) is concave, the integral is concave, which implies
measure v has harmonically concave tail.

Now, we show the necessity. If v has harmonically concave tail, then function
o(x) = v(1/x,00) is non-negative, non-decreasing and concave on (0, 00). The
following limits exist

/

lim ¢(x) =0, lim ¢’ (z) < o0, b:= lim ¢ (z) < oco.

z—0+ z—0+ T—00

Define a Radon measure p* on (0, 00) by

“(pod] = ¢ (p) — ¢’ (q) if0<p<qg<oo,
WP i (@) — (a) 0 =p<q< oo

For all ¢t > 0, we have
p(t,00) = ¢ (t) — b.
Consider the measure 7 on (0, 00) defined by 7(dt) = tu*(dt). By (4), for e > 0,

wmr:mw—wa+wo=/'wuwﬁ+wd

(e,x)

Letting € approaching 0, and using Fubini’s theorem, we obtain

wwzﬁm mw—m+/<%m—wd

—b:c—l—/ / *(ds) dt—b:c—i—/ / —TdS
0,z) J (t,00) (0,z) J (¢,00)
—bx—i—/ / —dtT ds) + / / —dtT ds)
(0,] /(0,s) (z,00) J (0,2) S
(1
(0,00)

= bx—i—/’ A g> 7(ds).
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Representation (7) follows, while the integrability condition (8) utilizes the fact
that p(1) = v(1,00) < oco. This concludes the proof. O

Denote by do(dx), the Dirac delta measure on [0, 00), having mass 1 at 0 and
mass 0 everywhere else.

Corollary 3.3. a) A measure p is harmonically convex on [0,00), if and only

if
1(dz) = ado(dz) + — ( /( . ! T(ds)) dz, 9)

x2 s
for some constant a > 0 and measure T on (0,00) satisfying

7(1,00) < o0.

b) A Bernstein measure p is harmonically convez, if and only if (9) holds and
the measure T on (0,00) satisfies

7(1,00) < oo and / / e~ dtt(ds) < oo for all x> 0. (10)
0,11 J(0,1)

¢) A measure v has harmonically concave tail on (0,00), if and only if

W(da) = + (b+/(1 lT(ds)) iz, (11)

2
x Jz,00) S

for some constant b > 0 and measure T on (0,00) satisfying (8), that is

/(O,oo) (1 A é) 7(ds) < oc.

d) A Lévy measure v has harmonically concave tail, if and only if (11) holds
with b =0 and the measure T on (0,00) satisfies

In(s)

7(0,1] < o0 and / 7(ds) < oc. (12)

(Loo) §

Proof. a) Formula (9) follows from the following representation

1
w0, 2] = a+ / / - 7(ds) dt,
(1/z,00) J (t,00) S

which is inferred from the proof of Theorem 3.1. Here, measure 7 satisfies the
integrability condition 7(1,00) < 0.
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b) Suppose now p is a Bernstein measure and it is harmonically convex. Its
Laplace transform is well-defined for all x > 0. By (9) and Fubini’s theorem:

00 > / e ™ p(du) = a +/ e ™ u(du)
[0,00) (0,00)

1 1
=a+ / ef“—2 —7(ds) du
(0,00)

(1/u,00) S
= a+/ / ”—dUT(ds)
(0,00) S J(1/s, oo) u?

:a+/ / e~ dt(ds),
(0,00) J (0,1)

where in the last equality, we changed the variable v = 1/ts. Once we notice

that
/ / e~ dt 1(ds) < 7(1,00) < 00
(1,00) J (0,1)

integrability condition (10) follows.

Conversely, suppose a measure u on [0, c0) have the representation (9) with con-
dition (10). By part a), measure p is harmonically convex. Reversing the steps
above shows that its Laplace transform is well-defined for all > 0. Therefore,
1 is a Bernstein measure.

¢) Formula (11) follows immediately from the following representation

v(z, :é / / —7' (ds)d
x (0,1/x) J (t,00)

inferred from the proof of Theorem 3.2. Here, measure 7 satisfies the integra-
bility condition (8).

d) Suppose now v is a Lévy measure with harmonically concave tail. Then, from
(1), (11), and Fubini’s theorem, we obtain

1
oo>/ v(dt) —b—i—/ / — 7(ds) dt
(1,00) (1,00) J (1/t,00) t2s
—b+/ / —dtT ds) + / / —dtT (ds)
0,1) (1/soo [1,00) J(1,00)
1
:b—i-/ (1/\—) 7(ds)
(0,00) 5

> b+ 7(0,1]
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b
oo>/ tu(dt):/ —dt+/ —Tde
(0,1] 011 0,1] J(1/t,00) S
= / —dt—i—/ / —dtT (ds)
(0,1] (1,00) J (1/5,1] tS
_ b In(s)
= dt+ 7(ds).
(0] t (Loo) §

Together with (8), we conclude b = 0, as well as

and

7(0,1] < oo and / In(s) 7(ds) < oo

(Loo) 5

Conversely, suppose a measure v on (0,00) have the representation (11) with
b = 0 and condition (12). By part ¢), measure v has harmonically concave tail.
It is also a Lévy measure, as (1) is implied by condition (12). O

3.1. Applications to completely monotone and Bernstein functions

As an application of the above representations, we characterize completely mono-
tone functions with harmonically convex measure and Bernstein functions having
Lévy measure with harmonically concave tail. We need the well-known expo-
nential integral function on (0,00), defined by

and use it to define the kernel

k(z) = —F,(2) — B(x) = — /( )e—_tdt. (13)

T t

Function k(x) plays a role in the next developments, hence we briefly summarize
its properties.

Lemma 3.4. Function k(x) defined by (13) has the following properties.

(a) It satisfies the inequality 0 < k(x) < e /x.
(b) It is completely monotone with conver measure, more precisely

e
k(x) = /(O,oo) ; dt. (14)

(¢)  The product xk(zx) is completely monotone with harmonically convex mea-
sure. Moreover, xk(x) is the derivative of a Bernstein function, explicitly

xk(x):/(lyoo) *“ = dt = (/(1700)(1— *“t) dt)/. (15)
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(d)  The function 1 —xk(x) is Bernstein, whose Lévy measure has harmonically
concave tail, more precisely

1 —zk(z) = /(1 )(1 — e_m)tl2 dt. (16)

Proof. (a) The first inequality follows from

—t

e 1 e "
Ei(x) = / —dt < —/ e dt = = —E|(z),
(@o0) ¢ T J (a,00) z

while the second inequality is straightforward.

(b) Representation (14) is readily verified. The Bernstein measure for k(x) is
convex, as its cumulative distribution function is (z — In(z) — 1) - 1(z>q) for
x € [0, 00), which is convex.

(c¢) The Bernstein measure u of xk(x) is harmonically convex, since
zpl0,z] = (z — 1) - 1zs1y

is convex on (0,00). One can readily verify (15) and see that zk(z) is the
derivative of a Bernstein function.

(d) The Lévy measure v of 1 — zk(x) has harmonically concave tail, since
v (x,00) = - Lig<1) + Lgs1)

1S concave. ]

We note that, in general, part ¢) of Lemma 3.4 implies part b), since a completely
monotone function f(x) has convex measure with no mass at zero, if and only if
xf(x) is completely monotone, see Corollary 5.5, [1, Proposition 2.7.13], or [9,
Lemma 5.1].

Proposition 3.5. Suppose f(x) is completely monotone with measure . Then,
@ is harmonically convez, if and only if there exists a unique measure T on (0, 00)
such that

(@) :a+/(0 fk(f) 7(ds), (17)

00) 8

where k(x) is defined in (13), a > 0 is constant, and T satisfies (10).

Proof. For the necessity, let a := p({0}) > 0. By Corollary 3.3 part b), for all

x > 0, we have
fo)= [ emutdn=at [ e
[0,00) (0,00)

1 1
=a+ / e "— —7(ds) du

W S (1 ju00) S

= a—l—/ / —dUT(dS)
0,00) l/soo
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where 7 satisfies conditions (10). The change of variable u = t/s gives

1
fx) =a+ / / e ™ — dt7(ds).
(0,00) J(1,00) t

Finally, by (15), we obtain representation (17). The uniqueness of measure 7
follows from the uniquness of .

For the sufficiency, suppose (17) holds. By Lemma 3.4 part ¢), we know zk(z) is
completely monotone with harmonically convex measure. Then, sois (x/s)k(z/s)
forall s > 0. (Indeed, if f(x) is completely monotone function with harmonically
convex measure 4, then so is the measure of the completely monotone f(zs) for
any s > 0, as its cumulative distribution function is F},(z/s).) The proof follows
from here. O

We point out that the measures p and 7 is Proposition 3.5 are related through
Equation (9).

Proposition 3.5 allows us to give a new proof of an intrinsic characterization
of completely monotone functions with harmonically convex measure. This was
one of the main results in [9], see Lemma 4.1 there, where the proof used the real
inversion formula for the Laplace-Stieltjes integrals. We avoid that tool now.

Corollary 3.6. Suppose f(z) is completely monotone with measure . Then,
i is harmonically convex, if and only if f(z) — xf'(z) is completely monotone.

Proof. Suppose measure p has mass a at zero in the proof of both directions.
If f(z) has harmonically convex measure, by Proposition 3.5, we know f(x) has
representation (17). Thus, using [3, Theorem A.5.2] for differentiating under the
integral, we have

2

f(z) — af'(z) :a—/ Z K (f) 7(ds) :a+/ e=/5 1 (ds),

(0,00) $ S (0,00)

where a > 0 and 7 satisfies integrability condition (10). The last integral is
convergent since the expression on the left is finite and defines a completely
monotone function.

Conversely, if f(x) — xf'(x) is completely monotone, we have

f(@) - of'(2) = d + / e (de),

(0,00)

for ' > 0 and measure 7 on (0, 00). Therefore, we obtain

") = (f(l‘) — .Tf’(l‘)), — l et dt).
/() /(Om) t(de)

—T T
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Integrating both sides twice, and using Fubini’s theorem, gives us

—a= / / 1" (z) dx dy
(z,00) J (y,00)
oty
= / / n(dt) dz dy
(2,00) J (y,00) /(0,00) T
—xt
= / (/ dy d:p) tn(dt)
(0,00) (z,00)
efxt
= / (/ Ty — z/ d:c> tn(dt)
(0,00) (= oo) (#,00) X
-/ ( (0 ) tnfdr)
(0,00)

= / ztk(zt) n(dt).
(0,00)

Let F,(z) = n(0, z] and noting that —F, (1/s) is a non-decreasing function, define
measure 7 on (0,00) by 7(ds) := d(—F,(1/s)). Thus, replacing the argument z
by x, and changing variable by ¢ = 1/s, we have

fl@)=a+ /(O’OO) %k (%) 7(ds).

Now, if we can show that 7 satisfies (10), then, by Proposition 3.5, the Bernstein
measure £ of f(x) is harmonically convex. First,

7(1,00) = /(1 | d(—F,(1/s)) = F,(1) — lim F,(1/s) = F,(1) < oo.

§—00

For the second inequality,

/ / e /¥ dt T(ds) = / / e~/ dt d(—F,(1/s))
(0,1] J(0,1) (0,1] J(0,1)
e_m'U/U
= ——dF,(u) dv,
/<1,oo> /[mo) N

where in the last equality, we changed the variables by v = 1/t and v = 1/s,
and also change the order of integration using Fubini’s theorem. Continuing, we

have
e~ TUY 1 o
/1 ,00) /100) v? >d/U = (/(l,oo) ﬁ dv> ([0,00) ‘ n(dU))
- f@)—2f(5) —d < oo

Therefore, measure 7 satisfies (10). The proof is completed. O
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Combining Corollary 3.3 part b), Proposition 3.5, and Proposition 1.3, we arrive
at the following corollary.

Corollary 3.7. Suppose f(x) is completely monotone with harmonically convex
measure . It has a Bernstein primitive, if and only if the measure T in (17)

satisfies
/ (1 - M) 7(ds) < 0. (18)
(0,00) 5

Proof. We only have to verify the integrability condition (18) on 7 is equivalent
to (2) on p. Using (9), we have

1 1 .
/(0,00) 1+¢ ( ) (0,00) (1—|—t>t2 (/t,50) 3 ( )

1 1
B ———— dt | —7(ds
/(o,oo) (/(1/5700) 2(1+1) > - 7(ds)

1 1
= / (1 — M) T(ds)’
(0,00) S

where in the second equality, we changed the order of integration using Fubini’s
theorem. 0

The next proposition characterizes Bernstein functions, whose Lévy measure has
harmonically concave tail.

Proposition 3.8. Suppose g(x) is Bernstein with Lévy measure v. Then, v has
harmonically concave tail, if and only if there exists a unique triplet (a,b, T) such

that
(1 " (5)) 7(ds), (19)

S S

g(x):a+bx+/

(0,00)

where k(x) is defined in (13), a,b > 0 are constants, and T is a measure on
(0,00), satisfying (12).

Proof. We show necessity first. If v has harmonically concave tail, by Corollary
3.3 part d), for all x > 0, we have

g(x) =a+bx +/ (1 —e ™) v(du)

(O’M)
Cauy L 1
:a+bx+/ (1—6”)—2/ - 7(ds) du
(0,00) U J(1ju,00) S
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where 7 satisfies (12). The change of variable u = t/s gives

1
g(x) =a+bxr+ / / (1-— e’“t/s)—2 dt T(ds).
(0,00) J (1,00) t

Apply now (16) to get representation (19). The uniqueness of the triplet (a, b, 7)
follows from the uniqueness of the Lévy triplet (a,b,v).

For the sufficiency, suppose (19) holds. By part d) of Lemma 3.4 we know
1—xk(z) is a Bernstein function with Lévy measure having harmonically concave
tail. Then, so is 1 — (z/s)k(z/s) for all s > 0. The proof follows from here. [

This proposition allows us to give a new proof of an intrinsic characterization of
Bernstein functions, whose Lévy measure has harmonically concave tail. This
was one of the main results in [9], see Lemma 6.1 there, where the proof used
the real inversion formula for the Laplace-Stieltjes integrals.

Corollary 3.9. Suppose g(z) is Bernstein with Lévy measure v. Then, v has
harmonically concave tail, if and only if g(x) — xg'(x) is also Bernstein.

Proof. Suppose g(z) has Lévy triplet (a,b,v). If v has harmonically concave
tail, by Proposition 3.8, we know g(x) has representation (19). Thus, using [3,
Theorem A.5.2] for differentiating under the integral, we have

ota)=og@) =a [ (1450 (5)) rtan=ar [ -y,

where a > 0 and 7 satisfies integrability condition (12). The integral is conver-
gent since the left-hand side is finite and shows that g(x) — z¢'(z) is a Bernstein
function.

Conversely, suppose g(z) — z¢'(x) is a Bernstein function with Lévy-Khintchine
representation:

m@—xyww:w+vx+[;)u—ewaﬁx

where o', > 0, and 7 satisfies (1). Notice that

_ /
p— tim S Z20@ 9@ ) = b—b =0,

T—00 x r—o0 I T—00

Therefore, we obtain

—d"(z) = (g(x> —xg’(x))’ — l et dt).
J'(x) tém) t(dt)

T T
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Integrating twice both sides of this equality and using Fubini’s theorem, we
obtain

g(z) —a—bz = / / x)dzx dy
0,2) v (y,00)
/ / / n(dt) dz dy
(0,z)  (y,00) < (0,00)
e—zt
- N )
(0,00) (0,2] J/(0,x) (z,00) J(0,2) ¥

_ /(o,oo> (1 _:Zt 4 zEl(zt)> tn(dt)

= /(0 )(1—Ztk:(zt))n(dt).

The penultimate equality gives the following identity, needed later
g(z) —a—bz= / (1 —e ) n(dt) + / tEq(zt) n(dt). (20)
(0,00) (0,00)

Utilizing the fact that 7(1/s) is non-decreasing, define measure 7 on (0, c0) by
7(ds) = din(1/s) = d(n(1/s,00)). Thus, replacing the argument z by z, and
changing variable t = 1/s, we have

g(x) =a+br + /(ooo) (1 - gk (%)) 7(ds).

We will be done if we show that 7 satisfies (12), since that implies the Lévy
measure v has harmonically concave tail, by Proposition 3.8. Notice that 7 is a
Lévy measure, and

rO= [ dnt1/s) = a0~ a1/s) = (1) < o=

Next, we need to verify the finiteness of the following integral

() o f (),
Am SWM‘AM SWW>aLDﬂ@mm

< ez/ tEq (zt) n(dt) < ez/ tEq (zt) n(dt) < oo
©0,1) (0,00)

where for the first inequality we used the fact that 0 < —In(t) < e*E;(zt), for
every t € (0,1) and z > 0. (Indeed, consider ¢(t) := e *In(t) + E;(2t) and
note that ¢(1) = Ei(2) > 0 and ¢/(t) = e *(1 — e*79)/t < 0.) The finiteness
of the last integral follows from (20), since all other terms in that equality are
finite. O
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4. Characterization of concave measures and measures with convex
tail

In this section we characterize concave measures and measures with convex tail.
That is accomplished in Theorems 4.1 and 4.2. The development parallels that
of Section 3.

Theorem 4.1. A measure p on [0,00) is concave, if and only if there is a
measure 7 on (0,00) such that

pl0, x] = a—I—bx—I—/
(0,00)

(1 A g) 7(ds), (21)

where a,b > 0 and T satisfies the integrability condition

/(O?oo) (1 A é) #(ds) < o. (22)

Proof. First, we show the sufficiency. If (21) and (22) hold, then the integral in
(21) is convergent for all > 0. Since the function = — min(1, z/s) is concave
for all s > 0, the integral is concave, which implies that p is concave measure.

Now, we show necessity. Since F(z) := p[0,z] is non-decreasing and concave,
the following limits of right derivatives exist in [0, co:

b:= lim F' () < oo, lim F (z) < oo.

T—00 z—0+

It is also clear that a := lim, o F'(z) = F(0) = u({0}) > 0 is finite. Define the
Radon measure p* on (0, 00) by

“(p.d F' (p) — F'.(q) if 0 <p<q< oo,
Wpd =1 . -
xlirégr Fi(z)—F.(q) if0=p<q< oo,

and note that for all ¢ > 0, we have

pi(t,00) = F(t) — lim F' (z) = F(t) —b.

Tr—00

Consider the measure 7 defined on (0, 00) by 7(dt) = tu*(dt). By (4), for e > 0,

Flz) = Flz) — F(e) + F(e) = /( | F'.(t) dt + F(e).
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Letting € approaching 0, and using Fubini’s theorem, we obtain

F(x):/ Fjr(t)dt+F(O):a+bx+/ (F/(t) — b) dt

(0,z) (0,z)
:a+b:c+/ / w*(ds) dt
(0,z) J (¢,00)

1 1
= a+b:c+/ / —dtT(ds)—l—/ / —dt (ds)
(0,z] /(0,s) S (z,00) / (0,2) S
:a+b:c+/ (1/\£> 7(ds).
(0,00) S

Representation (21) follows, while F(1) < oo implies the integrability condition
(22). This completes the proof. O

Theorem 4.2. A measure v on (0,00) has convex tail, if and only if there is a
measure 7 on (0,00) such that

X

U, 00) = /(0 . (1- )" ras) (23)

s
where T satisfies the integrability condition T(1,00) < oc.

Proof. We show sufficiency first. If (23) holds for measure v with 7(1,00) < oo,
then v(z, 00) is well defined and since the function z — (1 —x/s)" is convex for
all s > 0, the integral is convex, implying that v has a convex tail.

Now, we show the necessity. If measure v has convex tail, then v(z) = v(x,00) is
non-increasing, convex, and non-negative. The following limits exist in [—o0, 0]:

. —_ — . —/ — . —/ >_
e =0 gl =0 Jig %) 2 e

Define the Radon measure p* on (0, 00) by

(o] = {VQ(Q)—Vi(p) 0<p<q<oo,
5 =N = T —/ _
v (q) xlgglerJr(x) 0=p<q<oo,

and note that for all £ > 0, we have
p(t,00) = lim 7 (x) — 7, (t) = =7/ (¢).

T—r 00

Consider the measure 7 defined on (0, 00) by 7(dt) = tu*(dt). By (4), for M > 0,

U, 00) = 7(x) — B(M) + B(M) = /( s,
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Letting M approaching infinity, and using Fubini’s theorem, we obtain

v(x,00) = —/(m u;(t)dt:/ /m w*(ds) dt
o Ju = [
- /@,oo) (1—§) 7(ds).

The integrability condition 7(1,00) < oo follows from the existence of v(x).
Indeed,

(1, 00) = /(1,00) #(ds) < /(1,00) (2 - %) #(ds) < 25(1/2) < o0

The proof is completed. 0

Corollary 4.3. a) A measure pu is concave on [0, 00), if and only if

u(dz) = ady(da) + (b+ /(m) 1 T(ds)) dz, (24)

S

for some constant a > 0 and measure T on (0,00) satisfying (22), that is

/(O,oo) (1 A é) 7(ds) < oo

In particular, every concave measure on [0,00) is a Bernstein measure.

b) A measure v has convex tail on (0,00), if and only if

V(dz) = ( /(wyoo)éT(ds)) iz, (25)

for some measure T on (0, 00) satisfying

7(1,00) < o0.

c) A Lévy measure v has convez tail, if and only if (25) holds and the measure
7 on (0,00) is another Lévy measure, that is

/ (LA s)T(ds) < o0. (26)
(0,00)
Proof. a) Formula (24) follows immediately from the following representation

1
pl0,x] = a+ bx + / —7(ds) dt
(0,z) J (t,00
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which is inferred from the proof of Theorem 4.1. Here, 7 satisfies condition (22).

Consider the Laplace transform of such a measure. Using Fubini’s theorem,

1
/ e ™ p(dt) = a +/ N (b+/ — T(d8)> dt
[0,00) (¢, oo) S
=a+ — + / / ds)dt
Z 0,00)  (t,00)
b
=a+ — +/ / dtT (ds)
(0,00) J(0,s)

T
b 1_ —XISs
=a+—+— / —° 7(ds).
(0,00)

T S

The last integral is convergent, if (22) holds, as the following inequality shows

S

1—e ™ < /s ifs>1,
1+a ifse(0,1).

Thus, a Bernstein measure is concave, if and only if it admits representation
(24) with condition (22).

b) Formula (25) follows immediately from the following representation

v(x,00) / / —TdS
(z,00) o (t,00) S

inferred from the proof of Theorem 4.2. Here, measure 7(1, 00) < oo.

¢) Suppose now v is Lévy measure with convex tail. By part b) we know that
7(1,00) < oo. Next, from (1) and (25), using Fubini’s theorem, we obtain the
integrability of the following integrals.

oo>/(071}ty(dt) / / (/ éT(ds)) dt
:/Ol/os—dtfds /m /01 L gt (ds)
1

= 5/(071] (ds)+§/(100)—7(ds)

/ sT(ds) < 0o
(0,1]

This shows that condition (26) holds.

implies that
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Conversely, suppose v has representation (25) while 7 satisfies (26). By part b),
v has convex tail. Reversing the steps above shows that

/ tv(dt) < oo
(0,1]

Combining it with

1
/ v(dt) / / —-7(ds)d / / —dtT(ds)
(1,00) (1,00) J (t,00) S (1,00) J (1,5) S
1
= / (1 - —> 7(ds) < / 17(ds) < 00
(1,00) § (1,00)

)

shows that v is a Lévy measure. O

4.1. Applications to completely monotone and Bernstein functions

As an application of the above representations, we characterize completely mono-
tone functions with concave measure and Bernstein functions having Lévy mea-
sure with convex tail. We first define the following kernel

1—e®
r(z) = ; ., x>0. (27)

Below we list several properties of r(x) that will be needed.
Lemma 4.4. Function r(x) defined by (27) has the following properties.

(a) It satisfies the inequalities 0 < r(z) < min(1,1/x).
(b) It is completely monotone with concave measure, more precisely

r(z) = /(0’1) e " dt. (28)

(¢) The function 1 — r(x) is Bernstein, whose Lévy measure has convex tail,
more precisely,

1—r(z) = /(0 1)(1 — e ™) dt. (29)

Proof. a) We only need to show that r(z) < 1/x and r(x) < 1. The first
inequality is clear by (27). The second inequality is equivalent to 1 —e™* < z
for z > 0.

b) The Bernstein measure p for r(z) is concave as u[0, x] = min(z, 1).

¢) The Lévy measure v for 1 — r(x) is convex, as v(z) = (1 —z)™. O
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Proposition 4.5. Suppose f(x) is completely monotone with measure . Then,
i is concave, if and only if there exists a unique measure T on (0,00) such that

flx)=a+ b + /(0 )7"(:1:3) 7(ds), (30)

X

where r(z) is defined in (27), a,b > 0 are constants and measure T satisfies
(22).

Proof. For the necessity, let a := pu({0}) > 0. By Corollary 4.3 part a), for all
x > 0, we have

1
/ e " p(dt) = a +/ - (b+/ — T(ds)) dt (31)
[0,00) 0,00 ) (t, oo) S
b
=a+— —1—/ / dtT (ds)
T (0,00) J(0,s)

b 1—e™™
=a+—+ / . T(ds)
T (0,00) xTrs
b
=a+— —1—/ r(xzs) T(ds),
(0,00)

X

where 7 satisfies conditions (22). The uniqueness of measure 7 follows the
uniqueness of measure /.

For the sufficiency, suppose (30) holds. By Lemma 4.4 part b), completely
monotone function r(z) has concave measure. Then, so is the measure of r(xs)
for all s > 0. Since 1/ is also completely monotone with concave measure, the
proof follows. O

The proposition provides with an intrinsic characterization of completely mono-
tone functions with concave measure.

Corollary 4.6. Suppose f(x) is completely monotone with measure p. The
following conditions are equivalent:

(1) p is concave;
(2) xf(z) is Bernstein function;
(3)  f(x)+xf'(z) is completely monotone function.

Proof. If f(z) has concave measure, by Proposition 4.5, we have

2f(x) = az+ b+ / (1= =L 2(ds),

(0,00) S

where a,b > 0 and 7 satisfies (22). This shows that zf(x) is Bernstein with
Lévy measure 7(ds)/s.
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Conversely, if zf(z) is Bernstein with triplet (a',b’,n), we know

T T

/ 1 — =S /
flx) = g—l—b'+/ 7€n(ds)22+b’+/ r(zs) sn(ds),
x (0,00) (0,00)

where o', > 0 and 7 satisfies (1). Define measure 7 on (0,00) by 7(ds) =
sn(ds). The integrability condition on n implies that 7 satisfies (22). By Propo-
sition 4.5, completely monotone function f(z) has concave measure.

This shows the equivalence between (1) and (2). The equivalence between (2)
and (3) is routine. O

Combining Corollary 4.3 part a), Proposition 4.5 and Proposition 1.3, we have
the following corollary.

Corollary 4.7. Suppose f(x) is completely monotone with concave measure. It
has a Bernstein primitive, if and only if (30) holds with b =0 and T satisfies

/ s+ 1 ) < oo, (32)
(0,00)

S

Proof. Observe that condition (32) implies condition (22), since

1 1 log(1
2 s S

Let u be the Bernstein measure of f(z). Using Fubini’s theorem, we have

1 1 1
dt / (b+/ —Tds)dt
/(Ooo>1+t lat) = (0o0) 1+ 1 (t,o) S (4)
= —dt—l—/ / dtTds
/(Ooo 1+t 0,00) V(0,s) L+t ( )

1
:/ LdtJr/ M 7(ds).
(0,00) L 1 (O00) 5

This shows that, condition (2) is equivalent to (32) with b = 0 in (30) O

Next proposition characterizes Bernstein functions, whose Lévy measure has
convex tail.

Proposition 4.8. Suppose g(x) is Bernstein with Lévy measure v. Then, v has
convex tail, if and only if there exists a unique triplet (a,b, ) such that

g(x) =a+bxr+ / (1 —r(zs))7(ds), (33)

(0,00)

where r(z) is defined in (27), a,b > 0 are constants, and T is a Lévy measure.
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Proof. We show necessity first. If v has convex tail, by Corollary 4.3 part ¢),
for all x > 0, we have

g(x) = a+bx + /(0 )(1 — e ") u(dt)

1
= a+bx+/ (1 —e”)/ —7(ds)dt
0,00) (t,00) &

(
1— —xt
=a+br+ / 7edt7'(ds)
(0,00) J(0,s)

S

1 — s
:a—i—bx—i—/ (1—76) T(ds)
(0,00) TS

= a—i—b:p—l—/(o )(1 —r(zs)) 7(ds),

where 7 is a Lévy measure. The uniqueness of the triplet (a, b, 7) follows from
the uniqueness of the triplet (a,b,v).

For the sufficiency, suppose (33) holds. By Lemma 4.4 part ¢) we have that
1 —r(x) is a Bernstein function having Lévy measure with convex tail. It is easy
to see that 1 — r(zs) is a Bernstein function having Lévy measure with convex
tail, for all s > 0. The proof follows. O

Next proposition provides with an intrinsic characterization of Bernstein func-
tions, whose Lévy measure has convex tail. Comparing it with Corollary 4.6,
shows the parallel between completely monotone functions with concave measure
and Bernstein functions, whose Lévy measure has convex tail.

Corollary 4.9. Suppose g(x) is Bernstein with Lévy measure v. Then, v has
convex tail, if and only if g(x) + xg'(x) is Bernstein.

Proof. Suppose g(z) has Lévy triplet (a,b,v). If v has convex tail, then using
representation (33), we have that

g(x) + g (z) = a+ 2bx + /(0 )(1 —r(xs) — zsr'(xs)) 7(ds)

= a+ 2bx + / (1 —e ) 7(ds)
(0,00)

is a Bernstein function, since 7 is a Lévy measure by Proposition 4.8.

Conversely, if g(x) + x¢'(z) is Bernstein with Lévy triplet (a’,¥',n), we know

g(x)+xg(x) =d + bz + /(0 )(1 — e ) n(dt).
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Note that g(z) + z¢'(z) = (zg(x))" and lim,_,o zg(xz) = 0. Hence, we have
zg9(z) = / (d +Vx +/ (1 —e ™) n(dt)) dx
(o, ) (0,00)

:az—i— 57 —1—/ / ™Y da n(dt)
0,00) J(0,z)
b =zt
=az+ z+/ 2—76 n(dt),

and dividing both sides by z gives

/

o) =+ g2 [ (et nia)

where a’,b' > 0 and 7 is a Lévy measure. Proposition 4.8 shows, that v has
convex tail. O

5. Characterization of convex measures

In this section we characterize convex measure on [0,00) in Theorem 5.1 and
investigate the properties of the related completely monotone functions.

Theorem 5.1. A measure u on [0,00) is convez, if and only if there is a mea-
sure T on (0,00) such that

(Z- 1)+ 7(ds), (34)

S

u[0, x] :a+bx+/
(0,00)

where a,b > 0 and 7 satisfies the integrability condition

/ L rds) < . (35)
©1] 5

Proof. First, we show the sufficiency. Condition (35) implies the convergence
of the integral in (34), for any « > 0. Since function x — (z/s — 1)* is convex
for all s > 0, the integral is convex, which implies that u is a convex measure.

Now, we show necessity. If u is a convex measure, function F(z) := p0, 2] is
non-decreasing and convex, hence the following limits exist:

= lim F(x) = pu({0}) < oo, b:= lim F' (z) < oc.

z—0+ z—0+

Define the Radon measure p* on (0, 00) by

Fi(q)— lim F(z) if0=p<gq< oo,

F'(q) — F.(p) if 0 <p<q<oo,
1 (p,ql =
z—0+
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and note that for any ¢t > 0, we have

W (0,4 = FL(H) — lim FL(x) = FL(t) —b.

z—0+

Consider the measure 7 defined on (0, c0) by 7(dt) = tu*(dt). By (4), for e > 0,

Flz) = Flz) — F(e) + F(e) = /( | F'.(t) dt + F(e).

Letting € approaching 0, and using Fubini’s theorem, we obtain

Flz )—a+/0 )F’()dt—a+bx+/ (F/(t) — b) dt

—a+bx+/ / *(ds) dt—a+bx+/ / —dtrds
0,z) J(0,t] (0,z) J[s,x) S
:a+bx+/ (——1) 7(ds).

(0,00) *

The integrability condition (35) follows from

/(071] ET(dS) < /(071] (% — 1> T(ds) < /(o,oo) (% — 1)+ 7(ds) < F(2) < oco.

This closes the proof. O

Corollary 5.2. a) A measure u is convex on [0,00), if and only if

p(dx) = adg(dz) + (b + /0 17'(als)) dx, (36)

0,2] $

for some constant a,b > 0 and measure T on (0,00) satisfying (35), that is

1
/ - 7(ds) < 00
1 %

b) A Bernstein measure p on is convex, if and only if (36) holds and the measure
7 on (0,00) satisfies

/ ‘ . 7(ds) < oo, for all z > 0. (37)
(0,00)

Proof. a) Formula (36) follows immediately from the following representation

1
u[O,x]:a+bx+/ / —7(ds) dt
(0,z) J(0,4] S
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inferred from the proof of Theorem 5.1. Here, 7 satisfies condition (35).

b) Suppose now Bernstein measure p is convex. By (36), we have

1
00 > / e ™ p(dt) = a —|—/ e (b —|—/ - T(ds)) dt
[0,00) (0,00) 04
b 1
:a—l———l—/ —/ e " dt T(ds)
T J(0,00) 5 Js,00)
1 6*1‘8

b
:a—l———l——/ 7(ds).
X X (0,00) S

That is, 7 satisfies (37).

Conversely, if a measure p on [0, 00) has representation (36) with condition (37),
then it is convex by part a). Its Laplace transform is well-defined for all z > 0
by by tracing the steps above backwards. That is, u is a Bernstein measure. [

5.1. Applications to completely monotone and Bernstein functions

As an application of the above representation, we characterize completely mono-
tone functions with convex measures. Define the kernel

l(z):= , x>0. (38)

The necessary properties of function [(z) are listed below.
Lemma 5.3. Function l(z) defined by (38) has the following properties.

(a) It satisfies the inequalities 0 < [(z) < 1/x.
(b) It is completely monotone with conver measure, more precisely

l(ac):/(1 )e_mtdt. (39)

Proof. Part a) is trivial. For part b), note that the cumulative distribution
function of the measure of I(x) is z +— (xz — 1)7. O

We use the kernel [(x) to construct the following representation.

Proposition 5.4. Suppose f(x) is completely monotone with measure . Then,
i is convez, if and only if there exists a unique measure T on (0,00) such that

X

f(x):a+é+/(0 )l(xs)T(ds), (40)

where [(x) is defined in (38), a,b > 0 are constants, and T satisfies (37).



H. Sendov, S. Shan / Completely Monotone and Bernstein Functions ... 1011

Proof. For the necessity, let a := p({0}) > 0. By Corollary 5.2 part b), for all
x > 0, we have

o) = /[000 - (dt)—a+/(ooo) - <b+/(07t127(ds)) dt

b —XISs
=a+ — +/ / dt7ds)-a+—+/ ‘ 7(ds)
(0,00) J[s oo) S Z (0,00) TS
= a—I—é—l—/ [(xs) T(ds),
(0,00)

T

where 7 satisfies conditions (37). The uniqueness of 7 follows from the unique-
ness of p.

For the sufficiency, suppose (40) holds. By Lemma 5.3 part b) we know [(x) is
completely monotone with convex measure, then so is [(sz) for all s > 0. Since
1/z is also completely monotone with convex measure, the proof follows. O

Proposition 5.4 allows us to give an alternative proof of an intrinsic character-
ization of completely monotone functions with convex measure, see [9, Lemma
5.1] for a different proof, as well as [1, Proposition 2.7.13].

Corollary 5.5. Suppose f(z) is completely monotone with measure . Then,
w is convex, if and only if xf(x) — xpu({0}) is completely monotone.

Proof. If ;1 is convex, then f(z) has representation (40), with a = lim, . f(z) =
u({0}). Thus,

—xs

() = 2p({0}) + b+ / r(ds),

(0,00) S

where b > 0 and 7 satisfies integrability condition (37). Hence, xf(z) —xu({0})
is completely monotone with Bernstein measure 7(ds)/s.

Conversely, if zf(z) — xu({0}) is completely monotone, then
of (@) =on({O) + a4 [ eo(as)
(0,00)

for some constant a’ > 0 and Bernstein measure 7. Letting 7(ds) = sn(ds) on
(0, 00), we obtain

/

) =)+ 5+ [ tas)vias),

where 7 satisfies (37). Proposition 5.4, completes the proof. U

Combining Corollary 5.2 part b) with Proposition 1.3, we have the following
corollary.
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Corollary 5.6. Suppose f(z) is completely monotone with convexr measure L.
It can not have a Bernstein primitive, unless f(x) is a constant.

Proof. We only have to verify the integrability condition (2) can not be satisfies
unless p vanishes on (0,00). By (36), we have

1 1 1
—— u(dt :/ (b—i—/ —Tds)dt
/(o,oo)1+t (d) (Ooo)l_'_t 0, S (ds)
= —dt—i—/ / —dtTds)
[000 I+t 0,00) [s,00)

However, 1/(1 + t) is not integrable on [s,00) for any s > 0. So, f(z) can not
have a Bernstein primitive, unless b = 0 and 7 vanishes on (0, 00). That implies
that p vanishes on (0, 00), or that f(x) is a constant. O

In [10, Theorem 3.1, Lemma 4.1] the following hereditary properties are shown.

e If a completely monotone function f(z) has (harmonically) convex measure,
then —f’(x) also has (harmonically) convex measure; and

e If a Bernstein function g(z) has Lévy measure with harmonically concave
tail, then ¢’(x) has harmonically convex measure.

Alternatively, Corollary 5.6 says that the derivative of a Bernstein function g(z),
cannot have convex measure, unless g(x) is affine. Curiously, we have a partial
converse of the first bullet.

Proposition 5.7. Suppose f(z) is completely monotone. If —f'(x) has convex

measure, then f(x) has harmonically convexr measure.

Proof. Note that the measure of —f’(z) has no mass at 0. Then, by Corol-
lary 5.5, —zf'(x) is completely monotone, hence so is the sum f(z) — zf'(x).
Corollary 3.6 now shows that f(x) has harmonically convex measure. O

6. Characterization of measures with harmonically convex tail

This section is devoted to the proof of Theorem 6.1, which characterize measure
with harmonically convex tail. Then, Corollary 6.2 shows that there are no
Bernstein functions, whose measure has harmonically convex tail.

Theorem 6.1. A measure v on (0,00) has harmonically convex tail, if and only
if there is a measure T on (0,00) such that

v(x, 00) = % + /(0700) (% - 1)+ 7(ds), (41)

where b > 0 and T satisfies the integrability condition

/ 1T(ds) < 0. (42)
©

a8
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Proof. First, we show the sufficiency. If (41) and (42) hold, then

(E — 1)+ 7(ds),

S

v(1/z,00) = b + /

(0,00)

with the integral being convergent for all z > 0. Since the function z — (z/s —
1)" is convex, the integral on the right hand side of the above equation is convex,
which implies that v has harmonically convex tail.

Now, we show necessity. If v has harmonically convex tail, then function p(z) :=
v(1/z,00) is non-negative, non-decreasing and convex. The following limits exist
and are non-negative:

L
S oo} =0, b= lig o () < oo

Define the Radon measure p* on (0, 00) by

“(pg = ' () — ¢ (p) if0<p<qg<oo,
P ) - lim G(2) if0=p<q <o,

and note that for any ¢t > 0, we have

10,1 = ¢, (1) — b

Consider the measure 7 defined on (0, 00) by 7(dt) = tu*(dt). By (4), for e > 0,

() = p(x) — ple) + ple) = /( 0t ol

Letting € approaching 0, and using Fubini’s theorem, we obtain

o(z) = /( )so;<t>dt:bx+/ (&, (1) — by dt

(0,2)
1
= bxr + / / w(ds)dt = bx + / / —dtT(ds)
(0,2) J (0] (0,2) J[s,) S

= br + /(o,oo) <§ — 1>+ 7(ds).

Representation (41) follows. The integrability condition (42) holds, because

/(071] ET(dS) < /(071} (% - 1> 7(ds) < /(o,oo) (% — 1)+ 7(ds) < p(2) < oo.

The proof is completed. O
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Corollary 6.2. a) A measure v on (0,00) is convez, if and only if

V(dz) = ;2 (b+ /(W %ﬂd@) iz, (43)

for some constant b > 0 and measure T satisfying (42).

b) A Lévy measure v can not have harmonically convez tail, unless v vanishes
n (0, 00).

Proof. a) Formula (43) follows immediately from the following representation

v(zr,00) = ——I—/ /—Tds
(0,1/z) J(0,4] S

inferred from the proof of Theorem 6.1, and 7 satisfies (42).

b) If Lévy measure v has harmonically convex tail, representation (43) holds.
We verify that integrability condition (1) does not hold for v:

1 1
/ tv(dt) = / (b—l—/ —T(d8)> dt
(0,1] (0,1] t (0,1/4 S
= —dt+/ / —7' (ds)d
/o1]t o1]t 0,1/t S
:/ —dt—i—/ / —dtT dt) + / / —dtTdt
01t 1,00) ©0,1/s] t (0,11 S J(0,1]

However, 1/t is not integrable over either (0, 1] or (0,1/s] for any s > 1. Hence,
the above expression is finite, only if b = 0 and 7 vanishes on (0,00). That
implies v vanishes on (0, 00). O
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