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A formula for the subdifferential of the sum of a series of convex functions defined on a Banach
space was provided by X. Y. Zheng in 1998. In this paper, besides a slight extension to locally
convex spaces of Zheng’s results, we provide a formula for the conjugate of a countable sum
of convex functions. Then we use these results for calculating the subdifferentials and the
conjugates in two situations related to entropy minimization, and we study a concrete example
met in Statistical Physics.
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1. Introduction

The starting point of this study is the method used for deriving maximum en-
tropy of ideal gases in several books dedicated to statistical physics (statistical
mechanics); see [4, pp. 119, 120], [3, pp. 15, 16], [7, p. 43], [1, p. 39]. The
problem is reduced to maximize — .., n;(Inn; — 1) [equivalently to minimize
> iy ni(lnn; — 1)] with the constraints » ., n; = N and ), ., n,e; = € with
n; nonnegative integers, or, by normalization (taking p; := n;/N), to maximize
— > ics Pi(lnp; — 1) [equivalently to minimize ), , p;(Inp; — 1)] with the con-
straints ) .., p; = 1 and ), , pie; = e with p; € Ry. For these one uses the
Lagrange multipliers method in a formal way. Even if nothing is said about the
set I, from examples (see [4, (47.1)], [3, (3.11)], [7, (1.4.5)], etc) one guesses that
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I is a countable set. Our aim is to treat rigorously such problems. Note that the
problem of minimum entropy in the case in which the infinite sum is replaced by
an integral on a finite measure space and the constraints are defined by a finite
number of (continuous) linear equations is treated rigorously by J. M. Borwein
and his collaborators in several papers (in the last 25 years); see [2] for a recent
survey.

The plan of the paper is the following. In Section 2 we present a slight extension
(to locally convex spaces) of the results of X. Y. Zheng [11] related to the sub-
differential of the sum of a series of convex functions; we provide the proofs for
readers convenience. In Section 3 we apply the results in Section 2 for deriving
a formula for the conjugate of the sum of a series of convex functions, extending
so Moreau’s Theorem on the conjugate of the sum of a finite family of convex
functions to countable sums of such functions. In Section 4 we apply the results
in the preceding sections to find the minimum entropy for a concrete situation
from Statistical Physics.

2. Series of convex functions

Throughout this paper, having a sequence (A,),>1 of nonempty sets and a se-
quence (Z,),>1, the notation (x,),>1 C (A,)n>1 means that x, € A, for every
n>1.

In the sequel (E,7) is a real separated locally convex space (lcs for short) and
E* is its topological dual. Moreover, we shall use standard notations and re-
sults from convex analysis (see e.g. [6], [10]). Consider f, € A(E) (that is f,
is proper and convex) for every n > 1. Assume that f(z) = > o, fu(z) =
limy, oo > py f(z) exists in R := R U {—o0,00} for every z € E, where
00 := +o00. Then, clearly, the corresponding function f : £ — R is convex
and dom f C N,,>; dom f,,.

Note that, if (f,)n>1 C I'(E) (that is f, € A(X) is also lower semicontinuous,
Isc for short) and there exists (z}),>1 C (dom f}),>; such that the series
Yooy Ji(xk) is convergent and w*-lim, o Y ,_, ) = 2* € E* (that is 2* = w*-
S o1 k), then lim, oo >, fr(z) exists and belongs to (—oo,00] for every
x € E; moreover, f is lsc.

Indeed, since g, (x) = fo(x)+ fi(ah)— (@, 2%) >0, g(x) == lim, 0o D oy gr(2)
sup,>1 gn(x) exists and belongs to [0,00]. But Y 7, gi(z) = >0 fu(z)
ST ) — (o, X0, and oy = D S i) € R
lim, oo (2, > 5y 25) = (x,z%). It follows that f(z) = lim, e Y,y fe(z) =
g(x) — v+ (z,2*) € (—o0,00]. Since g, € I'(X) for every n and g = sup,,>; gn
is Isc, it follows that f is lsc, too.

Definition 2.1 (Zheng [11, p. 79]). Let A, A, € Po(E) :={F C E | F # 0}

(n > 1). One says that (A,),>1 converges normally to A (with respect to 7),
written A =7-) | Ay, if:

+ i
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(I)  for every sequence (,)n>1 C (An)n>1, the series ) -, , T-converges and
its sum z belongs to A;

(IT)  for each (7-)neighborhood U of 0 in E (that is U € NF) there is nyg > 1
such that >, x, € U for all sequences (2,,)n>1 C (An)n>1 and all n > ng
(observe that the series Y,y is T-convergent by (I));

(ITT) for each x € A there exists (,)n>1 C (Ay)n>1 such that z = 7-3° _ 2.

Observe that A in the above definition is unique; moreover, A is convex if all
A,, are convex.

Remark 2.2. 1) Assume that £ is the topological dual X* of the les X endowed
with the weak* topology w*, and (A,),>1 C Po(X™) is such that (I) holds. Then
(IT) in Definition 2.1 holds if and only if for every ¢ > 0 and every z € X
there exists ng = n., > 1 such that |}, (z,2})| < e for all sequences
($Z)n21 C (An)n21 and all n > ny.

2) Assume that £ is a normed vector space (nvs for short) endowed with the
strong (norm) topology s, and (A,),>1 C Po(E) is such that (I) holds. Then
(I) in Definition 2.1 holds if and only if for every ¢ > 0 there exists n. > 1
such that H Y kon ka < ¢ for all sequences (z,,)n>1 C (An)n>1 and all n > n..
It follows that A = s-) ., A,, implies that A is a Hausdorff-Pompeiu limit of

(k=1 Ak)nz1.

In the rest of this section we mainly reformulate the results of Zheng [11] in
the context of locally convex spaces without asking the functions be lower semi-
continuous. We give the proofs for reader’s convenience.

Theorem 2.3. Let f, f, € A(E) be such that f(x) = > o, fa(x) for every
r € E. Assume that T € core(dom f). Then -

fi@u)=> fi.(T,u) VuekE.

n>1

Proof. Consider u € E. Because T € core(dom f), there exists § > 0 such that

T+ tu € dom f C dom f, for every t € I := [—4,0]. Consider ¢, ¢, : I — R
defined by ¢(t) := f(T + tu), pn(t) := fu(T +tu); ¢, v, are convex and p(t) =
> ns1 Palt) for every t € I. Of course, f (T, u) = lim; o+ M, and similarly

for f . (T,u). Since the mappings I\ {0} >t — t 1y, (¢t) € R are nondecreasing
we get
Pn(=0) = pn(0) _ #a(t) =¢n(0) _ #n(d) = #n(0)

5 = ; = 5 ;
whence
L on(t) —©n(0)  ©n(—0) — ©n(0)
0 < () := ; — —5
< ©n(d) — ¢n(0) _ @n(=0) — ¢n(0) —

o —0
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for all n > 1 and t € (0,0]. Since the series », -, v, is convergent, the series
Y n>1 ¥ is uniformly convergent on (0, d]. It follows that

Jim 2; Un(t) = ; lim 4, ().

Since )5 ‘p"(_(szg“’”(o) = <p(75:¢(0), we obtain that

! — . .
(@ w) = tlir& t t—0+

The proof is complete. [

Proposition 2.4. Let f, f, € A(E) be such that f(z) = > <, fu(z) for every
x € E. Assume that the series ) -, f, converges uniformly on a neighborhood
of zo € int(dom f). Then for every x € int(dom f) there exists a neighborhood
of x on which the series ) -, f, converges uniformly.

Proof. Replacing (if necessary) f, by ¢, defined by g,(z) := fu(xo + z) —
fn(xo) and f by g defined by g(x) = f(xo + z) — f(x0), we may (and do)
assume that zo = 0 and f,(0) = f(0) = 0. There exists a closed, convex and
symmetric neighborhood V' of zy = 0 such that 2V C dom f and the series
> n>1 fn converges uniformly on 2V. Set p := py, the Minkowski functional
associated to V. Then p is a continuous seminorm such that intV = {z € E |
p(x) <1} and clV =V = {z € E | p(x) < 1}. Consider z € int(dom f). If
p(x) < 2 then x € int(2V); take U := 2V in this case.

Let p(z) > 2. Since x € int(dom f), there exists p > 0 such that 2’ := (1+p)x €
dom f, and so z = (1 — \)a’ + A0, where X\ := p/(1 +pu) € (0,1). Fixu € V
(& p(u) < 1); we have that z + Au = (1 — A\)2’ + Au, and so

folz+ ) < (1 =N foul2) + Af(u) VYn > 1. (1)
On the other hand 1 < 2 — X\ < p(z) — p(Au) < p(z + Au), and so p(”;;’\/\z) eV
and
T+ Au 1
<
I (p<x+ Au)) = pla g A
whence

Falz+20) > ple + ) f (ﬁ) Vn > 1. 2)
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From (1) and (2) we get

p(z + Au) ka <pZE+T);;)> < kak<JJ + \u)

k=l

< (L=N Al A filw),

whence, because p(z + Au) < p(x) + 1,

m

Z fr(x 4+ Au)

m

> filw)

k=l

+ (p(z) + 1)

> ()|

k=l

for all I,m > 1 with [ < m. Since u, péf;;) € V c 2V, from the uniform

convergence of -, f, on 2V and the convergence of ) ., f,('), the previous
inequality shows that »_ ., f, is uniformly convergent on U = z + AV (C
dom f). The proof is complete. ]

Theorem 2.5. Let f, f, € A(E) be such that f(x) = > o, falx) for every
x € E. Assume that the series . -, fn converges uniformly on a neighborhood
of zo € int(dom f). Then for every x € int(dom f) there exists a neighborhood
U of 0 € E with x + U C dom f such that the series Y -, fr.(-,-) converges
untformly [to f'.(-,-)] on (x+U) x U. -

Proof. Taking into account Proposition 2.4, it is sufficient to prove the conclu-
sion for x = xy. Moreover, as in the proof of Proposition 2.4, we may (and do)
assume that o = 0 and f,,(0) = 0 = f(0) for every n > 1. By hypothesis, there
exists a convex neighborhood V' of £y = 0 such that 2V C dom f and the series
> n>1 fn converges uniformly on 2V. For (z,h) € V xV we have that x£h € 2V.
It follows that the series > o, [fu(z) — fulz —w)] and 3 o [fu(® + u) — fu(2)]
converge to f(x) — f(z —u) and f(x +u) — f(z), uniformly for (z,u) € V x V,
respectively. We have that

fn(x + tu) — fn<x>
fa() = folz —u) < p

< falz +u) — fo(z) Vte (0,1)], Vn > 1.

Hence

= AW tu—kx
Zf( + t) fi(x)

k

Il
LS

NE

Z [fi(@) = fu(r — )]

m
k=l

e+ ) — (@) ] "

x>
Il

l
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for all (x,u) € V. x V,allt € (0,1] and all [;m > 1 with [ < m. Using (in

fn(zttu)—fn(z)

both senses) the Cauchy criterion, we obtain that the series ) ., :

converges uniformly for (z,u,t) € V xV x (0, 1] to w Letting ¢ — 0+,
we obtain that the series ) -, f; (7, u) converges uniformly for (z,u) € VxV
to f (x,u). The proof is complete. ]

Remark 2.6. Note that for f, f, as in the preceding theorem, the series
> st fhs (o) converges uniformly [to fi(-,-)] on (z + U) x U if and only if
for every a > 0, the series 2@1 f1.(-,+) converges uniformly [to f.(-,-)] on

(x4+U) x (aU).

Lemma 2.7. Let I C R be an open interval and ¢, ¢, : I — R (n > 1) be
nondecreasing functions such that p(t) = 3, o, n(t) for every t € 1. Then

n>1fﬁ¢n dt = fﬁ (t)dt for all ., B € I with a < .

Proof. Fix o, € I with a < . Take ¥,v, : I — R (n > 1) defined by

P(t) = @(t) = p(a) and P (t) := @n(t) — ¢n(a) for £ € I. Then, clearly, ¥, ¢,
are nondecreasing functions, 1, (t) > ¥,(a) =0 for t € J := [a,f] and n > 1

and
D () =D fen(t) = eal@)] =D enlt) = > enle)

= ¢(t) — pla) = (1)

forallt € I D J. Since 0 < ¢y on J, limy, o0 Yy Yi(t) = () for every t € J,
and v is Lebesgue integrable on J, we have that

/J¢<t>dt=/(2¢n )dt Z/%

n>1 n>1

But [, 1, (t)dt = [, (on(t) — pn())dt = faﬁ on(t)dt—(B—a)p, (), and similarly
for v and ¢, whence

/aa p(t)dt — (B —a)p(a) = ( /j palt)dt — (B - am@)

n>1
-3 [t = 3-03 sl
n>1v n>1
and so ff pt)dt =3, 5 ff ©on(t)dt. O
Proposition 2.8. Let f, f, € A(E). Suppose that dom f C N>y dom f,, and

o € int(dom f) is such that f(xo) =Y 5, fal2o)

(1)  Assume that Y ., fi (z,u) = fi(z,u) for all x € int(dom f) and u € E.
Then f(z) = 27:21 fn(x) for every x € int(dom f).
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(i) Moreover, assume that there exists a neighborhood U of 0 € E such that
zo+ U C int(dom f) and the series Y, ., fi (-, ) converges uniformly on
(zo+U)x U. Then for every x € int(dom f) the series > -, fn converges
uniformly to f on some neighborhood of x. -

Proof. (i) Replacing, if necessary, f by g defined by g(z) := f(xo+ x) — f(x0),
and similarly for f,,, we may (and do) assume that o = 0 and f,(zq) = f(0) =0
for every n > 1.

Fix z € int(dom f). Consider I := {t € R | tz € int(dom f)}. Then I is an open
interval and 0,1 € I. Take 0(t) := f(tz) and 6,,(t) := f,(tz) fort € I. Then 8,6,
are finite and convex on I and (0) = 6,(0) = 0. Moreover, ¢’ (t) = f (tz,z)
for every t € I, and similarly for 0, (¢). Of course, #" and 6, are nondecreasing
and finite on /. Using our hypothesis, we have that > ., 6/ (t) = ¢ (t) for
every t € I. Using Lemma 2.7 with ¢,, = 0], and ¢ = ', we obtain that

fla) = 00) = [ o0t =3 [ 0 0= 300,00 = 3 poto)

n>1 n>1 n>1

(¢7) From (i) we have that f(x) =), -, fu(x) for every z € int(dom f). Taking
into account Proposition 2.4, it is sufficient to show the conclusion for zy. As
above, we may (and do) assume that zop = 0 and f,(0) = f(0) = 0. By our
hypothesis, for every € > 0 there exists n. > 0 such that

fi(z,u) —e < Zf,’c+(m,u) < filz,u)+e Y(z,u) €U xU, Vn > n..

k=1

In particular,

Lt z) —e < Zf,;Jr(tx,x) < fi(tz,z)+e Vtel0,1], Yz e U, Vn > n..
k=1

Integrating on [0, 1] with respect to ¢, we get f(z) —e < Y, fu(z) < f(z) —¢
for all z € U and n > n.. This shows that the conclusion holds for xy. The
proof is complete. O

Theorem 2.9. Let f, f, € A(E). Assume that f(z) = > -, fu(x) for every
x € E. If f and f,, are continuous on int(dom f), then

Of(x) =w*-) Ofu(x) Va € int(dom f).

n>1

Proof. (I) Fix z € int(dom f). Consider (x},),>1 C (9fn()),>,. We claim that
the series ) | -, x}, is w*-convergent to some z* € df(x).
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Fix some v € E. By Theorem 2.3, for every € > 0, there exists n. > 1 such that
‘Z?:z f,’H(:c,iu)‘ < ¢/2 for all I,m > n. with [ < m. Since z} € O0fi(x), we
have that

(Fu, 23) < fra (2, £u), (3)

and so

me T, u)

+ Z frs(@
k=1

< o (2, u)| +

(4)

<e Vim=>1, n.<l<m.

Therefore, the series ) -, (u,z}) is convergent, and so ¢(u) := > -, (u,7;) €
R. Moreover, from (3) and Theorem 2.3 we get

W) <Y frla,u) = fileu).

n>1

We got so a linear mapping ¢ : £ — R such that ¢ < f(z,-). Since f is
continuous at « € dom f, f (x,-) is continuous, and so ¢ € df(x). Hence w*-
> n>1 Ty, exists and belongs to 8 f(z). Therefore, condition (I) in Definition 2.1
holds.

(IT) Taking the limit for m — oo in (4) we obtain that | D ko (U TR) | < e for
all n > n.. Since n. does not depend on the sequence (z},)n>1 C (0fn(¥)),>1,
the second condition in Definition 2.1 holds, too.

(III) For n > 1 set R,, := ), fx; clearly R, € A(E) for n > 1. Using Theorem
2.3 for the sequence (fyin)k>0 We obtain that R),, (z,u) = >, fro(z,u) — 0
(as n — oo) for every u € E. Moreover, Ry = f and Ry = fi + Rpy for
k > 1. Since fi is continuous on int(dom f) D int(dom f) = int(dom Ry), by
Moreau-Rockafellar Theorem one has

ORk(x) = Ofr(x) + ORgs1(x) VE > 1. (5)
Consider z* € 0f(x) = ORy(x). From (5) applied for k = 1 we get 2} € 0f(x)

such that z* — a7 € ORy(x). Continuing in this way we get a sequence (z7),>1 C
(afn(l’))n21 such that

yri=at — sz € OR,(z) Vn>1,
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where 22:1 x} := 0. Using Theorem 2.3 for the sequence (fy1n)r>0 and the fact
that (+u,y:) < R;, (2, £u) we obtain that

n

<u,x* — sz>‘ = [(u,y3)] < | R (z,u)| + | R, (z,—u)| = 0 for n — oo

k=1

for every u € E. It follows that z* = w*-} ., z;. Hence condition (III) of

n

Definition 2.1 is verified, too. The proof is complete. ]

When F is a normed vector space, one has also the next result.

Theorem 2.10. Let E be a normed vector space and f, f, € A(E). Assume that
f(x) =51 fulx) for every x € E. If f and f, are continuous on int(dom f)
and the series > . fn converges uniformly on a nonempty open subset of dom f,
then -

2) = - - 0fulx) Va € int(dom f);

n>1

moreover, lim,, || Zk>n Ofr(z H = 0 uniformly on some neighborhood of x for
every x € int(dom f), where ||A|| = sup {||z*|| | * € A} for 0 # A C X*.

Proof. We follow the same steps as in the proof of Theorem 2.9. So, fix zy €
int(dom f).

( ) Consider (x}),>1 C (8fn(x0))n>1 By Theorem 2.9 we have that w*-)_ _, z*

n>1"n
= 2* € 0f(xo). We claim that x* = |-||->, -, z:. Indeed, using this time
Proposition 2.4, Theorem 2.5 and Remark 2.6, there exists r > 0 such that the
series Y -, fr. (-, ) converges uniformly to f (-,-) on (zo + rUg) x Ug, where
Ug is the closed unit ball of E. Taking ¢ > 0, as in the proof of Theorem
2.9, there exists n. > 1 such that (4) holds for all (z, ) (xo + T’UE) x Ug,

and so [|3 000 ;|| < e for all n. < 1 < m. Since v* = w*-) ., ¥, we get

= |--X2,51 @ In fact we even get limy, .o | > kon Ofk( )|| = 0 uniformly
on g + T’UE.

(IT) This step is practically stated in (I).

(IlT) Having * € df(z¢), from Theorem 2.9 we find (z})n>1 C (0fn(70)),5,
such that 2% = w*-3 -, z;,. From (I) we obtain that x* = ||-||->_ -, ;. The

proof is complete. ]

Corollary 2.11. Let f, f, € A(E). Assume that f(x) = >, -, fu(x) for every
x € E, and f, f, are continuous on int(dom f) for every n > 1. Take T €
int(dom f). Then

(i)  f is Gateauz differentiable at T if and only if f,, is Gateaux differentiable
at T for every n > 1, in which case Vf(z) =Y -, V[u(Z).

(i1)  Moreover, assume that E is a normed vector space. If f is Fréchet differ-
entiable at T then f, is Fréchet differentiable at T for every n > 1.
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Proof. By Theorem 2.9 we have that 0f(z) = w*-)_ -, 0f,(¥). This relation
shows that Jf(T) is a singleton if and only if Jf,(Z) is a singleton for every
n > 1. Since the functions f and f,, (n > 1) are continuous at Z, (i) follows.

(7i) Assume now that E is a nvs and f is Fréchet differentiable at T. It is
known that g and h are Fréchet differentiable at T € int(domg N domh) =
int(dom(g + h)) provided g,h € A(F), g,h are continuous at T and g + h is
Fréchet differentiable at . This is due to the fact that in such conditions, as
seen from (i), g and h are Gateaux differentiable at T. Then we have

9(T +u) — g(T) — (u, Vg(T))
]
< (g+hE+u) =g+ @) = (uV(g+h@)

[l

0<

for ||u|| — 0.

With the notation in the proof of Theorem 2.9, f = Ry = fi; + R,. It follows
that f; and R, are Fréchet differentiable at . Since Ry = fy + Rg, it follows
that f and Rj3 are Fréchet differentiable at . Continuing in this way we obtain
that f, is Fréchet differentiable at = for every n > 1. O

Of course, if dim E < oo, the weak* and strong convergences on E* coincide,
and so Theorems 2.9 and 2.10 are equivalent; moreover, Gateaux and Fréchet
differentiability for convex functions coincide, and so the converse implication
in Corollary 2.11 (i) is true.

Question 2.12. Is the converse of Corollary 2.11 (i7) true when dim E = co?

In the sequel we set Ry := [0,00), R} := (0,00), R_ := —R;, R* := —R*.
Proposition 2.13. Let f,(z) = e™* for x € R with (0,)p>1 C R; set f =
E:n>ljh'

(i) If7T € dom f then 0,7 — —oo, and so either T > 0 and o, — —00, or
7z <0 and o,, — 0.

(i7) Assume that 0 < 0, — oo and dom f # (). Then there exists o € Ry such
that I := (—o0,—«) C dom f C cll, f is strictly convexr and increasing
on dom f, and lim,_,_, f(x) = 0 = inf f. Moreover,

f(x) = Z fi(z) = Zane“"“; Va € int(dom f) = 1, (6)

n>1 n>1

1’ is increasing and continuous on I, lim, ., f'(x) =0, and

lim f'(z) = e =:y € (0,00). (7)

-«
f n>1

In particular, 0f(int(dom f)) = f'(1) = (0,7).
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(iii) Assume that 0 < 0, — o0 is such that int(dom f) = I := (—o0, —«) with
a € RY. Then either (a) dom f = I and v = oo, or (b) dom f = cl]
and v = oo, in which case f'(—a) = v, df(—a) = 0 and the series
Y us1 fo(—a) is not convergent, or (c) dom f = cll and v < oo, in which
case f' (—a) =~ and

Of (=) = [y,00) # {7} = Y dfu(—av).

n>1

Proof. (i) Take T € dom f. Then the series ) ., e’" is convergent, and so
e’ — 0. The conclusion is obvious.

(77) Set B := sup(dom f) € (—o0, 00| and take x < . Then there exists T €
dom f with x < Z. Because g, > 0, and so 0 < e’»® < ¢* for n > 1, the
series »_ ., €’" is convergent, whence x € dom f. Hence (—oo, ) C dom f C
(—00, 3]. Since 0 ¢ dom f, we obtain that 3 < 0, and so a := —f does the job.
Since f,, is strictly convex and increasing, f is strictly convex and increasing on
its domain.

Because f/ () = g,e7" for every x € R, we get (6) using Corollary 2.11. From
(6) we have that f’ is increasing and continuous on int(dom f).

Since 0 < 0,e7"" < g,e"* for all n > 1 and = < 7, the series ) ., 0,e’" is
uniformly convergent (u.c. for short) on (—oo,®| for any T € int(dom f). Since
lim, o (0,€7"") = lim, ,_ €’ = 0, from (6) and f = ) ., f, we obtain
that lim,_. o, f'(x) = 0 and lim,_,_, f(z) = 0, respectively.

From (6) we have that

f(x) = Zane""” > Zakea"‘x Veel, Vn> 1. (8)
n>1 k=1
Taking the limit for —a > = — —a, we get limg_, f'(z) > > 7 _, ope 7%
Taking now the limit for n — oo we get limg_q f'(x) > v =) o 0,677 €
(0,00]. If v = oo it is clear that (7) holds. Assume that v < co. There exists
some ng > 1 such that o, > 1, whence g,,e”7"* > e~ 7% for n > ng, and so
Y oasp €7 is convergent. It follows that the series ) ., f, and ) ., f, are
w.c. on (—o0, —a], and so limg;—o f/(x) = > o limy—o fh(x) = >, o) 0,67,
that is (7) holds in this case, too. - -

(i17) Let o € R, Since 0 < e77"* < g, for large n, we get v = oo when
—a ¢ dom f, and so (a) holds. Assume that —a € dom f. Since f € I'(R), we
have that f’ is continuous from the left, whence f’ (—«) = lim,_, f'(x), and
Of(—a) = [f"(—a),o0). Now the conclusion is immediate using (7). O

Example 2.14. In Proposition 2.13, for 0, = n’ (n > 1) with # > 0 one
has dom f = (—00,0), for 0, = In [n(Inn)?’] (n > 2) with § € R one has
int(dom f) = (—o0,—1), while for o,, = In(lnn) (n > 2) one has dom f = 0.
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Moreover, let 0, = In [n(Inn)’] (n > 2);! for § € (—o0,1] one has dom f =
(—o0,—1), for § € (1,2] one has dom f = (—o0,—1] and [’ (—1) = oo, for
0 € (2,00) one has dom f = (—oo, —1] and f’ (—1) < oo.

Proposition 2.13 (i) (b) and Example 2.14 show that the conclusion of Theorem
2.9 can be false for x € dom f \ int(dom f) [even for z € dom(0f) \ int(dom f)].

One could ask if the condition int(dom f) # () in Theorem 2.9 is just a technical
assumption. The next example shows that this condition is essential.

Example 2.15. Let g,(z,y) := e™T0" for 2,y € R and g = Y n>1 9n
where (,),>1 C R is such that ¢, /n — co. Clearly ¢, g,, € T'(R?) with g(z,y) =
f(x) 4+ oy (y) for (z,y) € R?, where

Zenm . % lf €T e R*_7 (9)
i it z € R;.
Hence domg = R* x {0} = ri(domg), but int(domg) = It is clear that

for (z,y) € ri(domg) = R* x {0} we have that dg(x,0) = (x) X 8L{0}( ) =
{e*/(1 — €®)?} x R. However, 0g,(x,0) = {Vg,(z,0)} = {(ne™, (—1)"c,e"*)}.
For ¢, :=n? (n > 1) we get

> Vga(z,0) = (f'(z),8f"(2z) — f"(z)) VaeR", (10)

n>1

for ¢, = e with a > 0 we get > -, Vg, (7,0) = (f'(z), ="/ (1 + e™t)) for

r < —aand ) - Vgu(r,0) is not convergent for z € [~a,0), while for ¢, = e’
(n > 1) the series »_ -, Vg,(z,0) is not convergent for each x € R*.

Indeed, we have that f'(z) =Y o, ne™ =e”/(1—e*)? and f"(z) = > o, n*e"™
for x € R* . It follows that for x € R* we have -

Sf,/(QZB) _ 22(2n)2€2nx _ Z n 2 N +Zn2 nx

n>1 n>1 n>1
— Z(_l)n 2 n:v_|_f//< )
n>1

whence (10) follows for ¢, = n?.

3. Applications to the conjugate of a countable sum

A natural question is what we could say about the conjugate of f = 2@1 fn
when f, f,, € A(E). It is known that for a finite family of functions fi,..., f, €
A(FE) one has

(it 4 f)" @) < (A0 OF) (9)
= inf{ff(z})+...+ fr(a}) | =i+ ... +a, =2"}.

! We thank Prof. C. Lefter for this example.
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Of course, in the above formula one could take zj € dom f; for every k € 1,n
using the usual convention inf() := oco. Moreover, when all functions (but one)
are continuous at some point in Ny dom fi we have, even for every z* € E*,

(fi+.. .+ f) (@) =min{ff(z])+...+ fr(x}) |z} +...+x, =2},

Recall that the inf-convolution operation [J was introduced by J. J. Moreau in
[5]; many properties of this operation can be found in [6], among them being
the formula mentioned above. The aim of this section is to extend and study
this operation to countable sums of convex functions.

In the next proposition we put together several assertions on the conjugate of
> n>1 [n; the last assertion is an application of Theorem 9.

Proposition 3.1. Let f, f, € A(E). Assume that f(x) =Y <, fu(z) for every
r e L. -

(i) If (x)nz1 C (dom f})n>1 is such that w*-)_ -z, = x* € E*, then the

sequence Y ._, fi(x}) has a limit in (—oo, 00] and f*(x ) <D s falan);
wmn particular,

<1Hf{2f n>1C(dOHlf )n>17 =" Z }

n>1 n>1
(11)

for every x* € E*.

(i) If there exists (x})p>1 C (dom f¥),>1 such that w*-)_ . zi = z* € E*
and ), -, f[r(x;) € R then z* € dom f*. -

(id1) IfT € Nyzidom f, and (T;,)n>1 C (0fa(T)),>, is such that w*-)_ - T, =
z* € E*, then® € dom f, z* € 0f(Z) and f*(*) = > o1 fx (_*) In
particular, -

f*(z IIlll’l{Zf zy )p>1 C (dom f)p>1, o5 = w” Z }

n>1 n>1
(12)
(iv) Leta* € 0f(T) with® € dom f and let (x}),>1 C (dom f),>1 be such that
ot =w*-)y o xk. Then f*(x*) =Y o fr(z)) if and only if x € 0f, (%)

for every n > 1. -
(v) Assume that f and f, (n > 1) are continuous on int(dom f). Then for
every x* € Of (int(dom f)) relation (12) holds. More precisely, if x* €
Of(x) for x € int(dom f) then x* = w*-y_ . xk for some (x})p>1 C

(Ofn(@))nz1, and f*(27) =320 Fr(25).

Proof. (i) Let us fix (2},),>1 C (dom f;)p>1 with w37 o @) = 2* € X
take z € dom f and 7, := fu(x) + fi(z}) — (z,z5) > 0 for n > 1. Hence
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> i — v € [0,00], and so

> fitan) = fim 3 fitai) = fim (S Y it + (31 ))
n>1 k=1 k
:’y—f(fb)+<$,l‘*> > <l‘,ZL‘*

It follows that Zn>1 f;Lk(‘T;kl) = SUPzedom f (<JZ‘,J,’*> o f(.l’)) = f*($*) > —00. Re-
lation (11) is now obvious.

|
~
—~
8
S~— ﬁ‘

(77) The assertion is an immediate consequence of (11).

(7it) Since T € O0f,(T) C dom f¥, we have that fi(Z}) = (Z,7;) — f.(T) for
n > 1, and so, using (i), we get

—o0 < fH@) <) fi@) =Y [@T) — ful@)] = (T.27) — f(T) < o0

n>1 n>1

It follows that T € dom f and f*(z*) + f(T) < (T,2*), whence * € Jf(T) and
fr(@*) =35, fi(x},). Using again (i) we obtain that (12) holds.

(iv) Since dom f C N,>1 dom f,,, we have that T € N,>; dom f,,. Assuming that
z;, € 0fn(T) for n > 1, the conclusion f*(x*) =3 ., f(a}) follows from (7).

Conversely, assume that f*(z*) =3 ., f,(z,). Then

0= file) + D ful@ =Y (@ ap) =D [fila}) + ful@) = (T,27)].

n>1 n>1 n>1 n>1

Since fr(z2) + fu(T) — (T,2%) > 0 for n > 1, we obtain that f*(z%) + f.(T) —
(T,x}) =0, and so z}, € 0f,(T) for every n > 1.

(v) Assume now that f and f, are continuous on int(dom f) and take z* €
Of (int(dom f)). Then there exists T € int(dom f) such that z* € df(Z). By
Theorem 2.9, there exists (2})n>1 C (0fn(T))n>1 such that z* = w*->" . xk.
By (iii) we have that f*(z*) = > < fa(x}). O

Remark 3.2. Note that if each function f* (with n > 1) is strictly convex on
its domain, then the infimum in (11), when finite, is attained at at most one
sequence (;,)n>1 C (dom fy),>1 with z* = w*->_ - x;.

Because (12) is valid automatically for * € E* \ dom f*, the problem is to see
what is happening for z* € dom f* \ df (int(dom f)) .

Taking fr = 0 for £ > n+1 in Proposition 3.1 (v), its conclusion is much weaker
than the usual result mentioned at the beginning of this section because nothing
is said for sure for z* € dom f*\ df (int(dom f)).

In the next two propositions we give complete descriptions for f* and ¢*, where
f and g are provided in Proposition 2.13 and Example 2.15, respectively.
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Proposition 3.3. Let f,(z) := e* for x € R with 0 < 0, — o0, and f =
> ns1 fn- Assume that dom f # 0, and so I := (—o0,—a) C dom f C clI for

some o € Ry.

(i)  Then Of(int(dom f)) = (0,7), where v := Y, o, 0,e7"* € R, dom f* =
R., and -

<1nf{2f Up) unn>1C(domf)n>1,u—Zun}<oo

n>1 n>1

(i) Letu € Ry (=dom f*). Then u € [0,7] NR if and only if

mm{Zf Un) | (tn)nz>1 C (dom fr),5,, u= Zun}, (14)

n>1 n>1

or, equivalently,

f*(u) = min { Zun(lnun — 1) | (up)n>1 CRy, u= Zanun}. (15)

n>1 n>1

More precisely, the minimum in (15) is attained for u, =0 (n > 1) when
u =20, foru, =" (n > 1) when u = f'(x) with x € I, for u, = e ¢
when u = vy (< 00) (in which case o € RY, —a € domdf = dom [ and
fi(=a)=7).

(7i) Let u € Ry (= dom f*). Then

1nf{ Zf Up) | (Un)n>1 C (dom [ )n>1, U= Zun} (16)

n>1 n>1

= inf{ D un(nuy = 1) | (up)nz1 C Ry, u= Zanun}. (17)

n>1 n>1

Proof. Let a € Ry be such that [ := (—oo0, —«a) = int(dom f) C dom f C clI
(see Proposition 2.13), and take v := " -, o,e” 7" € (0, 00].

(7) The equality 0 f(int(dom f)) = (0,~) is proved in Proposition 2.13 (ii). Be-
cause the conjugate of the exponential function is given by

exp’ (1) = {“g e (18)

u(lnu—1) ifue Ry,

where 0-In0 := 0, we have f;(u) = ~(In ;= — 1) for u € R; and f;(u) = oo for
u e R*.
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The first inequality in (13) is given in (11), while for the second inequality just
take u; := u € Ry and u, := 0 for n > 2. For u € R* we have that f*(u) =
superlru — f(x)] > lim,_,_o[zu — f(z)] = oo. It follows that dom f* = R,.

(77) Consider u € R,. Clearly, f*(0) = inff =0, and so (14) and (15) hold in
this case, with attainment for v, = 0 (n > 1). Foru € (0,7) = df(int(dom f)) =
f'(I), there exists x € I such that f'(x ) = u, and so

fr(u) = f7(f' (@) = suplau — f(2)] = f'(z) = f2) =Y _ ™ (onz —1) (19)

zeR n>1

:Zf;(fr’l(x mln{Zf Up) | (Un)n>1 C Ry, u—Zun}, (20)

n>1 n>1 n>1

the last two equalities being given by Proposition 3.1 (v). Hence (14) and (15)
hold in this case, too, the attainment in (15) being for w, = e’ (n > 1).
Hence, if v = oo we have that (14) (therefore, also (15)) holds for all u € R, =
dom f* =1[0,7] NR.

Assume that v < oo; then, by Proposition 2.13, we have that o € R’ and
v = f'(—a). Take u > . Since ¢'(z) = u — f'(x) > 0 for every z € I, where
Y(z) := zu — f(x), it follows that ¢ is increasing on (—oo, —aJ, and so

ffw) = sup P(z) = ¢(=a) = —au — f(-a). (21)

z€(—o0,—a]

Since f* is continuous on R’ = int(dom f*) and limg_o f'(x) = 7, taking the
limit for T —a in (19), we get

F)=—ay=fl-a)=—a) o =3 e =3 fi(fi(-a

n>1 n>1 n>1

Assume now that (14) holds for some u > ~, that is there exists (up)n>1 C Ry
such that u = >, u, and f*(u) = ) o, fr(u,). Because u € 0f(—a) =
[v,00), by Proposition 2.13 (iv), we obtain that u, € df,(—a) = {0,e77},
whence u =) ., 0,e7"* = 7. This contradiction proves that (14) holds if and
only if u € [0,7] N R.

(i71) Because by (i7) the conclusion is clearly true for u € [0,7]NR, we may (and
do) assume that v < oco. Take u > 7 and denote by F(u) the (real) number
in the RHS of (17). There exists m > 1 such that o, > u for n > 7, and fix
n > n. For ¢ € N*, since v :=u — 7y + -, ore” 7" € (0,u), there exists a
unique A\, € R% such that ZZ;LZH ope 7 =y, It follows that A\, < A\41 < «
for all ¢ > 1; this follows easily by contradiction. Therefore, A, T p with p < o
Setting uf := e~ for k € 1,n, u} := e 7 for k € n+ 1,n + ¢ and uf := 0
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for k > n + ¢, we have that ), ., opuj = u; taking into account (21), we get

fru) < Fu) < ui(inuf —1)

k>1
= e kY (—opa — 1) + Z e“”““(—a;ﬁ)\q - 1)
k=1 k=n+1
n n n+q
= (A, — ) Z ore TR — Au — Z e kY — Z e~k
k=1 k=1 k=n+1
= f"(u) + Ay,
where
n n+gq
AZ = (Oé — /\q) (u _ Z O.ke—akoc) + Z eIk _ Z e—ak/\q; (22)
k=1 k>n+1 k=n+1

hence AZ >0 foralln>mnandq>1.

Assume that p < a. Since A\, < u, we have that ZZ;LZH e~k > ZZ:ZH e Tkt

— oo for ¢ — oo. From (22) we get the contradiction 0 < lim, .o A} = —o0.
Hence p = a. Using again (22) we obtain that limsup,_ ., A} <>, e 7%,
and so F(u) < f*(u) + D s,y €7 for every n > n. It follows that F'(u) <

f*(u). Therefore, F'(u) = f*(u), and so (17) holds. The proof is complete.  [J

Observe that the condition ¢,, > 0 in Proposition 3.3 is not essential; because
op — 00, 0, > 0 for some ng > 1 and every n > ny. Indeed, apply Proposition
3.3for g:= > -, fn, then the usual duality results for f = fi+...+ fo,-1 + 9.
Of course, in the conclusion one must replace [0,7] N R by cl[0f (int(dom f))].

One could ask, as for Theorem 2.9, if the condition int(dom f) # (0 is essential
in Proposition 3.1 (v). The next result proves that this is the case.

Proposition 3.4. Let g, g, be as in Ezample 2.15, where (¢,)n>1 C Ry is such
that ¢,/n — oo. Then domg* =R, x R and

g (u,v) = inf{ Z%(ln% —1)|m=>0, u= Zn%, v = Z(—l)"gﬂn}

n>1 n>1 n>1
(23)
for all (u,v) € (Ry xR) U{(0,0)}, while for u = 0 # v the term in the
RHS of (23) is co. Moreover, for u = 0 = v the infimum in (23) is at-
tained, while for w € R the infimum in (23) is attained if and only if v :=

> st (1) (L V‘*““) €R and v = 7.

2u

Proof. On one hand, because g(x,y) = f(x) + t{0}(y), where f is defined in
(9), we have that g*(u,v) = f*(u) for (u,v) € R?. On the other hand g% (u,v) =
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2(n® —1) for u € Ry and v = (—1)"g,/n, while g (u,v) = oo otherwise. By
Proposition 3.1 (i) we have that

9" (u,v) < G(u,v) (24)
= inf{ Zvn(lnyn 1|7 >0, u= van, v = Z(—l)n%%}
n>1 n>1 n>1

for all (u,v) € Ry x R.

It is clear that for u = v = 0 one has equality with attained infimum (for ~,, = 0
for every n > 1), while for u = 0 # v the RHS term of (24) is occ.

Applying Proposition 3.3 for ¢,, := n (n > 1) we have that & = 0 and v = o0;
moreover, for u € R,

Pl = min { Y gultng, 1) [ 2 0, = Yo

n>1 n>1

which is attained only for the sequence (7%),>1, where

. (1+2u_¢m)” (n>1).

Consequently, we have equality in (24) with attained infimum if and only if
v € R and v ="7.

Let (u,v) € R% x R and fix ¢ > 0. Then there exists some 7 > 1 such that

Do eIy —1) < f*(u) +e/2. Set w o= 375 kg and 0= 370, (= 1) a3
then v/ := u—u > 0 and v' := v — 7 € R. Observe that for a fixed n € N*,
since g, is finite (and continuous) one has (g, + gnt+1)* = g;0g;,,, with exact
convolution, and so

dom(g, + gn+1)" = domg; +domg;
=R (n, (=1)") + R (n+1,(=1)"6up1).

Take m > 1 such that u', > n|v'| for n > 7. Then

e (=)™ (n+ 1)
" NS + (n+ 1)s,

>0 Viyr o= W = (21"
- T G+ (1), T

and (u/7vl) = 77,1(”7 (_1)n§n) + ’y;z—i-l(n + 17 (_1)n+1§n+1) € dom(gn + gn+1)*-
Moreover,

(gn + gnr) " (W', 0") = gi(nyy,, (= 1) ") + o (0 + D)y gs (D)™ avi )
=y, (Iny, —1) + 7, (Inv,,, — 1).
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Since for n > 7 one has 0 < 4/, < e tEDiv] <u’1—|—lv’| - — 0 and
Nen+1
0 < Ayq < u(;f{;l”‘ = w5 + [v'| £ — 0, there exists m > 7 such that

'Y;n(ln%n - 1) + P)/';n—i-l(ln’ym—f—l - ) < 5/27 set Ve = 7k for k € 15”5 Ve = PYk for
k € {m,m+1} and v, := 0 otherwise. Then y, > 0foralln > 1, u=3_ . nv,
and v =) - (—1)"G,V,; moreover,

U) < Z’Yn(lnﬁyn - 1)
n>1

= > iy — 1) + 95,07, = 1) + vy (0, — 1)
k=1
< ffu)+e/2+¢e/2= f*(u) +e=g"(u,v)+e.
It follows that G(u,v) < g*(u,v), and so (23) holds. The proof is complete. [J

Remark 3.5. Observe that, depending on (s,),>1, the set of those u > 0 for
which the infimum in the RHS of (23) is attained for some v € R could be
R?% , a proper subset of R’ , or the empty set. For example, when ¢, = n* with
k > 1 the series > - (—1)"s,7, is convergent. If ¢, = e"* with a > 0 the

l+2u+\/4u+ If o .

series ) o, (—1)"¢, 7 is convergent iff & < In , the series

> ns1(=1)"67, is not convergent. (Here 7, is deﬁned in (25).)

Having in view Propositions 3.3 and 3.4, the following question is natural:

Question 3.6. Let f, f, € A(R?) with p € N* and f(x) = }_ -, fu() for every
r € RP; is it true that

1nf{ Zf Up) | (Up)n>1 C (dom f)p>1, u = Zun}

n>1 n>1

for all u € int(dom f*)?

M. Valadier in [8] defines the continuous inf-convolution for a family (f;)ier
of proper lower semicontinuous functions defined on RP, where (7,7, pu) is a
measure space with p > 0 being o-finite. In the case in which T := N*, 7 := 2N
and p : 7 — [0,00] is defined by p(A) := card A, [8, Th. 7] has the following
(equivalent) statement:

Theorem. Let (g,)n>1 C I'(RP) be such that the series Y, -, |gi(u)| < oo for

every u € RP. Then the function § : RP — R, defined by
1nf{Zgn Zp) | (Tn)n>1 C RP, Z||mn|| < 00, x—an},
n>1 n>1 n>1

belongs to T'(RP), the infimum above is attained for every x € RP, and g* =

anl In-
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Taking (f,)n>1 C I'(RP), and setting g, := f (hence g = f,), the hypothesis
of [8, Th. 7] implies that dom f = R? (and of course f, f,, are continuous on
RP), an hypothesis which is stronger than that of Proposition 3.1 (v), but also
the conclusion of [8, Th. 7] is stronger. Clearly, [8, Th. 7] (above) can not be
applied in the previous examples (because f is not finite-valued), as well as for
the example in the next section.?

4. An application to entropy minimization

As mentioned in Introduction, in Statistical Physics (Statistical Mechanics)
one has to minimize ) ., n;(Inn; — 1) with the constraints ) .., n; = N and
Zie ;ni€; = €, where [ is a countable set and n; are nonnegative integers. In
this context consider h; := exp 0o4;, where A; : R? — R is defined by A;(x,y) :=
r+eiy, and h = )., h;. Because h; > 0, we have that ) ., h; = ZjeJ hy(j) for
every bijection p : J — I. So, we (can) take I = N*, the set of positive integers,
(On)n>1 CR, Ap(x,y) =2+ 0ny, hy, :=expoA, and h:=>_ ., h,. Hence

hiz,y) =Y etV ="y e = e f(y)

n>1 n>1

with f : R — R, f(y) == Y., -,e™. By Proposition 2.13, when domh =
R x dom f # (), we may (and do) assume that o, — oo, in which case there
exists a € R, such that I := (—o0, —a) = int(dom f) C dom f C clI. Since
h,, is differentiable on R? [with Vh,,(x,y) = e**7"¥(1, 0,,)], by Theorem 2.9 (and
Corollary 2.11), h is differentiable on int(dom h) = R x [ and

Vh(z.y) = 3 (1, 0,) = (Z oo, 3 o) — (& f(y), " (9)

n>1 n>1 n>1

for all (z,y) € R x I. Moreover, because Im A4,, = R and A*w = w(1,0,) for
w € R,
B, v) = min {exp®(w) | Aw = (u,0))
B {u(lnu —1) ifu>0andv=uo,,

00 otherwise.

Using Proposition 3.1 (v), it follows that for (u,v) = Vf(z,y) with (z,y) €
int(dom f),

h*(u,v) = min { Zun(lnun — 1) | (up)n>1 € Ry, Zun = u, Zunan = v}

n>1 n>1 n>1

(26)

2 We thank Prof. L. Thibault for bringing to our attention the reference [8].
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for every (u,v) € Oh (int(dom f)); moreover, because h’ is strictly convex, for
(u,v) € Oh(z,y) with (z,y) € int(domh), the minimum in (26) is realized at
the unique sequence (U, )p>1 = (€°T7Y),>1.

We apply the preceding considerations for the following example taken from [7,
p. 10]:

13

2
e(ng, ny,n.) = gz (n +n+n2); ngngn, =1,2,3,. .. (5)

where h is Planck’s constant and m the mass of the particle,” and L is the side
of a cubical box.

Hence, o4 1m := k(k* + 1 + m?) with k,I,m € N*. We take k = 1 to (slightly)
simplify the calculation. It follows that

3
24724 02 2 2 2 2
h(m,y) _ § ex-i—y(k: +24+m?) _ et E 6yk: eyl eymt — ex( 2 eyk ) )

klm>1 klm>1 k>1

Clearly, domh = R x R* = int(domh). Let us consider

2

JRoE fy) =3

n>1

hence h(z,y) = ¢* [f(y)]°. As observed in Example 2.14, I := dom f = R* , and

so domh = R x I. The series 3,., e’ as well as the series 3, ., (k?)Pe?*
with p € N*, are uniformly convergent on the interval (—oo, —7] for every
v > 0 (because 0 < e¥** < e for every y € (—oo,—1]). It follows that
fOy) = 3,0 (K2)Pe?™ for every p € N (with f©@ = f, f® = ' ) and
lim, . o f®(y) = 0 for p € N. Moreover, lim, .o f(y) = oo. This is because
fly) > S0 e for every n > 1 and lim, o Y27, ¥ = n. Hence h|gomn €
C*°(dom h). We know that h is strictly convex on its domain (as the sum of a se-
ries of strictly convex functions). In fact In f (with In co := 00) is proper, convex
and Isc; In f is even strictly convex on dom f = I. Indeed, (In f)' = f'/f > 0 and
(Inf)" = (f"f—(f"?)/f*> 0on I; just use Schwarz inequality in £2. Moreover,
lim, o f'(y)/f(y) = Land n := lim,_o— f'(y)/ f(y) = co. The first limit is (al-
most) obvious. The second limit exists because (In f)" is increasing on I. In fact,
for fixed n > 1, we have that f'(y) = 3o, k2e¥Y > n?f(y)—n? 327, k2eF*¥, and

so f'(y)/f(y) > n*—n? (ZZ:1 k26k29> /f(y) for y < 0. Since lim,_o_ f(y) = oo,
it follows that n > n? —n?(>",_, k?) /oo = n®. Therefore, n = oco. It follows
that ¢ := f'/f : R* — (1,00) is a bijection.

Let us first determine the conjugate of In f which will be needed to express the
conjugate h* of h. Since the equation (d%[vy —In f(y)] =) v — ¢(y) = 0 has the

(unique) solution y = ¢~!(v) € I for v > 1, we obtain that

(In f)*(v) =sup{lvy —In f(y) |y € [} =vp ' (v) =In [f(¢~'(v))] Vo>1.
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Because (In f)* is Isc, we have that

(In f)*(1) = lim (In f)*(v) = lim_[ye(y) —In f(y)]

v—1+

1+ n2e* =1y
= lim [ ZnZQ —y—1In (1 + Z e("Q_l)y)} = 0.

N Dna €T n>2

Finally,

(In f)*(v) = suplvy —In f(y)] = lim [oy —In f(y)]

yel y——00

— (yl_{r_nooy) (U _ yli,r_noo ln];(y))

f/(y)) = (~o0)(v—1)=00 Vo< L.

Let us determine now the conjugate of h for (u,v) € R?. Since f(y) € R* for
y € R,

W)= sup oty = bl = swp (oot sup e - 1)

(z,y)€dom h yER® z€R

= sup (yv + [f (W) exp® (%)) -

Hence h*(u,v) = oo for u € R* and h*(0,v) = tp+ (v) = tr, (v). For u € RY we
have that

h*(u,v) = sup (yv +u(lnu —3In[f(y)] — 1)

yeR®

= u(lnu—1) + sup (yv — 3uln[f(y)])

v
— u(lnu —1) + 3u(l *(— .
u(lnu )+ 3u(In f) 3u>
In conclusion,

u(lnu —1) + 3u(ln f)* (&) if v>3u>0,
h*(u,v) =<0 ifu=0<w,
o0 ifu<0, orv<0, or0<v<3u.

It follows that

{(u,v) e RY xR’ | v > 3u} = int(domh*) C dom h*
= {(u,v) €Ry xRy | v > 3u},
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Moreover, because Vh(z,y) = e [f(y)]* - (1,3¢(y)), we get

Oh(int(dom h)) = VA(R x I) = int(dom h™").

For (u,v) € R? consider the set

S(Uav) = {(uk,l,m)k,l,mZI C Ry | Z Uk lm = U,

k,l,m>1

Z (l2 + k2 + m2)uk,l7m = U};

k,lm>1
clearly, S(u,v) = 0 for (u,v) ¢ domh*, S(u,3u) = {(Ukim)kim>1 C Ry |
Uy 11 = U, Uppm = 0 otherwise} for u > 0 and S(0,v) = 0 for v > 0.

Applying Proposition 3.1 (v), for (u,v) € int(dom h*) = Oh(int(dom h)) we have
that

h*(u,v) = min Z Wkt (I U 1 — 1) | (Wkgm)kim>1 € S(u, v)}, (27)

k,,m>1

the minimum being attained uniquely for (W ;.,) = [f(’;)}se(k%l%m%y (k,l,m >

1), where y < 0 is the solution of the equation v/u = 3f'(y)/f(y); hence
S(u,v) # () in this case. In the case v = 3u > 0, as seen above, S(u, 3u) is a sin-
gleton and relation (27) holds, too; for v > 0 (= u) we have that S(0,v) = ) and
h*(0,v) = 0.

Observe that the solution for the case v = 3u > 0 is not obtained by using the
(formal) method of Lagrange multipliers. Also note that even the solution for
(u,v) € Oh(int(dom h)) can not be obtained from the results of J. M. Borwein
and his collaborators because, even if /P-spaces can be regarded as L?())-spaces,
the measure of €2 is not finite (and, even more, the corresponding linear operators
are not continuous).
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