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Let X be a Banach space. Using derivatives in the sense of vector distributions, we show
that the space DC(]0,1],X) of all d.c. mappings from [0,1] into X, in a natural norm,
is isomorphic to the space My, ([0, 1], X) of all vector measures with bounded variation.
The same is proved for the space BDCy((0,00), X) of all bounded d.c. mappings with a
bounded control function. The result for the space DC([0,1],R) of all continuous d.c.
functions was (essentially) proved by M. Zippin (2000) by a quite different method. The
space BDC4((0,00), R) consists of all differences of two bounded convex functions. Internal
characterizations of its members were given by O. Béhme (1985), but our characterization
of its Banach structure is new.
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1. Introduction

If C' is a convex subset of a (real) normed linear space, then f: C — R is
called a d.c. function (DC function, or a delta-convex function) if it can be
represented as a difference of two continuous convex functions on C'. In [20],
the notion of a d.c. function was extended to the notion of a d.c. mapping
between arbitrary Banach spaces (see Definition 2.1 below) and a theory of
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such mappings was developed (see Introduction in [10] for a brief review).

For functions of several variables no satisfactory internal characterization of
d.c. functions is known. However, internal characterizations of (special) d.c.
functions on intervals in R were given in [15], [3] and [22]. Our main results
partly generalize the results of [3] and [22] to the case of d.c. mappings; some
of them are new also in the case of d.c. functions.

Functions which are differences of two Lipschitz convex functions on [a, b] are
characterized in [15] (as functions with bounded convexity). A generalization
of this result to the case of d.c. mappings is given in [21]. Internal characteri-
zations of d.c. mappings F' defined on open intervals are also well-known (see
[21, Theorem BJ). Here we present a new characterization (Theorem 3.1 below)
which deals with the second distributional derivative D?F and provides a gen-
eralization of the classical characterization of d.c. functions on open intervals
(see [16, p. 54]).

In [3], several internal characterizations of functions which are differences of
two bounded convex functions on (0, 00) are given. We consider the correspond-
ing set BDCy,((0,00), X) of bounded d.c. mappings from (0, 00) to X having
a bounded control function, and give internal characterizations of these map-
pings.

The space K0, 1] of differences of (possibly discontinuous) convex functions on
[0, 1] was considered in [22]. Using the theory of L;(u) preduals it is proved that
K[0,1] equipped with a specific norm (which is equivalent to a natural norm
on K10, 1]) is isometric to the dual space C'(F)*, where F' = {—1}U[0, 1]U{2}.
We give an analogue of Zippin’s result for d.c. mappings. Namely, we prove
(see Theorem 5.11) that if X is a Banach space, then the space DC([0, 1], X)
of all d.c. mappings from [0, 1] to X, equipped with a certain norm (which
is equivalent to a natural norm on DC([0,1], X), is isometric to the space

My, ([0, 1], X)) of all vector measures with bounded variation. Consequently,
the space DC([0, 1], X*) is isomorphic to the dual space C(]0, 1], X)*.

Moreover, we prove (see Theorem 5.14) that the space BDC,((0,00), X) (in
a natural norm) is also isomorphic to the space My, ([0, 1], X'). This result is
new also in the case X = R.

Note that our main idea leading to results on the structure of the Banach
spaces DC([0, 1], X) and BDCy((0,00), X) is based on considering the second
distributional derivative of mappings belonging to these spaces and is quite
different from the main idea of [22]. Our method is relatively easy in the
case of d.c. functions (X = R), but in the general case it needs a number
of results on vector measures and vector distributions, which are collected in
Preliminaries.
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2. Preliminaries
2.1. Basic notation

Throughout the paper, all normed linear and Banach spaces will be real spaces.
By an integral of a real (resp. vector) function we mean the Lebesgue (resp.
Bochner) integral. If it is not specified otherwise, the integral is taken with
respect to the one-dimensional Lebesgue measure. We use the standard con-
vention that fab fi=- fba fifb<a.

fMCACRand f: A— X are given, then we define the variation of f on
M as

V(f, M) = sup{ 370, | f(zi1) = f(@i)l},

where the supremum is taken over all (z;), C M such that zg < x; < -+ <
Tn. (Weset V(f, M) := 0, if M is empty or a singleton.) We say that f has
bounded variation on M, provided V(f, M) < oc.

For a,b € R, we denote V> f := V(f,[a,b]) ifa < b, VP f := —V,af if b < a, and
VPf =0 if a = b. Further, for a € R, set V>°f := V(f,[a,00)). Obviously,
Voo f = lim, o VI .

For basic well-known properties of the variation of a vector function, see, e.g.,
[12], [14] and [6]. In particular, we will use consequences of the additivity of
variation (see [6, (P3) on p. 263)):

V(f,M)=V(f,MO(=00,t]) + V(f, MO[t,00)), ifteM. (1)

As usual, for f as above we denote || f||o = sup,ea ||f(2)]].

In the present article, we use the definition of d.c. mappings from [20] also for
mappings defined on a non-open convex set:

Definition 2.1. Let X,Y be normed linear spaces, C' C X a convex set, and
F: C — Y a continuous mapping. We say that F'is d.c. (or “delta-convex”,
or DC) if there exists a continuous (necessarily convex) function f: ¢ — R
such that y* o F'+ f is convex on C' whenever y* € Y*, [|y*|| < 1. In this case
we say that f controls F, or that f is a control function for (of) F.

Remark 2.2. Similarly as in [20], we have the following facts.

(a) A real function F' on C is a d.c. function iff it is d.c. in the sense of
Definition 2.1. Indeed, if F = g — h where g, h are continuous and
convex then f := g+ h is a control function of F'; and if f controls F
then F = 2(F + f) — 3(f — F) is a d.c. function.

(b) IfY =R" and F = (Fy,...,F,), then F is d.c. iff all functions F; are
d.c.

Let us make the following agreement: in the rest of this section, I C R will be
an open interval, and X a Banach space.
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2.2. Vector measures

There are two possibilities for defining X-valued measures on /: measures as
o-additive set functions ([7], [9]), and measures as continuous linear operators
on C.(I), the space of continuous functions with compact support ([2], [5],
[11], [14]). We are going to follow the first possibility.

Let B(I) be the Borel o-algebra on I, and B.(I) the field of those B € B([)
whose closure B is a compact subset of I. We shall need the following two
classes of X-valued measures on I.

By My, (I, X) we mean the class of all X-valued vector measures on B(I) with
bounded variation. So u € My, (I, X) means that p: B(I) — X is o-aditive
and

|ul(B) = sup{ 30, |lu(Bi)ll } <00 (B € B(I)),

where the supremum is taken over all finite Borel decompositions { By, ..., B,}

of B.

The definition of My, (I, X), the class of X-valued vector measures on B.(I)
with “locally bounded variation”, is obtained in the same way by everywhere
writing B.(I) instead of B(I).

Recall that, for p € My, (I, X) or p € My,(I,X), the variation |u| is a non-
negative finite measure on B(I) or B.(I), respectively.

Observation 2.3. Given pu € My, (I, X), then its variation |u| admits a nat-
ural extension to a measure |u|: B(I) — [0, 0o], given by

ul(B) = sup{|ul(B) : B € B.(1). B C B}.

If, in addition, |u|(I) < oo, then p has a unique extension to a measure
p: B(I) — X, and this extension belongs to My, (I, X); see [7, p. 62, Theo-
rem 1] (in which K, C, p, m are our B(I), B.(I), |ul, i, respectively). So, any
measure p € My, (I, X) such that |u|(I) < oo can be considered as an element
of My, (I, X).

2.3. Multiplication of a vector measure by a function

Let € My,(I,X). If 6: I — R is a locally bounded and Borel measurable
function, then it is possible to define the integrals fB Odue X, BeB.(I), as
in [9, pp. 5-6]. Moreover, it is easy and well-known that

1[0 dpl| < [510dlpul (B € B(I)) (2)

(e.g., this can be seen as a special case of [7, p. 142, 12] for E =R, F = X)).
Now, we can define Ou: B.(I) — X by

Op)(B) = [ 0du. (3)
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Remark 2.4. Let u, 6 be as above, B € B.(I), z* € X*. By [9, p. 6],

o (/Bedu) :/BQd(x*o,u). (4)

Consequently, x* o O = 0(x* o ). This fact and the well-known scalar case
easily imply that:

(a) Ou is o-additive on B.(I);

(b)  the mapping 0 — 6O is linear;

(¢)  61(02u) = (6102)p if 61,0, are locally bounded and Borel measurable on
1.

We need also the following easy (probably known) fact for which we have not
found any reference.

Lemma 2.5. Let p and 6 be as above. Then Ou € My, (I, X) and
0| (B) = /B 0ld[ul (B € B.(1)). (5)

Proof. By Remark 2.4, 0pu is o-additive. Let {By,...,B,} be a Borel de-
composition of B € B(I). By (2), X1 I6mB) = 551 [ 0dull <
> fBj 0| d|u| = [510]d|p|. This shows that 6u € My,(I,X) and the in-
equality “<” in (5) holds.

Now, fix B € B.(I) and € > 0. Let {J,,} be a countable disjoint covering of R
by intervals of length €. Let {B,} C B(I) be a countable disjoint covering of
B, such that B, C 7'(.J,) (n € N). For each n, fix ¢, € J, \ {0}; moreover,
let {B,1,...,Bnm,} be a Borel decomposition of B, such that

|1l(Bn) < 3255 (B )| + elenl ™l (Bn)

Then

S 01dind = 32, fy, 101 dlul < 5, (s, leal dlpt + [l (B2)
= S, leallil(Ba) + £lul(B) < 52, X5 lealla(Bug)I| + 221l (B)
=50, S S, en il + 22|l (B)
<SS S, 0dull + 3elul(B)
= 5 27 (6) (B | + Bl (B)
< 50, S 100l (Bug) + 32|l (B) = (6p](B) + 3elul(B).

Since ¢ > 0 was arbitrary, the inequality “>” in (5) follows, and we are
done. O
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Now, in view of Observation 2.3, the above lemma immediately implies the
following

Corollary 2.6. Let y1 and 6 be as above. Then |0u|(I) = [, |0|d|u|. In par-
ticular, O € My,(1,X) if and only if [, |0]d|u| < occ.

2.4. Banach spaces of vector measures with bounded variation

Let X be a Banach space, B C R a nonempty Borel set. By M,,(B, X) we
mean the vector space of all Borel X-valued vector measures with bounded
variation on B. Thus a mapping u: B(B) — X belongs to M, (B, X) if and
only if p is o-additive and ||p|lr,, = |p|(B) < oo. It is well known that
| - llag, is a complete norm on M, (B, X). Throughout the paper, the space
My, (B, X) will be always considered in this norm.

In the last section, we shall use the following fact.

Lemma 2.7. Let X be a Banach space, I C R an open interval, and A =
{a1,...,a,} TR\ I a finite set of cardinality n > 0. Then the Banach space
My, ([0, 1], X) is isometric to any of the spaces

Mbv([UA,X) and Mbv(I,X) D1 <éX) y (6)

where the last space is the {y-direct sum of My, (I, X) and n copies of X.

Proof. It is clear that the formula

CI)(IU) = (M‘B(I)u ,U’({al}>7 T ,u({an})), IS Mbv([ U A? X),

defines a linear isometry between the two spaces from (6).

Since I is homeomorphic to (0,1), the spaces My, (I, X) and M,,((0,1), X)
are isometric. So we can suppose I = (0, 1).

Let ¢: (0,1) U A — [0, 1] be a bijection such that both 1 and ¢! are Borel
measurable. To construct such a 1, it suffices to fix an infinite countable set
N C (0,1) and define 9 piecewise as: the identity on (0, 1)\ N, and a bijection
of NU A onto N U{0, 1}. Now, the mapping ¥, defined by

U(u)(B) = p(¥~(B)), B € B([0,1]), for € My ((0,1)UA, X),
is clearly a linear isometry of Mp, ((0,1) U A, X) onto My, ([0, 1], X). O

We shall need also the following theorem which follows from a result by
I. Singer [18] (see also [7, Corollary 2, p. 387]) and the observation that each
€ My, ([0,1], X*) is regular since the real nonnegative measure |u| on [0, 1]
is regular. As usual, C([0, 1], X') denotes the Banach space of all continuous
X-valued functions on [0, 1], in the supremum norm.

Theorem 2.8 (Singer [18]). Let X be a Banach space. Then the Banach
space My, ([0,1], X*) is isometric to the dual space C([0,1], X)*.
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2.5. Vector distributions

Let D(I) be the space of real-valued C'*°-functions on I with compact support
and, given a compact set K C I, let Dk (I) = {p € D(I) : supp(p) C K}.

An X-valued distribution on I can be defined (see [16, p. 30, and Théoreme
III, p. 66|, cf. also [17]) as a linear mapping T": D(I) — X such that each of
its restrictions

T\pwny: Dx(I) — X (K C I compact)

is a continuous linear operator if Dk ([) is equipped with the locally convex
topology induced by the pseudonorms N,(¢) = [[¢® |l (p =0,1,2,...).

Any locally Bochner integrable vector function G: I — X induces the distri-
bution T(¢) = [; ¢ Gdzx, since for each ¢ € Di(I) clearly || [, ¢ Gdzx| <
[@lloo - [i IG(2)]|dz. As usual, we say (slightly incorrectly) that Tt is a func-
tion.

More generally, let p € My,(I,X) and ¢ € D(I). Fix a,b € I so that
supp(¢) C (a,b), and denote by p the restriction of u to B((a,b)). Since
[t € My,((a,b), X), we can define the integral T(¢) := [, ¢ dfi as in [9, pp. 5-
6]. Since clearly the integral T'(¢) does not depend on the choice of (a,b), we
can denote it by [, ¢ du or T,(¢). Then T, is an X-valued distribution, since
I J;edull < llell - [ul((a, b)) (see [9, p. 6]). Moreover, if p1, 2 € Mipo(I, X)
are distinct then 7}, # T),,; indeed, this follows from the well-known real case
(see [16]) by observing that

Typeop =2 0T, foreach 2* € X* and p € My, (I, X), (7)

which follows immediately from [9, p. 6]. So, as usual in the classical case,
we can identify p and T, and we shall simply say that 7}, is a measure (from

My, (1, X)).

2.6. Distributional derivatives

Let T" be an X-valued distribution on /. The distributional derivative of T' is
the X-valued distribution DT on I, defined by DT'(p) = —=T(¢'), ¢ € D(I).
The second distributional derivative of T is D*T := D(DT). The following
fact is well-known (for scalar distributions see [16, p. 51]).

Fact 2.9. Let T be an X-valued distribution on I, such that DT = 0. Then
T is (given by) a constant vector function.

Proof. For each z* € X* we have D(z* o T) = z* o DT = 0, and hence
z*oT =T, . where g,«(x) = ¢,» € R. Thus

7 (T()) = e / o (peD()). (8)

1
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Fix some ¢, € D(I) such that [,y = 1. Then (8) implies that c,- =
2*(T(¢go)), * € X*, and hence, by (8) again, T(p) = T(¢0) [; ¢, ¢ € D).
This means that T' = T for G(x) = T'(py). O

Observation 2.10. Let G: I — X be a locally Bochner integrable function,
zel, and F(z) = [7 G (x € I). Then DF =G.

Proof. The assertion follows easily by the well-known case X = R. Indeed,
for each z* € X*, we have * o DF = D(z* o F') = 2* o G. O

The following proposition, which generalizes the well-known real case, comes
essentially from [7].

Proposition 2.11.

(a) IfG: 1 — X is a right-continuous vector function with locally bounded
variation, then there exists a unique = pg € My, (I, X) such that

p((x,y]) = Gly) — G(z), xyel, x<y.

Moreover, each p € My, (I, X) is of the form ug for some G, and ug, =
e, tf and only if Gi — Gy is constant.

(b)  If p=pg, then
(@, y]) = VIG, wxy,€l,x<y.

(¢) pe = DG, that is, pg is the distributional derivative of G.

Proof. The proof of (a), (b) for left-continuous (instead of right-continuous)
vector functions follows from [7] (see Chap. III, §17, 2 and 3); cf. also [14,
Propositions 7.12 and 9.1]. Part (c) is well-known for X = R (see, e.g., [16,
p. 53]). The general case reduces to the scalar case by using (7) and the
definition of the distributional derivative; see also [2, p. 46]. ]

3. Second distributional derivatives of d.c. mappings on open in-
tervals

Theorem 3.1. Let I C R be an open interval, X a Banach space, and F': [ —
X a continuous mapping. The following assertions are equivalent.

(i) F is a d.c. mapping.

(ii)  The distributional derivative DF is (given by) a vector function of locally
bounded variation.

(#11) The second distributional derivative D*F is a measure from My, (I, X).

Moreover, the mapping D*: DC(I,X) — My, (I, X) is linear and onto, and
its kernel Ker(D?) coincides with the set of all affine mappings of I into X.



L. Vesely, L. Zajicek / Spaces of d.c. Mappings 1169

Proof. Assume (7). By [20] or [21], the right-hand derivative F, of F is a well-
defined X-valued function on /. By [21, Theorem 3.1] and [21, Proposition 3.4,
p. 329], F' is right-continuous and has locally bounded variation. By [21,
Theorem 3.1] we have F(z) = F(z) + ['F,, z,z € I, and so DF = F}
by Observation 2.10. Hence we can apply Proposition 2.11 to conclude that
D?*F = D(FY}) is a measure from My, (I, X), that is, (¢) holds.

Assume (iii), i.e., D*F = pu € My, (I, X). By Proposition 2.11, there exists
a right-continuous vector function G of locally bounded variation such that
DG = p. Since D(G — DF) = 0, Fact 2.9 implies that G — DF' is a constant

function, and hence (iz) holds.

Assume (ii). Fix some z € I and define F(z) = JZ(DF). These Bochner
integrals exist; indeed, the integrand is bounded, and continuous outside an at
most countable set (see, e.g., [6, Theorem 4.1(b)]). Now, F is locally d.c. by

21, Theorem 3.1], and hence d.c. on I by [20, Theorem 1.20]. Since D(F—F) =

0 by Observation 2.10, we obtain that F' — F is a constant function, and hence
() holds.

Now it is easy to see that D? is onto. Indeed, given pu € My, (I, X), then p =
DG for some right-continuous vector function G of locally bounded variation
(Proposition 2.11). Then, as above, the corresponding vector function F(x) :=

[7@G is d.c., and D*F = DG = pu.

Finally, if F € DC(I,X) is such that D*F = 0 then, by Fact 2.9, DF is a
constant function, equal to some ¢ € X. Define H(z) := xc, x € I, and notice
that DH is the constant function ¢ by Observation 2.10. Since D(F'— H) = 0,
another application of Fact 2.9 gives existence of b € X such that F(x) =
b+ xc almost everywhere in /, and hence everywhere in [ by continuity. This
completes the proof. O

Notice that the above proof gives the following

Corollary 3.2. Let I, X, F be as in Theorem 3.1 and satisfy the conditions
(¢)—(i7i) therein. Then F'. is a right-continuous vector function on I with
locally bounded variation, and DF = F'_.

Corollary 3.3. Let I, X be as in Theorem 3.1, and z € 1. Then the mapping
®: DC(I,X) — X x X X Mp,(I,X), given by ®(F) = (F(z), F\.(z), D*F),
1S a linear bijection.

Proof. The assertion easily follows from the following reasoning, based on
Theorem 3.1. Given (p, q, 1) € X x X X My, (I, X), there exists F' € DC(I, X)

such that D2F = 1. Adding to F a suitable X-valued affine function, we easily
obtain the (clearly) unique F' € DC(I, X)) such that ®(F) = (p, q, ). O
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4. Characterizations of d.c. mappings via one-sided derivatives
4.1. D.c. mappings on arbitrary intervals

Lemma 4.1. Let I C R be an open interval and f: I — R a continuous
function such that the unilateral derivatives f (z) exist at each x € I. If
fi(x) < fL(y) whenever x <y belong to I, then f is convex.

Proof. Suppose that f is not convex. There exist three points a < b < ¢ in [

such that
f0) = fa) _ $) = f(@
c—a b—a

Consider the function g(x flx) =1L (C):f @ (3 — a). An easy calculation

) =
shows that g(a) = g(c) < g(b). Applying Proposition 2 in [4, Chapter 1, §2]
b

to the intervals [a,b] and [b, ], we obtain two points = € (a,b) and y € (b c)
such that ¢/, (z) > 0 > ¢’ (y). But this implies that f’(z) > f’(y), which
contradicts the assumptions. O

Theorem 4.2. Let X be a Banach space, I C X an arbitrary interval, F: [ —
X a continuous mapping, and z € intI. Then the following assertions are
equivalent.

(i) F is a d.c. mapping.

(i) F(t) exists for each t € intI, and f.(x) = [J(VIF,)dt is finite for
each x € I.

Moreover, if (i), (it) are satisfied, then

F(z) = F(z) + /m F (9)

for each x € I, and given a function f: I — R, we have the equivalence

f controls F < f — f, is continuous and convezx on I. (10)

Proof. Let (i) hold. By [20] or [21], F" () exists throughout int /. For each
interval [c,d] C int I containing z, F has clearly a Lipschitz control function
on [c,d]. By [21, Theorem 3.1(c)], f, controls F' on [¢,d]. Since every locally
convex function on an open interval is convex, we easily get that f, controls
Fonintl].

Now suppose that s := supl € I. Let ¢ be a control function for F' on [I.
By adding an affine function, we can suppose that ¢(z) = 0 (= f.(z)) and
¢’ (2) = (f.)'.(2). For each t € (2, s), we can apply [21, Theorem 3.1(b,d)] on

[2,t] to get (f2)" ()= ([2)} (2) < @ (t) =/ (2), which implies (f2)” (t) < ¢ (£).
Therefore, for each x € (2, s), we have

rw = [ [Co = eto)
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Since f, is nondecreasing on [z, s|, we obtain

fo(s) = lim f.(z) < lim @(z) = ¢(s) < oo,

r—8—

and hence f,(s) is finite.

If i :=infI € I, we proceed in a quite similar way. In this case, we consider
a control function ¢ for F' such that ¥ (z) = 0 and ¢’ (z) = (f.)" (z). For
any t € (i,2), we get —(f.) . (t) < =4/ (t). Integration gives f.(z) < 9¥(x)
whenever = € (i, z). Since f, is nonincreasing on [i, z], we obtain that f,(7) is
finite, which completes the proof of (i7).

Now suppose that (i¢) holds. Then V!F" is clearly finite for each ¢ € intJ,
that is, F?| has locally bounded variation on int /. Using the obvious fact that
f» — fe is an affine function on I, we obtain by [21, Theorem 3.1] that f,
controls F' on any compact interval [c,d] C int I, and therefore on int I. Since
F and f, are continuous on I, it follows easily that f, controls F' on I, and
hence (i) holds.

The implication “<" in (10) is obvious. To prove “=", suppose that f controls
F' and consider two arbitrary interior points x < y of I. Since f, — f, is

affine on 7, [21, Theorem 3.1(b,d)] gives (f.)_(y) — (f2) () < fL(y) — fi(x).

Consequently,
(f = f)i(@) < (f = ) (v)-

By Lemma 4.1, the function f — f. is convex on int I and hence, by continuity
of f and f,, also on I.

Finally, the formula F(z) = F(z) + [ F’, holds on int I by [21, Theorem 3.1].
Our aim is to show that it holds on I. Assume that s = sup € I. Consider
an increasing sequence {r,} in (z,s) such that x, — s. Then the functions
G, = F X[z, converge to F pointwise on [z, s) and are Bochner integrable
on [z, s]. Moreover, since ||G,,(t)|| < || F} (2)|| + VIF for t € [z, s], the Vector
Dominated Convergence Theorem (see [1, Theorem 11.45]) implies that so is
also F\. If i = inf] € I, an analogous reasoning leads to the conclusion that
F is Bochner integrable on [i, 2] as well. Now, the desired formula holds on
the whole I by continuity. ]

Remark 4.3. Condition (10) shows that f, is in a sense a “minimal” (up to
an affine function) control function of F.. More precisely, (10) easily implies
that a real function g on I has the property that, for each real function f on
I,

f controls I & f — g is continuous and convex

if and only if ¢ — f, is an affine function on I.

4.2. D.c. mappings with a bounded control function

Theorem 4.4 (Case [ = (a,b)). Leta < z < b be real numbers, X a Banach
space, and F: (a,b) — X a continuous mapping. Let f, be defined as in



1172 L. Vesely, L. Zajicek / Spaces of d.c. Mappings

Theorem 4.2. Then the following are equivalent.

(i)  F is d.c. with a bounded control function.
(i1) F exists on (a,b), and f. is continuously extendable to [a,b].

(i11) F exists on (a,b), and the integral f;(VZmFJ’F)dx converges.

Moreover, if the above conditions are satisfied, then F' is continuously extend-
able to [a,b].

Proof. To prove (i) = (ii), suppose that f is a bounded control function for
F'. By (10), there exists a convex function g on (a, b) such that f = f,+g. Since
g is bounded from below, we have that f, is bounded from above. So, since f,
is clearly nondecreasing on (z,b) and nonincreasing on (a, z), we obtain (7).
Since f. controls F, (it) implies (7). Finally, since the function v(x) := VI F",
is nonnegative on [z,b), nonpositive on [a, z), and f.(z) = [ v, it is easy to
see that (i7) is equivalent to (7i).

Now suppose that (i)—(zii) hold. The vector function F’ , being the pointwise

limit of the functions H,,(z) := n(F(z+ +) — F(x)) (where we set F(z) :=0
for x > b), is (strongly) measurable on (a, b); see [1, §11]. Since clearly

1 (y) = FL()| < vly) —v(x) fora<z<y<b,

we obtain ||F(z)|| < ||FL(2)|| + |v(2)| + |v(x)| for € (a,b). So the integrals

[ F, and be F' converge. Now, (9) easily implies that F' is continuously
extendable to [a,b]. This completes the proof. O

Theorem 4.5 (Case I = (a,00)). Let a < z be real numbers, X a Banach
space, and F: (a,00) — X a continuous mapping. Then the following are
equivalent.

(i) F is d.c. with a bounded control function.

(i) F'(z) exists for each x € (a,00), and the integral [~ (V°F')dt con-
verges.

(i11) F'(x) exists for each x € (a,00), and the function f. from Theorem 4.2
is bounded on (a,z) and has an asymptote at co.

Moreover, if the above conditions are satisfied, then the following limits exist
mn X:

F,:= lim F(z), F = lim F(z), q:= lim (F(z) — 2F.).

T—a+ Tr—00 T—00

In particular, F' has an asymptote at co.

Proof. To prove (i) = (ii), suppose that f is a bounded control function for
F. Since f is convex, it is easy to see that f is nonincreasing and has a finite
limit at oco. By (10), there exists a convex function g on (a,00) such that
f= [ +g Setv(x):=VIF,.. Weknow that f.(z) = [’ v, and there exits
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a nondecreasing function w on (a, 00) such that g(x) )+ f (see
§12, Theorem A]). We claim that L := lim, .., v(z) = VOOF’ e R. Indeed 1f
L = o0, choose z > z such that v(2) > 1 —w(z). Then, for each x > z, we have

fo(z) > (1 —w(z))(x —2) and g(x) > g(2) + w(z)(z — z). This easily implies
that lim, . f(z) = oo, which is a contradiction. Similarly, since f, > 0 on

(z,00), we easily see that L := lim, .. w(z) € R. Since clearly

and the function
f@) = L(x — 2) — o(x) + g(2) + L(z — 2) — ()

is bounded on (@, 00), we obtain L+L = 0, and hence ¢(z)+1(z) = g(z)—f(z).
Since ¢ and 1) are nonnegative and nondecreasmg on [z,00), we obtain that
lim, .o ¢(x) € R, that is, the integral [*°(L — v(x))dz =

[Z(VEF) do
converges.
Applying Theorem 4.4 to f on (a,b), where b = z+1, we obtain that [ v(z)dx

converges. Consequently [*(L —v(z))dz = [(V°F))dx converges and S0
(77) follows.

To prove (i7) = (i14), suppose that (i7) holds. Then clearly L := V*F, € R
and ["v = ["(L—V>®F,)dx converges, and therefore f. is bounded on (a, z].
Further, [7°(L —v(z)) dx converges, i.c.,

lim (L(:U —2) — /x v) = lim (Lz — Lz — f.(z)) € R.

T—00 T—00

Consequently, f, has an asymptote at oo, and (i) is proved.

If (447) holds, then F' is controlled by f, by Theorem 4.2. Moreover, if y(x) =
kx + r is an asymptote of f, at oo, then f(x) := f,(z) — kz is a bounded
control function of F. So, the equivalence of (i)—(7ii) is proved.

Now suppose that (i)—(i7i) hold. Since lim, ., v(z) = L € R and clearly
|F(y) — Fi(x)| <v(y) —v(z) fora<z<y< oo, (11)

the completness of X implies that the limit F’_ exists in X. The vector function
F!, being the pointwise limit of the functions H,(z) := n(F(z + +) — F(x))
(n € N), is (strongly) measurable on (z,00); see [1, §11]. Consequently, since
(11) implies that ||F., — F' (x)|| < L —v(z) for z > z, we obtain convergence
of the integral [7°(F., — Fjr(m)) dr =:p € X. By (9), we obtain

lim [(z — 2)F, — (F(z) — F(2))] =»,

Tr—00
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which implies that the limit ¢ exists in X.

Applying Theorem 4.4 to f on (a,b), where b = a+ 1, we obtain that the limit
F, exists in X, which completes the proof. ]

Remark 4.6. Theorem 4.5 immediately implies that a function F': (0,00) —
R is a difference of two bounded convex functions (F' € D in the notation of
[3]) if and only if F' is bounded continuous and the condition (ii) of Theo-
rem 4.5 holds. This characterization is very similar to a characterization of
O. Bohme [3, Section 2] (D = K in the notation therein), which also follows
from Theorem 4.5.

Corollary 4.7. Let X be a Banach space, a € R, and F: (a,00) — X a d.c.
mapping with a bounded control function. Then the function

flo) = [J(VeFL)dt, o € (a,00)

1s a bounded control function of F' such that
[ is nonincreasing, lim f(z) =0 and f(a+) :/ (VF)dt e R, (12)

Further,

(a) a function f: (a,00) — R is a bounded control function of F if and only
if f— f is a bounded convex function on (a,0);
(b)  moreover, if f is a bounded control function for F', then

1o = flat) < 2] fll -

Proof. f is clearly nonincreasing and, by Theorem 4.5(i7), f (a+) € R. Thus
(12) follows.

Fix some 2z € (a,00). Let v and L be as in the proof of Theorem 4.5, and f,
as in Theorem 4.2. Then f(z) = [(V>XF, — VIF)dt = [(L —v(t))dt.
We know that ¢ := [7°(L —v) € R (see the proof of Theorem 4.5). Noticing
that

~

f@y=c— [J(L—v)=c—L(z —2)+ f.(z), z>a, (13)

we have that f — £, is an affine function and thus Remark 4.3 implies that f
is a (bounded) control function for F' and (a) holds.

Finally, if f is a bounded control function of F, then the convex function

~

f — [ is bounded and hence nonincreasing. Consequently, f(a+) — f(a+) >

lim, oo (f — f)(2) = lim,_ f(z), which implies that 0 < f(a+) < f(a+) —
lim, . f(z) < 2| f|lco- This completes the proof. O

It is easy to see that Theorem 4.5 implies the following.

Corollary 4.8. Let F': (a,00) — X be d.c. with a bounded control function.
Then
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(1)  F is bounded if and only if F. :=lim, .. F\(x) = 0.

(1) There exists a unique A = F!, € X such that the function G(z) =
F(z)—zA, x € (a,00), is a bounded d.c. function with a bounded control
function.

5. Spaces of d.c. mappings
5.1. The space BDCy(C, X)
Spaces of d.c. functions were considered in several articles, see, e.g., [19] and
[22]. If C is a convex subset of a normed linear space V', we will denote by

DC (C) the set of all real d.c. functions on C' which can be written as difference

Qﬁwo continuous convex bounded functions on C. Then the natural norm on
DC(C) is defined as

| Flge := inf{||g|lsc + ||k]| : g, h continuous convex, F =g — h}.

We shall see below that this norm is complete. If in the definition of || F||4.
we consider only g > 0, h > 0, then we obtain the definition of the norm
| F'||ge+- Considering the functions g := g + ¢ and h := h + ¢ where ¢ =
max{||g|loo, || ]| }» We easily see that

[ENae < [1Fder < 3[[Fac-

Spaces of d.c. mappings (defined on an open convex set) were studied in [8],
where the natural norm || F'||p (see below) was used.

Definition 5.1. Let C be a convex subset of a normed linear space V', and
X a Banach space. We shall denote:

(a) by DC(C, X) the vector space of all d.c. mappings F': C' — X;

(b) by DC,(C,X) the vector space of all d.c. mappings F': C' — X that
admit a bounded control function;

(¢c) by BDC,(C, X) the vector space of all bounded d.c. mappings F': C' —
X that admit a bounded control function.

We define

|F| :=inf{||f|lo : f controls '} for F € DCy(C,X),
|F|lp :=||Flle + |F| for FF e BDC,(C, X).

It is elementary to see that || - ||p is a norm on BDCy(C, X). It is proved in
[8] that this norm is complete. Let us present a short proof of this fact.

Proposition 5.2. The space BDC,(C, X) is a Banach space in the norm
I lo-
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Proof. Consider a sequence {F,} in BDC,(C,X) such that > ° || F,|lp <
0o. We have to show (see, e.g., [13, Lemma 1.22]) that the series >~ F),
converges in (BDCy(C, X), || - ||p). Since > 7 [[Fulle < o0, the mapping
G =" ,F,: C — X is well-defined, bounded and continuous. For each
n € N, let f, be a control function of F,, such that ||f,||. < |[F.|+ 27"
Since Y7, || fullso < 00, the function g := > "7 | f, is bounded and continous.
Moreover, g controls G since, for each z* € Sx«, x*ocG+g = > .7 (x*oF,+ f,)

n=1
is clearly convex and continuous. Finally, since Y >  f, controls > >  F),

(N € N), we have
HZZO:N FnHD < ZZO:N [ Fnlloo + ZzozN [fallo = 0 as N — oo,

which implies that the series > 7 | F), converges to G in the norm | - ||p. O

Agreement 5.3. If not specified otherwise, by BDC,(C, X)) we always mean
the Banach space (BDCy(C, X), | - |lp)-

The argument of Remark 2.2(a) easily shows that DC (C) = BDC,(C,R) and
1Fllae < | Fllp < 2| Fllac for F € DC(C).

Consequently, DC(C) is a Banach space in the norm || - ||ge.

Remark 5.4. If —0o < a < b < o0, then BDCy((a,b), X) = DCy((a,b), X)
by Theorem 4.4.

5.2. The space DC([0,1], X)

Lemma 5.5. Let I C R be an open interval, z € I, and X a Banach space.
Given F € DC(I,X), let f, be as in Theorem 4.2, and let f be an arbitrary
control function of F. Then

(f)y () =VIF,, zel; (14)

f:(2) = (f.)(2) = 0 =min f.(I); (15)

(f) () < [fi(@) = fi(2)]sgn(z — 2), =z el (16)
f(2) < f(x) = f(z) = fi(z)(x—2), z€eL (17)

Proof. Since F” is right-continuous by [21, Theorem 3.1] and [21, Proposi-
tion 3.4(ii), p. 329], the function ¢t — V!F" is right-continuous as well (see,
e.g., [6, Lemma 5.2(b)]). This implies (14) in a standard way. Now, (15) is
easy. Recall that f — f, is convex by (10). Since (f — f.)!.(u) < (f — f.)(v)
whenever u < v belong to I, we obtain (16). Finally, (17) follows from (15)
and the inequality (f — f.)(z) > (f = f.)(2) +(f = f.) () (z —2),z €. O

Lemma 5.6. Let [ and z be as above. Let f be a bounded convex function on
I. Then

1Fe ()] < 3 1 fllos
whenever § > 0 is such that (z — 9,z +9) C I.
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Proof. For any d € (0,0), we have f’ (z) < f(z+dc)l_f(z) < 2”’;”"" and f!(z) >
W > —%. Thus |f(2)] < QHJ;”“’. Passing to limit as d /" ¢
concludes the proof. O

Remark 5.7. Obviously, DC([0,1],X) = BDCy([0,1],X). Moreover, we
can clearly canonically identify the space DC([0, 1], X') with BDC,((0,1), X).
Indeed, the mapping G +— G|, G € DC([0,1],X), is an isometry of
(DC([0,1], X), || - lp) onto (BDCy((0,1),X),] - |lp). This follows immedi-
ately from the facts that each F' € BDC,((0,1), X) is continuously extendable
to [0, 1] by Theorem 4.4, and the same clearly holds for each bounded control
function of F'.

Theorem 5.8 (The space DC([0,1], X)). Let X be a Banach space, z €
(0,1), and let f, be as in Theorem 4.2. Then each of the three norms

IFllpe == [1F()I + [FL ()] + 1
IElpe == [1F )+ [FL )+ [ fllso

1
[Elle == [IF )+ 17 ()] +/0 VIFL|dt

on DC([0,1], X) is equivalent to the norm || - ||p.

Proof. It is easy to see that ||-||pc, [|-||pc and [|-||« are positively homogeneous

and subadditive.

Let F € DC([0,1], X), and let f be a control function of F' on [0, 1]. Clearly,
|F|lpc < |Fllpc. Using (15), (17) and Lemma 5.6 (and denoting ¢ = 2 for
some d > 0 such that (z — 4,2+ 0) C (0,1)), we obtain

Hfz”oo = maX{fz(0)>fz(1>}
< max{f(0) = f(z) + fi(2)z, f(1) — f(2) = fi(2)(1 = 2)}
<2[[fllo + [F () < 2+ ) flls s

and also

I1F ()] = HSﬁ}ﬁ&{(m* o F + f)(2) — fi(2)}
< sup {c[lz" o F' + fllos + el flloc} < cllFlloc + 2¢]|flloo -

[[z*[[=1

It follows easily that || F||pc < A||F||p for some constant A > 0 (non depend-
ing on F'). Further, using Theorem 4.2, for x € [0, 1] we have

1F @) =[|F(2) + [T F'(¢) dt ]
<NE@I+ I e = 2l + [ [T 1FL(#) = Fi(2)] dt |
< NEEI+IFL ]+ ()]
<NEEIN+IFLN+ 2+ )l f oo
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Hence ||F||oo < (2 + ¢)||F||pc, which implies that ||F|lp < (34 ¢)||F||pc-
Recall that || f.||cc = max{f,(0), f.(1)}. Moreover,

Jo VAFLdt = [§ [VEFL|dt+ [J(VEFL)dt = £.(0) + f2(1).

Now, the obvious inequalities max{«a, f} < a + [ < 2max{«a, 3} (o, > 0)
give that || - |lo is equivalent to || - || pc- O

Lemma 5.9. Let X be a Banach space, and F: (0,1) — X a d.c. mapping.
Denote p := D*F and 0(z) := min{x,1 — x}, x € (0,1). Then

0u/((0,1)) = [y Odlu| = [, Vi, FYdt. (18)

Proof. For simplicity denote I = (0,1) and z = % First observe that pu €

My, (I, X) by Theorem 3.1 and F. has locally bounded variation on (0,1) (see
Corollary 3.2).

Using Proposition 2.11 with G := F, we obtain |u|((x,y]) = VYF" when-
ever x < y belong to I. Consider the product measure space ((O, 1)2,77) =
((0,1),|u]) x ((0,1),A) where X is the Lebesgue measure. Using the Fubini
theorem for computation of n(M), where M = {(z,t) € (0,z] x (0,1) : t < x},
we obtain

| wersa= [ wera= [ a

—n0) = [ wdul@)= [ odil.
(0,2] (0,7]

Similarly, if M* = {(z,t) € (2,1) x (0,1) : t > 2} then we obtain

/u@mwz/awmﬁz/nmmmm
= n(M*) = 1 —2)dlu|(x) = Odlul.
n(M) AJ ) dlyi| () [% P

Summing up the last two formulas and using Corollary 2.6, we obtain the
equalities (18). O

Theorem 5.10. Let X be a Banach space, and F: [0,1] — X a continuous
mapping. Denoting 0(z) := min{z,1 — z}, x € (0,1), the following assertions
are equivalent.

(i) F s d.c.
(”) DQ(F|(071)) =pc Mlbv(([)) 1)7X)7 and 0# S Mbv((()? 1)7X)

Moreover, if (i), (ii) are satisfied then

0u1((0,1)) = [y 0dlp| = f, [V F ] dt < oo, (19)
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Proof. If (i) or (ii) holds then F| (1) is d.c. and so, denoting p := D*(F|(o 1)),
we obtain by Lemma 5.9

1 1
Vi 0.1 = [ odil = [ Wi ar

If () holds, then V' < oo by Theorem 4.4 and so (i7) holds. If (i) holds
then clearly V' < oo and so Flg1 € DCy((0,1),X) by Theorem 4.4 and
consequently also F'|o1) € BDCy((0,1), X) (see Remark 5.4). Thus (z) holds
by Remark 5.7. O

Theorem 5.11. Let X be a Banach space, and z = % Then the Banach space
DC([0,1], X) with the norm

1
[Flle = [F )| + [ FL()) + [y [VIFL]dt

(which is equivalent to the norm || - ||p by Theorem 5.8) is isometric to
My ([0,1), X). In particular, DC([0,1], X*) in the norm || - |p is isomorphic
to the dual space C([0, 1], X)*.

Proof. Consider the f1-sum E = X @& X & My, ((0,1),X). If FF €
DC([0,1], X), then we obtain by Theorem 5.10 that D*(F|g1) = p €
My ((0,1), X) and that u € M, ((0,1), X), where 0(z) = min{z,1 — z}.
Thus we can consider the linear mapping

U: DC([0,1],X) — E, U(F) = (F(2), F.(2),0p) .

By Corollary 3.3, ¥ is one-to-one; let us show that it is also onto. So consider
an arbitrary (yo,y1,v) € E. By Lemma 2.5, u := (1/68)v € My, ((0,1), X). So
by Corollary 3.3 there exists F' € DC((0, 1), X) such that F(z) = yo, F'.(2) =

y1, D*F = p. By Remark 2.4(c) we have fu = v. Since fol |\VIF! | dt =

10pllar,, = |lv]lag, by Lemma 5.9, the integral fol(V;Fjr)dt converges. So
F € DCy(I, X) by Theorem 4.4, and consequently also F' € BDCy(1, X) (see
Remark 5.4). Thus there exists F € DC([0, 1], X) with ﬁ|(0’1) = I by Remark

5.7. Clearly Y(F) = (yo,y1, V).

Finally, by Theorem 5.10, [ (F)|l5 = | F(2) [+ FL(2)]|+ [6llas,, = [F )]+

| FL(2)||+ fol |VIF' | dt = Hf”. This shows that ¥ is an isometry. The rest of
the proof follows from Lemma 2.7 and Theorem 2.8. O

5.3. The spaces BDC,((0,00), X) and DCy((0,00), X)

Recall that if X is a Banach space then also the space BDCy((0,00), X) with
the norm || - [|p is a Banach space.
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Theorem 5.12 (The space BDCy((0,00),X)). Let X be a Banach space,
J =(0,00), and z € J. Then the formulas

1E e, = 1F )+ |F],
IFlBpe, = I1F () + [~ (Ve FL) dt

define two norms on BDCy(J, X) that are equivalent to the norm || - ||p.

Proof. First, notice that Theorem 4.5 implies the equivalence

FeBDCW(J,X) & FeDC(J,X) and F. :=lim, o F}(z)=0.

The function f from Corollary 4.7 controls F, and |F| < ||f|le = f(04) <
2|F|. Recall that f(0+) = [ (VF!)dt. Hence the seminorms | - ||zpc,
and || - || spe, are equivalent, in the sense that each of them is majorized by a
multiple of the other one. We also have ||F||gpc, < ||F||p-

Now, for x € J and F' € BDCy(J, X), the equality (9) and Corollaries 4.7
and 4.8 imply

IF @) < NP+ (|7 FLl < IEE+ [ 2 IFL) — Fll dt]
< NFEI+ [T (Viery) di] = |F)| + [ f(2) = f(x)]
< FE)N+ f(0+) S IE(2)] +2F].

Consequently, ||F|lp < 3||F|/spc,, and the proof is complete. O

Theorem 5.13. Let X be a Banach space, J = (0,00), and F': J — X a
continuous mapping. Denoting 0(x) := z, x € J, the following assertions are
equivalent.

(i)  F is d.c. with a bounded control function.
(ii) = D*F € Mpy(J, X), and O € My, (J, X).

Moreover, if (i), (it) are satisfied then
0ul (1) = [, 0dlul = [ (V=F}) dt. (20)

Proof. Suppose that (i) or (iz) holds. Then we know that pu := D?*F €
My, (J, X)) by Theorem 3.1, and F| exists on J by Theorem 3.1 and Theorem
4.2. So, to finish the proof, by Theorem 4.5 it is sufficient to prove (20) under
the assumption that (i) or (i¢) holds.

Applying Corollary 3.2 and Proposition 2.11 for G := F_, we obtain V"I =
lpl((t,z]) for 0 < t < & < oo and so V,*F) = |u|((t,00)) for each t € J.
Consider the product measure space ((O, 0)?, 7]) = ((0, o0), |,u|) X ((0, 00), )\),
where A is the Lebesgue measure. Using the Fubini theorem for computation
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of n(M), where M := {(z,t) € (0,00)? : t < x}, we obtain
/OOO VEFL dA(t) = /OOO 1] (£, 00)) dA(t) = n(M)

— [ @)= [ daul = 1wl

where the last equality comes from Corollary 2.6. ]

Theorem 5.14. Let X be a Banach space, and z > 0. Then the Banach space
BDCy((0,00), X) in the norm

I£15oc, = ||F(Z)||+/O (VR dt

(which is equivalent to the norm || - ||p by Theorem 5.12) is isometric to
My, ([0,1], X).  In particular, BDCy((0,00), X*) in the norm || - ||p is iso-
morphic to the dual space C([0, 1], X)*.

Proof. Consider the mapping Q(F) = (F(z),0D*F), F € BDCy((0,0)),
where 0(z) := z, € (0,00). By Theorem 5.13, © is a mapping into the
li-sum E = X &1 My, ((0,00), X), and it is clearly linear. To prove that (2
is onto E, consider an arbitrary (p,v) € E. Set pu := (1/0)v. By Lemma 2.5,
[t € My,((0,00), X) and so by Corollary 3.3 there exists F € DC((0,00), X)
such that F(z) = p and D2F = p. Since O = v by Remark 2.4(c), The-
orem 5.13 implies that F € DC,((0,00),X). By Theorem 4.5, (F), :=
lim, o (F), (z) € X. Setting F(z) := F(z) — (x — 2)(F)., for z € (0,00), we
have F :=lim,_,o F' () = 0 and so ' € BDCy((0,00), X) by Corollary 4.8.
Obviously, Q(F') = (p,v). Since (20) gives || F||zpc, = |||l + |||, the mapping
2 is an isometry of BDC,((0,00), X) onto E.

The rest of the proof follows from Lemma 2.7 and Theorem 2.8. O]

It seems that in general there is no natural norm on the vector space DC,(C, X)
(see Definition 5.1). However, in the case C' = (0, co) such natural norm exists.

Theorem 5.15 (The space DCy((0,00), X)). Let X be a Banach space, J =
(0,00), and z € J. For F' € DCy(J, X), let F., = lim, .o F" (x) (see Theo-
rem 4.5). Then the formula

IFlpe, = IF )+ 1FN + fo~ (Vi FL) dt

defines a complete norm on DCy(J, X)) which induces on BDCy(J, X) a norm
equivalent to || - ||p. The space DCy(J, X) equipped with the above norm is
isometric to the space My, ([0, 1], X). In particular, DCy(J, X*) is isometric
to the dual space C([0, 1], X)*.
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Proof. Using Remark 4.8 we easily obtain that the mapping
O: (BDCy(J. X), || - |BpC,) 1 X — DCy(J, X)

defined by
P(G,A)(z) =G(x) +xA, z € (0,00)

is an algebraic isomorphism. The norm induced on DCy(J, X) by & is clearly
just || - ||pc,, and so it is complete. By Theorem 5.14, DCy(.J, X') with this
norm is isometric to M,,([0,1], X) @ X, which is isometric to M,,([0, 1], X)
by Lemma 2.7. The last part follows from Theorem 2.8. [

Remark 5.16. It can be shown that the norm || - | pc, is equivalent to the
norm || Fllpe, = [F()| + | FL ()] + J5~ (Vi< F) dt.
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