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repulsion points. The goal is to find a location x in the Euclidean space R
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1. Introduction

Location problems appear in many variants and with different constraints de-
pending on the application in practice. In most location models the criteria
for finding an optimal location for a new facility have economic issues. Travel
time or travel costs to the given facilities are to be minimized. Especially, in
economics, engineering, town planning and landscape development, methods of
locational analysis are very useful for decision makers. Location models and
corresponding algorithms are well-studied in the operations research literature
and have been discussed by many authors from the theoretical as well as the
computational point of view.

An overview on these questions can be found amongst others in the books by
Love, Morris and Wesolowsky (1988) [16], Drezner (1995) [6], Hamacher (1995)
[11] and Drezner and Hamacher (2002) [7].

In location models in town planning and landscape development the goal is to
establish a new facility taking into account a certain set of existing facilities.
Such facilities could be living areas, hospitals, warehouses, service centers or fire
stations. Whereas, for instance, a hospital is considered as a desirable facility,
there are other facilities, like airports, railway stations, dump sites, power plants
or wireless stations, that are useful and necessary for the community, but are
also a source of negative effects such as noise, smoke or electromagnetic energy.
Those facilities are called semi-obnoxious (push-pull or semi-desirable) facilities.
Existing facilities that shall be close to the new facility are called attraction
points, whereas those facilities that are asked to be far away are called repulsion
points. The first attempts on location problems with undesirable facilities go
back to Goldman and Dearing [10] and Church and Garfinkel [5].

In this study, we consider gauges in R
n as distances, which are defined by the

well known Minkowski functional. Note that the kind of distances to repulsion
points may depend on the kind of aversion. For example noises and stench do
not need to pass along streets. Instead it seems to be reasonable to use the
Euclidean distance for them. However the distance to other facilities should be
measured by a distance function given by the course of the roads. Hence, we
consider a location problem with mixed distances.

The goal, when locating a semi-desirable facility, is to minimize the weighted sum
of distances between the new facility and the attraction points and to maximize
the weighted sum of distances to the repulsive ones. The objective function
constitutes as a difference of two convex functions, D.C. function for short, so
that it is possible to formulate the location problem as a D.C. programming
problem [1, 2, 12, 18, 19, 20, 21, 29, 30] which, in contrast with the classical
Fermat-Weber problem, is non-convex.

Altogether, in this paper we study the continuous problem of locating a single
semi-obnoxious facility in the Euclidean space Rn with a D.C. objective function
and mixed distances given by polyhedral gauges.
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Our approach strictly differs from the methods developed earlier on location
problems with semi-desirable facilities. In the literature, a frequent approach
for solving such location problems are branch and bound methods e.g. [4, 8, 17,
25, 29, 31].

The main tool in our paper is to apply the duality theory by Toland [28] and
Singer [26] for D.C. optimization problems. Contrary to the classical duality
theory in convex analysis, the duality theory by Toland and Singer does not
need any special assumptions, such as constraint qualifications, on the objective
or the constraints of (P ), except the convexity and lower semicontinuity of the
functions involved in the objective.

Our paper is organized as follows: In Section 2 we introduce the location model
(P ) in detail and in Section 3 we recall some basic definitions and properties
that are applied within this study. In Section 4 we formulate a Toland-Singer
dual problem (D) to the primal location problem (P ). As known for the classical
location problem [9], we introduce the terms elementary convex sets and grids
w.r.t. attraction and w.r.t. repulsion for both, the primal and the dual problem
(P ) and (D). Using the special structure of (P ) and (D), we give statements
concerning the existence and attainment of finite optimal solutions and present
geometrical properties, duality statements and discretization results as well as a
relation between primal and dual elementary convex sets, based on results from
the theory of geometric duality [13].

Based on the results presented in Section 4, we formulate an algorithm in Section
5, which determines exact solutions for the dual pair of optimization problems
(P ) and (D) by reducing the non-convex optimization problems to a finite num-
ber of linear programs.

2. The Model

The goal, when locating a semi-desirable facility, is to minimize the weighted
sum of distances to the attracting points and to maximize the weighted sum of
distances to the repulsive ones. In this study, distances are measured by mixed
gauges.

For a compact convex set B ⊆ R
n, which contains the origin in its interior, the

gauge γB : R
n → R is defined as the well known Minkowski functional [24]

γB(x) := min {λ ≥ 0|x ∈ λB} . (1)

The gauge distance from a ∈ R
n to x ∈ R

n is defined by γB(x − a) [9]. The
set B is called the unit ball associated with γB. Vice versa, the unit ball B is
determined by its gauge γB, i.e., B := {x ∈ R

n| γB(x) ≤ 1} . Since the set B is
supposed to be convex, the gauge γB is convex, too. If the set B is a convex
polytope then the associated gauge γB is said to be a polyhedral gauge [9].

In order to formulate the location problem, we consider attraction points a1, . . . ,

aM ∈ R
n, (M ≥ 1), with weights w1, . . . , wM > 0, as well as repulsion points
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a1, . . . , aM ∈ R
n, (M ≥ 1), with weights w1, . . . , wM > 0, and polyhedral unit

balls B1, . . . , BM and B1, . . . , BM , which induce the gauge distances that we

associate with a1, . . . , aM and a1, . . . , aM , respectively. Throughout this paper
we study the location problem with obnoxious facilities given by

α := inf
x∈Rn

{g(x)− h(x)} , (P )

with functions g, h : R
n → R+ defined as

g(x) :=

M∑

m=1

φm(x), φm(x) := wmγBm
(x− am), (m = 1, . . . ,M), (2)

h(x) :=

M∑

m=1

φ
m
(x), φ

m
(x) := wmγBm

(x− am), (m = 1, . . . ,M). (3)

Note that the objective function g − h : R
n → R, being a difference of two

convex functions g and h, is a D.C. function (see Section 3.2).

3. Preliminaries

Before discussing the location problem (P ) in detail, we recall some elementary
definitions and results concerning dual distance functions and D.C. optimization.

Throughout the paper, we will use standard notions and notations from convex
analysis [22, 24]:

Let f : R
n → R ∪ {+∞} be an arbitrary function. As usual we define the

effective domain of f by dom f := {x ∈ R
n| f(x) < +∞} , its epigraph by epi f =

{(x, r) ∈ R
n × R| r ≥ f(x)} and the (Fenchel-) conjugate function f ∗ : R

n →
R ∪ {+∞} of f by

f ∗(y) := sup
x∈dom f

{〈y, x〉 − f(x)}.

The subdifferential of f at a point x̄ ∈ dom f is defined as the set

∂f(x̄) := {p ∈ R
n| ∀x ∈ R

n : f(x)− f(x̄) ≥ 〈p, x− x̄〉} .

Let B ⊆ R
n be a convex set. The normal cone to B at x is defined by

NB(x) :=

{
{p ∈ R

n| ∀y ∈ B : 〈p, y − x〉 ≤ 0} if x ∈ B,

∅ if x /∈ B.

The indicator function IB : Rn → {0,+∞} of B is given by

IB(x) :=

{
0 if x ∈ B,

+∞ otherwise.
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Moreover, the infimal convolution of the convex functions f1, . . . , fM : R
n →

R ∪ {+∞} is the function f : Rn → R ∪ {±∞} defined by

f(x) := (f1� · · ·�fM )(x) := inf

{
M∑

m=1

fm(x
m)

∣∣∣∣∣

M∑

m=1

xm = x

}
.

3.1. Dual Distance Functions

The polar set

B∗ := {y ∈ R
n| ∀x ∈ B : 〈x, y〉 ≤ 1} (4)

defines the dual unit ball of B, and the dual gauge of γB is the gauge associated
with B∗.

If B is polyhedral then its polar B∗ is polyhedral, too (and hence if γB is a
polyhedral gauge then so is the dual gauge γB∗). The dual unit ball B∗ is also
a closed bounded convex set in R

n, which contains the origin in its interior [24].
It follows directly from the definitions in (1) and (4) that

γB∗(y) = max
x∈B

〈x, y〉 . (5)

The polar set B∗∗ := (B∗)∗ of the polar set B∗ is the set B itself [24], i.e.,
γB = γB∗∗ . Hence, by (5), a gauge can also be written as

γB(x) = max
y∈B∗

〈x, y〉 . (6)

3.2. D.C. Functions and D.C. Programming Problems

Throughout this paper we follow the notational convention that (+∞)−(+∞) =
(+∞). Consider two convex functions g, h : R

n → R ∪ {+∞}. The function
g − h is called D.C., and the minimization problem

inf
x∈Rn

{g(x)− h(x)}

is said to be a D.C. programming problem. From the duality theory by Toland
[28] and Singer [26] we obtain the following theorem, which provides a dual D.C.
optimization problem for a given primal D.C. program, (cf. also [15]).

Theorem 3.1 ([26, 28]). Let g : R
n → R ∪ {+∞}, and let h : R

n → R ∪
{+∞} be a proper closed convex function. Then

inf
x∈dom g

{g(x)− h(x)} = inf
y∈dom h∗

{h∗(y)− g∗(y)},

where g∗ and h∗ are the conjugate functions of g and h.

Note that in Theorem 3.1 the minimization problem on the left hand side is
considered to be the primal problem and the one on the right hand side is the
corresponding dual problem.
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Theorem 3.2 ([15, 30]). Let g, h : R
n → R ∪ {+∞} be proper closed convex

functions. If x̂ ∈ dom g ∩ domh is a global minimizer of g − h on R
n, then

∂h(x̂) ⊆ ∂g(x̂). In the same way, if ŷ ∈ domh∗ ∩ dom g∗ is a global minimizer
of h∗ − g∗ on R

n, then ∂g∗(ŷ) ⊆ ∂h∗(ŷ).

An important duality relationship for D.C. minimization problems is given in
the following proposition.

Proposition 3.3 ([15, Proposition 4.7]). Let g, h be given as in Theorem
3.1. Further, let X be the set of minimizers of g − h and Y be the set of mini-
mizers of h∗ − g∗. Then

X ⊇
⋃

y∈Y

∂g∗(y), Y ⊇
⋃

x∈X

∂h(x).

Remark 3.4. In the case when g and h are polyhedral convex functions, we
even have equalities in Proposition 3.3.

Proof. We only prove the first equality, the second one follows analogously.

Let x̂ ∈ X . Then it holds, by Proposition 3.3, that ∂h(x̂) ⊆ Y , and by Theorem
3.2 we have ∂h(x̂) ⊆ ∂g(x̂). Due to the fact that h is a polyhedral function
we have ∂h(x̂) 6= ∅. For ŷ ∈ ∂h(x̂) we have, by [14, Corollary 1.4.4], that
x̂ ∈ ∂g∗(ŷ), and thus the opposite inclusion

X ⊆
⋃

ŷ∈Y

∂g∗(ŷ)

is satisfied as well. �

3.3. Elementary Convex Sets

For the classical Fermat-Weber-Problem (cf. [33]) the definition of elementary
convex sets was introduced in [9]. Since each of the functions g and h (see (2),
(3)) has the same structure as the objective function in the classical Fermat-
Weber-Problem, we introduce the following generalized notations in order to
distinguish between attraction and repulsion:

Definition 3.5. Consider the location problem (P ). We say that a non-empty
polyhedron C ⊆ R

n is an elementary convex set w.r.t. attraction, if there exists

a tuple π =
{
y1, . . . , yM

}
∈ w1B

∗

1 × . . .× wMB
∗

M , such that

C =

M⋂

m=1

[
am +NwmB

∗

m
(ym)

]
,

and we say that a non-empty polyhedron C ⊆ R
n is an elementary convex set

w.r.t. repulsion, if there exists a tuple π =
{
y1, . . . , yM

}
∈ w1B

∗
1× . . .×wMB

∗
M ,
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such that

C =

M⋂

m=1

[
am +NwmB∗

m
(ym)

]
.

Moreover, we call the sets

G :=

M⋃

m=1

⋃

e∈ext(Bm)

am + R+e and G :=

M⋃

m=1

⋃

e∈ext(Bm)

am + R+e

the (construction) grids w.r.t. attraction and w.r.t. repulsion, respectively. A
point x ∈ R

n is called grid point (also intersection point) w.r.t. attraction (re-
pulsion), if x is an extreme point of an elementary convex set C w.r.t. attraction

(resp. repulsion). We denote by I and I the sets of all grid points w.r.t. attrac-
tion and w.r.t. repulsion, respectively.

Consider a unit ball B ⊆ R
n and a weight w > 0. Then the normal cone

to the weighted dual ball wB∗ at y ∈ bdwB∗ is the convex cone NwB∗(y) =
{λx|x∈ F (y), λ ≥ 0} generated by the exposed face F (y) := {x∈ B| 〈y, x〉 = w}
of B, see [9, Section 2].

Example 3.6. Consider a location problem with two attraction points, a1 =
(2, 2)T and a2 = (9, 4)T , and one repulsion point, a1 = (7, 1)T , and the corre-
sponding unit balls given by their extreme points:

ext(B1) = {(1, 1), (1,−1), (−1, 1), (−1,−1)} ,

ext(B2) = {(1, 0), (0, 1), (−1, 0), (0,−1)} ,

ext(B1) = {(1, 0), (0, 1), (1,−1)} .

The corresponding construction grids G and G are illustrated in Figure 3.1.

4. Duality Results

In the following we formulate a dual problem (D) to the given problem (P )
according to the duality theory by Toland and Singer, see Theorem 3.1. We
present a necessary and sufficient condition for the existence and attainment of
finite optimal solutions of the dual pair of optimization problems (P ) and (D),
we develop some geometrical properties and duality statements and we introduce
the terms elementary convex sets and grids with respect to attraction and to
repulsion for the dual problem (D). Finally, we present discretization results for
both problems.

Using some basic calculus rules for conjugate functions [14], the conjugates

φ
∗

m, φ
∗

m
: R

n → R of the weighted distance functions φm and φ
m
, see (2) and

(3), are determined by

φ
∗

m(y
m) = 〈ym, am〉+ IwmB

∗

m
(ym), (m = 1, . . . ,M), (7)

φ∗

m
(ym) =

〈
ym, am

〉
+ IwmB∗

m
(ym), (m = 1, . . . ,M), (8)
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Figure 3.1: Construction gridG with respect to the attraction points a1 = (2, 2)T

and a2 = (9, 4)T and their assigned unit balls B1, B2; construction grid G with
respect to the repulsion point a1 = (7, 1)T and its assigned unit ball B1.

where the indicator functions with respect to the weighted dual unit balls wmB
∗

m

and wmB
∗
m are induced by the gauges that appear in (2) and (3), and the inner

products 〈ym, am〉 and
〈
ym, am

〉
are induced by the shiftings x− am and x− am

in (2) and (3).

Since the unit balls B1, . . . , BM and B1, . . . , BM are supposed to be closed con-

vex sets, the weighted distances φ1, . . . , φM and φ
1
, . . . , φ

M
are convex functions

whose domains coincide with R
n. Thus, the conjugates of g and h are given by

the infimal convolutions g∗ = φ
∗

1� . . .�φ
∗

M and h∗ = φ∗

1
� . . .�φ∗

M
, respectively.

The following minimization problem is the Toland-Singer dual problem of
(P ):

β := inf
y∈Rn

{h∗(y)− g∗(y)}, (D)

with conjugates g∗, h∗ : Rn → R ∪ {+∞} given by

g∗(y) = inf





M∑

m=1

[
IwmB

∗

m
(ym) + 〈ym, am〉

]
∣∣∣∣∣∣

M∑

m=1

ym = y



 , (9)

h∗(y) = inf

{
M∑

m=1

[
IwmB∗

m
(ym) +

〈
ym, am

〉]
∣∣∣∣∣

M∑

m=1

ym = y

}
. (10)

4.1. Existence of Finite Optimal Solutions

The weights of repulsive facilities a1, . . . , aM in the location problem (P ) may
have a strong influence on the optimal objective value. It may even happen
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that the objective function does not have a lower bound, i.e., α = −∞. In order
to avoid this case, we give a necessary and sufficient condition in Theorem 4.2
below for the existence of a finite optimal solution.

Proposition 4.1 ([27, Remark 8.3]). Let g, h : R
n → R ∪ {±∞} be two

arbitrary functions and g∗, h∗ be the corresponding conjugates. If g and h satisfy
α := infx∈Rn {g(x)− h(x)} > −∞ then we have dom g ⊆ domh.
If α > −∞ then also β := infy∈Rn {h∗(y)− g∗(y)} > −∞ and hence domh∗ ⊆
dom g∗.

Theorem 4.2 (Finiteness Criterion). (i) The optimal objective value of
the dual pair of optimization problems (P ) and (D) is finite, i.e., β :=
infy∈Rn{h∗(y)− g∗(y)} = infy∈Rn{g(x)− h(x)} =: α ∈ R, if and only if

M∑

m=1

wmB
∗
m ⊆

M∑

m=1

wmB
∗

m. (11)

(ii) Further the dual optimization problem (D) attains a minimal solution when-
ever domh∗ ⊆ dom g∗. Then also the primal problem (P ) does. Hence we can
substitute infimum by minimum in both problems.

Proof. (i) The function g∗, as defined in (9), attains a finite objective value at

y ∈ R
n if and only if there exists a tuple

(
y1, . . . , yM

)
such that

∑M

m=1 y
m = y

and ym ∈ wmB
∗

m for all m = 1, . . . ,M , i.e.,

g∗(y) ∈ R ⇔ y ∈
M∑

m=1

wmB
∗

m.

An analogous statement holds for h∗. Hence, the corresponding effective domains
of h∗ and g∗ are

domh∗ =

M∑

m=1

wmB
∗
m( 6= ∅) and dom g∗ =

M∑

m=1

wmB
∗

m( 6= ∅). (12)

By Proposition 4.1 we have

β ∈ R ⇒

M∑

m=1

wmB
∗
m ⊆

M∑

m=1

wmB
∗

m.

Further, if domh∗ ⊆ dom g∗ then the objective value h∗(y)− g∗(y) is finite for
all y ∈ domh∗ and hence we also have

β ∈ R ⇐

M∑

m=1

wmB
∗
m ⊆

M∑

m=1

wmB
∗

m.
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(ii) The effective domain of h∗ as the weighted sum of a finite number of convex,
closed and bounded balls B∗

1, . . . , B
∗
M , is bounded and closed itself.

The function g∗, as the conjugate of the polyhedral function g, is polyhedral,
too, and can be decomposed as the sum of a piece-wise affine function ĝ and
the indicator function Idom g∗ , so that g∗ = ĝ + Idom g∗ , see [3]. Analogously,

h∗ can be decomposed as the sum of a piece-wise affine function ĥ and the

indicator function Idom h∗ , so that h∗ = ĥ + Idom h∗ . Consequently, we know

from Weierstrass Theorem that the objective function h∗ − g∗ = (ĥ+ Idom h∗)−
(ĝ + Idom g∗) attains a minimum in domh∗ ∩ dom g∗ and thus in domh∗ when
domh∗ ⊆ dom g∗; hence, in this case the dual optimization problem (D)) has
an optimal solution and its optimal value is finite. Then the same can be said
about the primal problem (P ), and so we can substitute infimum by minimum
in both problems. �

By Theorem 4.2 we have a necessary and sufficient condition for the existence
and attainment of finite optimal solutions of the dual pair of optimization prob-
lems (P ) and (D).

Note that in the case that all unit balls Bm (m = 1, . . . ,M) and Bm (m =
1, . . . ,M) coincide, condition (11) simplifies as follows:

β := inf
y∈Rn

{h∗(y)− g∗(y)} ∈ R ⇔

M∑

m=1

wm ≤
M∑

m=1

wm.

Hence Theorem 4.2 is a generalization of Theorem 1 in [8], see also [23, Theorem
2.3].

4.2. Geometrical Properties of Primal and Dual Elements

In the following we present geometrical properties, duality results, optimality
conditions and discretization results for the pair of dual optimization problems
(P ) and (D).

Proposition 4.3. For φ
∗

1, . . . , φ
∗

M : R
n → R as given in (7), and φ∗

1
, . . . , φ∗

M
:

R
n → R as defined in (8) we have

∂φ
∗

m(y
m) = am +NwmB

∗

m
(ym), (m = 1, . . . ,M),

∂φ∗

m
(ym) = am +NwmB∗

m
(ym), (m = 1, . . . ,M).

Proof. From (7) we obtain, for all m = 1, . . . ,M , that

∂φ
∗

m(y
m) = ∂

[
〈ym, am〉+ IwmB

∗

m
(ym)

]
. (13)

Since the linear function 〈·, am〉 is convex and continuous and the indicator
function IwmBm∗ is convex, we know that

∂
[
〈ym, am〉+ IwmB

∗

m
(ym)

]
= ∂ 〈ym, am〉+ ∂IwmB

∗

m
(ym). (14)
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Further, it holds ∂ 〈ym, am〉 = {am} and

∂IwmB
∗

m
(ym) = NwmB

∗

m
(ym).

Thus, by (13) and (14), we have

∂φ
∗

m(y
m) = am +NwmB

∗

m
(ym).

The second equality follows analogously, by taking into account (8). �

Proposition 4.4. The subdifferentials ∂g∗(y) and ∂h∗(y) are non-empty for all
y ∈ dom g∗ and y ∈ domh∗, respectively.

Proof. As in the proof of Theorem 4.2, we have g∗ = ĝ + Idom g∗ . By applying
the sum rule for subdifferentials we obtain for all y ∈ dom g∗ that ∂g∗(y) ⊇
∂ĝ(y) + ∂Idom g∗(y) = ∂ĝ(y) + Ndom g∗(y); the latter set is obviously non-empty
for all y ∈ dom g∗. Analogously, we obtain ∂h∗(y) 6= ∅ for all y ∈ domh∗. �

Theorem 4.5. For each tuple π = (y1, . . . , yM) ∈ w1B
∗

1 × · · · × wMB
∗

M the
following statements are equivalent:

1.
⋂M

m=1

[
am +N

wmB
+

m
(ym)

]
6= ∅,

2. g∗ is exact at y :=
∑M

m=1 y
m, i.e., g∗(y) =

∑M

m=1 〈a
m, ym〉,

3.
⋂M

m=1

[
am +N

wmB
+

m
(ym)

]
= ∂g∗

(∑M

m=1 y
m
)
.

Moreover, for each y ∈ dom g∗ there exists a tuple π ∈ w1B
∗

1 × · · · × wMB
∗

M ,
such that these statements hold.

Analogously, for each tuple π = (y1, . . . , yM) ∈ w1B
∗
1×· · ·×wMB

∗
M the following

statements are equivalent:

1.
⋂M

m=1

[
am +NwmB∗

m
(ym)

]
6= ∅,

2. h∗ is exact at y :=
∑M

m=1 y
m, i.e., h∗(y) =

∑M

m=1

〈
am, ym

〉
,

3.
⋂M

m=1

[
am +NwmB∗

m
(ym)

]
= ∂h∗

(∑M

m=1 y
m
)
.

Moreover, for each y ∈ domh∗ there exists a tuple π ∈ w1B
∗
1 × · · · × wMB

∗
M

such that these statements hold.

Proof. We will only prove the statements concerning g∗. Those concerning h∗

can be proved analogously.

1. ⇒ 2. ⇒ 3.: By Proposition 4.3 we have

M⋂

m=1

[
am +NwmB

∗

m
(ym)

]
=

M⋂

m=1

∂φ
∗

m(y
m),

and from the definition of g∗ in (9) we obtain

∂
(
φ
∗

1� . . .�φ
∗

M

)
(y) = ∂g∗(y).
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The assertions follow directly.

3. ⇒ 1.: For (y1, . . . , yM) ∈ w1B
∗

1 × · · · ×wMB
∗

M it obviously follows from (12)
that

y :=

M∑

m=1

ym ∈
M∑

m=1

wmB
∗

m = dom g∗.

The assertion follows since ∂g∗(y) 6= ∅ for all y ∈ dom g∗, see Proposition 4.4.

The existence of such a tuple (y1, . . . , yM) ∈ w1B
∗

1×· · ·×wMB
∗

M follows directly.
�

Proposition 4.6. For each x ∈ R
n the subdifferentials ∂g(x) and ∂h(x) are

given by

∂g(x) =

M∑

m=1

argmax
y∈wmB

∗

m

〈x− am, y〉 , ∂h(x) =

M∑

m=1

argmax
y∈wmB∗

m

〈x− am, y〉 .

Proof. It holds by (2) that

∂g(x) = ∂
M∑

m=1

φm(x) =
M∑

m=1

∂φm(x)

for all x ∈ R
n. Let x ∈ R

n, then for all m = 1, . . . ,M we obtain the following
equivalences:

ym ∈ ∂φm(x)

⇔ x ∈ ∂φ
∗

m(y
m) (15)

⇔ x ∈ am +NwmB
∗

m
(ym) (16)

⇔ x− am ∈ NwmB
∗

m
(ym)

⇔ ∀y ∈ wmB
∗

m : 〈x− am, y − ym〉 ≤ 0 and ym ∈ wmB
∗

m (17)

⇔ ∀y ∈ wmB
∗

m : 〈x− am, y〉 ≤ 〈x− am, ym〉 and ym ∈ wmB
∗

m

⇔ ym ∈ argmax
y∈wmB

∗

m

〈x− am, y〉 .

Equivalence (15) holds by Corollary 1.4.4 in [14], and (16) holds by Proposition
4.3. Further, equivalence (17) holds by the definition of the normal cone. The
proof of the second equality follows analogously. �

Corollary 4.7. For x ∈ R
n and ym ∈ wmB

∗

m, m ∈
{
1, . . . ,M

}
, the following

equivalence holds:

x ∈ am +NwmB
∗

m
(ym) ⇔ ym ∈ argmax

y∈wmB
∗

m

〈x− am, y〉 ,

and analogously, for x ∈ R
n and ym ∈ wmB

∗
m, m ∈ {1, . . . ,M}, we have

x ∈ am +NwmB∗

m
(ym) ⇔ ym ∈ argmax

y∈wmB∗

m

〈x− am, y〉 .
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Proof. By Proposition 4.3 and Proposition 4.6 we have

∂φ
∗

m(y
m) = am +NwmB

∗

m
(ym), and ∂φm(x) = argmax

y∈wmB
∗

m

〈x− am, y〉 .

The assertion follows. �

From Theorem 4.5 and Definition 3.5 we know that the elementary convex sets
for the primal problem (P ) coincide with the subdifferentials of the conjugate
functions g∗ and h∗. Analogously, we define dual elementary convex sets using
the subdifferentials of the functions g and h:

Definition 4.8. Consider the dual problem (D), for x ∈ R
n we call the sets

∂g(x) =

M∑

m=1

argmax
y∈wmB

∗

m

〈x− am, y〉 , and ∂h(x) =

M∑

m=1

argmax
y∈wmB∗

m

〈x− am, y〉 .

dual elementary convex set w.r.t. attraction and w.r.t. repulsion, respectively.

The corresponding dual construction grids are given by

GD :=
⋃

{x∈Rn|dim ∂g(x)=1}

∂g(x), GD :=
⋃

{x∈Rn| dim ∂h(x)=1}

∂h(x).

A point y ∈ R
n is said to be a dual grid point (also dual intersection point)

w.r.t. attraction (repulsion), if y is an extreme point of an elementary convex

set w.r.t. attraction (resp. repulsion). We denote by ID and ID the sets of all
grid points w.r.t. attraction and repulsion, respectively.

Using the following duality statements we are able to determine the set of opti-
mal solutions of (D) out of the set of optimal solutions of (P ) and vice versa.
The following corollary provides a sufficient optimality condition for dual solu-
tions based on the knowledge about primal optimal solutions:

Corollary 4.9. Let x ∈
⋂M

m=1[a
m +NwmB∗

m
(ym)] be an optimal solution of the

primal problem (P ). Then
∑M

m=1 y
m is an optimal solution of the dual problem

(D).

Proof. By Corollary 4.7 and x ∈
⋂M

m=1[a
m +NwmBm

(ym)], we have

ym ∈ argmax
y∈wmB∗

m

〈
x− am, y

〉

for all m = 1, . . . ,M . By Proposition 4.6, we have
∑M

m=1 y
m ∈ ∂h(x) and thus,

by Proposition 3.3,
∑M

m=1 y
m is an optimal solution of the dual problem (D). �

The following theorem provides a sufficient optimality condition for primal so-
lutions based on the knowledge about dual optimal solutions:
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Corollary 4.10. Let y be an optimal solution of the dual problem (D) such

that g∗ is exact at y =
∑M

m=1 y
m for ym ∈ wmB

∗

m, m = 1, . . . ,M . Then each

x ∈
⋂M

m=1[a
m +NwmB

∗

m
(ym)] is optimal for the primal problem (P ).

Proof. Let y be an optimal solution of the dual problem (D) and assume that

g∗ is exact at y =
∑M

m=1 y
m. Then, by Theorem 4.5, we know that

⋂M

m=1[a
m +

NwmB
∗

m
(ym)] = ∂g∗(y); this set is non-empty, as we know from Proposition 4.4.

The assertion follows from Proposition 3.3. �

In preparation for an algorithm for solving the location problem (P ) with ob-
noxious facilities, the following discretization result plays a major role.

Theorem 4.11 (Discretization Result). The set ID of dual grid points in
GD w.r.t. repulsion is a finite dominating set for the optimal points of the dual
problem (D), i.e., ID ∩ Y 6= ∅, where Y is the set of minimizers of (D).

Proof. From Remark 3.4 we know that Y =
⋃

x∈X ∂h(x), where the sub-
differentials ∂h(x) are polyhedral elementary convex sets. Hence, we have
ext(∂h(x)) ⊆ ID ∩ Y for all x ∈ X . �

Note that one can formulate an analogous discretization result concerning the
set I and Problem (P ).

4.3. Assignment between Primal and Dual Elements

In the following a description of the relationship between primal and dual ele-
mentary convex sets is developed by applying results from the field of geometric
duality [13].

Since the function g, as given in the location problem (P ), and its conjugate g∗

are polyhedral and convex functions, their epigraphs epi g ⊆ R
n+1 and epi g∗ ⊆

R
n+1 are polyhedral convex sets.

We consider the cone

K := {(x, r) ∈ R
n × R| x = 0, r ≥ 0} . (18)

A proper face F of epi g is called K-minimal if all of its points are minimal with
respect to the cone K, i.e.,

∀y ∈ F : ({y} − (K\(−K))) ∩ epi g = ∅.

According to [13, Propositon 3.2], each K-minimal face F of epi g is given by

F = {(x, g(x))| x ∈ ∂g∗(y)} := F y,

for some y ∈ dom g∗, and each K-minimal face F
∗
of epi g∗ is given by

F
∗
= {(y, g∗(y))| y ∈ ∂g(x)} := F

∗

x,
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for some x ∈ dom g. According to [13, Theorem 3.3 and Subsection 4.2], the

mapping ψ∗ : 2R
n+1

→ 2R
n+1

defined by

ψ∗(F ) =
⋂

(x,g(x))∈F

F
∗

x

provides an inclusion-reversing one-to-one map between the K-minimal faces of
epi g and the K-minimal faces of epi g∗, such that

dimF + dimψ∗(F ) = n.

Remark 4.12. Let y ∈ dom g∗. The projection of a K-minimal face F y =
{(x, g(x))| x ∈ ∂g∗(y)} of epi g onto R

n is a polyhedral convex set in R
n, which

coincides with the elementary convex set ∂g∗(y). On the other hand, each

elementary convex set ∂g∗(y) generates a face F y. Hence, there is a one-to-one

mapping between the K-minimal faces F y of epi g∗ and the primal elementary

convex sets ∂g∗(y), and it holds dimF y = dim ∂g∗(y).

Analogously, there is a one-to-one mapping between the K-minimal faces F
∗

x

of epi g and the dual elementary convex sets ∂g(x), and it holds dimF
∗

x =
dim ∂g(x).

Consequently, the following duality result holds:

Theorem 4.13. Let C := {∂g∗(y)| y ∈ dom g∗} ⊆ 2R
n

and D := {∂g(x)| x ∈ R
n}

⊆ 2R
n

. The function Φ∗ : C → D defined by

Φ(∂g∗(y)) :=
⋂

x∈∂g∗(y)

∂g(x)

provides an inclusion-reversing one-to-one map between the primal and dual
elementary convex sets, such that

dim ∂g∗(y) + dimΦ∗(∂g∗(y)) = n.

Note that Theorem 4.13 analogously holds for the function h and its conjugate
h∗.

The assignment between primal and dual elementary convex sets in case of
the 2-dimensional space R

2 is illustrated in Figure 4.1. The figure refers to
the attracting points of Example 3.6 with weights w1 = 2 and w2 = 1 and
illustrates the primal and dual construction grids G and GD w.r.t. attraction.
The sum of the dimensions in each dual pair of assigned elementary convex sets
is dim ∂g∗(y) + dimΨ(∂g∗(y)) = 2.

5. An Algorithm for Solving Location Problems with Obnoxious Fa-
cilities

By means of Theorem 4.11 we obtain that the set ID of dual grid points in GD is
a finite dominating set for the optimal dual solutions. Although we are consid-
ering a scalar optimization problem, it is possible to apply Benson’s algorithm
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(a) Assignment between primal elementary convex cells and their corresponding dual
grid points.
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(b) Assignment between primal grid points and their corresponding dual elementary
convex cells.
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(c) Assignment between edges of primal elementary convex sets and their corresponding
dual edges.

Figure 4.1: The primal construction grid G and the corresponding dual con-
struction grid GD with respect to the attracting facilities a1 and a2 of Example
3.6 and weights w1 = 2 and w2 = 1.
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for linear vector optimization problems in order to determine the set ID. This
will be explained in a different paper.

In Algorithm 5.1 below we first check the existence of a finite optimal solution
based on Theorem 4.2. Then, in steps 2 and 3, we determine the set of min-
imizing dual grid points w.r.t. repulsion, i.e., the finite set ID ∩ Y . Applying
Corollary 4.10 to the elements y ∈ ID ∩Y , we can determine the corresponding
optimal solutions of the primal problem (P ) in step 4.

Remarks on the implementation of Algorithm 5.1 in Matlab are presented in
[32].

Algorithm 5.1. (Solving the Location Problem (P ))

Input: am, wm, B
∗

m, (m = 1, . . . ,M); am, wm, B
∗
m, (m = 1, . . . ,M).

Output: The sets X and Y of optimal solutions of (P ) and(D), the optimal
objective value α.

1. Check finiteness of the optimal objective value, using the condition

domh∗ =

M∑

m=1

wmB
∗
m ⊆

M∑

m=1

wmB
∗

m = dom g∗

given in Theorem 4.2. If the condition is satisfied go on with 2., otherwise
set α := −∞, Y := domh∗\ dom g∗ and X := ∅ and STOP.

2. Determine the set ID as well as h∗(y) for each y ∈ ID.

3. For each y ∈ ID determine the objective value g∗(y) by solving the linear
optimization problem

g∗(y) = inf





M∑

m=1

[
〈am, ym〉+ IwmB

∗

M
(ym)

]
∣∣∣∣∣∣

M∑

m=1

ym = y





and determine the set Ŷ of tuple (y1, . . . , yM) at which the infimum is
attained.

4. Determine the optimal objective value

α := min
y∈ID

{h∗(y)− g∗(y)} ,

the dual set of optimal grid points

Y := argmin
y∈ID

{h∗(y)− g∗(y)} ,

and the corresponding primal set of optimal solutions

X :=
⋃

y∈Y

∂g∗(y) =
⋃

y∈Y

⋂

m=1,...,M

[
am +NwmB

∗

m
(ym)

]
.
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Obviously, the time complexity of Algorithm 5.1 strongly depends on the number
of repulsion points and the resulting dual grid w.r.t. repulsion. The more grid
points exist, the more linear optimization problems need to be solved. The
complexity of each sub-problem depends on the number of attraction points.
Further considerations on duality based algorithms for practical usage, including
results concerning complexity and efficiency, will be presented in a forthcoming
article.

5.1. The Special Case of no Repulsion

If the number of repulsion points equals zero, i.e., M = 0, then we obviously
have h ≡ 0 and thus h∗(y) = I{0}(y), i.e., domh∗ = {0} = ID = Y . The dual
problem (D) simplifies to

−g∗(0) = − inf





M∑

m=1

[
〈am, ym〉+ IwmB

∗

m
(ym)

]
∣∣∣∣∣∣

M∑

m=1

ym = 0



 .

The primal optimal set is then given by X := ∂g∗(0) =
⋂M

m=1

[
am+NwmB

∗

m
(ym)

]

and the optimal objective value is finite, i.e., α ∈ R.

In [9, Lemma 3.1] the authors give a statement on the existence of such a tuple
of elements y1, . . . , yM and a sufficient condition for a tuple to deliver optimal
solutions for this special case of no repulsion. Nevertheless, we do not know
from Lemma 3.1 in [9], how to determine such a tuple. Using the duality based
results of Section 4 of our paper, we are able to determine such a tuple on the
one hand, and also to generalize the assertions of Lemma 3.1 in [9] so that an
arbitrary number of repulsion points may be considered, on the other hand.

6. Conclusion

In this paper we have presented a new approach for solving the non-convex
location problem (P) with obnoxious facilities. The duality theory by Toland
and Singer for D.C. problems has been applied in order to formulate a dual
problem (D) and to study geometrical properties, to derive statements on the
finiteness and attainment of the optimal objective value and to give duality
assertions. Based on results from the field of geometric duality, the relationship
between primal and dual elements has been described.

Based on the discretization results presented in Theorem 4.11, we have for-
mulated an algorithm which determines exact solutions of the given location
problem (P ) with obnoxious facilities by reducing the non-convex optimization
problem to a finite number of linear programs.

Acknowledgements. The authors wish to thank Frank Heyde and Andreas Löhne
for fruitful discussions and valuable contributions.
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