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We consider a problem in the inelastic deformation theory. There is a body consisted of
a viscoplastic material, which is deformed in a quasistatic process i.e. the movement varies
slowly. Additionally we assume that the body has a contact with a rigid foundation: the body
moves on the foundation with a friction modelled by a dissipative potential. Together with
an inelastic constitutive function, it gives a problem that involves two monotone operators:
one acting on the body, other acting on its boundary. We prove existence and uniqueness of
a solution to this problem where inelastic constitutive function has a polynomial growth at
infinity.
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1. Introduction

Phenomena of viscoplasticity refers to the class of materials and their behaviour
while an external forces deform them: partially irreversible (viscoplastic defor-
mation or plastic flow) and partially elastic (reversible, material “remembers”
its origin shape). For details on viscoplastic models we refer to [1] and [14]. As
an example of a viscoplastic material we can take any metal in a “standard”
temperature.

In the contact mechanics we describe how a body behaves when it touches a
solid foundation. We assume that a body moves along the foundation if it is in
touch. One kind of a contact is a frictional contact. Very well known models
describing this kind of contact are Tresca’s Friction Law and Coulomb Friction
Law. For the details we refer to [10]. In this paper we consider viscoplastic
and quasistatic problem with frictional contact. There are some results in this
domain, for example those presented in [10]. These results are obtained with
the assumption that inelastic constitutive function is Lipschitz. In this paper
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we assume polynomial growth of this function at infinity. This assumption
is closer to many applications and it is often considered, see for example [2],
[9], [13]. But the case of rapid, i.e. faster than polynomial, growth of inelastic
deformation with frictional contact is still to be solved.

In this paper we study quasistatic processes only. Quasistatic processes occur
when external forces acting on the body vary slowly in time. Therefore the
response of the material is equally slow and inertia can be neglected in the
problem formulation.

One of the methods of solving problems in inelastic deformation theory is to
use coercive approximations. This method consists of two steps. First we solve
an approximated problem. This problem is obtained by adding a perturbation
so that the problem becomes coercive. Second step is to pass to coercive limits.
Such method was proposed in [6], [7] and [8]. Note that a notion of coercivity
in the mentioned above papers differs from the one used in this paper.

We take other approach. Results presented in this paper base on standard
theory of maximal monotone operators in Banach and Hilbert spaces. In this
paper we use several theorems from the theory of monotone operators. For
proofs of these results we refer to [4], [15], [16], [17]. For this reason, the
method used in this paper can be considered as a geometric one, although the
problems are stated as analytic.

Similar approach is adopted in [11] and [12]. Those results are even stronger
because a nonreflexive Banach spaces are considered. In this paper we assume
that an inelastic deformation is described by a function with a polynomial
growth. This allows us to use reflexive Banach spaces. But nonlinear condi-
tions of boundary (frictional contact) provide additional difficulties. Thus the
problem, considered in this paper, is of a different class, compared to [11], [12],
[6], [7] and [8].

At the beginning of this paper we formulate the problem. In the next parts we
give some properties and we express the problem in an abstract form. At the
end of this paper we prove main results. The first result is formulated in an
abstract form, where we consider a sum of monotone operators. The second
result presents how the problem from the beginning is solved using the abstract
theorems.

2. Problem formulation
2.1. Constitutive equations

Suppose that the open and bounded set 2 C R"™ represents a solid material,
with constant in time and space density. Let u(t,z) € R™ denotes the displace-
ment vector at the point x € 2 and the time ¢ > 0. We focus on the symmetric
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part of the gradient of u:

1
e =¢€(u) = §(Vu + (Vu)") e R,
which is called the linear strain tensor in the case of the small deformations.
Recall that RZ" = {v € R*": v = v"}. Let € denotes a plastic strain tensor
which is also symmetric. We define the stress tensor T'(¢,x) € RIX" by using

sym
the following elastic constitutive equation:
T=Dle—e), (1)

where D: R — R is a linear, symmetric and positive definite operator
with constant coefficients. We consider a quasistatic problem i.e. we assume
that the velocity u; of the displacement vector is very small and it can be
neglected. Recall that u; denotes the time derivative of u. Hence the balance
of forces is in the form:

divT = fo, (2)

where f, are given external forces acting on the body 2. We assume that the
inelastic constitutive equation has the following form:

Ef = g(T)7

where G is the nonlinear operator with the domain Dom G C R{7". The func-
tion G is the given inelastic constitutive function and it arises from engineering

applications. We apply (1) and consider the constitutive equation in the form:

DT, — e(w) = —G(T). (3)

We study the model of the monotone type i.e. the model where G is a maximal
monotone function. Further, we assume that the body 2 is made of a vis-
coplastic material, hence constitutive function G is continuous and everywhere
defined i.e. DomG = R A case where Dom G C RE7F refers to a different

type of problem domain and models, for example a perfect plasticity. Methods
presented in this paper are not applicable to this case.

2.2. The boundary conditions

Let I' = 092 be the boundary. We assume that the boundary is Lipschitz and
it is divided into three disjoint measurable parts 'y, I'; and I's, relatively open
in I and such that ' =T, UT, UT; (F_Z denotes the closure of I';). We assume
I['y| > 0. Thanks to this assumption, the solutions to the problems considered

in this paper are unique. Moreover, we assume that I'y and I's are separated
i.e. Fl N Fg = (Z)

On part I'; we consider the Dirichlet condition:

U = f1 on Fl, <4>
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on part I'y we consider the Neumann condition:
Tv=fy only, (5)

where v is the exterior normal vector to the boundary.

Now we make the most important assumption in this paper. We consider a
fictional contact problem. The body () has a contact with a rigid foundation
through I'3. The contact is frictional, i.e. the body can move on a foundation
with a friction. The frictional contact is given by the relation:

o(v) > —=Tv- (v —u) + ¢(u;) on I's,

holds for every v € Dom ¢, where ¢ is a proper, convex, lower semicontinuous
function ¢: Dom¢ — R and Dom ¢ C R". We do not assume that Dom ¢ =
R™. The above relation is equivalent to

—Tv € 0¢(u;) on I's, (6)

where 0¢ denotes the subgradient of the function ¢.

In the case of |I's] = 0 the problem takes the well known form with linear
boundary conditions. Thus we assume that [['s| > 0, through the rest of this
paper. The nonlinearity occurring at the boundary is the main problem of this
paper. We study the existence and uniqueness of solutions to the system (2) —

(6).
2.3. The solutions domain

Through this paper, we set a constant » > 2. Let ' be conjugate exponent of
rie. % + % = 1. Solutions are consisted in Banach spaces: T € L"(2) and

e(u) € L' (Q). Moreover, solutions are defined on bounded time interval [0, 7].

Let || - ||, denotes the norm in LP(§2). We write L? instead of LP(§2) and L?(LP)
instead of L7(0,7; LP(2)) through the rest of this paper.

3. Transformation to the abstract problem
3.1. Weak formulation of the boundary conditions

The relation (6) is pointwise. Let us define ¢: W'~ (I';) — R as follows:

3(v) = / o(v(x)) de

for v € Wl_%’rl(f‘g) such that ¢(v) € L'(I's). The function ¢ is convex,
proper and lower semicontinuous. On part I's of the boundary we consider the
following relation:

p(v) > — < Tv,v —uy >r, +¢(uy), (7)
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holds for every v € Wl_%’T,<F3), where < | >p, denotes the pairing
in W=+7(T'3) x W' (I'y). Note that Tv is considered as an element of
W=+ (I3) and u, is considered as an element of W'~ (I'y).

The space W=7 (') is the dual space to W' " (I'y). Therefore pairing
< _,  >p, makes sense and it holds < Tv,v >p,= Tv(v). Moreover, the

function ¢ has a subgradient d¢: Wl_%”l(l“g) — W=+"([3). The following
relation

~-Tv e 8&(’[@)

holds if and only if Tv and u, satisfy the relation (7). The operator d¢ is a
monotone operator in the following sense: if (v1, Thv) and (ve, Tov) belong to
Graph d¢ then holds

<Tiv— Tgy, V1 — Vo >F3Z 0.

Moreover, from properties of ¢ we see that d¢ is also maximal monotone.

If —Tv € d¢(v) and Tv is defined pointwise, then inclusion —Tv € d¢(v) is
satisfied pointwise for almost all x € I's.

We say that 7" € L™ and e(u;) € L"" satisfy (6) in the weak sense (or weakly) if
—Tv € 0¢(uy).

The relation (4) is understood as an equation in the space Wl_%’T,(Fl), and the

relation (5) is understood as an equation in the space W=7 (T'y). Moreover, a
divergence operator in the relation (2) is considered as a weak divergence.

3.2. Transformation of the data functions

Let v: [0,7] x © — R™ be the solution to the following system of equations:

div(e(v)) =0
V= fl on Fl

v=20 on I's,

and w: [0,7] x © — R" denotes the solution to the system:

div(e(w)) = fo
e(w)v = fa on I'y
=0 on I's.

Remark 3.1. Notice that it suffices to assume that for almost every ¢ holds

) eLr(Q), AR eW (),  folt) € W (L),
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to imply existence of the solutions such that:

o(t) eWH(Q),  w(t) € WH(Q),
holds for almost every ¢, wh?re div denotes the weak divergence, the equation
v = f1 on I'y holds in Wl_ﬁ”,(f‘l) and the equation e(w)rv = fy on I'y holds

in W*%”(Fz). The assumption I'y N Ty = @ is used. It implies that we can
define the boundary conditions of v independently on I'; and I's i.e. it holds

1

v()|r,ur, € W#7 (D UTy) for any fi(t) € W'=#"(I';). Therefore, the
solution v exists for any f,(¢) € W' (T'y).

Remark 3.2. The solutions v and w are not unique. The problems are not
defined on some parts of boundary. Fortunately, the uniqueness is not needed.

We could extend the problems definitions and hope to obtain unique solutions,
but we would encounter difficulties in case of v.

We consider substitutions:

U=u-+ v,
T:=T+e(w).

Coupling together the relations (2) — (6) and using the above substitutions we
obtain the problem:

(DT, — e(u)
= =G (T + e(w)) — D~ e(wy) + €(vy)
divl'=0
u=0 on I'y
Tv=0 on I'y
—Tv € 0¢(uy) on T's, ir'l the Weak sense
given previously.

\

In general the problem has the following form:

(DT, — e(uy) = —G(T +g) + f
divl'=0
ur =0 onI'
Tv =0 on FQ
in th k
_Tv € 06(u) on T, 11? e Wea. sense
L given previously,

where the unknowns are the stress tensor T and the displacement vector wu.
Note that €’ does not appear in this problem. We also ignore relation (1). This
way 1" and e(u) are considered as independent unknowns. If 7" and €(u) are the
solutions to (8) then €” can be calculated from (1).
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3.3. Purging of the boundary conditions

We replace relation (6) with a relation extended to L as follows. Let T € L",
e(u;) € L. For T's we consider more general condition:

—Tv € Y(uy),

where 1 is a maximal monotone operator Wlfﬁ””/(f‘g) — W=7 (T'y). Recall
that the space W™+ (I's) is the dual space to W'+ (I's), Tv is an element
of W=+"(T'y) and u, is an element of W'+ (I's). The monotonicity of the
operator 1 is defined as follows: if Tiv € ¥ (vy) and Tor € ¥ (vy) then holds

<Tiv— T2V7 V1 — U2 >F32 0,

where < | >p, denotes the pairing in W=+ (I'3) x Wl_%’”"/(l“g). Note that
we do not assume gradient structure of the operator as it is in (6) and that the
operator ¢ is considered as a multifunction.

We state the boundary condition as:
uy € P H(=Tw).

We introduce function v = —u;. The above relation and relations (8) lead to
the following problem:

(DT, +e(v) = =G(T + ) + f
divl'=0
v=0 on Iy
_ (9)

Tv =0 on I'y

. in the sense
ve -y (=Tv) on I's, _

given above.

\

We define a multifunction W : L — L as follows: e(v) € ¥(T) if and only if

(divT =0
v=20 on I';
Tv =0 on I'y

in th
v € —'(=Tv) onTs, in the sense

\ given above.

Fact. U is a mazximal monotone operator.

Proof. We prove monotonicity by the following calculation:

/uq_ﬂg«dm)—qw»:<(ny_ywy(m—vg>gzu
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To prove maximality it suffices to show that if a given S € L", W € L" satisfies
<S—-T,W—¢€(v)>>0 VY(T,e(v)) € Graph ¥

then (S,W) € GraphW. Here < , > denotes pairing in L" x L. Let us
assume such S and W. Let ¢(?) € L™ be chosen such that

v=0 onliUTl;s.
If (T, e(v)) € Graph W then also (T, €(v) + €(v)) € Graph ¥ and:
<S—=T,W —¢€(v) —e(v) >>0.
Since €(v) is chosen arbitrary, by taking Ae(v) where A € R, we conclude that
< S —=T,¢(v) >=0.
We have divT' =0 and Tv = 0 on I'y, thus
<T,e(v) >=0

and in consequence:
< S,e(v) >=0

Further, since €(v) is chosen arbitrary, then we conclude:

divS =0, Svr=0 onl,.

Similarly we show that there exists e(w) € L" such that w = 0 on I'; and
W = €(w). Hence:

<S =T, W —¢€w) >=<Sv—-—Tr,w—v>p,>0
for all (T,e(v)) € GraphW. Notice that for every (7,u) € Grapht, there
exists (T, €(v)) € Graph ¥ such that Tv|r, = 7 and v|p, = p. Therefore, from

maximality of ¢, we obtain that (Sv|r,,w|r,) € Grapht. All four parts of
definition of W are satisfied, thus (S, W) € Graph ¥. Il

This way the problem (9) is transformed to the single relation:
DT+ (1) > ~G(T+g)+ f (10)

Note that the problems (9) and (10) are equivalent. Furthermore, the solutions
to the problem (9) are also the solutions to the problem (8).
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4. Properties
4.1. The Growth Condition

The growth condition is very important in this paper. It implies that an oper-
ator has a domain with nonempty interior.

Definition. We say that the operator G: R"*" — R"*" satisfies the growth
condition if there exists a constant C' > 0 such that the inequality:

G| < C+C|Tf
holds for any 7' € R™*™.

Fact. Let us assume that an operator G: R™"™ — R™ ™ satisfies the growth
condition. Then the induced operator G: L™ — L' satisfies the growth condi-
tion.

Proof. For any T' € L" holds:

1/’ 1/r
@l = | [leerac) < | [c+erory i
Q Q
r—1 1/r
< /C(T—l)r’ dC +CT—1 /|T(€)|(T—1)’r’/ dC
Q Q
(r=1)/r
<o+ 0 / ()| d¢ SRR TATISS 0
Q

Corollary. Let us assume that an operator G: R™"™ — R™ " satisfies the
growth condition. Then the induced operator G: L™ — L is everywhere defined
and bounded (i.e. images of bounded sets are bounded). ]

4.2. Hemicontinuity

In the following three sections, Hemicontinuity, Coercivity and Theorems of
Monotonicity, we include definitions and theorems from theory of monotone
operators which we use in this paper. They are included for the purpose of
completeness and to avoid any confusions. For details of hemicontinuity and
its applications we refer to [4]. We use it to conclude that a monotone operator
is maximal.

Definition. Let X be Banach space and X* denotes its dual space. Let
A: X — X* be a single valued, everywhere defined, maximal monotone op-
erator. A is said to be hemicontinuous if

w — lir%A(x +ty) = Az
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for all z,y € X. (w — lim denotes a weak limit).

Fact. Let an operator G: R™"™ — R™ " satisfy the growth condition and be
continuous. Then the induced operator G: L" — L" is continuous on directions.

Proof. We need to prove that
lin G(T + £5) = G(T)

holds for all 7,.S € L". Notice that G(T +tS) — G(T') pointwise everywhere in
R™"™ and G(T +tS) is pointwise bounded in R™™ by some integrable function
for bounded ¢. From the dominated convergence theorem we finish the proof.

]

Corollary. Let an operator G: R™™™ — R™™ "™ satisfy the growth condition and

be continuous. Then the induced operator G: L" — L™ is hemicontinuous.
]

4.3. Coercivity

For the notion of coercivity of monotone operators we refer again to [4]. The
most important application in this paper is that coercivity implies surjectivity.

Definition. Let X be Banach space and X* denotes its dual space. Moreover,
let < , > denotes pairing in X x X* and || - ||x is the norm in X. An
operator A: X — X* is said to be coercive if

<z, x* >x

— 400
]l x

whenever
|z||x — 4+o00, z € Dom(A), z*€ Ax.

Remark. If A is coercive, g € X and f € X* then x — A(x + g) + f is also
coercive.

Fact. Let an operator G: R™*™ — R™"™ satisfy the following condition:
G(z)-z>Clz|" - C.
Then the induced operator G: L™ — L is coercive.

Proof. It is enough to calculate:

[9T(O)-TQdc [CTQOr =Cde (p

> -
17| - 17| - 17| -
Cs

”THLT ||T||Lr—>00

= G|IT|I -
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4.4. Theorems of Monotonicity

We list important theorems and corollaries used in proceeding parts of this
paper. Once again, for details and proofs we refer to [4]. Let X be a reflexive
Banach space and X™ denotes its dual space.

Theorem. Let A and B be maximal monotone operators X — X*. Moreover,
assume that the following condition:

(int Dom(A)) N Dom(B) # 0
is satisfied. Then A+ B is a mazximal monotone operator. [

Corollary. Let A and B be maximal monotone operators X — X* and
Dom(A) = X. Then A+ B is a mazimal monotone operator.

Theorem. Let A: X — X* be a mazimal monotone operator. A is a surjection
if and only if A=Y is locally bounded at every point in the image of A. O

Corollary. Coercive and mazimal monotone operators are surjections. [

Corollary. Let A and B be mazimal monotone operators X — X*, Dom(A) =
X and A be coercive. Then A + B is a maximal monotone and surjective
operator.

Theorem. Let A: X — X* be a monotone operator, everywhere defined and
hemicontinuous. Then A is a single valued, mazximal monotone operator. [

Corollary. Let an operator G: R™"™ — R" " satisfies the growth condition,
be continuous and monotone. Then induced operator G: L" — L is mazimal
monotone. Il

5. The main results

Theorem. Let G: L" — L be a coercive, mazimal monotone operator satisfy-
ing the growth condition and g € L" be given. Let U: L" — L" be any mazimal
monotone operator. Then G(T + g) + VT is a mazimal monotone operator as
L? — L? operator.

Remark. Note that the operators G and ¥ are L™ — L" operators, but its
sum G(T + g) + VT (with perturbation g) is considered as L? — L? operator.
To make it clear we provide auxiliary definitions. Let A: L" — L"" be defined
by the formula:

AT =G(T + g) + VT.

It is clear that A is a maximal monotone operator. Now we truncate it to obtain
an operator from L? to L? (note that r > 2). Let A: L?* — L? be defined as
follows:

(T,S) € GraphA=Te L") SelL? (T,S)¢€ GraphA.
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Proof of the Theorem. The proof of the monotonicity is straightforward.
To prove maximality, it is enough to solve in L? the following inclusion:

T+ AT > h,

for any h € L?.

Firstly we solve it in L". Literally we solve
T+ AT > h.

An expression T is not just an identity, it is a mapping T — T treated as
L" — L' operator, i.e. it is an embedding L"  L"". It is a continuous linear
monotone operator. Thus T+ WUT is a maximal monotone operator. Further,
(T + ¥T)4+G(T+g) is a maximal monotone operator and is a surjection because
G(T + g) is a maximal monotone, everywhere defined, bounded and coercive.
Note that h € L? ¢ L. Hence, there exists T € L" such that

T+ (G(T+g)+¥(T)) > h.

We show that the solution 7T is also a solution in L?. Notice that:
GT+g)+9(T)>h—T.
An element h — T € L? thus T is an element of Dom A. O

Now it is matter of routine to solve (10).

Theorem. Let G: L" — L be a coercive, mazimal monotone operator satisfy-
ing the growth condition. Let U: L" — L" be any mazimal monotone operator.
Moreover let Ty € Dom WV, f € WHH0,7; L?) and g be piecewise constant i.e.
there exists 0 =ty < ... <t, =T and go,...,gm-1 € L" such that g(t) = g; if
t; <t <t;i 1. Then the inclusion:

D'+ 9T +G(T+g)> f (11)
has a unique solution T € W'°°(0,T; L?) such that T(0) = Ty.

Proof. For t = t; it is satisfied that T" € Dom(V), T+ ¢;—1 € Dom(G) and
T+ g; € Dom(G). Thus, it is enough to find solutions on time intervals [t;, ¢; 1]
and concatenate them.

Assume that ¢ is constant in time. According to the previous theorem, the
inclusion:
DT, + 9T +G(T+g)> f

is an evolution inclusion in Hilbert space L?. Existence and uniqueness of
solution follows from standard theories of monotone evolution equations in
Hilbert spaces. Il
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To end this paper we give an answer to the problem stated at the beginning of
this paper. It is a direct implication of the above theorem.

We recall the problem. Let G: R{IT — RETE be a continuous, everywhere

defined maximal monotone operator satisfying the growth condition and the
following condition: there exists a constant C' > 0 such that

Gx) -z >Clz|" = C (12)

holds for every € R " Let ¢: R" — R be any proper, convex and lower

semicontinuous function, not necessary everywhere defined. We consider the

problem:

DT, — e(u) = —G(T)
divT = fy
u=fi on I'y (13)
Tv = f, on I'y
|\ —Tv € 0¢(uy) on I's

where T', ¢(u) € R are unknowns.

We say that T" and u are the solutions in the following sense. The solutions are
considered on the given time interval [0,7]. The equation of balance of forces
(divergence) is satisfied in the weak sense. The condition on I's is satisfied in
the weak sense and the boundary conditions are taken in the sense of traces as
we defined previously.

We say that T and ug are compatible initial values if they can be applied to
(13) ie. div T() = fo(O), Uy = f1 (0) on Pl, T()l/ = fQ(O) on FQ and —T()l/ belongs
to the image of 0¢.

Theorem. Let e(ug) € L™ and Ty € L" be compatible initial values. Let us
assume that

fo € L"(Q) s constant in time,

fi € HY(0,T; H/*(I,)),

fa € W_%’T<F2) 18 constant in time.

Then there exists unique solution (T, e(u)) to the problem (13) such that: T €
HY0,7; L*(Q)NL"(0,T; L"(Q)) and e(u) € WY (0,7T; L (Q)).

Proof. Let T' € W1*(L?) be the solution to the problem (11) stated in the
above theorem. It exists since Ty € Dom WU. In addition we know that 7'(t) € L”
holds for almost every t € [0,7] and there exists &: [0,7] — L™ such that
&(t) € U(T(t)) and

D', +G(T+g)+&=f
holds for almost every ¢ € [0,7]. According to (12) there exists a constant
C > 0 such that the condition:

G(T)-T > C||T| - C
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holds for every T € L", where - denotes the pairing in L x L.
Recall that &(t) € W(T'(t)). Let & € ¥(Tp). Thus for almost every ¢ holds:

Gg(T{t)+g)- (T(t) —To)
= —&(t) - (T(t) = To) =D 'T; - (T(t) — To) + f(t) - (T(t) — To)
= — (&) = &) - (T'(t) = To) — & - (T(t) — To)
— DT, - (T(t) = To) + f(t) - (T(t) = To)
< =& (T(t) = To) = D'y - (T(t) — To) + f(t) - (T'(t) — Tp)
= —&- (T +9) +& - (To+9)+ (f(t) =D 'T) - (T(t) — Tp)

9 r 1 ! _
< ;IIT(t) +gll; + ;Hfollw + (f(t) = D'T) - (T(t) — Tp).
On the other hand:

G(T(t)+g)- (T(t) = To)
G(T)+g)-(T)+9) = G(T{) +9) - (9 +To)
> CIIT(t) +glls =C=G(T() +9) - (9+To)
> OIT(@) + gl = C = 11G(T (1) + 9)ll - llg + Toll»
> C|T(t) +gllr = C = (CITE) + gl + C) - llg + Tollr

. eC ., C . -
> ) +gll— €~ ST + gl — S+ Tl — € g+ T,
eC . C .-
- (e-Z) 1w +all:— 0= S lg+ Tl — - g + Tl

where C' is the constant from (12) and C is the constant from the growth
condition. Thus:

eC C _
(0= ) e +all - € = £ g+ Tl - - g+ Tl
9 ’ _
< S1T) + ol + el + (70) ~ D7) - (1)~ )

We integrate it with respect to time:

((J————)/HT )+ gl dt

C 1 /
s(C+—wm+%m+cwm+%m+gﬂ@m)7+

T

/ DT - (T(t) — Tp) dt < oo.
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The last inequality holds since f(t) — DT}, T(t) — Ty € L*(L*). We conclude
that T' € L"(L"), since ¢ is arbitrary and can be selected very small.

The growth condition and fact that 7 € L"(L") implies that G(T+g) € L™ (L™).
The equation

{=f-T,—G(T+yg)
implies that £ € L™ (L") since T}, f € L*(L?).

Recall that g = e(w), where w is the solution to the problem:
div(e(w)) = fo

e(w)v = fo on Ty (in W=7 (Iy))
0 on I's.

e(w)v

The regularity of the given data functions yields that g € L". Let T=T+yg.
Notice that T € H'(L?) N L"(L") and the relations

T, =T,

divT = f, in the weak sense,

Tv=fy, onTy (in W= ([y)),

Tv=Tv onTy (in W=7 (Is)),

are satisfied.

Recall that f = e(v;) since w; = 0, where v is the solution to the problem:
div(e(v)) =0
v=fi onI'y (in H'/*(T))

v=20 on I's.

Since f; € HY(0,7; HY?(T;)) then e(v) € HY(L?) and f € L*(L?). Let ¢ =
—e(uy). Notice that e(u;) € L™ (L"). Let @ = u +v. Thus e(@;) € L (L") and
e(u) € W'(L"") and the relations:
5 - f = _E(ﬂt)v

U = fl on Fl (1n Wl_%’T/(Fl)),

ur =u; on 'y (in Wl_%’rl(Fg)),
are satisfied.
Now it is clear that the relations

D—th — €(ﬂt) = Q(T),

in the weak sense

—Tv e 0¢(u;) onl}y given previously
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are satisfied. Thus 7" and @ are desired solutions to (13).

The solution T is unique for given functions f and g. But the choice of the
functions v and w is not unique for given functions fy, f; and fo. In conse-
quence, the functions f and g are not chosen uniquely. That is why we need
to prove uniqueness of 7' and 4.

Let (Ty, e(uy)) and (T3, €(iip)) be the solutions. We have:

Ld 1o gz —1m P 5
5@!\9 P -D)|5 = /QD (T, —Toy) - (Ty — Tp) dx
= [t~ cw0) (= Ty~ [ (G(T) = G(T) - (Ts ~ Ty d
Q Q

< [ (et = @) - (1 = T da
= — /Q(au — lay) - (divTy — divTy) dae+ < Tyv — Tov, gy — Uy >r
= <Tw—"Tov, iy — gy >1,< 0.
We integrate the above with respect to time and we obtain:
ID™VA(0 - T) |5 < 0.
Hence T), = Ty. From the relation
DT, — e(uy) = —G(T)

and the continuity of the function G, it follows that e(u;) = €(uz). O

Remark. In this paper, we assume that I'y N5 = (). This assumption allows
us to avoid difficulties related to solving the problem:

div(e(v)) =0
v=fi on Ty (in HY*(T}))

v=20 on I's.

and other similar problems. Alternatively, we can assume that the function
f1 is constant in time and in consequence u; = 0 on I'y. Similar approach is
proposed in [10]. We can repeat the reasoning presented in this paper with the
assumption u; = 0 on I'; and obtain analogous results.
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