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Departamento de Matemáticas, Universidad de Las Palmas de Gran Canaria,
Campus de Tafira Baja, 35017 Las Palmas de Gran Canaria, Spain

ksadaran@dma.ulpgc.es

Received: November 13, 2013
Revised manuscript received: March 8, 2015
Accepted: March 19, 2015

In this paper, we prove a best proximity point theorem for generalized weak contractions
with discontinuous control functions in the context of metric spaces and partially ordered
metric spaces. The main argument in our proofs is based on transforming a question of best
proximity point to one about a fixed point. Moreover, we will use a weaker condition than
the P -property and we present two examples to illustrate our results.
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1. Introduction

Banach’s contraction principle is one of the pivotal result of analysis. Its im-
portance lies in its vast applicability in numerous branches of mathematics.
This principle states that if (X, d) is a complete metric spaces and T : X → X

is a k-contraction (this means that there exists k ∈ [0, 1) such that d(Tx, Ty) ≤
∗Corresponding author.
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k d(x, y) for any x, y ∈ X) then T has a unique fixed point. A huge number of
generalizations and extended versions of this principle appear in the literature.

In this paper we are interested in nonself mappings and this question is closely
related with the best proximity point theory. We present a brief discussion
about best proximity points.

Let A be a nonempty subset of a metric space (X, d) and let T : A → X

be a mapping. The solutions of the equation Tx = x are fixed point of T .
Consequently, T (A)

⋂

A 6= ∅ is a necessary condition for the existence of a
fixed point for the operator T . If this necessary condition does not hold then
d(x, Tx) > 0 for any x ∈ A and the mapping T : A → X does not have any
fixed point. In this setting, our aim is to find an element x ∈ A such that
d(x, Tx) is minimum.

In the context of nonself mappings, we consider two nonempty subsets A and
B of a complete metric space (X, d) and a mapping T : A → B. A natural
question is whether one can find an element x0 ∈ A such that d(x0, Tx0) =
min{d(x, Tx) : x ∈ A} for any x ∈ A (recall that d(A,B) = inf{d(x, y) : x ∈
A and y ∈ B}), the optimal solution to this problem will be the one for which
the value d(A,B) is attained by the real valued function ϕ : A → R given by
ϕ(x) = d(x, Tx). These optimal solutions are called best proximity points of
the mappings T . Some results about best proximity points can be found in
[1, 2, 3, 4, 6, 8, 10, 11, 13, 14, 16, 17, 18, 19, 20].

Next, we introduce some notations and definitions which be used later.

Let A and B be two nonempty subsets of a metric space (X, d).

By A0 and B0 we denote the following sets:

A0 = {x ∈ A : d(x, y) = d(A,B) for some y ∈ B},
B0 = {y ∈ B : d(x, y) = d(A,B) for some x ∈ A}.

Some sufficient conditions which guarantee the nonemptiness of A0 and B0 are
discussed in [13].

The following definition was introduced in [19].

Definition 1.1. Let A and B be two nonempty subsets of a metric space (X, d)
with A0 6= ∅. Then the pair (A,B) is said to have the P -property if, for any
x1, x2 ∈ A0 and y1, y2 ∈ B0,

d(x1, y1) = d(A,B)
d(x2, y2) = d(A,B)

}

⇒ d(x1, x2) = d(y1, y2).

It is easily seen that for any nonempty subset A of a metric space (X, d), the
pair (A,A) has the P -property.

In this paper, we present a best proximity point theorem where the contractive
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condition appears in terms of a discontinuous function in the context of metric
spaces and partially ordered metric spaces.

2. Main result

Our starting point in this section is to present the following classes of functions
Ψ and Θ which will be used later,

Ψ = {ψ : [0,∞) → [0, ∞) : ψ is continuous, non-decreasing and

ψ(t) = 0 if and only if t = 0} ,
and

Θ = {α : [0, ∞) → [0, ∞) : α is bounded on any bounded interval in [0,∞),

α is continuous at 0 and α(0) = 0} .
The functions belonging to the class Ψ are called altering distance function.
The altering distance function was used in fixed point theory by Khan et al.
[12] for the first time and later, in many works like [5, 9, 15].

These two classes of functions have been used in a recent paper to prove a
result about coupled coincidence point [7].

In order to present the main result of [7], we need some definitions.

Definition 2.1. Let (X, d) be a metric space andG,F : X → X two mappings.
We say that G and F are compatible if

lim
n→∞

d(GFxn, FGxn) = 0 ,

for any (xn) ⊂ X such that limn→∞Gxn = limn→∞ Fxn = x for some x ∈ X.

Definition 2.2. Let (X,�) be a partially ordered set and F,G : X → X. We
say that F is G-nondecreasing if for any x, y ∈ X with Gx � Gy then Fx � Fy.

The main result of [7] is the following.

Theorem 2.3 ([7]). Let (X,�) be a partially ordered set and suppose that

there exists a metric d on X such that (X, d) be a complete metric space. Let

T,G : X → X two mappings such that G is continuous and nondecreasing,

T (X) ⊂ G(X), T is G-nondecreasing and the pair (G, T ) is compatible. Sup-

pose that there exist ψ ∈ Ψ and ϕ, θ ∈ Θ such that

a) ψ(x) � ϕ(y) ⇒ x � y.

b) For any sequence (xn) ∈ [0,∞) with xn → t > 0,

ψ(t)− limϕ(xn) + lim θ(xn) > 0 .

c) For any x, y ∈ X with Gx � Gy

ψ(d(Tx, Ty)) ≤ ϕ(d(Gx,Gy))− θ(d(Gx,Gy)) .
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Moreover, suppose that

i) T is continuous or (X, d) satisfies the following condition

if (xn) is a nondecreasing sequence in X such that xn → x

then xn � x for any n ∈ N ,

ii) There exists x0 ∈ X such that Gx0 � Tx0.

Then G and T have a coincidence point in X, that is, there exists x ∈ X such

that Gx = Tx.

If in Theorem 2.3, we put G = IX the identity mapping on X we have the
following corollary.

Corollary 2.4. Let (X,�) be a partially ordered set and suppose that there

exists a metric d on X such that (X, d) be a complete metric space. Let T : X →
X be a continuous and nondecreasing mapping, and there exist ψ ∈ Ψ and

ϕ, θ ∈ Θ such that

a) ψ(x) � ϕ(y) ⇒ x � y.

b) For any sequence (xn) ∈ [0,∞) with xn → t > 0,

ψ(t)− limϕ(xn) + lim θ(xn) > 0 .

c) For any x, y ∈ X

ψ(d(Tx, Ty)) ≤ ϕ(d(x, y))− θ(d(x, y)) .

Moreover, suppose that

i) T is continuous or (X, d) satisfies the following condition

if (xn) is a nondecreasing sequence in X such that xn → x

then xn � x for any n ∈ N ,

ii) There exists x0 ∈ X such that x0 � Tx0.

Then T has a fixed point.

In [7], the authors present a sufficient condition in order to keep the paper
selfcontained. They obtain a better result, that is, uniqueness of the common
fixed point. This result is the following theorem.

Theorem 2.5 ([7]). In addition to the hypotheses of Theorem 2.3, we suppose
that for every x, y ∈ X there exists u ∈ X such that Tu is comparable to Tx

and Ty Then G and T have a unique common fixed point, i.e., there exists a

unique x ∈ X such that Gx = Tx = x.

When G = IX the identity mapping on X, we have the following corollary.
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Corollary 2.6. In addition to the hypotheses of Corollary 2.4, we suppose that
for every x, y ∈ X there exists u ∈ X which is comparable to x and y, we obtain

uniqueness of the fixed point.

Although the result appearing in [7] are presented in the context of partially
ordered metric spaces, following a similar argument Corollaries 2.4 and 2.6 have
a counterpart in the context for complete metric spaces. However, in order to
that the paper is selfcontained, we present the proof.

Theorem 2.7. Let (X, d) be a complete metric space and T : X → X a map-

ping satisfying

ψ(d(Tx, Ty)) ≤ ϕ(d(x, y))− θ(d(x, y)), for all x, y ∈ X ,

where ψ ∈ Ψ, ϕ, θ ∈ Θ and such that

i) ψ(x) ≤ ϕ(y) ⇒ x ≤ y.

ii) For any sequence (tn) ∈ [0,∞) with tn → t0 > 0,

ψ(t0)− limϕ(tn) + lim θ(tn) > 0 .

Then T has a unique fixed point.

Proof. We take x0 ∈ X and put xn+1 = Txn for n = 0, 1, 2, · · · .
If there exists n0 ∈ N such that xn0+1 = xn0

then xn0+1 = Txn0
= xn0

and the
part of existence of fixed point is proved.

Now suppose that xn+1 6= xn for any n ∈ N. Then, using the contractive
condition, we get

ψ(d(xn+1, xn)) = ψ(d(Txn, Txn−1))

≤ ϕ(d(xn, xn−1))− θ(d(xn, xn−1))

≤ ϕ(d(xn, xn−1)) .

(1)

From assumption i), we infer that

d(xn+1, xn) ≤ d(xn, xn−1) for any n ∈ N .

Consequently, {d(xn+1, xn)} is a decreasing sequence of nonnegative real num-
bers and, therefore, limn→∞ d(xn+1, xn) = r for certain r ≥ 0.

Next, we will prove that r = 0.

In fact, taking n → ∞ in (1) and using the continuity of Ψ and the fact that
ϕ, θ ∈ Θ, we have

ψ(r) ≤ limϕ(d(xn, xn−1)) + lim (−θ(d(xn, xn−1)))

= limϕ(d(xn, xn−1))− lim θ(d(xn, xn−1)) ,
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or, equivalently,

ψ(r)− limϕ(d(xn, xn−1)) + lim θ(d(xn, xn−1)) ≤ 0 ,

where limn→∞ d(xn, xn−1) = r. Using assumption ii), we deduce that r = 0.

In what follows, we will prove that {xn} is a Cauchy sequence.

In contrary case, by using standard arguments, we can find ǫ > 0 and subse-
quences {xm(k)} and {xn(k)} of {xn} with m(k) > n(k) > k satisfying:

a) d(xm(k), xn(k)) ≥ ǫ , d(xm(k)−1, xn(k)) < ǫ ,

b) lim
k→∞

d(xm(k), xn(k)) = lim
k→∞

d(xm(k)−1, xn(k)−1) = ǫ .
(2)

Taking into account the contractive condition and that ψ is nondecreasing, we
get

0 < ψ(ǫ) ≤ ψ(d(xm(k), xn(k))) = ψ(d(Txm(k)−1, Txn(k)−1))

≤ ϕ(d(xm(k)−1, xn(k)−1))− θ(d(xm(k)−1, xn(k)−1)) .

Taking upper limit, we have that

0 < ψ(ǫ) ≤ limϕ(d(xm(k)−1, xn(k)−1)) + lim
(

−θ(d(xm(k)−1, xn(k)−1))
)

= limϕ(d(xm(k)−1, xn(k)−1))− lim θ(d(xm(k)−1, xn(k)−1)) ,

and, therefore,

ψ(ǫ)− limϕ(d(xm(k)−1, xn(k)−1)) + lim θ(d(xm(k)−1, xn(k)−1)) ≤ 0 ,

where limk→∞ d(xm(k)−1, xn(k)−1) = ǫ (by (2)).

From assumption ii), we deduce that ǫ = 0 which is a contradiction.

Therefore, {xn} is a Cauchy sequence.

Since (X, d) is a complete metric space, there exists x ∈ X such that limn→∞ xn
= x.

Notice that our contractive condition implies the continuity of T , since, for any
x, y ∈ X,

ψ(d(Tx, Ty)) ≤ ϕ(d(x, y))− θ(d(x, y)) ≤ ϕ(d(x, y)) ,

and, by assumption i),
d(Tx, Ty) ≤ d(x, y) .

Therefore, from limn→∞ xn = x and the fact that T is continuous, we infer that

Tx = lim
n→∞

Txn = lim
n→∞

xn+1 = x .
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This proves that x is a fixed point of T .

Next, we will prove the uniqueness of the fixed point.

Suppose that y ∈ X is another fixed point of T , i.e., Ty = y, then

ψ(d(x, y)) = ψ(d(Tx, Ty)) ≤ ϕ(d(x, y))− θ(d(x, y)) ,

and, this gives us

ψ(d(x, y)) = ψ(d(Tx, Ty)) ≤ ϕ(d(x, y)) + θ(d(x, y)) ≤ 0 ,

where we consider the constant sequence {d(x, y)} in assumption ii).

Therefore, d(x, y) = 0 and, consequently, x = y.

This completes the proof.

Before proceeding the main result of the paper, we need some definitions.

Definition 2.8 ([20]). Let (A,B) be a pair of nonempty subsets of a metric
space X with A0 6= ∅ (A0 = {x ∈ A : d(x, y) = dist(A,B) for some y ∈ B} and
B0 = {y ∈ B : d(x, y) = dist(A,B) for some x ∈ A}). Then the pair (A,B) is
said to have the weak P -property if and only if

d(x1, y1) = d(A,B)
d(x2, y2) = d(A,B)

}

⇒ d(x1, x2) ≤ d(y1, y2)

where x1, x2 ∈ A0 and y1, y2 ∈ B0.

In the literature, the definition of the P -property appears as

d(x1, y1) = d(A,B)
d(x2, y2) = d(A,B)

}

⇒ d(x1, x2) = d(y1, y2)

where x1, x2 ∈ A0 and y1, y2 ∈ B0.

The following example proves that the weak P -property does not imply the
P -property.

Example 2.9. Let X = R2 be the usual plane with the euclidean metric and
let A and B be the subsets of X given by A = {(x, x + 2) : −1 ≤ x ≤
0} ∪ {(x,−x+ 2) : 0 ≤ x ≤ 1} and B = {(−2n, 0), (2n, 0)} for certain n ∈ N .

A picture of these sets is Figure 2.1.

Notice that d(A,B) = d((−1, 1), (−2n, 0)) =
√

(2n − 1)2 + 1. Moreover, A0 =
{(−1, 1), (1, 1)} and B0 = B. Notice that d((−1, 1), (−2n, 0) = d(A,B),
d((1, 1), (2n, 0) = d(A,B) and d((−1, 1), (1, 1)) = 2, d((−2n, 0), (2n, 0)) = 2n+1.
Therefore, (A,B) satisfies the weak P -property and dose not satisfy the P -
property.
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(−1,1)

(0,2)

(0,0)n
(−2  ,0)

(1,1)

n
(2  ,0)

Figure 2.1:

Definition 2.10 ([17]). A mapping T : A → B is said to be proximally in-

creasing if it satisfies the condition that

y1 � y2
d(x1, T y1) = d(A,B)
d(x2, T y2) = d(A,B)







⇒ x1 � x2 ,

where x1, x2, y1, y2 ∈ A.

One can see that, for a self-mapping, the notion of proximally increasing map-
ping reduces to that of increasing mapping.

The main results are the following theorems.

Theorem 2.11. Let (A,B) be a pair of non empty closed subsets of a complete

metric space (X, d) such that A0 6= ∅. Let T : A −→ B be a mapping satisfying

T (A0) ⊆ B0 and such that

ψ(d(Tx, Ty)) ≤ ϕ(d(x, y))− θ(d(x, y)), for all x, y ∈ A, where ψ ∈ Ψ, θ ∈ Θ

i) ψ(x) ≤ ϕ(y) =⇒ x ≤ y,

ii) for any sequence {xn} in [0, ∞) with xn −→ t > 0,

ψ(t)− limϕ(xn) + lim θ(xn) > 0.

Suppose that the pair (A,B) has the weak P -property, then there exists a unique

x∗ in A such that d(x∗, Tx∗) = d(A,B).

Proof. Notice that the contractive condition implies that T is continuous. In
fact, for any x, y ∈ A, we have

ψ(d(Tx, Ty)) ≤ ϕ(d(x, y))− θ(d(x, y)) ≤ ϕ(d(x, y)),

and, by i), d(Tx, Ty) ≤ d(x, y), for all x, y ∈ A

and this proves the continuity of T . For better readability, we break the proof
in several steps.
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Step 1. B0 is closed. In fact, suppose that {yn} ⊆ B0 and yn → y ∈ B, we
have to prove that y ∈ B0. Since {yn} ⊆ B0, we can find {xn} ⊆ A0 such that

d(xn, yn) = d(A,B) for all n ∈ N. (3)

Since the pair (A,B) has the weak P -property, d(xn, xm) ≤ d(yn, ym) for any
n,m ∈ N . Since yn is convergent, it is Cauchy sequence and, therefore, from
the last inequality, we infer that xn is a Cauchy sequence. Since A is closed,
xn → x for certain x ∈ A. By using the continuity of the distance d, taking
n→ ∞ in (3), we have d(x, y) = d(A,B) and this proves that y ∈ B0.

Step 2. T (A0) ⊆ B0, where A0 is the closure of A0. Taking into account our
assumption T (A0) ⊆ B0, it is sufficient to prove that T (A0 − A0) ⊆ B0. In
fact, we have x ∈ A0 −A0. Then, we can find a sequence {xn} ⊆ A0 such that
xn → x. By using the continuity of T , the fact that T (A0) ⊆ B0 and that B0 is
closed subset (by step 1), we have Txn → Tx ∈ B0 and this proves our claim.

Step 3. For each y ∈ T (A0), there exists a unique x ∈ A0 such that d(x, y) =
d(A,B). In fact, since d(x, y) = d(A,B) (by step 1), we can find x ∈ A0 such
that d(x, y) = d(A,B) and this proves the part of existence. For the uniqueness,
suppose that x1, x2 ∈ A0 and such that

d(x1, y) = d(A,B),

d(x2, y) = d(A,B),

by the weak P -property, d(x1, x2) ≤ d(y, y) = 0 and, therefore, x1 = x2.
Now, we define the mapping L : T (A0) → A0 by Ly = x, where x satisfies
d(x, y) = d(A,B). By step 3, the mapping L is well defined. Now, we consider
the mapping LT : A0 → A0. Then, for any x1, x2 ∈ A0 we have

d(LTx1, Tx1) = d(A,B), d(LTx2, Tx2) = d(A,B)

and by the weak P -property, d(LTx1, LTx2) ≤ d(Tx1, Tx2) and since ψ is
nondecreasing

ψ(d(LTx1, LTx2)) ≤ ψ(d(Tx1, Tx2)) ≤ ϕ(d(x1, x2))− θ(d(x1, x2)).

Therefore, since A0 is a complete metric space and LT : A0 → A0 satisfies the
contractive condition appearing in Theorem 2.7, by this result, we can find a
unique x0 ∈ A0 such that (LT )(x0) = L(Tx0) = x0.

Taking into account the definition of the mapping L, this means that d(x0, Tx0)
= d(A,B). This proves the part of existence of our result. For the uniqueness,
suppose that there exists another element x1 ∈ A0 such that d(x1, Tx1) =
d(A,B). This means that x1 ∈ A0 and L(Tx1) = x1 and, consequently, x1 is a
fixed point of LT . Since LT has a unique fixed point, x1 = x0.

This completes the prove.
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In what follows, we prove a version of Theorem 2.11 in the context of partially
ordered metric spaces.

Theorem 2.12. Let (X, �) be a partially ordered set and suppose that there

exists a metric d on X such that (X, d) is a complete metric space. Let (A,B)
be a pair of non empty closed subsets of X such that A0 6= ∅ and the pair

(A,B) satisfies the weak P -property. Let T : A −→ B be a nondecreasing and

continuous mapping satisfying T (A0) ⊆ B0 and such that

ψ(d(Tx, Ty)) ≤ ϕ(d(x, y))− θ(d(x, y)), for all x, y ∈ A, with x � y,

where ψ ∈ Ψ, θ ∈ Θ

i) ψ(x) ≤ ϕ(y) =⇒ x ≤ y,

ii) for any sequence {xn} in [0, ∞) with xn −→ t > 0,

ψ(t)− limϕ(xn) + lim θ(xn) > 0.

Suppose that T is proximally increasing and there exist x0, x1 ∈ A0 such that

d(x1, Tx0) = d(A,B) and x0 ≤ x1, then there exists a x∗ in A such that

d(x∗, Tx∗) = d(A,B).

Proof. Following the same steps as in the proof of Theorem 2.11, we have that
B0 is closed and T (A0) ⊆ B0. On the other hand, for x, y ∈ A0 with x � y,
since by Theorem 2.11

d(LTx, Tx) = d(A,B),

d(LTy, Ty) = d(A,B),

the weak P -property gives us d(LTx, LTy) ≤ d(Tx, Ty) and, since ψ is nonde-
creasing

ψ(d(LTx, LTy)) ≤ ψ(d(Tx, Ty)) ≤ ϕ(d(x, y))− θ(d(x, y)).

Therefore, the contractive condition appearing in Corollary 2.4 is satisfied.
Finally, from x0 ≤ x1,

d(x1, Tx0) = d(A,B),

d(LTx1, Tx1) = d(A,B),

and, by using that T is proximally increasing, we infer that x1 ≤ LTx1.

Applying Corollary 2.4, LT has a fixed point, that is, x∗ ∈ A0 such that LTx∗ =
x∗. Notice that we can apply Corollary 2.4 because since A0 is closed, A0 is a
complete metric space. But, as d(LTx∗, Tx∗) = d(A,B), we get d(x∗, Tx∗) =
d(A,B).

This completes the prove.



B. S. Choudhury, P. Maity, K. Sadarangani / A Best Proximity Point ... 51

For uniqueness of the best proximity point, we need the following condition:

for x, y ∈ A0 there exists z ∈ A0 which is comparable to x and y. (A)

Theorem 2.13. Adding condition (A) to the assumptions of Theorem 2.12 we

obtain uniqueness of the best proximity point.

Proof. Let x∗1, x
∗
2 ∈ A0 be such that d(x∗1, Tx

∗
1) = d(x∗2, Tx

∗
2) = d(A,B).

Since d(LTx∗1, Tx
∗
1) = d(A,B), the weak P -property gives us

d(x∗1, LTx
∗
1) ≤ d(Tx∗1, Tx

∗
1) = 0.

Therefore d(x∗1, LTx
∗
1) = 0. Similarly, we can prove that d(x∗2, LTx

∗
2) = 0.

Therefore, LTx∗1 = x∗1 , LTx∗2 = x∗2.

By Corollary 2.6, since LT has a unique fixed point, we deduce that x∗1 =
x∗2.

3. Example

Example 3.1. Let X=R2 is a metric space with d((x1, y1), (x2, y2)) =| x1−x2 |
+ | y1 − y2 |.
We consider the two closed subsets A = {(0, 2λ − 1) : 0 ≤ λ ≤ 1} and B =
{(3−2λ, 2) : 0 ≤ λ ≤ 1}∪{(3, 4λ−2) : 0 ≤ λ ≤ 1}∪{(3−2λ,−2) : 0 ≤ λ ≤ 1}.
Here, A0 = {(0, 1), (0,−1)}, B0 = {(1, 2), (1,−2)} and d(A,B) = 2.

Now d((0, 1), (1, 2)) = d(A,B) = 2, d((0,−1), (1,−2)) = d(A,B) = 2,
d((0, 1), (0,−1)) = 2 6= d((1, 2), (1,−2)) = 4.

So the pair (A,B) satisfies the weak P -property.

Let T : A −→ B be a mapping defined as

T (0, 2λ− 1) =

(

1.5− |2λ− 1|+ 1

2
|2λ− 1|2, 2

)

, for 0 ≤ λ ≤ 1.

Then T is continuous and T (A0) ⊆ B0.

Let ψ : [0,∞) −→ [0,∞) be defined as ψ(t) = t, for all t ∈ [0,∞), and let
ϕ, θ : [0,∞) −→ [0,∞) be defined respectively as

ϕ(t) =







1

2
[t]2, if 2 < t < 3,

t− 1
2
t2, otherwise,

θ(t) =







1

2
[t]2, if 2 < t < 3,

0, otherwise.

Then the required conditions of Theorem 2.11 are satisfied. Here (0, 1) a unique
best proximity point of the mapping T .
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Example 3.2. Let X = R2 is a euclidean metric space and A and B be
two closed subsets of X given by A = {(2 − 2α, 2α − 2) : 0 ≤ α ≤ 1} and
B = {(−α, 2− α) : 0 ≤ α ≤ 1} ∪ {(α, 2− α) : 0 ≤ α ≤ 1}.
We define a partial order ‘� ’ on A as x � y if and only if x ≥ y for all x, y ∈ A.

Here, A0 = {(0, 0)}, B0 = {(−1, 1), (1, 1)} and d(A,B) =
√
2.

Now d((0, 0), (−1, 1)) = d(A,B) =
√
2, d((0, 0), (1, 1)) = d(A,B) =

√
2,

d((0, 0), (0, 0)) = 0 6= d((−1, 1), (1, 1)) = 2. So the pair (A,B) satisfies the
weak P -property.

Let T : A −→ B be a mapping defined as

T (2− 2α, 2α− 2)

= (1− 2(1− α)2 + (1− α), 1 + 2(α− 1)2 + (α− 1)), for 0 ≤ α ≤ 1.

Then T is continuous and T (A0) ⊆ B0.

If x1 � x2 and d(y1, Tx1) = d(A,B) =
√
2, d(y2, Tx2) = d(A,B) =

√
2 for

some y1, y2, x1, x2 ∈ A, then we have y1 = y2 = (0, 0), x1 = x2 = (0, 0). Then T
is proximally increasing.

Let ψ : [0,∞) −→ [0,∞) be defined as ψ(t) = t2, for all t ∈ [0,∞),

and let ϕ, θ : [0,∞) −→ [0,∞) be defined respectively as

ϕ(t) =

{

1
2
t2, if t > 5,

4
5
t2, if t < 5,

θ(t) =

{

1
3
t2, if t > 5,

0, if t < 5.

Then the required conditions of Theorem 2.13 are satisfied. Here (0, 0) a unique
best proximity point of the mapping T .
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