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In this paper, we prove a best proximity point theorem for generalized weak contractions
with discontinuous control functions in the context of metric spaces and partially ordered
metric spaces. The main argument in our proofs is based on transforming a question of best
proximity point to one about a fixed point. Moreover, we will use a weaker condition than
the P-property and we present two examples to illustrate our results.
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1. Introduction

Banach’s contraction principle is one of the pivotal result of analysis. Its im-
portance lies in its vast applicability in numerous branches of mathematics.
This principle states that if (X, d) is a complete metric spaces and T: X — X
is a k-contraction (this means that there exists k& € [0, 1) such that d(T'z, Ty) <

*Corresponding author.
TThe third author has been partial supported by the project MTM2013-44357-P.

ISSN 0944-6532 / $ 2.50 (© Heldermann Verlag



42 B. S. Choudhury, P. Maity, K. Sadarangani / A Best Prozimity Point ...

kd(x,y) for any x,y € X) then T has a unique fixed point. A huge number of
generalizations and extended versions of this principle appear in the literature.

In this paper we are interested in nonself mappings and this question is closely
related with the best proximity point theory. We present a brief discussion
about best proximity points.

Let A be a nonempty subset of a metric space (X,d) and let T: A — X
be a mapping. The solutions of the equation Txr = x are fixed point of T
Consequently, T(A)( A # 0 is a necessary condition for the existence of a
fixed point for the operator T'. If this necessary condition does not hold then
d(x,Tx) > 0 for any x € A and the mapping T: A — X does not have any
fixed point. In this setting, our aim is to find an element x € A such that
d(z,Tx) is minimum.

In the context of nonself mappings, we consider two nonempty subsets A and
B of a complete metric space (X,d) and a mapping T: A — B. A natural
question is whether one can find an element xzy € A such that d(xzg, Txy) =
min{d(x,Tz): x € A} for any x € A (recall that d(A, B) = inf{d(z,y): = €
A and y € B}), the optimal solution to this problem will be the one for which
the value d(A, B) is attained by the real valued function ¢: A — R given by
o(x) = d(z,Tx). These optimal solutions are called best proximity points of

the mappings 7. Some results about best proximity points can be found in
1, 2, 3,4, 6,8, 10, 11, 13, 14, 16, 17, 18, 19, 20].

Next, we introduce some notations and definitions which be used later.
Let A and B be two nonempty subsets of a metric space (X, d).
By Ay and By we denote the following sets:
Ag={x € A: d(z,y) = d(A, B) for some y € B},
By ={y € B:d(z,y) = d(A, B) for some z € A}.
Some sufficient conditions which guarantee the nonemptiness of Ay and B, are
discussed in [13].
The following definition was introduced in [19].

Definition 1.1. Let A and B be two nonempty subsets of a metric space (X, d)
with Ay # (. Then the pair (A, B) is said to have the P-property if, for any
Ty, 79 € Ag and 1, y2 € B,

d(l'h?h)

=d(A, B)
d(x9,y2) = d(A, B) } = d(x1,29) = d(y1,Y2).

It is easily seen that for any nonempty subset A of a metric space (X, d), the
pair (A, A) has the P-property.

In this paper, we present a best proximity point theorem where the contractive
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condition appears in terms of a discontinuous function in the context of metric
spaces and partially ordered metric spaces.

2. Main result

Our starting point in this section is to present the following classes of functions
¥ and © which will be used later,

U = {1:[0,00) — [0, 00): ¥ is continuous, non-decreasing and
Y(t) = 0 if and only if t = 0},
and

O ={a: [0, o0) — [0, 00): a is bounded on any bounded interval in [0, c0),

a is continuous at 0 and a(0) = 0} .

The functions belonging to the class ¥ are called altering distance function.
The altering distance function was used in fixed point theory by Khan et al.
[12] for the first time and later, in many works like [5, 9, 15].

These two classes of functions have been used in a recent paper to prove a
result about coupled coincidence point [7].

In order to present the main result of [7], we need some definitions.

Definition 2.1. Let (X, d) be a metric space and G, F': X — X two mappings.
We say that G and F' are compatible if

lim d(GFz,, FGz,) =0,

n—oo

for any (z,) C X such that lim, .., Gz, = lim,_, Fx, = x for some x € X.

Definition 2.2. Let (X, <) be a partially ordered set and F,G: X — X. We
say that F'is G-nondecreasing if for any x,y € X with Gx < Gy then Fx < Fy.

The main result of [7] is the following.

Theorem 2.3 ([7]). Let (X, =) be a partially ordered set and suppose that
there exists a metric d on X such that (X,d) be a complete metric space. Let
T,G: X — X two mappings such that G is continuous and nondecreasing,
T(X) C G(X), T is G-nondecreasing and the pair (G,T) is compatible. Sup-
pose that there exist v € U and ¢,0 € O such that

a)  Y() ZJey) =z 2y
b)  For any sequence (z,) € [0,00) with x, — t > 0,

c) Foranyx,y € X with Gx X Gy
V(d(Tz,Ty)) < p(d(Gz,Gy)) — 0(d(Gz, Gy)) -
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Moreover, suppose that
i) T is continuous or (X, d) satisfies the following condition
if (x,,) is a nondecreasing sequence in X such that x, — x
then x, = x for anyn € N,
it)  There exists xg € X such that Gxg = Txy.

Then G and T have a coincidence point in X, that is, there exists x € X such
that Gx = Tx.

If in Theorem 2.3, we put G = Ix the identity mapping on X we have the
following corollary.

Corollary 2.4. Let (X, =X) be a partially ordered set and suppose that there
exists a metric d on X such that (X, d) be a complete metric space. Let T: X —

X be a continuous and nondecreasing mapping, and there exist ¥ € V¥ and
©,0 € © such that

a)  Y(x) 2ely) =z 2y
b)  For any sequence (x,) € [0,00) with x,, — t > 0,

$(t) — T () + lim () > 0.
c) Foranyx,ye X

P(d(Tx, Ty)) < p(d(z,y)) — 0(d(z,y)) -
Moreover, suppose that

i) T is continuous or (X, d) satisfies the following condition

if (x,,) is a nondecreasing sequence in X such that x,, — x

then x,, < x for any n € N|

it)  There exists xog € X such that xo = Txo.
Then T has a fixed point.

In [7], the authors present a sufficient condition in order to keep the paper
selfcontained. They obtain a better result, that is, uniqueness of the common
fixed point. This result is the following theorem.

Theorem 2.5 ([7]). In addition to the hypotheses of Theorem 2.3, we suppose
that for every x,y € X there exists u € X such that Tu is comparable to Tx
and Ty Then G and T have a unique common fixed point, i.e., there exists a
unique x € X such that Gx =Tx = z.

When G = Ix the identity mapping on X, we have the following corollary.
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Corollary 2.6. In addition to the hypotheses of Corollary 2.4, we suppose that
for every x,y € X there exists u € X which is comparable to x and y, we obtain
uniqueness of the fixed point.

Although the result appearing in [7] are presented in the context of partially
ordered metric spaces, following a similar argument Corollaries 2.4 and 2.6 have
a counterpart in the context for complete metric spaces. However, in order to
that the paper is selfcontained, we present the proof.

Theorem 2.7. Let (X,d) be a complete metric space and T : X — X a map-
ping satisfying

W(d(Tx, Ty)) < pld(z,y)) — 0(d(z,y)), foralzyeX,
where ¢ € ¥, ¢, 0 € © and such that

i) Y <ely)=z<y
it)  For any sequence (t,) € [0, 00) with t, — ty > 0,

¢(t0) - m‘ﬁ(tn) +h_m0(tn) >0.
Then T has a unique fized point.

Proof. We take z¢ € X and put z,,1 =Tz, forn=0,1,2,---.

If there exists ng € N such that z,,11 = =, then z,,,41 = Tz, = x,, and the
part of existence of fixed point is proved.

Now suppose that z,.1 # z, for any n € N. Then, using the contractive
condition, we get

w(d(l‘n_H, xn)) = 1/)(d(TiUm Txn—l))
(d(zn, wn-1)) — 0(d(2p, Tn1)) (1)

2
(d(@n, Tn-1)) -

IAINA

From assumption 7), we infer that
d(xpi1,2n) < d(zp,x,—q1) for any n € N.
Consequently, {d(z,.1,z,)} is a decreasing sequence of nonnegative real num-
bers and, therefore, lim,,_, o d(zy41,x,) = 7 for certain r > 0.
Next, we will prove that » = 0.

In fact, taking n — oo in (1) and using the continuity of ¥ and the fact that
v,0 € O, we have

¥(r) < limep
=lim g

(d(zn, Tn-1)) + lim (—0(d(zn, n-1)))
(d(zn, 2n-1)) — Lm O(d(wy, 75-1))
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or, equivalently,
¥(r) — Im o(d(zy, Tn_1)) + Um O(d(zy, 7,-1)) <0,

where lim,, . d(z,,z,_1) = r. Using assumption i), we deduce that r = 0.
In what follows, we will prove that {z,} is a Cauchy sequence.

In contrary case, by using standard arguments, we can find ¢ > 0 and subse-
quences {ZTpmp } and {xnm} of {x,} with m(k) > n(k) > k satisfying:

a) d(‘Tm(k) Tk )) > €, d(xm(k)—laxn(k)> <€, 2)
b Jim d@ne), @u)) = i d@niy-1, Tay-1) = . (

Taking into account the contractive condition and that 1 is nondecreasing, we
get

0 <€) < Y(A(@mry, Tnm))) = V(AT Tm@)-1, TTrmr)-1))
2

<
< (d(xm(k) 15 Tn(k)— )) - 0(d<xm(k -1, mn(k)—l)) .

Taking upper limit, we have that

0 < ¢(e) < Hm p(d(Tmer)—1, Tngr)—1)) + Hm (—0(d(Zmr)-1, Tnk)-1)))

= lim p(d(Tmk)-1, Tn(ry—1)) — UM O(d(Tmr)—1, Tngry-1))

and, therefore,
Y(€) — HTm (d(Tm(r)—1, Ta(r)—1)) + Hm O(d(Zm)—1, Tny-1)) <0,

where limy_.oc d(Zmk)—1, Tnk)-1) = € (by (2)).
From assumption ii), we deduce that e = 0 which is a contradiction.
Therefore, {z,} is a Cauchy sequence.

Since (X, d) is a complete metric space, there exists x € X such that lim,, . =,
= 1.

Notice that our contractive condition implies the continuity of 7', since, for any
z,y € X,

P(d(Tx, Ty)) < pld(z,y)) = 0(d(z,y)) < p(d(z,y)),

and, by assumption i),
d(Tz,Ty) < d(z,y) .

Therefore, from lim,,_,. x,, = x and the fact that T is continuous, we infer that

Ty = lim Tx,, = hm Tpil = .

n—oo
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This proves that x is a fixed point of T'.
Next, we will prove the uniqueness of the fixed point.

Suppose that y € X is another fixed point of T', i.e., Ty = y, then

b(d(x,y)) = (d(Tz,Ty)) < (d(x,y)) — 0(d(z,y)),

and, this gives us

U(d(z,y)) = v(d(Tz,Ty)) < (d(z,y)) + 0(d(z,y)) <0,

where we consider the constant sequence {d(z,y)} in assumption 7).
Therefore, d(z,y) = 0 and, consequently, x = y.
This completes the proof. n

Before proceeding the main result of the paper, we need some definitions.
Definition 2.8 ([20]). Let (A, B) be a pair of nonempty subsets of a metric
space X with Ay # 0 (Ag = {z € A: d(z,y) = dist(A, B) for some y € B} and
By ={y € B : d(z,y) = dist(A, B) for some x € A}). Then the pair (A, B) is
said to have the weak P-property if and only if

d(z1,11) = d(A, B)
d($2752) =d(A, B) } = d(x1,22) < d(y1,12)

where z1, x5 € Ag and yq,ys € By.

In the literature, the definition of the P-property appears as

d(z1,y1) = d(A, B) B
o) 2B = o) = di)

where x1, x5 € Ag and y;,ys € By.

The following example proves that the weak P-property does not imply the
P-property.
Example 2.9. Let X = R? be the usual plane with the euclidean metric and

let A and B be the subsets of X given by A = {(z,z +2) : =1 < z <
0} U{(z,—z+2):0<z<1}and B ={(—-2"0),(2",0)} for certain n € N.
A picture of these sets is Figure 2.1.

Notice that d(A, B) = d((—1,1),(—2",0)) = /(27 — 1)2 + 1. Moreover, Ay =
{(-1,1),(1,1)} and By = B. Notice that d((—1,1),(—2",0) = d(A, B),
d((1,1),(2",0) = d(A, B) and d((—1,1),(1,1)) = 2, d((—2",0), (2",0)) = 2"1.
Therefore, (A, B) satisfies the weak P-property and dose not satisfy the P-
property.
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ZIN

-1.1) (1.1

(-'2",0) (0,0) Q@ 5,0)

Figure 2.1:

Definition 2.10 ([17]). A mapping 7' : A — B is said to be prozimally in-
creasing if it satisfies the condition that

Y1 = Yo
d(z1,Ty;) = d(A, B) =11 =X T,
d(l’g, Tyg) = d(A, B)

where 1, T2, y1, Y2 € A.

One can see that, for a self-mapping, the notion of proximally increasing map-
ping reduces to that of increasing mapping.

The main results are the following theorems.

Theorem 2.11. Let (A, B) be a pair of non empty closed subsets of a complete
metric space (X, d) such that Ay # 0. Let T : A — B be a mapping satisfying
T(Ay) € By and such that

Y(d(Tz, Ty)) < p(d(z,y)) — 0(d(z,y)), forallz,y € A, wherep € V,0 €O

) Y@) <ely) = z<y,
ii)  for any sequence {x,} in [0, oco) with x, — t > 0,

o(t) = Tim p(z,) + lim (2, ) > 0.

Suppose that the pair (A, B) has the weak P-property, then there exists a unique
x* in A such that d(z*, Tx*) = d(A, B).

Proof. Notice that the contractive condition implies that T" is continuous. In
fact, for any z,y € A, we have

Y(d(Tx, Ty)) < e(d(z,y)) — 0(d(z,y)) < (d(z,y)),

and, by i), d(Tx,Ty) < d(z,y), for all z,y € A
and this proves the continuity of T'. For better readability, we break the proof
in several steps.
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Step 1. By is closed. In fact, suppose that {y,} C By and y, — y € B, we
have to prove that y € By. Since {y,,} C By, we can find {z,} C A, such that

d(xp,yn) = d(A, B) foralln € N. (3)

Since the pair (A, B) has the weak P-property, d(x,,zm,) < d(yn, ym) for any
n,m € N. Since y, is convergent, it is Cauchy sequence and, therefore, from
the last inequality, we infer that z, is a Cauchy sequence. Since A is closed,
x, — x for certain x € A. By using the continuity of the distance d, taking
n — oo in (3), we have d(z,y) = d(A, B) and this proves that y € B.

Step 2. T (A_O) C By, where A, is the closure of Ay. Taking into account our
assumption T'(Ay) C By, it is sufficient to prove that T(Ay — Ay) € By. In
fact, we have z € Ay — Ag. Then, we can find a sequence {z,} C Ay such that
x, — z. By using the continuity of T, the fact that T'(A4g) C By and that By is
closed subset (by step 1), we have T'z,, — Tz € By and this proves our claim.

Step 3. For each y € T'(Ay), there exists a unique z € Ay such that d(z,y) =
d(A, B). In fact, since d(z,y) = d(A, B) (by step 1), we can find x € Ay such
that d(x,y) = d(A, B) and this proves the part of existence. For the uniqueness,
suppose that xq, 9 € Ay and such that

d(z1,y) = d(A, B),
d(z2,y) = d(A, B),

by the weak P-property, d(z1,z2) < d(y,y) = 0 and, therefore, x; = xs.
Now, we define the mapping L : T(Ay) — Ay by Ly = x, where z satisfies
d(z,y) = d(A, B). By step 3, the mapping L is well defined. Now, we consider
the mapping LT : Ay — Ag. Then, for any z;, 2, € Ay we have

d(LTl’l, Txl) = d(A, B), d(LTZL’Q, T[L‘g) = d(A, B)

and by the weak P-property, d(LTxy, LTzy) < d(Tzy,Txs) and since 9 is
nondecreasing

W(d(LTxy, LTxs)) < (d(Tx1,Txs)) < @(d(xy1,22)) — 0(d(21, 22)).

Therefore, since Ay is a complete metric space and LT : Ay — A, satisfies the
contractive condition appearing in Theorem 2.7, by this result, we can find a
unique xy € Ag such that (LT)(xg) = L(Txo) = .

Taking into account the definition of the mapping L, this means that d(xg, Tx¢)
= d(A, B). This proves the part of existence of our result. For the uniqueness,
suppose that there exists another element x; € Ay such that d(xi,Tx) =
d(A, B). This means that x; € Ay and L(Tz1) = x; and, consequently, x; is a
fixed point of LT. Since LT has a unique fixed point, 1 = zy.

This completes the prove. Il
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In what follows, we prove a version of Theorem 2.11 in the context of partially
ordered metric spaces.

Theorem 2.12. Let (X, =) be a partially ordered set and suppose that there
exists a metric d on X such that (X, d) is a complete metric space. Let (A, B)
be a pair of non empty closed subsets of X such that Ay # (0 and the pair
(A, B) satisfies the weak P-property. Let T : A — B be a nondecreasing and
continuous mapping satisfying T'(Ao) C By and such that

V(d(Tx,Ty)) < pld(z,y)) — 0(d(z,y)), for allx,y € A, withz =y,

where Y € ¥, 0 € ©

1) W@ <ely) = <y,
ii)  for any sequence {x,} in [0, oo) with x, — t > 0,

(1) — Tim o) + lim () > 0.

Suppose that T is prozimally increasing and there exist xo,x1 € Ay such that
d(x1,Txg) = d(A,B) and x¢o < x4, then there exists a x* in A such that
d(z*,Tz*) = d(A, B).

Proof. Following the same steps as in the proof of Theorem 2.11, we have that
By is closed and T(Ag) € By. On the other hand, for z,y € Ay with z > y,
since by Theorem 2.11

d(LTz, Tx) = d(A, B),
d(LTy, Ty) = d(A, B),

the weak P-property gives us d(LTz, LTy) < d(Tz,Ty) and, since 1 is nonde-
creasing

(d(LTx, LTy)) < (d(Tz,Ty)) < (d(z,y)) — 0(d(z,y)).

Therefore, the contractive condition appearing in Corollary 2.4 is satisfied.
Finally, from zy < xq,

d(.]?l, TiL'o) = d(A, B),
d(LTZEl,TiL'l) = d(A, B),

and, by using that T is proximally increasing, we infer that xy < LTx;.

Applying Corollary 2.4, LT has a fixed point, that is, z* € Ag such that LTz* =
x*. Notice that we can apply Corollary 2.4 because since Ay is closed, Ay is a
complete metric space. But, as d(LTx*,Tz*) = d(A, B), we get d(z*,Tz*) =
d(A, B).

This completes the prove. Il
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For uniqueness of the best proximity point, we need the following condition:
for z,y € Ay there exists z € Ay which is comparable to = and y. (A)

Theorem 2.13. Adding condition (A) to the assumptions of Theorem 2.12 we
obtain uniqueness of the best proximity point.

Proof. Let x%, 2% € Ay be such that d(z%, Ta}) = d(x3, Tas) = d(A, B).
Since d(LTz}, Tx}) = d(A, B), the weak P-property gives us
d(zi, LTx}) < d(Tx3,Txy) = 0.
Therefore d(x3, LTx}) = 0. Similarly, we can prove that d(z}, LTz3) = 0.
Therefore, LTz} = x7 , LTz = x3.

By Corollary 2.6, since LT has a unique fixed point, we deduce that zj =
5. [l

3. Example

Example 3.1. Let X=R? is a metric space with d((xy,y1), (22, y2)) =| 21— |
+ 1y —y2 |

We consider the two closed subsets A = {(0,2A —1) : 0 < A < 1} and B =
{(3-2X0,2):0< A< 1}U{(3,4A—2): 0 < A < 1U{(3—2)\,—-2) : 0 < A < 1}

Here, Ay = {(0,1), (0, —1)}, By = {(1,2), (1, —2)} and d(A, B) = 2.

Now d((0,1),(1,2)) = d(A,B) = 2, d((0,~1),(1,-2)) = d(A,B) = 2,
d((0,1), (0, —1)) = 2 £ d((1,2), (1, -2)) = 4.

So the pair (A, B) satisfies the weak P-property.
Let T': A — B be a mapping defined as

1
T(0,2\ — 1) = (1.5 — 22— 1]+ 522 - 1|2,2> , for0< A< 1.
Then T is continuous and T'(Ay) C By.

Let ¢ : [0,00) — [0,00) be defined as ¢ (t) = ¢, for all ¢t € [0,00), and let
©,0:[0,00) — [0,00) be defined respectively as

1 1

—[t]? if2<t<3 —[t]?, if2<t<3
oy =43 MESTSE oy ol 2t

t— %t2, otherwise, 0, otherwise.

Then the required conditions of Theorem 2.11 are satisfied. Here (0, 1) a unique
best proximity point of the mapping 7.
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Example 3.2. Let X = R? is a euclidean metric space and A and B be
two closed subsets of X given by A = {(2 — 2a,2a —2) : 0 < a < 1} and
B={(-a,2—a):0<a<1}U{(,2—a):0<a <1}

We define a partial order ‘ <’ on A as x < y if and only if z > y for all x,y € A.
Here, Ay = {(0,0)}, By = {(—1,1),(1,1)} and d(A, B) = V2.

(=1
Now d((0,0), (~1.1)) = d(A,B) = v3, d((0,0),(1,1)) = d(A,B) = V2.
d((0,0),(0,0)) = O # d((—1,1),(1,1)) = 2. So the pair (A, B) satlsﬁes the
weak P-property.

Let T: A — B be a mapping defined as

T(2 - 20,20 — 2)
=(1-21-a) +(1-a),14+2(a—=12+(a—-1)), for0<a<1

Then T is continuous and T'(Aq) C By.

If 2, < x5y and d(y;, Txy) = d(A, B) = V2, d(ys, Txy) = d(A,B) = /2 for
some Y1, Yo, ¥1, T2 € A, then we have y; = yo = (0,0), 27 = 29 = (0,0). Then T
is proximally increasing.

Let v : [0,00) — [0, 00) be defined as 1 (t) = t2, for all t € [0, c0),
and let ¢, 0 : [0,00) — [0, 00) be defined respectively as

L2 ift>5 L2 ift>5
t: 2 b ) et: 3 b )
(1) { . (1 {07 .

242 ift <5, if t <5.

Then the required conditions of Theorem 2.13 are satisfied. Here (0,0) a unique
best proximity point of the mapping 7'
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