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1. Introduction and preliminaries

The convex combinations of projections were intensively investigated in the
recent past about the image recovery or the convex feasibility problems — see
for example the basic papers [1] and [6]. In this paper we present some novel
properties of a convex combination of projections in a Hilbert space, to illustrate
once again the usability of a famous fixed point theorem due to Felix Browder.

Let H be a real Hilbert space endowed with the inner product (-,-) and the
corresponding norm ||-||.

To better understand what follows, we recall that an operator T': H — H is
said to be nonexpansive(resp. firmly nonexpansive) if for all z,y € H

1Tz =Tyl < ||z —y|l (resp. (Tz —Ty,x—y) > |Tx—Ty|").
If T: H— H is firmly nonexpansive, using the Schwartz inequality, we have
1Tz = Ty||* < (Tw =Ty, x—y) < |Tz =Tyl - |z -yl
therefore T' is nonexpansive.
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Let Px be the metric projection onto a closed convex nonempty subset K of
H. The projection operator Pk is characterized by

Pxx € K : (Pkx —x,y — Pxx) >0 forally € K.
It follows from this characterization that for z,y € H

(Pxx — Pgy,z —y)
= (Pxx — Pgy,x — Pgx) + || Pxx — Pryl|® + (Px2 — Pxy, Pxy — y)
> ||Pgx — Pxyl®,

so Pk is a firmly nonexpansive operator, thus Px is nonexpansive. Also:

Lo = Pra|| = d(z; K) = inf{||lz —y|| / y € K},
2. Fix(Pg) = K, where Fix(T) denote the set of fixed points of an operator
T:CCH—H.

Let A, B be two bounded closed convex nonempty subsets of H and P4, Pg be
the metric projections onto A, respectively B.

The aim of this paper is to investigate the fixed point properties of a convex
combination of operators P4 and Pg.

2. Results
Consider the operator P : H — H defined by Pz = aPaz + Pgx(a, 3 > 0,
a+ [ = 1). P is nonexpansive as a convex combination of nonexpansive

operators and, in order to establish results regarding its fixed points, we use
the following famous theorem due to F. Browder [2]:

Theorem 2.1. Let X be a uniformly conver Banach space, U a nonexpansive
mapping of the bounded closed convex subset C' of X into C. Then U has a
fixed point in C'.

If C = co(AU B), the closure of the convex hull of AU B, then P is a nonex-
pansive mapping of the bounded closed convex subset C' of the Hilbert space
H into C and, by Theorem 2.1, Fix(P) # ¢.

In order to study Fix(P) it is necessary to prove that, generally, the operator
P is not a metric projection. The example below justifies this last assertion.

Consider the real Hilbert space H = R? with the Euclidean inner product. Let
A =[-2,-1] x [0,1] and B = [1,2] x [0,1]. A and B are nonempty closed
convex bounded subsets of H and C' = co(AU B) = [—2,2] x [0, 1].

For a = 3 = 1 the operator P becomes P = (P4 + Pg). Prove now that
Med(A4; B) = {(0,z) : € [0,1]} C Fix(P).

Indeed, for u = (0, z) € Med(A; B) we obtain that Pu = $[Pa(0,2)+Pp(0,2)] =
(P)

s1(=1,2) + (1,2)] = (0,2) = u for all z € [0,1], thus u € Fix
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Now we are in position to affirm that, generally, the operator P is not a metric
projection, because Fix(P) is not a singleton.

To obtain a general characterization of Fix(P) we need (see [3, 4, 5]):

Theorem 2.2. Let X be a bounded closed convex subset of H andU; : X — X,
i € I, be nonexpansive operators with a common fized point, let w; > 0(i € I),

Yierwi=1landlet U =73, ; wU. Then Fix(U) = (¢, Fix(Uj).

So, applying Theorem 2.2 we have: if AN B # ¢, then Fix(P) = Fix(P4) N
Fix(Py) = AN B.

In order to study Fix(P) when AN B = ¢, we provide in this paper a new
characterization of Fix(P).

If z € Fix(P), then Px = aPax + fPpr = x = (o + #)z. Thus
a(Paz — x) = B(x — Pgz). (1)

Consequently «||Paz —z|| = (||lx — Ppz|| and it follows that ad(z;A) =
Bd(z; B).

We obtain that Fix(P) C {z € H : ad(z; A) = fd(x; B)} and this inclusion
offers an useful characterization of Fix(P), when AN B = ¢.

Further we study the set of fixed points of the nonexpansive operator —P.
Theorem 2.3. The operator T’ =1+ P : H — H is a homeomorphism, where
I is the identity of H.
Proof. The operator T satisfies
[Tz =Tyl < |z —yl + |Px — Py|| < 2|z —y| (2)

and

= (v —y, v —y) + a(Par — Pay, v —y) + B(Ppr — Py, — y)

> |z = yl|* + || Paz — Payl* + 8| Pea — Peyl* > |z — y|” (3)
for all x,y € H.
For f € H and v > 0 we consider now the operator S, : H — H defined by

S,x=x—~(Tx — f).

We have

1Sy2 = Syyll* = (& =Tz —y+Ty,x — Tz —y+~Ty)
(r—y—y(Tx - Ty),x —y —v(Tz - Ty))
= |lz —yl* = 29 (T = Ty,z — y) + 7| Tz — Ty|*

< o —yl> = 2v[lz — ylI> + 4% ||z — y|?,



106 D. Teodorescu, M. S. Khan / On Fized Point Properties of a Convex ...

SO

|Syz — Syy|| < VA2 =2y + 1|z —y||, forall z,y € H.

If v € (0, 3), then S, is a contraction, because \/47% — 2y +1 < 1.

Applying the Banach fixed point theorem it results that S, has a unique fixed
point, that is there exists a unique element u € H such that S,u = u. We
obtain that u — vy(Tu — f) = u, and consequently u is the unique solution of
the equation Tx = f.

Thus T': H — H is a bijection.
Now, using (3), with the Schwartz inequality, we have
Tz —Ty|| - |z = yll > Tz — Ty, x —y) > ||z —y||* forallz,y € H
and, consequently,
e —yll < T~ Tyl <2l —yl| for all 2,y € .

The above double inequality justifies that 7" and 7! are Lipschitz continuous.
Therefore T' is a homeomorphism and the proof of Theorem 2.3 is complete. [

As a consequence of Theorem 2.3 the operator I + P has a unique zero, so we
obtain

Theorem 2.4. The operator —P : H — H 1s a nonexpansive operator having
unique fixed point.

Generally, the nonexpansive operators have multiple fixed points. We provided
above an example of nonexpansive operator having a unique fixed point.
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