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1. Introduction and statements of main results
Let L(z,u,v): R x R* x R — R be continuous.

The classical theory of the Calculus of Variations studies weak and strong local
minimizers of the integral functional

J(u) = / L(z,u(x),u(x))dr, —oco <a<b< oo, (1)

see e.g. [1].

Definition 1.1. A function u € C'([a,b]; R") is called weak local minimizer
of the functional (1) provided there exists ¢ > 0 such that for each w €
C([a,b]; R") with w(a) = u(a), w(b) = u(b), ||u — w||c <€, we have J(w) >
J(u).

Definition 1.2. A function u € C'([a,b]; R") is called strong local mini-
mizer of the functional (1) provided there exists ¢ > 0 such that for each
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w € C'([a,b]; R™) with w(a) = u(a), w(b) = u(b), |lu — w|lc < €, we have
J(w) > J(u).

Weak local minimizers satisfy the Legendre condition.

Theorem 1.3. Let u be a weak local minimizer and let L € C*(R**1). Then
for all x € [a,b] we have

> Ly, (z,u(x), i(z)&& > 0, V&€ R (2)

1,j=1

Strong local minimizers satisfy the Weierstrass condition.

Theorem 1.4. Let u be a strong local minimizer and let L € C*(R*"!). Set

Then for all x € [a,b] we have

E(z,u(z),u(x),w) >0, Ywe R". (3)

It turns out that Theorems 1.3, 1.4 are corollaries of more general assertions.

Definition 1.5. Let G : U — R be continious, where U is a convex subset of
R". Let vy be a point of the relative interior reint U of the set U. Then we
say that G is convex (strictly convex) at vy with respect U if for every ¢; > 0,
v; €U, v; # 09,1 =1,...,m, such that > ¢; =1, Y ¢;u; = vg, we have (strict)
Jensen inequality

>~ aG(v) = Glw) (Z aG(v;) > G(v0)> . (4)

We say that G is concave (strictly concave) at vy with respect to U if —G is
convex (strictly convex) at this point with respect to U.

It seems that convexity at a point was first introduced in [10]. Strict convexity
at a point was introduced by the author in [7] and was already exploited in [6].

The following lemma indicates characterizations of the property of convexity
at a point.

Lemma 1.6. Let G : U — R be continuous, where U is a convex subset of
R"™. Let vy be a point of the relative interior of the set U. Then the following
statements are equivalent:

1) the function G is convex at vy with respect to U,
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2)  there exists f € R" such that for all v € U we have
G(v) = G(vo) = (f,v = vo);

3)  for each probability measure v with the support in U and with the centre
of mass at vy we have

/U Gdv > G(v).

The following theorem is valid

Theorem 1.7. Let L € C(R**1). Let also € > 0, ug € C*([a, b]; R™). Then

liminf J(ug) > J(up)

k—o0

for all wy, € C such that ||u, — uoller < €, k € N, |Jur, — ugllc — 0, k — oo,

if and only if for each x € [a,b] the function L(x,uy(z),-) : B(io(x),€) — R is
convezr at ug(x).

We can state two corollaries of Theorem 1.7 which strengthen Theorems 1.3,
1.4.

Corollary 1.8. Let L € C(R*), u € C'. Assume that there exists € > 0
such that
liminf J(ug) > J(u)

k—o0

for all up € C' such that ||uy, — ullcr < €, k € N, ||lux —ullc — 0, k —
00. Assume also that for each x € la,b] the function L(x,u(x),-) is twicely
differentiable at u(z). Then the Legendre condition (2) holds.

Corollary 1.9. Let L € C(R**1), u e C' and let

lign inf J(ug) > J(u)

for each sequence uy bounded in C*-norm and such that ||ux—ul|c — 0, k — .
Then for each x € [a,b] the function L(x,u(x),-) is Fenchel subdiffirentiable at
u(z), i.e. the Weierstrass condition

L(z,u(x),v) — L(z,u(z),u(x)) — (l,v —u(x)) >0, YveE R",

holds, where | - any element of the subgradient.

What is interesting, strict condition at a point also characterizes certain prop-
erty of integral functionals, more precisely — the property of convergence in
energy, see [4], [5].

We first introduce convenient characterizations of the property of strict con-
vexity at a point.
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Lemma 1.10. Let G : U — R"™ be continuous, where U is a convex subset of
R"™ with dimension of relative interior equal to 1, and let vy be a point of relative
interior of U. Then the following assertions are equivalent:

1) G is strictly convex at vy with respect to U;

2)  there exists f € R" such that G(v) — G(vg) > (f,v — vg) for allv € U;
moreover if H is a plane of dimension | which contains U then there exists
a basis ey, ..., e of the plane H—{vo} such that ifv € U, v = vo—i-zll ci€i,
where ¢; =0 fori € {1,...,j—1}, ¢; > 0,then G(v) —G(vo) > (f,v—wo);

3)  for each nontrivial (nonequal to a Dirac mass) probability measure v with
the support in U and with the centre of mass at vy we have the strict
Jensen inequality

/ULdV > L(vp).

The following theorem holds

Theorem 1.11. Let L € C(R**1). Let ¢ > 0, u € C'([a,b]; R"). Then the
convergences ||ux — ul||lc — 0, J(ux) — J(u) imply the convergence ||uy —
ullwra — 0 for all u, € C such that ||ur, — ullcr < €, k € N, if and only if
either L(z,u(x),-) is strictly conver at u(x) with respect to ball B(u(x),€) for
a.e. x € [a,b] or this holds for —L.

2. Auxiliary facts from Young measure theory

In this section we state certain facts from Young measure theory which we will
use in this paper.

Theorem 2.1. Let & : [a,b] — R", k € N, be a sequence of measurable
functions such that ||&||Le < M < oo, k € N. Then there exists a subsequence
&, k € N, (not relabeled) and a family of probability measures (Vy)pc[a), where
suppv, C B(0,M) for a.e. x € [a,b], which is generated by the subsequence
&k as a Young measure that means that for each continuous function L(x,v) :
la,b] x R" — R we have

L&) = [ Llo)dny in L (5)

n

(here and everywhere further " — " denotes the weak convergence). In particu-
lar & —* € in L, where £(x) is the centre of mass of v, x € [a,b]. Moweover
& — &llr — 0, k — oo, if and only if vy = d¢(z) for a.e. x € [a, b].

Theorem 2.2. Let (Vy)zcap be a sequence of probability measures such that
suppv, C B(0, M) for a.e. x € [a,b]. Let also for each continuous function
L(x,v) : [a,b] X R" — R the function x — [, L(z,v)dv, be measurable. Then
there ezists a sequence of measurable functions & : [a,b] — B(0,M), k € N,
which generate (Vy)zcjap s a Young measure.
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Theorems 2.1, 2.2 are the standard facts of Young measure theory. Their
proofs could be found in [9], [8]. We will also use the following corollary of
these theorems.

Theorem 2.3. Let u € C'([a,b]; R"), (V2)zefap) be a Young measure such that
for a.e. x € |a,b] the centre of mass of the measure v, is u(x) and supp v, C
B(u(x), M). Then there exists a sequence of functions w, € C'([a,b], R") ,
k € N, such that ||ux — ul|cr < M, ug(a) = u(a), ug(b) = u(b), k € N,
||ur —ullc — 0, k — oo, and the sequence ., k € N, generate Young measure
(Vx)xe[a,b]'

Proof. Due to Theorem 2.2 there exists a sequence &, € L™, k € N, such that
&k — ||z < M and such that §, generate Young measure (y)zcpp. There
exists also a sequence 7, € C([a,b]; R"), k € N, such that ||n, — ||z~ < M,
k€ N, ||ng — &llzr — 0, k — oo. Then n, k € N, also generate Young
measure (Vy)zefa,b)-

Since n,, —* @ L™ there exists another sequence ¢ € C([a,b], R") such that
. b b .

||¢k _77k||C — 0, k — oQ, ||¢k —UHC < M, fa ¢kde‘ = fa udx, k € N.
We can take the sequence ¢, k € N, satisfying an additional condition: if
up(y) = u(a) + [ op(x)dx, y € [a,b], k € N, then ||lu, — ul|cr < M, k € N.
The sequence ug, k € N, satisfies all the requirements of the theorem. O]
3. Convexity and strict convexity at a point

In this section we prove Lemmas 1.6, 1.10.

Proof of Lemma 1.6. 1) => 2). First assume that additionally U is a com-

pact set. Then we define out of U the function L as +oo. Consider the con-
vexification L™ : U — R of the function L, i.e.

L :mf{z CiL(’Ui) cc; > 0,0, € U,

i:1,...,m,m€N,Zc,-:I,chi:v}.

Then L™ : U — R is a convex function and by Hahn-Banach theorem there
exists f € R"™ such that

L™ (v) = L™ (vo) 2 (f,v —wo), veU.
Since L**(vg) = L(vg), L > L** everywhere we derive that
L<U) - L(U(]) > <f,U - U0>7 vel
In the case of arbitrary convex set we consider an extending sequence of com-

pact convex sets Uy such that vy € Uy, k € N, U2 Uy = reint U. Then there
exists a bounded sequence fi, k € N, such that

L(v) — L(vo) > (fr,v — vg), Vv € Uy, k€ N.
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For a cluster point f of the sequence f, we have

L(v) — L(vg) > (f,v —vg), Yv € U.

2) => 8). In case v is a probability measure with the support in U and with
the centre of mass at vg we have

/n L(v)dv — L(vy) = /R(L(U) ~ L{vy))dv > / (.0 — vo)dv = 0.

n

3) => 1). Since the Jensen inequality

/ L(v)dv > L(v)
U

is valid for any probability measure with the support in U and with the centre
of mass at vy this holds also for the case v = 2111 ¢i0y;. Then

O / L)y > L(vp),

which means convexity at the point.

Lemma 1.6 is proved. O

Proof of Lemma 1.10. 1) => 2). Let f € R" be such that
L(”) - L(UO) > <fvv - UO>7 v e Ua

see Lemma 1.6.

Consider the set
Vi={veU:L(v)— L(v) — (f,v — vg) = 0}.

Since L is strictly convex at vy with respect to U the convex hull V of the set
V' \ {v} does not contain vy. Then due to Hahn-Banach theorem there exists
er € R, vg+e; € U, such that L(v) — L(vg) > (f,v — vg) for v € U with
(e1,v —v9) > 0. Consider the set U; := U N{v : {e;,v —v9) = 0}. Since the
function L is strictly convex at vy with respect to U; we obtain analogously
that there exists eo € R", vy + ez € Uy, such that L(v) — L(vg) > (f,v —wp) for
v € Uy with (v — v, e3) > 0.

This way we can find a basis ey, . .., ¢; of the space H — {vp} with the required
properties.

2) => 3). Let v be a probability measure with the support in U and with the
centre of mass at vy. There exists f € R" such that

L(v) — L(vg) > (f,v —vg), v €U,
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and 2) holds. Then [, Ldv > L(vo). Assume [;; Ldv = L(vp). Then
suppr N{v € U : (e1,v —vp) > 0} =0,
ie.
suppv C {v € U : {e1,v — vg) = 0}.

Analogously we can establish that
suppr C{v e U : (e;,v —wvg) =0}, i=2,...,1L

Therefore v = §,,. This way we proved that [, Ldv > L(vy) for the nontrivial
measure v.

3) => 1). This statement is valid since a convex combination of Dirac masses
> by, is a special case of a probability measure v with the support in U and
with centre of mass at vy.

Lemma 1.10 is proved. O

Further we will use one more lemma.

Lemma 3.1. Let U be a convex subset of R"™ of dimension [, let vy be a point
of the relative interior of U. Assume also that G : U — R is a continuous
function which is convex but not strictly convex at the point vy with respect to
the set U. Then there exist ¢; > 0, v; € U, v; # vg, © = 1,...,1+ 1, with the
properties

I+1 I+1 I+1

Zci = 1, ZCZ"UZ‘ = Vo, ZCzG(Uz) = G(UQ).
=1 i=1 =1

Proof. Since G is convex at vy with respect to U we can apply Lemma 6 to
find f € R" such that

G(v) — G(vg) — (f,v —v9) >0, YveU. (6)

Let V beaset of v € U, v # vy, for which we have equality in (6). By conditions
of lemma the convex hull of V' contains vy. Since dimension of the set V' is not
larger than [, we obtain by Carathéodory theorem, see e.g. [3], that the convex
hull consists of convex combinations of [ + 1 elements of the set V', that proves
the lemma. O

4. Theorem 1.7

Proof of Theorem 1.7. Let w € C'([a,b]; R"), L(z,u,v) € C([a,b] x R™ x
R™) and assume that for all z € [a,b] function L(x,u(x),-) is convex at u(z)
with respect to the ball B(u(x),¢€). Let up € C*([a,b]; R") be a sequence such
that ||ug —ullcr <€, k € N, ||ug — ul||c — 0, k — oo. Replacing this sequence
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by a subsequence we can assume that J(uy) — I, k — oo. We have to show
that 1 > J(u).

Due to Theorem 2.1 an appropriate subsequence of the sequence iy, k € N,
generates a Young measure (V;)qcfq- 10 this case the centre of mass of v, is
u(z) and, moreover, supp v, C B(u(x),¢€) for a.e. € [a,b]. In view of Theorem

2.1 we also have
J(ug) — / / (z,u(z),v)dvdz,

since (upg, 1) generates Young measure (0y(z) ® Va)aca,b-

Due to Lemma 1.6 we have

/n Lz, u(z), Ydvs > Lz, u(z), i(z)), = € [a,b].

Then, indeed, I > J(u).

Conversely, let I > J(u). We have to show that for each x € [a, ] the function
L(z,u(x),-) is convex at @(x) with respect to B(i(x),€). Assume the contrary.
Then for a x¢ € [a,b] we can isolate ¢; > 0, v; # U(xy), i = 1,...,m, such that

v; € B(u(xo),€), Y e;L(vs) = t(wo), e =1,

m

> " eiL(xo, u(xo), vi) < L(xo), u(x0), (o).
i=1
Let v;(x) = v; +u(x) — 0(zp), i = 1,...,m. For all z sufficiently close to zy we

have Y cvi(z) = u(z),
ZciL(:r,u(x),vi(x)) < Lz, u(x),u(z)).

For these & we assume v, = ) ¢;i0y,(a), for other z € [a,b] we assume v, =
di(z)- By Theorem 2.2 ()¢ is a Young measure which is generated due to
Theorem 2.3 by a sequence i, k € N, where u, € C([a, b]; R"), ||up—ul|cr < €,
ke N, |lux —ullc — 0, k — 0o. By Theorem 2.1

J (ug —>// (z,u(x), )dvydx < J(u),

which is a contradiction. Therefore we established that for all x € [a, b] function
L(z,u(x),-) is convex at (x) with respect to B(u(z),€).

Theorem 1.7 is proved. O
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5. Theorem 1.11

Proof of Theorem 1.11. Let u, € C'([a,b]; R"), k € N, be a sequence such
that ||ur — ullec — 0, k — oo, ||ux — ullcr < €, k € N. Assume that L €
C(R?>"*1) and that function L(z,u(z),) is strictly convex at 7 (z) with respect
to B(u(z),e) for a.e. x € [a,b]. Assume that J(uy) — J(u), k — oo, but
||ur,—u||wrr 4 0. Then due to Theorem 2.1 a subsequence g, k € N, generates
a nontrivial (not equal to a Dirac mass in the set of positive measure) Young
measure (Vy)zefa- By Theorem 2.1 we also have

() — / b / Lo, u(e), Yz

Because of convexity of L(x,u(z),-) at u(x) and due to Lemma 1.6 we obtain
/ L(z,u(x), )dv, > L(z,u(z),u(x)), = € la,bl.

Because of strict convexity of L(z,u(z),-) at u(x) for a.e. x € [a,b] we obtain
due to Lemma 1.10 that in the set, where v, is nontrivial,

/n L(z,u(z), )dv, > L(z,u(z),u(x)).

Finally we obtain
klim J(ug) =1 > J(u),
which is a contradiction.
Therefore v, = 044 for a.e. x € [a,b], that implies via Theorem 2.1 that
||uk — u||W1,1 — 0, k — oc.

Now we prove the converse statement. First note that for each = € la,b
the function L(z,u(x),-) is either convex or concave at 7(r) with respect to
B(u(z),€). Assume contrary. Then there exist

¢ >0, v € Blu(x),e), v #a(x), i=1,...,m,

sz > 07 U'L'Q € B(U(QZ),G), Ui2 7£ U(;U), L= 17 ey M,
such that

mi mi

ch-l =1, Zcivil = u(x), chL(x,u(:z:),vil) > L(z,u(x),w(z)), (7)

1=1 i=1 i=1

dad=1, ) vl =), chux,u(x),vf)<L(a;,u(x),u(x)). (8)
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Define v} (y) := v} — a(x) + u(y), v}(y) := v? — u(x) + u(y). Then (7), (8) is
also valid with v} (y), vZ(y) for all y sufficiently close to z. In particular we can
isolate nonintersecting intervals Iy, I such that in I; (1) the inequality (7)
((8)) holds. Assume v, = > ™ cid, () for y € I, vy, = D77 cidya(y) for y € .
We can also select I, I5 in such a way that

/hulz/n (v u dyydy—/IlUIzL(y,u(y),U(y))dy- (9)

Assume also v, = 0y for y € I, U L.

Due to Theorem 2.3 there exists a sequence u;, € C'([a,b]; R") with the prop-
erties ug(a) = wu(a), ug(b) = u(b), ||lup — ullcr < €, k € N, ||ug, — ullc — 0,
k — oo, and such that 1 generate a Young measure (z/m)l,e[a’b]. Then

J (uy, —>// (x,u(x), )dv,dx = J(u),

but ||y — @||1 /A 0 since Young measure (V;)zefap) is nontrivial, cf. Theorem
2.1. This contradiction with the assumptions of the theorem shows that either
L(z,u(x),-) is convex or concave at u(z) with respect to B(u(x),¢€).

Analogously we can show that for all z € [a, b] either L(z,u(z),-) is convex at
u(z) with respect to B(u(x),€) or this holds with replacement of convexity by
concavity.

To prove the theorem we have to show only that for a.a. x € [a,b] convexity
(concavity) has the strict character. This is enough to consider the case of
convexity. Assume the contrary, i.e. assume that the set G, where the function
L(z,u(x),-) is not strictly convex at 7 (x) with respect to B(1(x), ), does not
have zero measure. Due to Lemma 3.1 for sufficiently small > 0 the subset
G5 of the set G such that for each x € G there exist ¢; > 0, v; € B(u(x),€),
|v; —a(x)| >0,7=1,...,n+ 1, with the properties

n+1 n+1 n+1

=1 > cui=u(z), Y aLzuz),v) = Lix,u(x),i(z), (10)

=1 =1 1=1

is not a set of zero measure. However G5 is a closed set. In fact, if x;, €
Gs, T, — To, then there exists a subsequence z; (not relabeled ) such that
¥ — e, vf - v, k— o0, i=1,...,n+1, and (10) holds for each k € N.
Because of continuity of L, u, @ we obtain that (10) holds also for the limit
elements, i.e. we obtain that g € Gs. Then the measure of Gy is positive.
Further, the multivalued mapping V', associating to each y € Gs the set of
all (c1,...,¢pe1,01...,0541), for which (10) is valid, is upper semicontinuous,
where upper semicontinuity means that if uy € V(yx), k € N, up — u, yr. — v,
k — oo, then u € V(y). By the theorem on measurable selector, see e.g. [2],
there exists a measurable selector u : G5 — R*"2 of the multivalued map, here
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u(-) = (e1(4)y ooy enp1(4),v1(4), -« o, Vpga(+)). Assume v, = Z?:ll Ci(2) 0y, (z) for
x € Gs, Vy = Oy(g) for x € [a,b] \ G5. By Theorem 2.2 (;)z¢(q is @ Young
measure. We have also

/ab / L(z, u(z), )dvedz = J(u). (11)

By Theorem 2.3 there exists a sequence u, € C'([a,b]; R") such that ug(a) =
u(a), uk(b) = u(b), ||up —uller <€, k € N, ||ux, — ullc — 0, k — oo, and 1
generate Young measure (V;)zcfq,5- Lhen by Theorem 2.1

J(ug) — / b / Lo u(a), Ydvade = J(w),

where ||i, — @||n # 0 since Young measure (V;)qcfap s nontrivial. This
contradiction shows that the measure of the set G is equal to zero.

Theorem 1.11 is proved. O
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