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1. Introduction

As many problems in computer vision, robotics, signal processing and geometric
mechanics are expressed as nonsmooth problems on Riemannian manifolds, the
huge impact of developing nonsmooth analysis concepts on manifold settings
to solve these problems is undeniable. Therefore it is of eminent interest to
develop useful computational and theoretical tools for nonsmooth objects such
as nondifferentiable functions, vector fields and forms on manifolds. In the
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past few years a number of results have been obtained on numerous aspects of
nonsmooth analysis on Riemannian manifolds; see, e.g., [1, 3, 6, 7, 8, 13, 14].

Research in the area of nonsmooth analysis of vector-valued maps and their
generalized Jacobian matrices such as the Clarke generalized Jacobian matri-
ces of locally Lipschitz maps and Mordukhovich coderivative for general vector-
valued maps on Banach spaces has been of substantial interest in recent years;
see for instance [4, 15]. Hence the development and analysis of concepts for
nonsmooth vector fields, which can be viewed as a natural generalization of
nonsmooth vector-valued maps, are essential from both theoretical and numer-
ical viewpoints.

The concept of pseudo-Jacobian (also called approximate Jacobian) matrices,
which is a generalization of the idea of convexificators of real-valued functions,
extends the nonsmooth analysis of locally Lipschitz maps to continuous maps
and unifies various results of nonsmooth analysis; see [9, 10]. The monotonic-
ity of vector-valued maps plays a crucial role in the study of complementarity
problems, variational inequality problems, and equilibrium problems. In [11]
characterizations of generalized monotonicity in terms of pseudo-Jacobian ma-
trices are presented. On the other hand in recent years a great deal of research
has focused on the study of the notion of monotonicity for vector fields on
manifolds and a number of important results have been obtained on various
aspects of optimization theory and applications for problems formulated on
Riemannian manifolds; see [5, 14, 16] and the references cited therein.

The aim of this paper is to present a notion of pseudo-Jacobian for continuous
vector fields on manifolds, and to use this notion to characterize monotone vec-
tor fields on manifolds. Moreover, we show that pseudo-Jacobian characterizes
the first and second order optimality conditions in easily verifiable forms. The
rest of the paper is organized as follows. Section 2 is devoted to the definition
of pseudo-Jacobian associated to a continuous vector field on a Riemannian
manifold and some basic properties are presented. In Section 3 characteriza-
tions of monotonicity and generalized monotonicity of continuous vector fields
via pseudo-Jacobian are presented.

2. Pseudo-Jacobian of continuous vector fields

Let us first introduce some standard notations and known results of Riemannian
manifolds, see, e.g. [12, 18]. Throughout this paper, M is an n-dimensional
complete, connected manifold endowed with a Riemannian metric (., .), on the
tangent space T, M. The corresponding norm is denoted by || ||.. As usual we
denote by B(z,d) the open ball centered at x with radius 6, by int N (cl N)
the interior (closure) of the set N and by co N the convex hull of N.

Recall that the set S in a Riemannian manifold M is called convex if every two
points py, p2 € S can be joined by a unique geodesic whose image belongs to
S. We identify (via the Riemannian metric) the tangent space of M at a point
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x, denoted by T, M, with the cotangent space at x, denoted by T M. For the
point x € M, exp, : U, — M will stand for the exponential function at z,
where U, is an open subset of T, M. Recall that exp, maps straight lines of
the tangent space T, M passing through 0, € T, M into geodesics of M passing
through x.

We will also use the parallel transport of vectors along geodesics. Recall that,
for a given curve v : I — M, number ¢y € I, and a vector Vo € T, )M,
there exists a unique parallel vector field V() along () such that V (o) = Vb.
Moreover, the map defined by Vj — V/(¢;) is a linear isometry between the
tangent spaces T, M and T, )M, for each t; € I. In the case when v is a
minimizing geodesic and y(ty) = x,v(t1) = y, we will denote this map by Ly, -,
and we will call it the parallel transport from T, M to T, M along the curve 7.
In what follows, L, will be used when the minimizing geodesic which connects
Z to y, is unique.

Recall that the Hessian D?*p of a C? smooth function ¢ on a Riemannian
manifold M is defined by

D2()0(X7 Y) = <VXVQ07Y>7

where Vo is the gradient of ¢, X, Y are vector fields on M and Vy X de-
notes the covariant derivative of X along Y (see [18, p. 31]). The Hessian
is a symmetric tensor field of type (0,2) and, for a point p € M, the value
D?p(X,Y)(p) only depends on ¢ and the vectors X(p), Y(p) € T,M. So
we can define the second derivative of ¢ at p as the symmetric bilinear form
d*¢(p) : T,M x T,M — R,

(v,w) = d*o(p)(v,w) == D*o(X,Y)(p),

where X, Y are any vector fields such that X (p) = v, Y (p) = w. A useful way
to compute d?¢(p)(v,v) is to take geodesic v whit 7/(0) = v and calculate

d2
Lot
We will often write d?¢(p)(v)? instead of d?p(p)(v,v).

To define the notion of pseudo-Jacobian associated to a continuous vector field
on a Riemannian manifold, we confront with several technical issues occurred
by working on double tangent bundles. We first recall some basic properties
of double tangent bundle TT'M. Let m : TM — M denote the canonical
projection, then the differential of © denoted by dr is a map from TT M onto
TM. If X(x) € TM, then we denote the kernel of dr at X () by Vx(,) and call
it the vertical subspace of T'x(,yT'M. This vertical subspace is of dimension n,
therefore we identify the vertical subspace of T'x(,)T'M with T, M. Note that
L(T,M,Vx(z)) denotes the n®-dimensional subspace of the space of all linear
mappings from T, M to Tx T M denoted by L(T,M,Tx T M).
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Now we are ready to define the notion of pseudo-Jacobian for a continuous
vector field. This notion was introduced in [9] for continuous vector-valued
functions on linear spaces, where it was called approximate Jacobian.

Assume that X : M — TM is a continuous vector field on a Riemannian
manifold M. For each v+ € M and v € T, M, we define a function vX :
B(z,r) — R by

(X)(y) = (v, Lya(X(Y)))es (1)
where B(z,r) is a geodesic ball around z.

The lower Dini directional derivative and upper Dini directional derivative of
vX at z in the direction u € T, M are defined by

(v, L’y(t)x(X('V(t))) — X(2))a
t

(vX) " (z,u) := liminf

t10 ’

(WX)*(z,u) = nntllsoup (v, Ly (X (vit))) — X(g;)>$7

where 7 is a geodesic starting at = with 7/(0) = w.

Definition 2.1 (Pseudo-Jacobian). Assume that X : M — TM is a con-
tinuous vector field on a Riemannian manifold M. A nonempty closed subset
of L(T, M, Vx(y)) is called a pseudo-Jacobian of X at z, denoted by 0* X (x), if
for every v € T,, M one has

(X)) (z,u) < sup (v,Au), Yu €T, M. (2)
A€o* X (x)

If equality holds in (2), we say that 0* X (z) is a regular pseudo-Jacobian of X
at x.

Note that condition (2) is equivalent to the condition that

_ S .
(vX) (z,u) > Aeép)f((x)@, Au), Yu e T, M (3)

It is worthwhile to mention that if 0*X(x) C L(T,M,Vx()) is a pseudo-
Jacobian of X at wx, then every closed subset B C L(T,M, Vx(;)) containing
0*X (z) is a pseudo-Jacobian of X at x.

Let us now introduce the notion of pseudo-Hessian for functions defined on
Riemannian manifolds.

Definition 2.2 (Pseudo-Hessian). Let f : M — R be a continuously dif-
ferentiable function on a Riemannian manifold M. Then the gradient vector
field Vf : M — TM is continuous. We say that a closed subset 92f(z) of
L(T, M, Vg y(z)) is a pseudo-Hessian of f at z if it is a pseudo-Jacobian of V f
at x.
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Example 2.3. If X : M — TM is a smooth vector field at x € M, then any
closed subset of L(T, M, Vx(,)) containing the linear operator DX (z) : T,M —
T, M defined by DX (x)u = (V,X)(z), is a pseudo-Jacobian of X at z. Since
for each v, u e T, M,

(VX)) (x,u) = linzi%up 0. Lv(t)x(X(vit))) — X @)

= (0, Dy(X 07)(#)]i=0)x = (v, (Vy(0)X)(2))e

= (v, (Vo X)(2))s = (v, DX(2)u), < sup (v, Au),,
A€o*X ()

where v is a geodesic starting at  with 7/(0) = u and D, denotes the covariant
derivative of a vector field along a curve.

Let us present more examples of pseudo-Jacobian on Riemannian manifolds.
We first show that the Clarke generalized Jacobian of a locally Lipschitz vector
field is a pseudo-Jacobian. Recall that X : M — T'M is said to be a Lipschitz
vector field of rank [ near a given point z € M, if for some ¢ > 0, we have

||Lyz(X(y)) - X(Z)HZ S l dlSt(y7Z> fOI' aH Z7y € B(I,&),

where B(z,¢) is a convex ball. Note that such a convex ball exists due to the
Whitehead theorem.

Example 2.4. Suppose that X : M — T'M is a locally Lipschitz vector field
on M. Then the Clarke generalized Jacobian of X at x denoted by 0.X (z) is
defined by

0.X (x) := co{ilirgO DX(x;): x; — z, x; € DIFF(X)},

where DIFF(X) is the set of all points x € M such that X is differentiable
at x. As in [17] it can be proved that 0.X(z) is a subset of L(T, M, Vx(s)).
The Clarke generalized Jacobian 0.X(x) is a pseudo-Jacobian of X at x. To
see this, we claim that for each v € T, M, 0.(vX)(z)(.) = (v,0.X(2)(.))s.
Since for every z € M and £ € 0.(vX)(z)(.), we have £ = lim;_, & such that
& = D(vX)(z;), x; — x. Therefore for every smooth vector field u : M — T'M,
(& u(z))e, — (§,u(z)),. Let v be a geodesic with v(t;) = x; and ~/(¢;) = u(x;),
then

(€6 u(w))2, = DX)(w3) (@) = DEX)(1(6)) (Y (1))
= DX o)1) |y = 5 |t Lero (0 X))t
= (DiLar () (0), X(YED)1) | 1y, + (L) (0), DeX (YD) | .

= (Dt Loty (v), X (Y(E:))rits) + (L) (v), DeX V(i) 20
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According to the properties of the parallel vector fields, we have that D; L, ,)(v)
= 0. Therefore (&,u(x;))s, = (Lay)(v), DX (Y(t)))a,- Since x; € DIFF(X),
we have DX (vy(t;)) (v (t;)) = DX (y(t;)). Hence

(€ (@), = (Laa, (v), DX (2:) (w(@:))) 2, — (€, 0(2))as

which implies £ € (v,9.X(x)(.)),. The converse inclusion can be proved by
using the fact that for every £ € (v,0.X(x)(.)), and smooth vector field u, we
have

(€ u(@)) = (v, lim DX () (u(x:))),
= 1 (Lo, (0), DX () (u(x,))).

1— 00

it

Therefore £ € 0.(vX)(z)(.). Consequently, for each u € T, M,

X)° - T = 7A )
(vX)°*(z,u) 56516?%@)(5’@ Aergc%)@ u)

where (vX)°(z,u) denotes the Clarke directional derivative of the real-valued
function vX at x in the direction u € T, M; see [7]. It is easy to prove that for
each u,v € T, M,

(vX) (2, u) < (vX)°(z,u),

therefore the set 0.X (z) is a pseudo-Jacobian of X at x.

Another example of a pseudo-Jacobian is the Mordukhovich coderivative of a
locally Lipschitz vector field on a Riemannian manifold as defined in (6). To
show this we need to present some concepts and tools of nonsmooth analysis on
Riemannian manifolds. Let us first define the Bouligand tangent cone, Bouli-
gand and Mordukhovich normal cones in the setting of Riemannian manifolds;
see [8, 19]. Let M be a Riemannian manifold and S be a closed subset of M,
and let z € S and (¢, U) be a chart of M at x. The Bouligand (or contingent)
tangent cone to S at x, denoted by T2S, is defined as follows

T7S = dp(x) [T ne(SNU),

where Tﬁw)go(S N U) is the Bouligand tangent cone to ¢(S NU) as a subset of

R™ at op(x). The definition of T2S does not depend on the choice of the chart
@ at x. Hence for any normal neighborhood U of z, we have

TPS =Ty exp, ' (SNU)

exp, ' z;
L, t; 1 07 and ;5N Ux},
t ’

J

= {UGTxM: v = lim

J—o0

where ;5 N Ux means that ; — x and x; € SNU.
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The Bouligand normal cone to S at x, denoted by NZS, is defined as follows

-1 ..
NBS .= {5 el M: limsmpM < 0}.

o e, oll, =

The Mordukhovich normal cone to S at z, denoted by NMS, is defined as
follows
NMS .= Limsupm],SmejS.

Let f: M — R be a lower semicontinuous function on a Riemannian manifold
M and z € M with | f(x) |< oo. The Mordukhovich subdifferential of f at z
is defined by

Orf () = Limsup,, ;,0mf (7). (4)

where z; f x means z; — =, f(z;) — f(z) and
=

O f(z) = {g e M+ timint L8 @) — & ep T a)e o}. (5)

pryuires | exp;t ;s

Suppose that X : M — TM is a continuous vector field on a Riemannian
manifold M. Then the Mordukhovich coderivative of X at x € M is the set
valued map D3, X (z) C L(T, M, T, M) defined by

DX (2)(v) := {€ € T,M : (€, —v) € Ny, (graph(X))}, (6)

where v € T, M and graph(X) := {(z, X(x)) : * € M} C TM. Note that the
identification T, M = Vy ;) is used.

Example 2.5. We show that the Mordukhovich coderivative of a locally Lip-
schitz vector field on a Riemannian manifold is a pseudo-Jacobian. First we

claim that for a continuous vector field X around z € M and by identifying
Vx () and T, M, we have

Om(wX)(z) C Dy X(z)(v) for every v € T, M.
If in addition X is locally Lipschitz, then we have
Im(vX)(z) = Dy X(x)(v) for every v € T, M. (7)

To prove the claim, let £ € dp(vX)(x). Using (4), we can find sequences
x — x, & — & provided that (&, u(zg))s, — (&, u(x)), for every smooth

vector field u and & € I (vX)(xy) for k € N. Due to (5) for each k, we have

o X)) = X)) = (6 expp! ),

: > 0.
Th; T H eXp;k xk’gHﬂ?k
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The latter implies that

(vX) (k) — (vX) (k) + (& XD, Tk, )

lim sup 8
Th; =Tk || exp;kl gy HJCk ( )

— lim sup <U, kaxX(xk»x - <U, kajIX<xk’j)>x + <€k> eXp;kl $kj>xk <0 (9>
ij —T || esz_kl xk‘j ||$k -

It is worth mentioning that vX is defined on a geodesic ball B(x,r), therefore
ry and xy, are also chosen in this geodesic ball. This ensures that

<U’ LIkIX($k)>I - <Ua LﬂfijX(mkj»x = <Lxxkv7 X('Tk) - kajl‘kX<xkj)>l‘k'

Therefore from (8) one can deduce that

. <§k7 eXp:;kl ij>rk - <Lm¢1cv7 kajka(xkj) - X(xk)>xk
lim sup

:L‘kjﬂazk H eXp;kl mkj HUUk

<0.  (10)

Using (10), we prove that (&, — Ly, v) € Nfg(xk)graph(X) for each & € N,

which implies that £ € D}, X(z)(v) due to the coderivative definition in (6).
To prove that (§g, — Ly, v) € Nf(xk) graph(X), assume that ® is a chart of TM

at X (zy) defined by @ : U(X(xy)) CTM — W C T,, M x T,, M, ®(y,v,) =
(exp,.'(y), dexp; ! (y)(vy)). Then identifying Tx(y,)(TM) and T, M & T, M,
we have

N)’?(m) graph(X) = N('ng’X(xk))CD(graph(X) NU(X (zx))),

and N('g%’X(zk))q)(graph(X) NU(X(xy))) contains all (£1,&) € Ty, M x Ty, M

satisfying the following condition;

lim su <£1’eXp;’“1(xkj)>mk + (&, dexp;kl(xkj)(X(l‘kj)) — X (1)), <0
zkﬁzf [(expyt(w, ), dexpy H(zn, ) (X (2r,) — X (@) lwpen)

Now, considering [2, Proposition 4.1], which states that d exp,'(zy,) — Loy o
whenever wp, — 3, and using (10), we conclude that (&, —Les,v) €
Ng(z,) eraph(X) for each k € N.

Conversely, we pick £ € D}, X (x)(v), therefore there are sequences v — v,
x — x and & — & such that (&, —vi) € Ng(ajk)(graph(){)) for k € N. Hence

i <€k7 eXp;kl(xkj>>$k - <Uk7 Lﬂ?kjﬂﬁkX(xkj) - X(xk)>xk
im sup — <0,
Th; =Tk ||<eprk1 (xk])? lekjmk (X(xkj>> - X<xk)) H(Ik,xk)
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therefore there exists 7 such that for all 2, € B(xx, nx)

_ 1 _
<€k7 expxkl mk‘j>$k - <Uk7 LﬂcijkX<x/€g) - X(xk)>$k < E(l + 1)” expmkl Lk; ||90k7
where [ > 0 is a Lipschitz constant of X around z. Therefore

<§k> exp;kl wkj>33k - <Lﬂmkv’ kajka(xkj> - X('Tk»xk
+ <Lmzkv — U, Lmk]ka(xkg) - X('rk»ﬁk
1

<%

(4 Dl expy, zi, ||z,

Then by the definition of locally Lipschitz vector fields, we get

<€k> eXp;kl wkj>xk - <Lx:ck/07 kajka(xk]) - X(-rk»xk

_ 1 1
<lewpzt ol (47 + o= Lol )
This results that & € du(vX)(zy), which yields £ € Oy (vX)(x) due to (4)
and the proof of the claim is completed.

According to the definition of the Clarke normal cone in [19], we have that
NES = co NMS and hence if f : M — R is Lipschitz continuous around =,
then O¢ f(z) = co O f(z). Now concluding from (7) and discussion in Example
2.4, the Mordukhovich coderivative satisfies the following equality

(0,0.X (2)(.))s = co({D’, X (2)(v), )s) for all v € T,M. (11)

Finally by applying (11) and the fact that 0.X(z) is a pseudo-Jacobian of X
at x, we can say that the Mordukhovich coderivative D}, X (z) is a pseudo-
Jacobian of X at this point.

We now proceed to provide elementary rules for pseudo-Jacobian.

Theorem 2.6 (Scalar multiples and sums). Let X and Y be two contin-
uous vector fields. If 0*X(z) and 0*Y (x) are pseudo-Jacobian of X and Y,
respectively, at x, then

o a0* X (x) is a pseudo-Jacobian of aX at x for every a € R.
. cl(0* X (z) + 0*Y (x)) is a pseudo-Jacobian of X +Y at x.

Proof. Let a € R. If a > 0, then for every u,v € T, M, we have

(W(@X))* (2, 4) = a(vX)*(r,u) <o sup (v, Au),
Aed* X (x)
< sup (v,adu), <  sup <v,f~1u>m,
A€d* X (z) Acad* X (x)
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which shows that a0* X (z) is a pseudo-Jacobian of aX at z.

If a < 0, we have

(v(@X)(z,u) = —a(—vX) ' (z,u) < —a sup (—v, Au),
A€d* X (z)

< sup (v,adu), < sup (v, Au),,
Acd* X (x) Acad* X (x)
as required.
To prove the second property, assume that u,v € T, M,
(0(X +Y)) " (z,u) < (vX)"(2,u) + (V)" (2,u)

< sup <U7 Au)x + sup <U7 Au>x
Aed* X (z) Aed*Y (z)
< sup (v, Pu)yg,

Ped* X (z)+0*Y (x)

which shows that the closure of the set 0* X (x) + 0*Y () is a pseudo-Jacobian
of X +Y at x. O

3. Monotone vector fields on Riemannian manifolds

A valuable concept in the study of mappings that appear in many problems,
such as optimization, equilibrium or in variational inequality problems is mono-
tonicity. In this section we characterize the monotonicity and generalized
monotonicity of continuous vector fields using pseudo-Jacobian. Moreover, we
present optimality conditions in terms of pseudo-Jacobian.

Definition 3.1. Let M be a Riemannian manifold and X be a vector field on
M.

(a) The vector field X is said to be monotone if and only if for every z, y € M,

(Y(0), Lye 1 (X(y)) — X(2))s = 0, (12)

where v is a geodesic joining x and .
(b) The vector field X is said to be strictly monotone if and only if for every
x, ye M,

(Y(0), Lyo (X (y)) = X(2))e > 0, (13)
where 7 is a geodesic joining x and y.

(c) The vector field X is said to be trivially monotone if and only if for every
x, ye M,
(V(0), Lya (X (y)) = X(2))s = 0, (14)

where 7 is a geodesic joining x and y.
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(d) The vector field X is said to be quasimonotone if for each x, y € M,
(X(2),7(0))s >0 implies (X(y),7'(1)), = 0. (15)

where 7 is a geodesic joining x and y.

(e) The vector field X is said to be pseudomonotone if for each z, y € M,
(X(2),7'(0))s >0 implies (X(y),7'(1))y > 0. (16)

where 7y is a geodesic joining x and y.

In view of (16), the strict inequalities can be replaced by inequalities
(X (2),7'(0)), >0 implies (X (y),7'(1)), > 0. (17)

To characterize the monotoncity of a vector field, a definition of densely regu-
larity is needed.

Definition 3.2. We say that a pseudo-Jacobian 0*X of a vector field X :
M — TM is densely regular on M if there exists a dense subset K C M such
that

(i) 0*X(x) is regular at every = € K,
(ii) the pseudo-Jacobian 0* X (z) at every = ¢ K is contained in the set
defined as follows

0= {1<;h—>rgo A Ap € 0" X (xy),{zx} C K and z, — z}. (18)

The following theorem presents a characterization of monotone vector fields in
terms of the pseudo-Jacobian.

Theorem 3.3. Let X : M — TM be a continuous vector field with a pseudo-
Jacobian 0* X (z) for each x € M. Assume that for every x € M, all elements
of 0* X () are positive semidefinite, then X is monotone.

Conversely, if X is monotone and 0* X is densely reqular on M, then for each
x € M, every A € 0" X (z) is positive semidefinite.

Proof. Let x,y € M and v € T,M. Since M is complete, there exists a

minimizing geodesic 7 : [0, 1] — M connecting x to y. Consider the real-valued
function g : [0,1] — R defined by

9(t) = (U, Ly(yen X (7(1)) = X(2) = t(Lyay X (y) = X(2)))a,

where L, - is the parallel transport along v. Then g is continuous on [0, 1]
with g(0) = ¢g(1) = 0. Hence g attains its minimum and maximum on [0, 1].
If both maximum and minimum is attained on the boundary points, then g is
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equal to zero. Therefore g*(t,«) = 0 for all ¢t € (0,1) and o > 0. Otherwise
without loss of generality we can assume that ¢ attains its minimum at some
to € (0,1). Then for every a € R,

gt (ty,a) > 0. (19)
Hence,

g(to + ta) — g(to)

gt (to,a) = limsup

) t
= limsup (v, Lytottayen X (1(to +£0)) = Lytto)en X (7(t0)))e
10 t

- Oé(l), Lyx,vX(y) - X(x)>x

We define 6(t) := y(to + ta). Then 6(0) = v(ty) and 6'(0) = ay/(to). Therefore

9" (to. @)
— limsup (v, Le(t)x,wX(Q(t)) - LG(O)QE,WX(H(O»M
£10 t
— (v, Lya s X (y) — X(2))a
— Jim sup (on(o),w, Lx@(O),’yLH(t)a:,’yX(e(t))) - Lr@(o)ﬂLH(O)wﬁX(9(0)»0(0)

t10 t
— (v, Lys , X (y) — X(2))2

— T sup (Lz6(0) v, Le(t)e(o)q}i (0(t)) — X(0(0)))a(0)
tl0

— (v, Ly X () = X () > 0.

Note that v is a minimal geodesic connecting x and y, therefore for ¢ small
enough 6 is the unique minimal geodesic connecting 0(0) and 6(t). Hence if we
define ¥ := Ly 10)4(v),

(OX) " (v(t0). @7 (t0)) = v, Lyor, X (y) — X (@))s.
Now, by taking o = 1 and o = —1,
—(0X) " (v(t0), =7 (t0)) < (v, Lywy X (y) — X (2))2 < (0X) " (7(t0), 7' (t0))-
By the definition of pseudo-Jacobian

inf v, Ay (t < (v, Ly~ X(y) — X
Aea*l)r(l(’Y(to))<07 7 (t0)ho) < (0, Ly X () (2))a

< sup (0, AV (t0))~(to)-
Aed* X (y(to))
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Assume that v = +/(0), therefore © = 7/(t¢). Since A € 9*X(7y(ty)) is positive
semidefinite, we conclude

< 5. AD < (~ _ ‘
0 - Aea*l)?(f’Y(to))<v’ AU)FY(tO) B <'7 (0)7 LquX(y> X(l’»m <20)

which shows the monotoncity of X.
To prove the converse statement, suppose on the contrary that
(Aouo, o)z, <0,

for some zy € M,uy € T,,M and Ay € 0*X(xg). If xg € K, then by the
regularity condition

_ — g .
(uoX) ™ (o, up) Aeal*r;((xo)<Au0’u0>2° <0

Then there exists ¢ > 0 small enough such that
<u0> Lw(t)on(ﬁ)/(t)) - X($0)>ro < 07

where v is a geodesic starting at xy with 7/(0) = ug. This contradicts the
monotonicity of the vector field X.

Now assume that zq ¢ K, then we can find a sequence {z,} C K, z,, — xy and
A, € 0*X(x,) such that A, — Ag. Therefore x,, — xo and

(Anu(zn), u(Tn))z, — (Aou(zo), (o)),
where u(x) = Ly,.(uo). Hence for every £ > 0, there exists N such that

(Apu(xy,), u(zn))s, < (Aoug, up)zy +€ V n > N.

Assume that ¢ = —%, then (A,u(z,),u(r,))., < 0. By the regularity
condition
n)X)" ns n)) = inf M n)s n)/x
(W) X) (o)) = | nf (Muan),ulza),

< (Ayu(zy), u(zy))s, <O0.
Therefore for sufficiently small ¢ > 0,

(u(@n), L, X (7(1)) = X(2n))a, <0,

where 7(0) = x,,,7'(0) = u(z,,). This again contradicts the monotonicity of X,
and so the proof is complete. O

Theorem 3.4. Let X : M — T'M be a continuous vector field with a bounded
pseudo-Jacobian 0* X (x) for each v € M. If every A € 0*X(x) is positive
definite for each x € M, then X 1is strictly monotone.
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Proof. The result follows from the proof of Theorem 3.3 and positive definite-
ness of pseudo-Jacobian of X at every x € M. m

Theorem 3.5. Let X : M — TM be a continuous vector field that admits a
pseudo-Jacobian 0* X (x) for each x € M. If for each x € M, A € 0*X(x)
is antisymmetric, then X s trivially monotone. Conversely, if X s trivially
monotone and if pseudo-Jacobian 0* X (x) is densely regqular on M, then for
each x € M, A € 0* X (x) is antisymmetric.

Proof. By Theorem 3.3, we have that

0= inf (3,A40), < (v, Lyu-(X(y)) — X (7)),
rep B (0, AD), < (0, Loy (X () = X (2)
< sup  (0,Av), = 0.

A€0* X (v(to))

Hence (7'(0), Ly, (X (y)) — X (2)), = 0, which shows that X is trivially mono-
tone.

Conversely, if X is trivially monotone, then X and —X are monotone. The
monotonicity of X, densely regularity of 0*X(z) and Theorem 3.3 show that
for each z € M, A € 0*X(x) is positive semidefinite. Therefore (v, Av), > 0
for every v € T,M. The same argument holds for —X and hence for each
z € M and A € 0*(—X)(x), (v, Av), > 0. By Theorem 2.6, —9*X(z) is a
pseudo-Jacobian of —X at z, therefore for every A € 0* X (z), we have —A €
0*(—X)(z) and this completes the proof. O

As special cases of Theorem 3.3, we see that if X is locally Lipschitz, then
monotonicity of X can be characterized by positive semidefinite Clarke gener-
alized Jacobian, and if X is a smooth vector field, then monotonicity of X is
characterized by positive semidefinite linear operator DX (z).

The following corollary characterizes the monotoncity of vector fields in terms
of their Clarke generalized Jacobian. The proof can be obtained along the same
lines as [10, Corollary 5.1.4].

Corollary 3.6. Let X : M — TM be a locally Lipschitz vector field. Then
X is monotone if and only if for each x € M, the Clarke generalized Jacobian
A € 0.X(x) are positive semidefinite. Moreover, for every x € M, if the
Clarke generalized Jacobian A € 0.X () are positive definite, then X is strictly
monotone on M. Furtheremore, X 1is trivially monotone if and only if for each
x € M, the Clarke generalized Jacobian A € 0.X (x) are antisymmetric.

Corollary 3.7. Let X : M — T'M be a smooth vector field. Then

(i) X is monotone if and only if for each x € M, the linear operators DX (x)
are positive semidefinite.

(i) If for each x € M, the linear operators DX (x) are positive definite, then
X is strictly monotone.
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(#i) X is trivially monotone if and only if for each x € M, the linear operators
DX (z) are antisymmetric.

Convexity plays a central role in mathematical economics, engineering, manage-
ment science, and optimization theory. Therefore the research on convexity and
generalized convexity and their characterizations is one of the most important
aspects of mathematical programming. We now proceed to present a second-
order characterization of convex functions on Riemannian manifolds. Recall
that a function f : M — R is called convex (strictly convex), if foy : [0,1] — R
for every geodesic v of M is convex (strictly convex). The following proposition
can be found in [5].

Proposition 3.8. Let f : M — R be a smooth function on a Riemannian
manifold M.

(i) The function f is convex if and only if the vector field V f is monotone.
(1)  The function f is strictly convex if and only if the vector field Vf is
strictly monotone.

A second-order characterization of convex function can be obtained from the
first-order characterization of monotone vector fields.

Corollary 3.9. Let f : M — R be a C'-function which admits a pseudo-
Hessian 0 f(x) at each x € M. If every A € 02f(x) is positive semidefinite,
then f is convexr on M. Conversely, If f is convex and the pseudo-Hessian
0?f is a densely reqular pseudo-Jacobian of Vf on M, then for each x € M,
A € 902f(x) are positive semidefinite. Moreover, if for every x € M, the
pseudo-Hessian 02 f(x) are positive definite, then f is strictly convex function
on M.

Corollary 3.10. Let f : M — R be C%t. Then f is convez if and only if for
each x € M, every A € 0%f(x) is positive semidefinite.

Now, we characterize quasimonotonicity of continuous vector fields using
pseudo-Jacobian.

Theorem 3.11. Let X : M — T'M be a continuous vector field that admits a
pseudo-Jacobian 0* X (x) for each x € M.

(a) If X is quasimonotone, then for every x € M, u € T,M and geodesic ~y
starting from x, we have
(1) (X(z),u)s = 0 implies SUp gcpr x () (Att, )z > 0.
(i) (X (), u)e = 0 and (Ly@ueX (Y(t)), u)z > 0 for somet < 0 imply the
existence of t > 0 such that (L. X (y(t)),u), >0 for all t € [0,1].
(b) If X admits a bounded and densely regular pseudo-Jacobian 0*X on M
and the following conditions hold for everyx € M,u € T, M, and geodesic
v starting from x,
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X(x),u)e = 0 tmplies maxaco«x (z) (A, )y > 0.
X(2),u)e = 0,0 € {(Au, u), - A € 0" X ()} and (Ly(ar X (7(£)), t)a

> 0 for some t < 0 imply the existence of t > 0 such that
(Lyyzny X (7(1)), u)y > 0 for all t € 10,1].

Then X s quasimonotone.

~—
/\/\

(i
(i)

Proof. (a)-(i) Assume on the contrary that there exist x € M, u € T, M such
that (X(z),u), = 0 and sup 4ep-x(z) (A%, w), < 0. Therefore by definition we
have

(uX)"(z,u) < sup (Au,u), <0,

Aco* X (x)

(_UX)+(J;7 _U) < sup <A’LL,U>I < 07
Aco* X (x)

which imply that for sufficiently small ¢ > 0,
(U, Ly X (7() — X(2))e <0, (—u, Ly X (3(t)) — X(2)). <0,

where v and 7 are geodesics with v(0) = z, 4/(0) = v and 5(0) = z, 7/(0) = —u.
Since v is the unique geodesic connecting x and (t) for ¢ small enough, and
Lg () is the parallel transportation mapping along v, therefore Ly ) (u) = +'(t)
and similarly we have L5 (—u) = /(t) for ¢ small enough. Hence

(@), X0y <0, (F(#), X(F(0))s¢ <O (21)

Now, we define a(s) = v((1 — s)t — st), then «(0) = v(t),a(1l) = y(—t) and
a/(0) = =2t7/(t),a/(1) = —2t7y/(—t). Without loss of generality, we assume
that J(¢) = y(—t) for ¢ small enough. Hence the inequality (21) implies

(X(0(0)), 0/ (0)a) > 0, (X(a(1)), o (1))ar) < 0.

which is a contradiction and the proof of (i) is complete.

Now we prove (a)-(it) by contradiction, assume that (ii) does not hold, then
for every t, there exists to € [0,¢] such that (L)X (7(t0)), w), < 0 while
(X(z),u); = 0 and (Ly@z~,X (Y(t)),u), > 0 for some t < 0, where v(0) = =
and 7/(0) = u. Thus

(X (7(t0)), 7 (t0))re) <0, (X (4(0), 7 (D)) > 0. (22)

Let a : [0,1] — M be defined by «(t) = ~v(—(to — t)t + to). Then we have
a(0) = 7(to), (1) = ~(t) and a’(0) = =(to — )7/ (to), /(1) = —(to = £)7'(¢).

Since t < 0 < 1, therefore inequality (22) shows

(X(a(0)), Oy > 0, (X(a(1)), &/(1)}agyy < 0.

which contradicts the quasimonotonicity of X.
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To prove (b), we assume that X is not quasimonotone and there exist z, y € M
and geodesic v joining x, y such that

(X(2),7'(0))s > 0 and (X (y),7'(1)), <0. (23)

Since M is complete, the function g(t) := (X (v(t)),7'(t)) @) is continuous on
R and ¢g(0) > 0 and g(1) < 0, therefore there exists ¢; € (0,1) such that

g(t1) =0 and g(t) <0 forallte (t1,1). (24)

We assume that z1 = 7(f1) and @ := 7/(f1). Then we have that g(t,) =
(X(x1),7'(t1))s, = 0 and

(@X) (21, 4) = lim inf (@, Ly t0)a, X (7 + 1)) — X(21))a,
1 10 ;

<0.

We claim that 0 € {(@, At),, : A € 0*X(z1)}. To prove our claim; first assume
that x; € Ky. The case (@, Ad),, > 0 for each A € 0*X(x;) contradicts the
regularity of 0*X (z1). If (4, At),, < 0 for each A € 0" X (x;) contradicts (7).
Hence the claim is proved for every x; € K. Moreover, the claim can be proved
for 1 ¢ Ky by using the same arguments on the sequences {y;} € Ky and Ay
where y, — z7 and A € 0* X (yx) such that limy_., Ax = A.

Now, by the continuity of g there exists ¢ < 0 such that
gt +1) = (X(v(t1 + 1)), 7't + )24y > 0.
By condition (i7), there exists to > 0 such that
glts+1) = (X(7(tr + 1)), 7 (t1 + ))ritapey = 0 for all ¢ € [0, ).

This contradicts the condition that g(t) < 0 for all ¢ € (¢1,1). Therefore X is
quasimonotone. ]

The following corollaries can be proved easily.

Corollary 3.12. Suppose that X is a locally Lipschitz vector field on a Rie-
mannian manifold M. Then X is quasimonotone if and only if the following
conditions hold for each x € M, uw € T, M and every geodesic y starting at x:

(1) (X(x),u), =0 implies max ey, x (z) (U, At); > 0.

(11) (X(x),u), =0,0¢€ {{u,Au), : A € 0.X(x)} and (Lyw)s X (y(t)), u)s >
0 for some t' <0 imply the existence of to> 0 such that (L)X (7(t)), )
>0 for all t € [0, ).

Corollary 3.13. Suppose that X is a smooth vector field on a Riemannian
manifold M. Then X is quasimonotone if and only if the following conditions
hold for each x € S, w € T, M and every geodesic y starting at x:
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(1)  (X(x),u), =0 implies (u, DX (x)u), > 0.

(1) (X(x),u)s = (u, DX (x)u); = 0 and (Lygey X (Y(t')), u)e > 0 for some
t' < 0 imply the existence of to > 0 such that (L)X ((t)), u)e > 0 for
all t € [0, to].

Finally, we characterize pseudomonotonicity of a continuous vector field defined
on a Riemmannian manifold in terms of its pseudo-Jacobian.

Theorem 3.14. Let X : M — T'M be a continuous vector field that admits a
pseudo-Jacobian 0* X (x) for each x € M.

(a) If X is pseudomonotone, then for every x € M, u € T, M and geodesic vy
starting at x, (X (x),u), = 0 implies that
(1) SUpgcpex (@) (At Uz > 0.
(ii) There exists to > 0, such that (L)X (7(t)),u)e > 0 for all t €
[0, to].
(b)  Suppose that the following conditions hold for every x € M,u € T, M,
and geodesic vy starting at x:
(i) (X(x),u), =0 implies max acp x (z) (Au, u), > 0.
(17) (X (x),u), =0 and 0 € {{Au,u), : A € 0*X ()} imply the existence
of to > 0 such that (Ly)e~,X (7(1)), u)z > 0 for all t € [0, ).

Then X is pseudomonotone.

Proof. Pseudomonotonicity implies quasimonotonicity therefore (i)-(a) fol-
lows from Theorem 3.11. If (ii)-(a) does not hold, then there exist x € M
and t' > 0 such that (X(z),u) = 0 and (Ly@)o X (Y(t')),u)s < 0, where
v(0) =z, 7/(0) = u. Let y = v(¥') and « : [0,1] — M be the geodesic arc
defined by «a(t) = v(—t't + t'). Therefore we have «(0) = v(¥'), a(1l) = 7(0)
and o/ (0) = —t'y/(t'), /(1) = —t'4/(0). Therefore

(X(2), u)e = (X(a(1)),d/(1))e =0, (X(a(0)),@/(0))ag >0.  (25)

Now it follows from pseudomonotonicity that (X («(1)),a’(1))aa) > 0, which
is a contradiction.

To prove (b), suppose that there exist z, y € M and a geodesic 7 joining z, y
such that
(X(2),7'(0))e =0 and (X(y),7'(1)), <O. (26)

Define g(t) = (X (v(t)),7'(t))~)- Since g is continuous, g(0) > 0 and g(1) < 0,
therefore there exists ¢, € [0,1] such that g(¢t;) = 0 and g(¢) < 0 for all
t € (t1,1]. Define x1 = y(t1) and @ := Lgyq,)(u). We conclude along the same
lines as in the proof of Theorem 3.11 that (X (x;),a),, =0, (aX) (z1,a) <0
and 0 € {(u, At),, : A € 0" X(z1)}. Now it follows from (ii) that there exists
to > 0 such that

g(ti +1t) = (X (y(t1 + 1)), (t1 + 1)) yt140) = 0 for all ¢ € [0, o). (27)
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This contradicts the condition that g(t) < 0 for all ¢t € (¢;,1). Hence X is
pseudomonotone. O

Corollary 3.15. Suppose that X is a locally Lipschitz vector field on a Rie-
mannian manifold M. Then X is pseudomonotone if and only if the following
conditions hold for each x € M, uw € T, M and every geodesic vy starting at x:

(1)  (X(x),u), =0 implies max ey, x (z) (U, Aty > 0.
(1) (X(x),u), =0 and 0 € {(u, Au), : A € 0.X(x)} imply the existence of
to > 0 such that (Lye~X (Y(t)),u)s > 0 for all t € [0, to].

Corollary 3.16. Suppose that X is a smooth vector field on a Riemannian
manifold M. Then X is pseudomonotone if and only if the following conditions
hold for each x € M, w € T, M and every geodesic y starting at x:

(i) (X (x),u), =0 implies (u, DX (x)u), > 0.
(1) (X(x),u), = (u, DX (z)u), = 0 imply the existence of ty > 0 such that
(Lo(zn X (7(1)), u)e > 0 for all t € [0, o).

We recall that for each type of generalized monotonicity, there is a correspond-
ing type of generalized convexity. Therefore we have the following proposition
deduced from the Theorem 3.11 and this fact that a gradient vector field V f
is quasimonotone if and only if, the function f is quasiconvex. Note that a
function f: M — R is called quasiconvex on a Riemannian manifold M if, for
all x, y € M, z # y, t € [0,1] and every geodesic arc v joining x and y, we
have that

fly) < f(z) implies f(y(t)) < f().

Proposition 3.17. Let f : M — R be a C'-function that admits a pseudo-
Hessian 0% f(x) at each x € M. If f is quasiconvez, then for each x € M and
uw e T, M with (Vf(x),u), =0,

sup (Au,u), > 0.
A€oz f(x)
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