Journal of Convex Analysis
Volume 24 (2017), No. 1, 213-238

Convergence of Weighted Sums and
Strong Law of Large Numbers for Convex
Compact Integrable Random Sets
and Fuzzy Random Sets*

Nguyen Van Quang
Vinh University, Nghe An Province, Viet Nam
nvquang@hotmail.com

Hoang Thi Duyen

Quang Binh University, Quang Binh Province, Viet Nam
hoangduyen267@gmail.com

Received: December 3, 2014
Accepted: June 11, 2015

We prove several results in the a.s. convergence of weighted sums and strong law of large
numbers for convex compact integrable random sets in separable Banach spaces via the norm
compactness of the expectation of convex compact integrable random sets and an embedding
method. The techniques are applied to prove strong law of large numbers for fuzzy random
variables and other related results. Tightness conditions are discussed in comparison with
earlier results in the literature.

Keywords: Expectation, fuzzy convex, strong law of large numbers, tight, Toeplitz sequence,
weighted sum

2000 Mathematics Subject Classification: 28B20, 60G42, 46A17, 54A20

1. Introduction

Let E be a separable Banach space and let { X} be a sequence of convex com-
pact integrable random sets in E. Using the norm compactness of the expec-
tation of convex compact integrable random sets and an embedding method,
we prove several results in the almost sure convergence with respect to the
Hausdorff distance for strong law of large numbers (SLLN)
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and weighted sums of the form

n

Sn = Z anka.

k=1

We apply our techniques to prove the SLLN for fuzzy random variables and
other related results in this framework.

The paper is organized as follows. In Sect. 2 we set our notations and defi-
nitions, and summarize needed results. In Sect. 3 we present the norm com-
pactness of the Aumann expectation of convex compact integrable random set
attached with an embedding method. Sect. 4 is devoted to the a.s. convergence
of weighted sums and the SLLN for convex compact valued integrable random
sets. In Sect. 5 the a.s. convergence of weighted sums of level sets associated
with random fuzzy variables is presented and various convergence results on
the SLLN for fuzzy random sets are provided.

Our results generalize some related results in the literature under conditions
weaker or non comparable to tightness. We refer to Klement et al. [17], Puri
and Ralescu [21], Taylor and Inoue [24], Inoue [15], Joo et al. [16], Li and Ogura
[18], Li et al. [19] for related results.

2. Preliminaries

Some basic definitions and properties will be briefly listed. Let (2, F, P) be a
complete probability space and (E, ||.||) be a real separable Banach space. We
denote by ¢(FE) the family of all nonempty closed subsets of E, wk(E) (resp.
k(E)) the family of all nonempty weakly compact (resp. compact) subsets of F
and cwk(E) (resp. ck(E)) is the family of all nonempty convex weakly compact
(resp. convex compact) subsets of E. We define the Minkowski’s addition and
scalar multiplication respectively in k(E) (or ck(E)) by

A+B:={a+b:a€ A be B},
M :={)da:a€ A}

where A, B € k(E) (or ck(F)) and A € R. The Hausdorff metric on k(E) is
defined by
dy(A, B) = max{supd(a, B),supd(b, A)}
acA beB

for A, B € k(E). The metric space (k(E),dp) is complete and separable [§].
For every A € k(E), denote |A| = du(A,{0}) = supgea llal]. A c(E)-valued
mapping X : 2 = FE is a closed valued random set, if X is measurable, i.e.,
for every B € ¢(E), theset X (B) ={w e Q: X(w)NB#0} € F 8, 14]. A
cwk(E)-valued random variable X : 2 = FE is integrable if |X| is integrable.
According to [8], a cwk(E)-valued mapping X : Q@ = FE is measurable iff for
every z* € E*, the mapping 6*(z*, X) is measurable, where §*(z*, X') denotes
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the support function of X. The Hausdorff distance between A, B € cwk(FE) is
given by the formula dy(A, B) = sup,..p,, [6*(z*, A) — 6*(z*, B)| where Bp-
denotes the closed unit ball in E*. For every cwk(FE)-valued integrable random
set X, the expectation of X, E[X], is defined by the Aumann integral of X:
E[X] = {[,fdP : f € Sk} where [, fdP is the usual Bochner integral and
S is the set of all integrable selections of X. Let us denote by [,ik( E)(Q, F,P)
the space of all convex compact valued integrable random sets.

Let us recall some well known notions. A Toeplitz sequence is a double array
of non-negative numbers {a,;} satisfying:

(a) For each k, lim,, .o apx = 0,
(b) There exists a positive constant C' such that sup,, > ,o; an < C.

A sequence {X,} in LL(Q,F,P) is tight if for every ¢ > 0, there exists a
compact subset I'. of E such that P[X, ¢ I'.] < ¢ for all n € N. A sequence
{X,}in LL(Q, F, P) is compactly uniformly integrable if for every e > 0, there
exists a compact subset K. of E such that E[||X,,||/x,¢k.] < ¢ for all n € N.

A sequence {X, } in LL(Q, F, P) is said to be compactly uniformly integrable
in the Cesaro sense [2] if for every € > 0, there exists a compact subset K. of
E such that

1 n
sup — > E[| Xilllx,¢x.] < e
" k=1

We note that the compactly uniform integrability is stronger than the com-
pactly uniform integrability in the Cesaro sense.

3. On the compactness of the Aumann integral E[X]| and the space
1
LC(E%*)(Q, F,P)

For the convenience of the reader, we recall and summarize some needed results.

Theorem 3.1. Let E be a separable Banach space and X is a cwk(E)-valued
integrable (E[|X|] < oo) random set. Then the following properties hold

(a) The set S% of all integrable selections of X is convex o(LY, LE.)-compact,
b) E[X]:={Ef:fe€ S\} is conver weakly compact,
) 0% (z*, EX) = E[6*(z*, X)], for all x* € E*,

) If X is a ck(E)-valued integrable random set, then E[X] := {Ef : f €
S} is convex compact.t

(
(c
(d

Proof. We only sketch the proof. See [4, 8] for details. As E[|X|] < oo, the
set S% of all selections of X is convex weakly compact in Lk, cf. [1, 4, 8, 7]

I The compactness of EX according to Debreu integral is not available here, see also the
remarks of Theorem 4.5 in Hiai-Umegaki [14].
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so that fQ XdP is convex weakly compact in E. Making use of the Strassen
formula (cf. [8]) we note

§*(z*, E[X]) = E[0*(2*, X)], Va* € E".

Let E? denote the vector space E* endowed with the topology of compact
convergence, T.. Since X is convex compact, 6*(., X) is continuous on E¥. We

need to show that
"= 0 (:r*,/XdP) :/(5*(33*,X)dP
Q Q

is continuous on E?. Next we show that

¥ 5 (x*,/XdP) :/5*(x*,X)dP
Q Q

is continuous on BY,. Note that Bp. is compact metrizable. Let 2% 7, converges
to 2* € Bg.. Then we have

lim 6*(z;, X) = 0" (2", X).

n—oo

We have |§*(z*, X)| < |X| for all 2* € Bj.. By Lebesgue dominated conver-
gence theorem we have

lim 6" (xfl,/XdP) = lim [ §"(x;, X)dP
Q

n—oo n—oo Q
:/hm5*x X)dP = /5*xX
Qn*)OO

=" (:r*,/XdP) )
Q

Thus 6*(., [, XdP) is continuous on Bj,.. By virtue of the Banach-Dieudonné
theorem we conclude that 6*(., [, XdP) is continuous on E}. Thus E[X] is
convex and compact. O

Now we present the relationships between the space Eik( E)(Q,}" , P) and the
@ (& F, P). Given X € L2, F, P), the function 6*(., X) be-
longs to L1 (Q F, P) since the function §*(z*, X (w)) defined on Q x B,

is a Caratheodory integrable mapping, that is, §*(., X(w)) is continuous on
B, for every w € Q, 6*(z*, X (.)) is measurable on Q and [0*(z*, X(w))| <
| X (w)] for all (w,z*) € Q x By, with |X| € LY(Q,F, P), shortly 6*(., X) e

Lé( B (Q,]—" , P). More generally, the space G of all Caratheodory integrable

mtegrands on 2 x S where S is a compact metric plays a central role in the

space L}
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convergence of Young measures, see e.g. [7, 26] this space can be identified
with the space Lé(s)(ﬂ,}" , P) where C(S) is the space of all continuous func-
tions on S endowed with the norm of uniform convergence. Similarly, in the
present situation, it turns out that the space L (Q F, P) associated with

space £Ck( E)(Q, F, P) plays also a useful role in the a.s. convergence problem in

Eik( E)(Q, F, P) with respect to the Hausdorff distance. This fact is illustrated
by establishing the relationships between these spaces that are summarized in
the following.

Theorem 3.2. Let X € £ik E) (Q, F, P) be given. Then the following hold
(1) o (,X) € L1 (Q F,P),

(2) E["(,X)] € C( ) and the value of the function B[6*(., X)] at the point
T* e BE* 15 given by

E[0"(,, X)](2") = (E[0"(, X)], €0+)

o - )
_ /95 (", X())dP = & («*, E[X])

where £, is the Dirac mass at the point ©* € By,
(8) Let X,Y € ﬁik(E)(Q,f, P) be given. Then

19°(, X) = Eg"( V)
= sup [0"(2", X)—E[6"(,Y)](z")]
xEBE* (2)

z*€B g«
Proof. (1) It has already seen that 6*(., X) € Lé(B (Q,F,P).

(2) Since Bj. is compact (metrizable) and E[6*(., X(.))] € C(B%.), we have
E[5(, X)](z") = (B[5"(, X)],,0) = /{25*(9;*,X(w))dp

where e,- is the Dirac mass at the point z* € Bj.. By Theorem 3.1(c)
5*(z*, EX) = E[0*(z*, X)], for all 2* € E*.

(3) follows from (2) and the Hormander formula ([8], Theorem II-14). O

Embedding. It is easy to see that ck(_E) is embedded naturally as a convex
cone of the separable Banach space (C(B%.), ||.||) via the mapping

X —0"(.,X)
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by observing that 6*(., X) is continuous on E* where E is the vector space
E* endowed with the topology of compact convergence?. This embedding is
isometric, the addition is preserved and the multiplication by nonnegative real
numbers is preserved.

Now let X € Eik(E)(Q, F, P). By Theorem 3.2(2) we have E[6*(., X)] € C(B%.)
and the value of the function E[0*(., X)] at the point z* € Bj. is given by

E[5* (., X))(2*) = (BI8" (-, X)), £,0) = / 5 (", X (w))dP = 8" (2", B[X])

where €.+ is the Dirac mass at the point z* € Ez*. Thus by the above
considerations and Theorems 3.1-3.2, we note that El (Q F, P) is embed-

ded as a convex cone of the Banach space L1 (o) (Q }" P) via the mapping
j: X +—5*(., X) so that

E[j(X)] = j(E[X]), VX € Lep)(QLF,P) (3)

15(X) =B = du(X, E[Y]), VX,V € Lo (QF,P).  (4)

Remark. Actually (3) and (4) are the main properties of this embedding we

use in further applications. That is why we need to provide a concise verification
of these properties.

Let {X,} be a sequence of random sets in Eik(E)(Q,]:, P) and let {a,;} be

a Toeplitz sequence. Then {§*(., X,)} is a sequence of random elements in
L} ¢85 (8 F, P). By Theorem 3.2 we have

n

Z anké*(., Xk) - Z ankE[d*(, Xk)]

‘ ()

k=1
= sup Z 0" (2", X},) Z an B0 (., Xi)](z")
x*EECE* k=1 k—
— sup |6° (a: Zanka> — 5 (x ZankE[Xk]) |
JJ*EECE* k=1 k=1

=dy (Z A Xk, ZankE[Xk]> .
k=1 k=1

When a,, = % if k=1,...,n and 0 otherwise we have

p (%Zxk,%zmxk]) = [ 25X - %ZE[&*<.,Xk>1|‘. (6)

k=1
2 Note that the topology of compact convergence and the weak star topology coincide on
Bp- .
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4. Convergence of weighted sums of convex compact valued random
sets

In this section we develop some convergence results of weighted sums of convex
compact valued integrable random sets with respect to the Hausdorff distance
dg. For the convenience of the reader we summarize a convergence result of
weighted sums of E-valued integrable random variables.

Theorem 4.1. Let {X,} be an independent, compactly uniformly integrable
sequence in LE(Q, F,P). Let X be a nonnegative random variable such that

P(|X,| > z) < P(X > x) for all n and all x > 0, and EX'""7 =T < oo for

some v > 0. If {an} is a Toeplitz sequence and maxi<p<p anr, = O(n™7), then

n

k=1

lim

n—oo

| =0 a.s.

Proof. See Cuesta and Matran [11], Taylor and Inoue [24], Wang and Rao
[27]. O

Now we proceed to the a.s. convergence for the weighted sums and the SLLN
for convex compact valued integrable random sets.

Theorem 4.2. Let {X,} be a sequence in Eik(E)(Q,]:, P). Assume that the

sequence {6*(.,X,)} is independent, compactly wuniformly integrable in

Lé@c )(Q,]:, P). Let X be a nonnegative random variable such that P(|X,| >
E*

z) < P(X > z) for all n and all x > 0, and E[XH%] =TI < oo for some

v > 0. If {an} be a Toeplitz sequence and maxi<g<y, anr = O(n~7) then

lim dy (Z anka,ZankE[Xk]> =0 a.s.
k=1 k=1

Proof. By our hypotheses, the sequence {0*(., X,,)} satisfies the conditions of
Theorem 4.1, here the separable Banach space is C(B}.). By (5) we have

tn i (S 3
k=1

k=1 =

= lim
n—oo

> ankd( Xi) — ZankE[(S*(.,Xk)]H =0 a.s. O
k=1 k=1

We provide some new results on the SLLN of pairwise independent sequence
of ck(E)-valued integrable random sets illustrating the embedding method we
presented here.

Theorem 4.3. Let {X,,} be a sequence in Eik(E)(Q,]:, P). Assume that
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(a) >0 M<oo,f07’somelgp§2;

n=1 npP
(b)  the sequence {0*(., X,,)} is pairwise independent and compactly uniformly
integrable in the Cesdro sense in C(By.).

Then for all € > 0,

Z %P (12%?%{71 dr (% ZX’% % ZE[Xk]> > 5) < 00.

n=1

In particular, {X,} verifies the SLLN with respect to the Hausdorff distance
i dy (25X, LS B | = 0
11m — iy i = a.s.
nmoe 1\ i=1 {Cr—

Proof. By our assumption (a)—(b), the sequence {0*(., X,,)} in Lé(ﬁc )(Q, F,P)
E*
satisfies the conditions of Theorem 3.1 in Bai et al. [2], therefore we have

= 1 1, 1o
Zlﬁp <1r<nn?§n E;(S <"Xk)_E;E[5 ('>Xk)] >€> < 00 (7)

for all e > 0 and

lim

n—oo

E3 (X - 2 ST

| =0 a.s. (8)

that is {6*(., X,,)} satisfies the SLLN in (C(B%.), |.||). We have

1 <& 1 &
dir (5;)( ﬁgE[Xio

1 & 1
= sup oF x*,—ZXi — 0" ZE*,—ZE[XZ']
:E*EFCE* n i=1 n =1
1, . 1 e
= swp |= Y 5" X)) - — Y E[F(a", X))
z*EFCE* n i=1 n =1
| IR ;
= E30 X - SRR X))
a*€By |1V N4

Ly LX) - %ZEW(-,XZ-)]H

and by (6) we have

dy (% Z_; X, % 2_; E[XA) =

L3 = ST
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Then from (7) for all ¢ > 0, we have

Zﬁp (12%1@ (EZX,C, - ZE[X,J) > a) <00

and from (8) {X,,} verifies the SLLN with respect to the Hausdorff distance
lim d lznjxlzn:E[X-] =0 as O
sl H n < 1) n - % — s

Since the compactly uniform integrability is stronger than the compactly uni-
form integrability in the Cesaro sense, the following corollary is obtained.

Corollary 4.4. Let {X,} be a sequence in Eik(E)(Q,]—", P). Assume that

(a) >0°, % < 00, for some 1l <p<2,
(b)  the sequence {6*(., X,,)} is pairwise independent and compactly uniformly
integrable in Llc(gc )(Q,f, P).
E*

Then {X,} verifies the SLLN with respect to the Hausdorff distance
i dy (25X LS B | =0
1m — iy i = a.S.
n—ee "\ n - i

For the sake of completeness we produce an important result that is borrowed
from Castaing and Raynaud de Fitte ([9], Theorem 4.8).

Theorem 4.5. Let E be a separable Banach space. Let {X,} be a pairwise
independent identically distributed sequence of integrably bounded ck(E)-valued,
such that g := sup,en | Xn| < a is integrable, then

E[X,] =E[Xi] € k(F), VneN

and
. 1 ¢
nlglgodH (E E_l Xi,E[X1]> =0 a.s.

Remarks. It is important to have the norm compactness of E[X,| = E[X}]
because E[X]] is the norm compactness limit in our SLLN. It is also worth to
note that if {X,,} is a sequence of convex compact valued integrably bounded
i.i.d. random sets, the random variable ¢ = sup,, | X,| is necessarily constant
(with finite value). See [9] for details.

It is worth to mention that we can recover Theorem 4.5 by applying the em-
bedding method described in Theorem 3.2 and Etemadi theorem [13].
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Theorem 4.6. Let {X,} be a sequence of pairwise independent and identically
distributed in Eik(E)(Q,]:, P) with E[X,] = E[X}] for alln € N. Then {X,}
satisfies the SLLN w.r.t. the Hausdorff distance

1 n
n—oo n
i=1

Proof. By our assumption {¢*(., X,,)} is a sequence of pairwise independent
and identically distributed random elements in L} (Q, F, P), then by The-

C(Bp)
orem 3.1, we have E[X,,] = E[X}] € ck(E) for all n € N. By (3) we have
E[0*(., X,)] = 8"(, BIX,)) = 8"(, BIX)]) = E[5*(, X))
for all n € N. Applying Etemadi’s Theorem we have

lim

n—oo

% S8 (, X)) — BB (. X))

| =0 a.s.

By (3)—(4) we have

Ay (%iXi,E[Xl]) ~ s |0 G%ix) —5*(x*,E[X1])‘

:E*GE%;*

1 n
= sup |- > 5@t X)) - E[d*(m*,Xl)]‘
i=1

x* EECE*

= swp |23 X) — B X))

x* EECE*

so that {X,,} satisfies the SLLN w.r.t. the Hausdorff distance. O

%25*(")” —E[0"(., Xy)]

Comments and Remarks. Some comments are in order on the above re-
sults. Theorem 4.1 is the vector-valued version of Theorem 3.3 in Inoue and
Taylor [24] and Theorem 4.2 in Wang and Rao [27]. Using Theorem 4.1 and
the embedding method described in Theorems 3.1 and 3.2, we get Theorem 4.2
that is a convex compact valued version of Theorem 3.3 in Inoue and Taylor
[24]. However in Theorem 3.3 of Inoue and Taylor, the tightness condition is
imposed on the metric space (ck(E),dy) while in Theorem 4.2, the tightness
condition is imposed on the space Lé(EE*)<Q’ F,P).

The reader is refereed to the study of tightness for measurable multifunctions
(alias random sets) in Castaing et al. [6] where several concepts of tightness
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are examined for sequences of multifunctions with values in a separable Banach
space E. Let C := ck(F) for notational convenience. These notions are denoted

by Z(C).. 5(C),. D(C), and D(C),. Z.(C)-. S+ (C)-.

Z(C).: for every € > 0, there exists a C-valued measurable multifunction I’
such that if we set A,. = {X,, (T # 0}, we have

el

P(limsup A,.) > 1 —e¢.

n—-+o00

S(C).: for every € > 0, there exists a C-valued measurable multifunction I'.
such that if we set A, = {X,, C .}, we have

P(limsup A,.) > 1 —e.

n—-+00

D(C).: for every € > 0, there exists a C-valued measurable multifunction I’
such that
Q. = {w € Q: limnfd(0, X,.( (w)(\T-(w)) < +o0}

satisfies P(Q.) > 1 —e.

D'(C).: for every € > 0, there exists a C-valued measurable multifunction I’
such that

Q. = {w € Q: limsupd(0, X, (w ﬂF )) < +oo}

n—+00
satisfies P(2.) > 1 —e.

Z.(C). : for every € > 0, there is a C-valued measurable multifunction I'. such
that if we set A,. = {X,, NI # 0}, we have

}ng u(Ape) >1—e.

S.+(C). : for every € > 0, there is a C-valued measurable multifunction I'. such
that if we set A, = {X,, CT'.}, we have

inf P(A,.) >1—e¢.
n>1

We note that when the X,, are single valued, Z(C)_ and S(C), are equivalent
and Z, (C). and S8, (C). are equivalent. In the present context, condition S (C).
seems suitable.

Taking into the above considerations, we present the relationships between the
tightness condition and CUI condition in the space Eik(E)(Q,]-" , P) and the

space L1 (Q F,P).

We will prov1de at first results needed on tightness and CUI conditions.
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Lemma 4.7. If {X,} is a sequence of convex compact random sets satisfying
the condition: for every € > 0 there is an equilibrated convexr compact set K in
E with 0 € K such that P[X,, C K] > 1—¢ Vn > 1, then {0*(., X,,)} is tight
in C(B.).

Proof. Let € > 0 and let K be given in this S, (C). condition. We note that
the inclusion X,, C K implies 0*(., X,,) € K where K is a compact subset in
C(B}.) given by B

K :={peC(Bg): ¢0) =0,
so that [X,, C K] C [0*(., X,,) € K]. Thus we have

P[6*(,X,) €K]>PIX, CK|>1—¢ Vn>1. 0

Lemma 4.8. If {X,} is a sequence of convex compact integrable random sets
mn Eik(E)(Q,}", P) satisfying the CUI condition: for every € > 0 there is an
equilibrated convex compact set with 0 € K such that

E[|Xn|1[Xn§K]C] S e Vn Z 1

where [X,, C K]I¢ is the complementary of [X,, C K], then, {0*(.,X,)} is
compactly uniformly integrable in Lé(EE*)(Q, F,P).

Proof. Let £ > 0 and let K be given in the CUI condition for { X, }. Applying
the argument given in the proof of Lemma 4.7, provides a compact subset X
in C(By.) such that [X,, € K] C [6*(., X,,) € K]. Thus we get

E[|Xu 15 x0ex] < E[IXalx,cre] <e Vn>1

showing that {0*(., X,,)} is compactly uniformly integrable in L, (ECE*)(Q, F,P).
[l

A sequence {X,} in Eik(E)(Q,]:, P) is Cesaro CULI if for every ¢ > 0, there
exists an equilibrated convex compact set K in F with 0 € K such that

1 n
sup — Y B[ Xi|Ijx,cxp] < e
O
Then similarly we have

Lemma 4.9. Assume that {X,} is a Cesaro CUI sequence in Eik(E)(Q,}", P),
then {0*(., X,)} is compactly uniformly integrable in the Cesaro sense in

L (0 F,P)).

There are some applications illustrating the above facts.
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Corollary 4.10. Let {X,} be a pairwise independent sequence in
Lik(E) (Q, F, P) satisfying:

(1) >, w < 00, for some 1 <p <2,

(i) {X,} is Cesaro CUL
Then {X,} verifies the SLLN with respect to the Hausdorff distance

, 1 — 1 —
0, (;ZXWZEP@Q =0 as.
=1 =1

Proof. According to Lemma 4.9, (#i) implies that {6*(., X,,)} is compactly
uniformly integrable in the Cesaro sense in Lé(gc )(Q, F, P). Thus Corollary
E*

4.10 is direct consequence of Theorem 4.3. O

Corollary 4.11. Let {X,} be an independent S, (C).-tight sequence in
Eik(E)(Q,F, P)such that E[|X,|P] < M < oo for all n where p > 1. Then,

the SLLN holds for {X,}

n

lim dy (%ZX%iE[X}) =0 a.s.

i=1 i=1

Proof. Since {X,} is independent and Sy (C).-tight, the sequence {5*(., X,,)}

is independent and tight in Lé@c )(Q, F, P) in view of Lemma 4.7 with
E*

E[[|0"( Xu)[[P] = E[ sup [6"(2", Xp)[P] = E[|Xa["] < M < o0

m*GEE*

for all n when p > 1. Applying theorem of Taylor and Wei ([25], Theorem
2) or Corollary 4.5 of Wang and Rao [27] to the independent tight sequence
{6"(., X))} in Lé@%*)(ﬂ,}", P) yields

lim

n—oo

‘ =0 a.s.

C3 () = 2 ST
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By (6) we have

1 & 1 &
dy (E;X“E;E[XJ> = ‘

so that {X,,} satisfies the SLLN w.r.t. the Hausdorff distance. O

EY ) - o ST X)

We finish this section with

Corollary 4.12. Let {X,} be an independent sequence in Eik(E)(Q, F, P) such
that

(i)  For every e > 0, there is a compact set K € (ck(FE),dy) such that

1 n
- > E[Xillxeq) <& VneN,
k=1

(i) {|X.|} satisfies to the SLLN

n

tim S (Xl ~ B[Xe) =0 as

k=1

Then, the SLLN holds for {X,}
lim d 1Zn:X 1Zn:E[X} 0
11m - iy i == a.S.
n—e '\ i i

Proof. We will use some arguments developed in Taylor and Inoue ([24], Theo-
rem 2.1) with appropriate modifications. Let ¢ > 0 and let K be given according
to the condition (7). Since K is compact in (ck(E), dy) we have

K C Uznle(KZ, E)
when
N(Kj,e) ={Y € k(F) : dy(K;,Y) < e}

denotes the open ball in (ck(E), dy) of center K; € ck(E) and radius £ > 0,
1 = 1,2,...,m. Define the convex compact integrable random sets which take
the values in {K7, ..., K, } in ck(E) by

Yo = Kilix,enio) + ) il |, e N, )0tz (XaeN (i 0)])
=2
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and Z,, = Y, 11x,ex). Then for each n

1l & 1l &
dp (EZXIW HZE[XkO
k=1 k=1
1 & 1 &
< du (gZXk, EZXkl[XkeIC}) (1)
k=1 k=1
1 — 1 —
+ du EZXkl[XkGIC]aEZZk (L)
k=1 k=1
1l & 1 &
+dy EZZmEZE[Zk]) ([I])

+dy —ZE Zil, ZE Xkl[XkeIC]]> (V)

k 1

+dy —ZEXklxke,q ZEXk> (V).

For (I), we have

hmsude< ZXk, ZXkl[XkelC]>

) 1
< lim sup ﬁ Z ’Xk|1[Xk¢’C]

_ 1 ¢ , 1O
= limsup - Z(|Xk| — (X)L + lim sup - > B[ X4/ 1x, 0]

< hmsup ZE | Xkl lix,ex)] <€ as.
"=

using (¢) and (éi). For (II), by the construction of Z,, we have

1 & 1 &
H (ﬁ;Xkl[Xkeic],ﬁ;Zk> <e.

For (I11) apply the SLLN in Corollary 4.11 to Z, by noting that Z, takes
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finitely many values in {{0}, K1, .., K,,,} in (ck(E), dp) gives

1« 1 <
liTandH <EZZ"”EZE[Z’“]> =0 a.s.
k=1 k=1

For (IV) as dg(EX,EY) < E[dy(X,Y)] for X,V € L} 5(Q,F, P) so that
from (II)

For (V) we note that for any X € Eik(E)(Q, F, P), E[X] is convex compact by
Theorem 3.1 and
6" (z*, E[X]) = E[0* (2", X)]

so that by Hormander formula we have

( Z E[X;1(x,ex]), Z E[X,] )

k=1
= sup [0" |« 7—ZE[Xk1[Xk.eIC]] -0 |z ,—ZE[Xk]
@*€Bps Cy— "=
[ * * 1 g * * 1 g
= sup |E|§ (x,—ZXkl[Xke,q> ~E|s (m—ZXk>]‘
z*€B g L n/kzl n/kzl

| 1o 1
= Slﬂ) E |6 <.T*, ﬁ ZXkl[Xk'E’q> — 0" (J?*, E ZXk>] |
L k=1 k=1

x*EB s
* * 1 .
) xz 7_ZXR1[Xk¢IC]
" k=1
using (7). Thus

hmsude< ZXk, ZEXk)<45 a.s.

Since € > 0 is arbitrary, we conclude that

, 1 & 1 &
lim dg (E;Xi,E;E[XiQ =0 a.s. O

< sup |E

T* EECE*

1 n
<= > ElXlxen] <e

k=1
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5. Convergence of weighted sums to fuzzy random sets

Puri and Ralescu [20] defined fuzzy random variables for R?. Motivated by the
definition and the application, we define a fuzzy random variable in separable
Banach space by attaching the measurability and compactness to the level sets.

According to [28] a fuzzy convex upper semicontinuous variable is a mapping
X : E — [0,1] such that

(i) X is upper semicontinuous,

(i) {re F: X(x)=1} #0,

(ili) X is fuzzy convex, that is X (Az + (1 — A)y) > min(X(z), X(y)), for all
A €[0,1] and for all z,y € E.

A random fuzzy convex upper semicontinuous variable is an F ® B(E)-mea-
surable mapping X : Q x E — [0,1] such that for each w € Q, the mapping
X, : E — [0,1] is a fuzzy convex upper semicontinuous variables. By upper
semicontinuity and fuzzy convexity, for each w € 2 and for each « €0, 1], the
level set

Xow) = Lo(X)(w) :={z e F: X,(z) > a}

is closed convex. It is clear that the graph of this multifunction belongs to
F ® B(E), hence it is measurable by the projection theorem ([8], Theorem III.
23). Similarly the graph of the multifunction

w{re B X(w,x) > a}

belongs to F @ B(FE), hence it is measurable, and so is the mapping

Xot(w) = Lot (X)(w) :={z € E: X(w,x) > a}

for each a € [0,1[. Further, thank to Lemma II1.39 in [8], for any F ® B(E)-
measurable mapping ¢ : 2 x E — [0, +00], the function m(w) := sup{¢(w, x) :
r € Lo(X)(w)} is measurable and so is the function m4(w) = sup{p(w,z) :
r € Lo (X)(w)}. In particular, Lo, (X) is measurable where Lo, (X)(w) =
{r € E: X(w,z) >0}, and | Loy (X)|(w) :=sup{||z]| : € Lo+ (X)(w)} is mea-
surable, further assume that Lo, (X)(w) is compact and Ly (X)| € L', then
Lo(X) is convex compact valued and integrably bounded: |Lo(X)| < |Loy(X)]
for all a €]0,1], here the inclusion |Lg,(X)| € L' makes sense because of
the above measurable properties. Given a random fuzzy convex upper semi-
continuous variable X, the fuzzy expectation of X is a fuzzy convex upper
semicontinuous variable EX such that

Lo(EX) = E[L.(X)], Va €]0,1].

Now we present some SLLN results for the weighted sums of level sets associated
with random fuzzy convex upper semicontinuous variables {X"}. We refer to
Klement et al. [17], Inoue [15], Joo et al. [16], Li and Ogura [18] for related
results.
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Theorem 5.1. Let {X"} be a sequence of random fuzzy convexr upper semi-
continuous variables defined on 2 X E satisfying

(1)  X§.(w) is compact, for every w € Q and for every n € N,

(11) g :=sup,|Xg,| is integrable.

For each o €]0,1], we assume

(i5i) {0*(.,X2)} is independent and compactly uniformly integrable in
Lé(ﬁ%*)<Qv~F7 P);

(iv) There exists a nonnegative random variable X, such that P(| X" > z) <
1

P(X, > x) for alln € N and all x > 0 and E[X;Jr”] < oo for some
v > 0.

If {ant} is a Toeplitz sequence and max<g<y, anpy = O(n~7), then

n

1 n
/ di <Z ank X", Z ankE[X§]> da— 0 a.s.
0 k=1

k=1

Proof. Since {a,;} is a Toeplitz sequence, there exists a positive number C
such that sup, > o, @ < C. Let a €]0,1] be given. As the sequence {X}
satisfies the conditions of Theorem 4.2, we have

dy <Z ankXéf, ZankE[X§]> — 0 a.s.
k=1 k=1

Also

n

Z ankE[Xi]

k=1

+

dH (i ansz, i ankE[X§]> S zn: ansz
k=1 k=1 k=1

<D amlXel + ) am|EIXY]]
k=1 k=1

n n
§ k § k

S Qnk SUD |X0+| + Qpk SUP E’XDJ,-
1 keN 1 keN

< Csup |X{, |+ CsupE|X} |
keN keN

and Csupgen | X§L| + C suppen E|XE, | is integrable. Thus, by applying Le-
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besgue Dominated Convergence Theorem we obtain

1 n n
/ dy (Z ankXi,ZankE[Xﬁ) doao — 0 a.s. O
0 k=1

k=1

Next, we prove some convergence results for fuzzy random sets with respect to
a generalized Hausdorff distance.

Theorem 5.2. Let {X"} be a sequence of random fuzzy convex upper semi-

continuous variables defined on 2 X E satisfying

(1)  X§.(w) is compact, for every w € Q and for every n € N,

(i1) g :=sup,|X{,| is integrable.

For each o €]0, 1], we assume

(111) {X2} and {X].} are independent,

(i) {6*(.,, X))} is compactly uniformly integrable in Lé(gc )(Q,J’:, P),
E*

(v)  There exists a nonnegative random variable X,, such that P(| X" > x) <
1

P(X, > x) for alln € N and all x > 0 and E[X;Jr”] < oo for some
v > 0.

(vi) For every e > 0 there exists a partition 0 = oy < a1 < ... < a, = 1 such
that for alln > 1

max E[dy (X7 XZIJcr )] <e.

1<k<r ke 1

If {ant} is a Toeplitz sequence and max<g<y, anxy = O(n~7), then

lim sup dy (Z a"sz’Za”kE[Xso =0 a.s.

" acio ] k=1 k=1

Proof. By our assumption, there exists a positive number C such that

oo
supz i < C.
=1

Let a €]0, 1] be given. Then there exists k (depending on «) such that

ap_1 < a < ayg.
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We have the estimation

dH (i CLm'X(i, i (ImE[Xé]>
i=1 1=1
< dH (i am'X(ia i aniX(ik> + dH (i am'Xz;ka i aan[X;k]>
i=1 1=1 =
+dy (z anBIX, ) ZamE[Xm)

1=1 i=1

n

S Z (Im'dH(Xé, Xék) + dH (2”: amXék, Z amE[Xék])
=1 =1

i=1

+ Y anBldu(X;,, X0)]
1=1

Z anidH (X(i;ll ’ Xz‘ék) + dH (Z am’X(ika Z anlE[X;k]>
=1 =1 =1

+ Z CLniE[dH(X(ik? X‘izq )]
=1

IN

n

< Donldu(Xyp  Xe,) ~ Bldu(Xyp X))

+ 1%?%& di (Z ni Xy Z am'E[X;k]>

i=1 =1
+2) an max Eldp(Xg, Xoy )= 1L+ 1+ I
i=1 -

For I, for every k =1, ...,r, we note that for all ¢

Pldy(X., X', )>1z) < P(2X, > 1)
Qp

1

so that by Rohatgi theorem ([22], Theorem 2) we deduce that

lim > aildn(Xoe  Xo,) — Eldn(XL: ,Xo)l| =0 as.
=1
Thus
lim I; =0 a.s.

n—oo

For I, for every k, the sequence {X : i € N} satisfies the conditions
of Theorem 4.2 because {6*(., X/, )} is compactly uniformly integrable in
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Lé(BE* (2, F, P). Then we have

lim dy (Z angk,ZamE[X;kO =0 a.s.
=1 =1
Thus

lim I, =0 a.s.

n—oo

We also have I3 < 2Ce for n large. Now by combining the arguments above

dy (Z ani X3y amE[X;]> < I, +1,+2Ce, Ya€]0,1].
=1 =1

Since I , I, and C's > 0 do not depend on « then from the above inequality it
follows that

sup dg (Z ani XL, ZamE[Xé]> < I+ 1)+ 2Ce.
i=1

a€]0,1]

Passing to the limit when n goes to oo in the preceding inequality yields

lim sup dy (Zam Q,ZamE[Xgo < 2Ce a.s.
i=1

N0 ¢]0,1] =1

Whence
lim sup dgy Zam X!, ZamE[Xi] =0 a.s.
n—00 4e0,1] P
since € > ( is arbitrary. O]

Theorem 5.3. Let {X"} be a sequence of random fuzzy convexr upper semi-
continuous variables defined on €2 X E satisfying

(1)  X§.(w) is compact, for every w € Q and for every n € N,

(i) g:=sup, [X,| € LAQ,F. P)

For each o €]0,1], we assume

(111) {X2} and {X].} are independent,

(iv) {5*( XM} is compactly uniformly integrable in the Cesaro sense in
Ly (QF.P),

(v) For every e > 0 there ezists a partition 0 = oy < a1 < ... < o, = 1 such
that for alln > 1,

max E[dy (X 4 , Xo )] <e

1<k<Zr



234 N. V. Quang, H. T. Duyen / Convergence for Weighted Sums of ...

then

1 n
lim sup dH< E Xs,—g E[Xi]) =0 a.s.
n
k=1

N9 1€]0,1]

Proof. Let a €]0,1] be given. Then there exists k& (depending on «) such that
ap—1 < a < ag. As in the proof of Theorem 5.2, we have the estimation

L (Z Xg,iE[X;J)

1
L - g i i i
< max 4 [der (X0, X0,) = Blda (X X0

+ n 121]?23 dH (Z ag? ZlE[X&k]>
1< ,

+ -2 max E[alH(X;k,XZ+ ).
n Y 1<k<Zr Fp—1

For
L - i i i i
I = — max ‘ (e (X7 X0,) = Eldr (X, X0

=1

we note that for every k =1, ..., and for every n
dH(XZg_;XZk) <2|X7, |
so that
Bldy(X]. X7, < 2°E[| X, [’] < 2°Elg’]
Whence by our assumption

° E[dH( 7ng)2]

i MB] BI i

n=1 n=1

Applying the Kolmogorov’s law of large numbers to the sequence
{dH(XZLl , X ) Inz1 yields

lim —~ Zl[dH(Xazl,Xak) —Eldn(X}; X, =0 as.

so that I; — 0 a.s. For

= s d (Z ak,E;E[X;J)
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we note that {6*(., X)} is compactly uniformly integrable in the Cesaro sense
in C(B%.) by (ii) and (iv) and verifies

. E|X" — E[lX3, "] _ <~ El¢’]
P e D ) D R
n=1 n=1 n=1

using (i¢). It follows from Theorem 4.3 that

nll_)IIOIO %dH (zi awZE ) =0 a.s.

so that Iy, — 0 a.s.

n

1 7
I3 = 52 - lfgggrE[dH( akvX 1)]

We also have I3 < 2¢ for n large. Now by combining the arguments above

1 . ‘
—dy (Z X;,ZE[X;]> <Ii+I+2, VYaelo,l].
i=1 =1

Since I; , I, and € > 0 do not depend on «, then from the above inequality it
follows that

sup dH (Z ,ZE[X;]) <ILi+1+2 a.s.
i=1

aclo,1] T

Passing to the limit when n goes to oo in the preceding inequality yields

lim sup —dH (Z ZE[XZY]) <2 a.s.
i=1

n—00 4e]0,1]

Whence
1 ,
lim sup dy Z ZE[X;] =0 a.s.
0 4]0, 1] n <=
since € > ( is arbitrary. ]

We finish this section with the following result that is also new.

Theorem 5.4. Assume that E is a separable Banach space. Let {X™} be a
sequence of random fuzzy convex upper semicontinuous variables defined on
Q x E satisfying

(1)  X§.(w) is compact, for every w € Q and for every n € N,
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(it) g :=sup, |X{| € Lx(Q,F,P).

Assume that { X[} is pairwise independent and identically distributed for every
a €]0,1], then we have

1 n
lim dy (- > Xj,E[X;]) =0 a.s.
n—oo n
k=1

for every o €]0,1]. In particular, if E is reflevive and o — X} is scalarly left
continuous, then we have

1 1 n
lim dyg [ [=) X*
i [ (|13

: [EXl]a> da=0 a.s.

where EX' denotes the fuzzy expectation of X*.

Proof. Since our hypothesis { X} is a pairwise independent identically dis-
tributed convex compact valued random sequence for every a €]0, 1], applying
Theorem 4.5 gives

1 n
I = VEX,] ) =0 as.
nl_)IElodH (n ZXQ,E[XQ]> 0 a.s 9)
k=1
We note that
1 n
di (5 > X E[Xi]) < g+Eg
k=1

for all n € N and for all & €]0,1]. By the Lebesgue dominated convergence
theorem, it is immediate that

1 1"
lim [ dy (— > XL E[Xé]) da =0 (10)
n—oo Jq n el

Now if E is reflexive (or more generally is a dual of a WCG Banach space) and
a +— X! is scalarly left continuous, then by virtue of a recent result of Castaing
et al. ([3], Theorem 4.7) on the integration of fuzzy level sets, we may consider
the fuzzy expectation EX' of X!, that is a fuzzy convex upper semicontinuous
variable defined on E so that [EX!], = E[X]] for every o €]0,1]3. It follows
from (10) that

1 1 n
lim dyg [ =) X*
i [ (|32

3In this context such a fuzzy expectation theorem is not available in the literature.

: [EXl]a> da = 0. O
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A variant of the preceding result is provided by Inoue ([15], Theorem 3.2) in
which a tightness condition is imposed.
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