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We consider a nonlinear parametric problem driven by the p-Laplace differential operator.
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1. Introduction
Let © C RY be a bounded domain with a C?-boundary 9. In this paper we
study the following nonlinear parametric problem

—Aju(z) = Af(z,u(z)) in Q,

(£)
u‘ag = 0.

Here A, (1 < p < 400) denotes the p-Laplace differential operator defined by

Apu = div(||[Vu|P72Vu) Yu € WP (Q).

For problem (P,), first we look for positive solutions. We pay special atten-
tion to the existence of a smallest positive solution u3 and we investigate the
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monotonicity and continuity properties of the map A —— wu}. Here and in
what follows the monotonicity properties are understood with respect to the
order structure of the order Banach space C3(2). Subsequently, we look for
nodal (sign changing) solutions. Our hypotheses on the reaction f(z,() are
rather mild and some of our results apply to the p-logistic equation (subdif-
fusive, equidiffusive or superdiffusive). We refer to the results of Section 2,
Proposition 4.2 and Section 5. In Section 3 we investigate the monotonicity
properties of the map A —— u} (u} being the extremal (smallest) positive
solution of problem (Py)). The presence of the p-Laplacian (a nonlinear dif-
ferential operator), implies that we do not have suitable comparison results in
our disposal. For this reason we impose a sign condition on f(z,-) (see hy-
potheses Hy), which excludes from our consideration the p-logistic equation.
Similarly, in the second half of Section 4 where we study the continuity of the
map A — u} in the absence of uniqueness, in order to employ some compari-
son techniques inspired by the work of Cazenave-Escobedo-Pozio [2], we need
to restrict ourself to the semilinear problem (i.e., p = 2) and assume that f(z, -)
is concave. The latter condition excludes from consideration the model logistic
equation, in particular the superdiffusive one, which is characterized by lack
of uniqueness. We should mention that p-logistic equations were studied by
Gasinski-Papageorgiou [12] (subdiffusive and equidiffusive type) and by Dong
[5] and Gasinski-Papageorgiou [9] (superdiffusive type).

Our approach is variational and uses also truncation and comparison tech-
niques.

2. Positive and extremal solutions

Our hypotheses on the reaction f(z,() are the following (recall that f: Q x
R — R is a Carathéodory function, if for all { € R, the function z — f(z, ()
is measurable and for almost all z € Q, the function ( — f(z, () is continuous).

H, f: QxR — Ris a Carathéodory function such that f(z,0) = 0 for almost
all z € (2 and

() 1f(z,0] <a(z)(1+¢1) for almost all z € Q, all ¢ > 0 with a € L>=(Q),,
. « _ [ #% if p<N,
with p <r <p" = { N £ N
(ii) limsup,_ ’z(pz’gl) < 0 uniformly for almost all z € ;

£(0)
¢r1

Remark 2.1. Since we are looking for positive solutions and the above hy-
potheses concern the positive semiaxis [0, 400), without any loss of generality
we may (and will) assume that f(z,() = 0 for almost all z € 2 and all { < 0.
Evidently, the p-logistic reaction

fO=¢"=¢"1 ¢

(ili) liminfe o+ > 19 > 0 uniformly for almost all z € €.

WV

0,
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where 1 < 7 < p < r < p*, satisfies above hypotheses. If 7 < p we have a
subdiffusive p-logistic equation and if 7 = p we have an equidiffusive p-logistic
equation.

In the sequel, in addition to the Sobolev space W, (), we will also use the
Banach space

Co() = {ue CYQ): ulpn =0}

This is an ordered Banach space with positive cone
Ci ={ueCy(Q): uz) =0 forall z € Q}.

This cone has a nonempty interior given by

intC’+:{u€C+: u(z) >0 for all z € Q, %(z)<0for alle@Q}.

Here by n(-) we denote the outward unit normal on 0. As we already men-
tioned in the Introduction, all monotonicity properties are referred to the order
structure introduced by C, and int C', (for strict monotonicity). In what fol-
lows by || - ||, We denote the norm of the Sobolev space W, (Q). By virtue of
the Poincaré inequality, we have

lullip = IVull, Yu e WoP().
By || - || we denote the norm of RY.

By A, > 0 (respectively Ao > /):1) we will denote the first (respectively second)

eigenvalue of the Dirichlet p-Laplacian. We know that /):1 > 0 is simple and
by 4, we denote the corresponding LP-normalized (i.e., ||u1]|, = 1) positive
eigenfunction. The nonlinear regularity theory and the nonlinear maximum
principle, imply that u; € int C',. It is worth mentioning that A\; > 0 is the
only eigenvalue with eigenfunctions of constant sign. All other eigenvalues
have nodal eigenfunctions. For more details on the spectral properties of the
Dirichlet p-Laplacian, we refer to Gasinski-Papageorgiou [11].

Also, in what follows A: WyP(Q) — W1 (Q) = W,*(Q)* denotes the non-
linear map defined by

(A(w,5) = [ IVl 2(Vu, Vhas d= Yy € W2(@).
Q

We know (see Gasiniski-Papageorgiou [11]) that A is bounded (i.e., maps
bounded sets to bounded ones), continuous, monotone (hence maximal mono-
tone too) and of type (S)y, ie., if u, — u weakly in W;?(Q) and
lim sup, _, , o (A(tn), uy, — u) <0, then u,, — u in W, ?(Q) (see e.g., Gasinski-
Papageorgiou [10, Lemma 3.2, p. 5752]).
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Proposition 2.2. If hypotheses Hy hold and \ > %, then problem (Py) admits
at least one positive solution uy € int C' .

Proof. Let ¢y: WyP(Q) — R be the energy functional for problem (Py)
defined by

1
oa(u) = 2—)||Vu||£ - )\/ F(z,u(z))dz Yue€ Wol’p(Q),
Q

where C
PO = [ fas)as

Evidently oy € C'(Wy*(2)). Hypotheses Hy(i) and (ii) imply that for a given
¢ > 0, we can find ¢, > 0 such that

F(z,() < EC” +c. forae ze€Q, all¢>0. (1)
p
Hence, we have

1
ox(u) = =[[Vull) - )\/ F(z,u)dz
p Q

1 AE
> Z;HVuHi - ;HUHZ — e |Qy

1 e
>z —|1-= Vul|? — A |2 2
p( A1)H 2 = AcelQ @)

(see (1)). Here by |- |y we denote the Lebesgue measure on RY. Choosing

e € (0, %), from (2), we see that ¢, is coercive. Also, using the Sobolev
embedding theorem, we see that ) is sequentially weakly lower semicontinuous.
Hence by the Weierstrass theorem, we can find uy € VVO1 () such that

pa(un) = inf p(u). (3)

ueWy ()
By virtue of hypothesis H;(iii), for a given £ > 0, we can find 6 = d(g) > 0
such that
o — €
p

(P < F(z,¢) for almost all z € Q, all ¢ € [0,9). (4)

Let t € (0,1) be small, such that t;(z) € [0,6] for all z € Q (recall that
uy € int C). We have

tp ~ tp

- N ~
or(10) = VAl - [ Pl e < SR =25 - )
Q

b
= (= A —2) (5)
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(see (4) and recall that [|u||, = 1). Since A > %, choosing ¢ € (0, A”OT_%),
from (5), it follows that
(p)\(tal) < 0,
SO
pa(un) < 0= p(0)
(see (3)) and hence uy # 0.

From (3), we have
A(ur) = ANg(wy), (6)

where Ny: L(Q) — L™ (Q) (2 + L = 1) is the Nemytski map corresponding
to f, i.e.,

Ny(u)(-) = f(ul) Vue L7(Q).
On (6) we act with —u; € W,*(2) and obtain

IVuxlly =0,

hence uy > 0, uy # 0. Hypotheses H; imply that for a given £ € (0,79) and
q € (r,p*), we can find ¢; = ¢1(g,q) > 0 such that

f(2,0) = (o — )P —ci¢™ for almost all z € Q, all ¢ > 0. (7)

From (6) and the nonlinear regularity theory (see Gasiriski-Papageorgiou [11]),
we have

—Apuy(z) = Mf(z,ux(z)) almost everywhere in 2, uy € C4 \ {0}.
Then using (7), we obtain
—Ayup(2) = Mo — e)ua(2)P"! — Aeyun(2)?"  almost everywhere in €,

SO
Apun(z) < Acr]|ua||Pun(z)  almost everywhere in €

(recall that g > p), so
Uy € int C+

(see Vazquez [14]). O

Motivated from the unilateral growth estimate (7), we consider the following
auxiliary Dirichlet problem

(43) {‘Apucz) = Ao — Ju(=)"" — Aeru(2)! in Q,

u|aQ =0, u>0.

Proposition 2.3. If \ > %, then problem (A,) admits a unique positive so-
lution uy € int C.
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Proof. Let ¢: W,?(Q) — R be the C'-functional defined by
1 A — € AC
ORI %Wug T T T )

Since ¢ > p, it is clear that 1, is coercive. Also, it is sequentially weakly lower
semicontinuous. So, we can find %y € W,"(\) such that

a(un) = inf )@DA(U)- (8)

uEWOI’p(Q
For t > 0, we have

- P~ Ang— ¢ Ac -
Oa(tay) = — A — (10 )tp + 71tqHu1Hg

p p
t ~ e
= 5 1= Ao =) + Al (9)

(recall that u; € int Cy and ||uy||, = 1).

Since ¢ > p and \ > %, choosing ¢t € (0,1) and ¢ > 0 suitably small from (9),
we see that

Ua(tur) < 0= 1,(0),
SO

Patn) <0 =1,(0)
(see (8)) and hence wy # 0.

From (8), we have
A(un) = Ao — &) (@) = Aea(@y) (10)
On (10) we act with —, € W, *(Q) an obtain i, > 0, Uy # 0. Hence
A(Wy) = Mo — €)@y = e, (11)

SO Uy is a positive solution of problem (A)).
The nonlinear regularity theory (see e.g., Gasinski-Papageorgiou [11, pp. 737—
738]) implies that uy € C; \ {0}. We have (see (11))
Ay (2) < Aer||un]| P (2)P~t  almost everywhere in €,
SO
”(7)\ € int C+
(see Vazquez [14]).

The uniqueness of w, € int Cy follows from Theorem 1 of Diaz-Saa [4]. O
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Let S;(\) denote the set of positive solutions of (Py). If A > %, then from
Proposition 2.2 and its proof, we have

0 #5.(N) CCs

Proposition 2.4. If hypotheses Hy hold, A > % and uy € Sy (N), then uy <
Uy
Proof. We consider the Carathéodory function gy: 2 x R — R defined by

0 if ¢ <0,

gr(2,0) = Ao — )¢~ = Aer (7! fo<(<un(z),  (12)

Ao — e)ua(2)P = Acrua(2)7 if ua(2) < ¢.

Let
¢
Gr(5:0) = [ ga(e.s)ds
0
and consider the C'-functional oy: Wy (Q) — R defined by
1
rs(w) = |Vl - / Galz u(z))dz Yu € Wi (Q).
Q

From (12) it is clear that o is coercive. Also, it is sequentially weakly lower

semicontinuous. So, we can find @} € W, ”(Q) such that

oxuy) = 1111£ ox(u). (13)

ueWy(Q)

Let t € (0,1) be small such that tu; < uy (recall that uy € int Cy and see
Lemma 3.3 of Filippakis-Kristaly-Papageorgiou [7]). Then as in the proof of
Proposition 2.2, we show that oy(tu;) < 0 = 0,(0), hence

ox(uy) < 0 =0,(0)
(see (13)) and so u} # 0. From (13), we have
A(u3) = Ny, (w3) (14)

(recall that for all u € Wy (Q), Ny, (u)(-) = ga(-,u(-))). On (14) first we act
with — (%)~ € Wy?(Q) and obtain @ > 0, &% # 0. Then on (14) we act with
(W —uy)t € WyP(Q). We have

A @~ )') = [ 02T — ) dz

Q

— / (Ao — )bt = Aeyud ™) (@ — un) T dz

/fzuA Y —uy)tdz

(un), (uy — UA)+>
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(see (12), (7) and recall that uy € S, (A)), so
/ (Va3 |72V — [VualP?Vuy, Vi; — Vuy) gy dz <0,
{’l~l,§>uA}

SO
{ux > ur}n =0,

hence u} < u,.

So, we have proved that
ﬁ; S [07 U)\],

where [0,uy] = {u € W, P(Q) : 0 < u(z) <ux(z) ae in Q}, thus
A(T3) = Ao — €) (@) = Aea(@)"

Hence @} is a positive solution of (Auy) and so by virtue of Proposition 2.3, we
have u} = w,. This shows that

g |>4)

Now we can produce the extremal positive solution of (Py), A > = (i.e., the

smallest positive solution).

Proposition 2.5. If hypotheses Hy hold and \ > %, then problem (Py) admits
a smallest positive solution uy € int C'.

Proof. From Filippakis-Kristaly-Papageorgiou [7], we know that the set S ()
is downward directed, i.e., if uy,us € Sy (A), then we can find u € S, (\) such
that v < uy, v < us.

Let C C S;(A) be a chain (i.e., a totally ordered subset of S;(\)). From
Dunford-Schwartz [6, p. 336], we know that there exists a sequence {uy, }n>1 C
C' such that infC' = inf,,>; u,. Since S; () is downward directed, without any
loss of generality we may assume that

ltnlloo < My Vn >1,
for some M; > 0. We have
A(up) = ANg(u,) Vn > 1, (15)
so the sequence {u, }ns1 € WyP(Q) is bounded. Hence, we may assume that

u, — u  weakly in W,?(Q), (16)
U, — u in L"(2). (17)
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On (15) we act with u, —u € W, (). Passing to the limit as n — +oc0 and
using (16), we obtain
lim (A(uy,),u, —u) =0,

n—-+00
SO
U, — u  in WyP(Q) (18)

(from the (S) -property of A).
So, if in (15) we pass to the limit as n — +oo and use (18), then

A(u) = ANg(u).

Also, from Proposition 2.4, we have uy < u, for all n > 1, hence uy < wu.
Therefore u # 0 and so

uwe S (A\) CintCy, wu=infC.

Since C' C S, (A) is an arbitrary chain, invoking the Kuratowski-Zorn lemma,
we infer that S, (A\) has a minimal element u} € S;(A) CintCy. If u € SL (M),
then since Sy () is downward directed, we can find uy € S;(\) such that

uy <uy and wuy <u,

SO
Uy =uy <u
(due to the minimality of u}), so u} € int C'; is the smallest positive solution
M
Of(P,\),)\>nO. ]

3. Monotonicity properties of the map A — u}

Let A > f}—é and let u} € int C; be the extremal positive solution of problem
(Py). In this section we study the monotonicity properties of the map A — u}

from (%, +00) into C§(€). To this end we need to strengthen our hypotheses
on f(z,).

Hy f: QxR — Ris a Carathéodory function such that f(z,0) = 0 for almost

all z € Q and f(z,{) > 0 for almost all z € Q and all {( > 0 and
() |f(z,0)] < a(z)(1+4¢P71) for almost all z € Q, all ¢ > 0 with a € L>®(02);
(ii) limsup,_ J;(pz,’cl) = 0 uniformly for almost all z € Q;

(iii) liminfe_ o+ J;(pz_’cl) > no > 0 uniformly for almost all z € Q.

Remark 3.1. The main extra condition (compared to hypotheses H; used in
Section 2) is the positivity condition, namely that f(z,¢) > 0 for almost all
z €  and all ¢ > 0. This hypothesis has a consequence on the asymptotic

condition as ( — o0 (see hypothesis H;(ii)). Now the quotient % cannot
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reach a strictly negative value as ( — 400 and so asymptotically it must
be zero (see hypothesis Hy(ii)). This then implies that for almost all z € Q,
f(z,-) is (p—1)-sublinear (see hypothesis Hs(i) and compare it with hypothesis
H,(i)). So, we see that the positivity condition on f(z,-) has a “chain effect”
on the structural properties of the reaction. The fact that our equation is
driven by the p-Laplacian (a nonlinear differential operator), makes comparison
results difficult. The positivity condition implies that u§ € int C; (the extremal
solution of the problem (P,)) can serve as an upper solution for problem (P,)
with € (0,A). Of course u = 0 is always a solution of (P,) (recall that
f(2,0) = 0 for almost all z € Q). So, we have an ordered pair of upper-lower
solutions for problem (P,) (namely the pair (uj,0)) and this fact permits the
use of truncation techniques which via the direct method lead to a nontrivial
solution w, € [0,u}] N C4. This implies the monotonicity of A —— u}. In
the last step of this argument, we need to establish the nontriviality of the
solution wu, produced via the direct method (a minimizer of the truncated
energy functional). The tool to achieve this is hypothesis Hs(iii). Finally we
mention that the positivity condition excludes from consideration the p-logistic
equation.

Proposition 3.2. If hypotheses Hy hold and A > %, then the map A —— uj}
is nondecreasing from (%, —|—oo) into CL(Q), i.e.,

uy —u, € Cy V<A

Proof. Let % < < X. We have
—Ayuy(2) = AMf(z,u3(2)) = pf(z,uy(2)) ae. in Q. (19)
We introduce the following Carathéodory function ¢g: 2 x R — R defined by

0 if ¢ <0,
9(2,¢) = { f(z,0) if 0 < ¢ < uj(2), (20)
f(zui(2) ifui(z) <C

We set

¢
Gz, ¢) = / 9(z 5) ds

and consider the C'-functional ¥ : W, ?(Q) — R defined by
1
wlw) = IVulp — u [ Geu@)ds Vue W)
Q

Clearly 1) is coercive (see (20)) and sequentially weakly lower semicontinuous.
So, we can find @, € Wy (Q) such that

G@) = inf () < 0=1(0)

ueWy P (Q)
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(see hypothesis H,(iii) and the proof of Proposition 2.2). Hence @, # 0 and as
in the proof of Proposition 2.4, we can check that

H# S [0,’&;]7
where [0, u}] = {u € WyP(Q) : 0 < u(z) <ui(z) ae. in Q}, so
ﬂu < S—&-(M)

(see (20)) and so

u;<m<u§. O]

Strengthening further the conditions on f(z,-), we can improve the conclusion
of the above proposition. So, the new hypotheses on the reaction f(z,() are
the following.

H; f: QxR — Ris a Carathéodory function such that f(z,0) = 0 for almost
all z € Q and f(z,¢) > 0 for almost all z € Q and all ¢ > 0 and hypotheses
H3(i), (ii) and (iii) are the same as the corresponding hypotheses Hs (i), (ii)
and (iii) and

(iv) for every p,9 > 0, there exists £,, y9 > 0 such that for almost all z € 2, the
function ¢ — f(2,¢) + &,(P~! is nondecreasing on [0, ] and f(z,() > v
for all ¢ > 9.

Proposition 3.3. If hypotheses Hs hold and \ > & then the map A\ —— uy} s

increasing from (’\1 +00) into C(Q) (i.e. i o ’\1 < p <A, thenuy—u;, € intCy )

and ||u}]|ooc — +00 as X — +o0.

Proof. Let X—é < g < A. From Proposition 3.2 we know that u}, < u}. Let
0 = ||ui]loo and let £, > 0 be as postulated by hypothesis Hs(iv). Then

— Dy, (2) + 1€y, (2)" 1 = uf (2,4,(2)) + néouy, (2)7
< pf (2, 03(2)) + pEui (2)P 7 < Af (2,6l (2)) + pégui (2)7
= — Ayul(2) + pEui(2)P7t in WL(Q) (21)
(where % + z% =1). Let K be a compact subset of 2. Since u;, € int C'y, we

have

uy(2) 2 u(z) 2mg > 0 VzeK, (22)

Then, we have

M (2, u3(2)) + p&us (2)" ™ = pf (2,u,(2)) = péauy, ()7
= 10 (f(z,u3(2) + Eui(2)" ™" = [z 0 (2) — L (2)P7)

+ (A=) f(zui(2)
> A=) f(z,ux(2) 2 A—p)yx > 0 forae ze€ K
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(see (22) and hypothesis Hj(iv)). This fact in conjunction with (21) permit
the use of Proposition 2.6 of Arcoya-Ruiz [1] and so we infer that

* * :
uy — uy, € int C.

Next, suppose that A, — 400 and assume that the sequence {u} }n>1 C

L*>(Q) is bounded. Then from the nonlinear regularity theory (see, e.g.,
Gasinski-Papageorgiou [11, p. 738]), we know that we can find g8 € (0,1) and
M5 > 0 such that

uf, € Co’(Q) and 43 llgrsg < M Vn > 1

Exploiting the compact embedding of Cy’(Q) into C}(Q), by passing to a
suitable subsequence if necessary, we may assume that

uhy —u* in Cy(Q). (23)
For every n > 1, we have

A(uy,) = ANp(u3,)-
Let v € CH(Q), v >0, v # 0 and let K = suppv. We have

(A(uy, ), v) = )\n/ﬂf(z,uf\n)v dz > )\n/Kf(z,uin)v dz

> )\an/ vdz > 0. (24)
K

Note that
[(A(uy, ), v)| < Ms|v]|p, Vo >1,

for some M3 > 0 (see (23)) and
)\an/ vdz — +00 as n — +o0.
K

These facts and (24) lead to a contradiction. This means that

|uilloo — +00 as A — 4o0. O

4. Continuity properties of the map \ — u}

The question of the continuity of the map A — u3 from (%, +00) into C}(Q)
is more delicate and we have only partial results valid under stronger conditions
on the reaction f(z,().

For this first continuity result, we impose the following conditions of f.
Hy f: QxR — Ris a Carathéodory function such that f(z,0) = 0 for almost

all z € Q and hypotheses Hy(i), (ii) and (iii) are the same as the corresponding
hypotheses H;(i), (ii) and (iii) and
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¢l

(iv) for almost all z € Q, the function {
0, +00).

is strictly decreasing on

Remark 4.1. Note that we have dropped the sign condition, which was crucial
for our monotonicity results in Section 3 (see hypotheses Hy and Hj).

Proposition 4.2. If hypotheses Hy hold and \ > %, then problem (Py) admits
a unique positive solution u} € int C'y and the map A —— u} is continuous from

(21, +00) into CH(Q).

Proof. The existence of a positive solution u} € int C; follows from Proposi-
tion 2.2. The uniqueness of this positive solution is a consequence of Theorem
1 of Diaz-Saa [4].

Next, let {A\,}n>1 C (%,+oo) be a sequence such that \, — X with A\ €

(%, +00). Let uj, = v} € int C} be the unique positive solution of problem
(Py,), n > 1. We have

~

)
A(u) = \yNg(u?) and n—; <A < Vn =1, (25)

for some ¢* > 0. Hypotheses H,(i) and (ii) imply that for a given ¢ > 0, we
can find ¢, > 0 such that

f(z,0) <ePl4ec. forae z€Q, all ¢ >0. (26)

On (25) we act with u} € int C; and obtain

Vgl = An/ f(zug)up, dz < Anellug |17+ Az [ Vg |l
Q

<

c'e “lp . .
=~ [[Vup [} + Anc=[[ Vg, ||,
1

for some ¢. > 0 (see (26)), so

c'e . ~ X
(1 -5 )uwnug < ACel [ V[ (27)

1

Choosing € € (0, %) and since p > 1, from (27) we infer that the sequence
{ut}ns1 € WyP(Q) is bounded.

As before, the nonlinear regularity theory (see Gasiriski-Papageorgiou [11])
implies that we can find 8 € (0,1) such that the sequence {u*},51 C Co”(Q)
is bounded. Hence, passing to a subsequence if necessary, we may assume that

u: — u* in Cy(9),
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SO

Alu") = ANs(u)
(see (25)).

Therefore u* is a solution of (P,) and u* € Cy. We show that u* # 0, hence
u* € int C;. From Proposition 2.4 we know that uy, < u; for all n > 1. We

have
A(uy,) = An(no — 5)6{’\;1 — )\nclu)\zl, (28)

SO
Ancallun, 1§ < Anlno — €)llun, |7

and thus
colltn, 12 < (o — &)[Jain, |5 Vn > 1,

for some ¢y > 0 (recall that ¢ > p and see (7)), hence
the sequence {uy, }n>1 C LP(2) is bounded. (29)
From (28) and (29), it follows that

IV, [[; < My Vn =1,

for some My > 0, so the sequence {uy, }n>1 C Wol’p(Q) is bounded. Then, as
we did earlier for the sequence {u} },>1, for at least a subsequence, we have
Uy, — u in Ca(9).
If w = 0, then setting
~ Uy,
Yn = 7=
[ s

we have ||y,|l1p =1, ¥, = 0 for all n > 1 and from (28) it follows that

Vn > 1,

A(Yn) = Aa(mo — 5).@2_1 - Ancla%_p%_l~ (30)
We may assume that

U — 7 weakly in W,P(Q), (31)
U — y in LY(Q) (32)

(recall that ¢ < p*). On (30) we act with 7, — 7 € Wy (Q), pass to the limit
as n — 400 and use (31). We obtain

SO
Yo — Yy in Wol’p<Q)

and so ||y]l1, = 1.



L. Gasinski, N. S. Papageorgiou / Positive, Extremal and Nodal ... 275

So, if in (30) we pass to the limit as n — +o0 and since u = 0, we have

A(@) = Ao — &)y,
SO
—Apy(z) = Ao — €)y(2)P~"  a.e. in Q,
Ylaa = 0.
But recall that we choose € > 0 small so that \(ny — &) > Xl. It follows that

y must be nodal, a contradiction. This proves that u # 0 and so u = uy (see
Proposition 2.4). We have

u > uy,
SO

u* #0
and thus v* = 3 € int Cy. This proves that the map A\ — uj} is continuous
from (%, +00) into C¢(9). O

Remark 4.3. For A = % the auxiliary problem (A,) fails to have a positive
solution and for this reason we do not consider the case A — % since then u*
is not guaranteed to be nontrivial.

As a special case of the above result, we consider the following p-logistic equa-
tion

(L)

We assume that 1 < 7 < p < ¢ (respectively 1 < 7 =p < ¢) and so we have a
subdiffusive (respectively equidiffusive) p-logistic equation.

As a consequence of Proposition 4.2, we have

Corollary 4.4. For every A > 0 in the subdiffusive case and for every A >
A1 in the equidiffusive case, problem (P)) admits a unique positive solution
uy € int Cy and the map A — u} is continuous from (0,+00) (respectively

(A1, +00)) into CL(1).

Remark 4.5. Uniqueness fails in the superdiffusive case (1 < p < 7 < q),
which exhibits bifurcation phenomena. The superdiffusive case was investigated
by Dong [5], Takeuchi [13] who has the classical logistic reaction (f({) = (71—
(971, ¢ > 0) and by Gasiriski-Papageorgiou [9] who had a more general reaction.

It is natural to ask what can be said about the continuity of the map A\ — «3 in
the absence of uniqueness. Then the situation turns out to be more complicated
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and we have a continuity result for the semilinear problem (i.e., p = 2) and
under conditions on the reaction f(z,() which exclude from consideration the
model logistic equation f({) = "' =" 1 <7 <7r <2 forall ¢ > 0.
However, our result appears to be the first such continuity result for nonlinear
parametric problems under general conditions on the reaction.

So, we deal with the following Dirichlet parametric problem

—Au(z) = Af(z,u(z)) in Q,
(5)) {U'ag =0, u=>0.

We impose stronger conditions on the reaction f.

Hs f: Q xRy — R is a measurable function such that for almost all z € €,
f(2,0)=0, f(z,-) € C*0,+00), f(z,-) is concave, increasing and
) fi(z,¢) < a(z) for almost all z € Q, all ¢ > 0 with a € L®(Q)4;

(i
(i) lme oo @ = 0 uniformly for almost all z € ;
(i

JACXS)
¢

i) 0<mo < (fe)+(2,0) = lime_o+ < 11 < 400 uniformly for almost all

z € €.

To have also strict monotonicity, we need the following stronger version of
hypotheses Hs.

Hg f: Q xRy — R is a measurable function such that for almost all z € €,
f(z,0) = 0, f(z,-) € CY0,+00), f(z,-) is concave, increasing, hypotheses
Hg(i), (ii) and (iii) are the same as the corresponding hypotheses Hs(i), (ii)
and (iii) and

(iv) for every ¥ > 0, there exists vy > 0 such that f(z,{) > 7y for almost all
2eQ all ¢ >0,

Remark 4.6. As before, we assume that f(z,{) = 0 for almost all z € Q,
all ¢ < 0. Therefore (f{)_(z,0) = 0 which need not be equal to (f{)(2,0).
Note that the differentiability of f(z,-) and hypothesis Hs(i), imply that for a
given ¢ > 0, we can find £, > 0 such that for almost all z € 2, the function
z — f(z,() + &,( is nondecreasing on [0, o]. This fact and hypothesis Hg(iv)
imply that when conditions Hg are in effect, we can use Proposition 3.3 and

so we can say that the map A —— w} is in fact increasing from (2—;,—1—00)

into C}(Q2). The following function satisfies hypotheses Hg (for the sake of
simplicity, we drop the z-dependence):

0 if ¢ <0,

f(Q)=4¢ if0< (<1,
Cz+1l¢ if1<c
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Let A > 2 and let u} € int C'; be the extremal solution of problem (S)) (see
0 A

Proposition 2.5). We consider the following linear parametric problem

{—Av(z) — Mz uy(2)v(z) = Xo(z) in €,

(E) U|aQ =0.

It is well known that problem (F) has a smallest eigenvalue A1 which is simple
and has eigenfunctions of constant sign (see Gasinski-Papageorgiou [11]). In
what follows by v we denote the positive and L?-normalized (i.e., ||v] = 1)

eigenfunction corresponding to A1. We have v € int C. All the other eigenval-
ues have nodal eigenfunctions.

Lemma 4.7. Xl > 0.

Proof. We argue indirectly. So, suppose that Xl < 0. We have
—Av(z) = ()\fé(z, uy(2)) + X1> v(z) a.e.in Q. (33)

Also, recall that
—Auy(z) = Af(z,u3(2)) a.e. in Q. (34)

We multiply (34) with v(z) and integrate over §2. Using Green’s identity, we
obtain

/Q(Vv, Vuy gy dz = /Q)\f(z, uy)vdz. (35)
Similarly, multiplying (33) by u}(z) and integrating over 2, we obtain
/Q(Vuj, Vou)pn dz = /Q ()\fé(z, uy) + X1> vuy dz. (36)
Subtracting (36) from (35), we have
/Q (Af(z,u3) = Mz uy)uy) vdz — /Qxlvuj dz = 0. (37)
Let ¥ € (5—3, A). In a similar way we obtain
/Q (0 (z,u)) — Mi(z,uy)uy) vdz — /Qleu;; dz = 0. (38)

We subtract (37) from (38). Then
[N () = o) = (0 = ) i) v

+ (09— ) /Q flzub)vdz + A /Qv(uj —up)dz = 0. (39)
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Since f(z,-) is concave for almost all z € Q and v € int C', we have

/Q)\ (f(z,u;‘;) — fz,u}) — (u) — uj)fé(z,uf\)) vdz < 0. (40)

Also since by hypothesis the function f(z,-) is increasing for almost all z € Q,
uy,v € int Cy and ¥ < A, it follows that

(9 —A) /Q f(z,uy)vdz <O. (41)

Finally recall that since ¥ < A, we have u}, < u} (respectively u} < u}), see

Proposition 3.2 (respectively Proposition 3.3). Also Xl < 0. Therefore

N / v(uy —uy)dz < 0. (42)
Q

Returning to (39) and using (40), (41) and (42), we reach a contradiction. This
proves that Xl > 0. Il

Using this lemma and adapting some techniques of Cazenave-Escobedo-Pozio
[2], we have the following result.

Proposition 4.8. If hypotheses Hs (respectively Hg) hold, then the map A —
u} is nondecreasing (respectively increasing) and continuous form <%,+oo)

into CL(Q).

Proof. From Proposition 2.5 we know that for all A > %, problem (S) admits

a smallest positive solution u§ € int C'y. Moreover, from Proposition 3.2 (re-
spectively 3.3), we know that the map A — w3 is nondecreasing (respectively

increasing) from (%, +00) into CJ ().

Suppose that A, — X\ with \,, A > 5—; for all n > 1. First assume that A\, " A
and set
uy = lim uj .

n—-+o0o

This limit exists since the sequence {u} } C Oy is a nondecreasing sequence.
Evidently
Uy < Uy (43)

Also, we have
Auy) = \Ng(uy,) Vn> 1 (44)

As before (see the proof of Proposition 4.2), using the nonlinear regularity
theory (see Gasinski-Papageorgiou [11]), for some 5 € (0, 1), we have that the
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sequence {u} fn>1 C C3P(Q) is bounded. Exploiting the compactness of the
embedding of C}”(€) into C}(Q) and recalling that uy (2) — Wx(z) for all
z € (1, we have
uy —uy in C(Q),
hence 7y € C3(Q). So Wy € Sy ()\) (pass to the limit as n — +oo in (44)) and
thus
uy = u) € int Cy

(see (43)).
Next assume that A\, \, A and set

uy, = lim uf .
=A n— o0 An

Again the limit exists since the sequence {u} },>1 C int C is nonincreasing.
Similarly as for w,, we have that u, € S;(\). We consider the following
auxiliary Dirichlet problem

{—Ae(z) =~ Mz u3(2))e(z) =1 in Q, (45)

elon =0, e = 0.

It is easily seen that the differential operator u —— —Au — AfI(-,u3(+))u is
linear pseudomonotone from Hj(2) into H 1(Q) = H}(Q)* (see Gasinski-
Papageorgiou [11]). Also, Lemma 4.7 implies that this operator is coercive.
Therefore Theorem 3.2.52 of Gasiniski-Papageorgiou [11, p. 336], implies that
problem (45) admits a solution e € H}(Q). Clearly e # 0. Multiplying (35)
with —e™ € H}(Q) and integrating over 2, we obtain

IVe B4 [ iz up)(e ) dz <o,
Q
SO
Ve I3 <0

(vecall that f{(z,u}) > 0) and thus e > 0, e # 0.

Regularity theory and the maximum principle (see Vazquez [14]) imply that
e € int Cy. Also, we claim that this solution is unique. Indeed, if € € int C is
another solution, then

—A(e—¢) = M{(z,u})(e —€).

Since A; > 0 (see Lemma 4.7), it follows that e = @.
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We set y = u} + e with ¢ > 0. For ¥ > 0 small we will have y € int Cy. Then
for 6 > 0, we have

— Ay~ (A ) f(2,y)

= — Au) —vAe— (A+9)f(z,9)

= Af(z,u}) + 9 (1 + /\fé(z,u;)e) —(A+9)f(z,y)

=0 —0f(z,y) = A (f(zy) = f(z,u3) — (y = w}) fi(z, u})) (46)
almost everywhere in 2. Note that

f(zy) = [(zu)) = (y = u3) fe(z,u3) = o(V)

(with %}9) — 0 as ¥ \, 0). From this fact and hypothesis Hs(i), we see that
we can find § = 6(¢) > 0 such that

—Ay > (A+0)f(z,y) a.e. inQ
(see (46)). Then truncating the reaction of problem (S)s) at y(z) and using

the direct method (see for example the proof of Proposition 3.2), we obtain
Uy, 5 € S4(A+6) Cint Oy such that

x5 € 10,9,
where [0,y] = {u € H}(Q) : 0<u(z) <y(z) ae inQ}, so

Uy s < Y,
thus

Uy <Y
(setting 6 = 9, = A, — A > 0 and letting n — +00) and hence

uy < Uy
(letting ¥ \, 0). Finally we get

uy = uy
Therefore u}, (z) — u}(2) for all z € Q and by Dini’s theorem we have that

uy — uy in C'(Q2). Then using the regularity theory, as before, we infer that
uy — uy  in Cy(9),
so the map A — w3} is continuous (%, +00) into Cj(9). O

Remark 4.9. It is an interesting open question whether we can have a similar
continuity result for the nonlinear problem (Py). Evidently the above proof does
not work in the case of the p-Laplacian. Another interesting open question
is whether such a continuity result is possible for the superdiffusive logistic
equation. Recall that such equations do not have unique solution and exhibit
bifurcation phenomena (see Dong [5] and Gasinski-Papageorgiou [9]).
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5. Nodal solutions

In this section we produce a nodal (sign changing) solution for problem (Py). To
do this, we need to impose asymptotic conditions also on the negative semiaxis
(—00,0] and to restrict further the range of the parameter A > 0.

The new hypotheses on the reaction f are the following.

H7 f: QxR — R is a Carathéodory function such that f(z,0) = 0 for almost
all z € (2 and

(i) 1f(z,0] < a(z)(1+¢"1) for almost all z € Q, all ¢ € R with a € L>®(Q),,

with p <r < p*;

(ii) limsupe 4o | CI(” ) <0 uniformly for almost all z € €;

9]

(iii) liminf- g | C\(P se 2 10 > 0 uniformly for almost all z € Q.

In what follows, for any functional ¢ € C'(W,"(Q)), by K, we denote its
critical set, i.e., K, = {u € WyP(Q): ¢'(u) = O}.

Proposition 5.1. If hypotheses H; hold and X > , then problem (Py) admits
a nodal solution yy € C}(Q).

Proof. Since the hypotheses on f(z,-) are now valid on all of R, in addition
to the smallest positive solution u} € intCy of (P,), in a similar way we
can produce the biggest negative solution v € —int Cy of (Py). Using these
extremal constant sign solutions, we introduce the following truncation of the
reaction f(z,-):

f(z,03(2) if ¢ <w3(2),
9(z,¢) =1 f(2,0) if v3(2) < ¢ < uj(2), (47)
flzus(z)) ifui(z) <(¢

This is a Carathéodory function. We set

¢
G(z,()—/o g(z,s)ds.

Also, we consider the positive and negative truncations of g(z,-), namely the
Carathéodory functions

gi(Z;C) = g(Z7Z|:Ci>'
We set

¢
Gi(Z7C)—/O g+(z,s) ds.
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Then we introduce the C-functionals 1y, ¥5 : WyP(Q) — R defined by
1
) = |Vl - A/ Gz u(z)) d= Yu € WEP(Q),
Q
1
wi[(u) = Z_?HVUHZ — )\/ Gi(z,u(z))dz Yue Wol’p(Q).
Q

Reasoning as in the proof of Proposition 2.4, we can show that

Kd’ g [’U;,Ui], Kq/);\' g [O,U;], Kw; g [U;,O]

A

The extremality of v} € int C and v} € —int Cy implies that

Ky

A

< [vy, u3l, ij ={0,u3}, K¢; = {v3, 0} (48)
Claim. v} € intCy and vy € —int Oy are local minimizers of the functional

V-

From (47) it is clear that the functional ¥ is coercive. Also, it is sequentially
weakly lower semicontinuous. So, we can find %} € W,"(Q) such that

o (@) = inf Y (u). (49)
weWy P (Q)

As in the proof of Proposition 2.2, using hypothesis Hr(iii) and since u} €
int Cy, vy € —int C;, we show that

Yy (13) < 0=y (0),
hence u} # 0. From (48) and (49), we have
uy = uy € intC.

Since 1y | o, = ¥y ¢, it follows that v is a local C(2)-minimizer of .

Then Theorem 1 of Garcia Azorero-Manfredi-Peral Alonso [8] implies that u}
is a local WP (€)-minimizer of 1. Similarly for vy € —int C';, using this time
the functionals ¢, . This proves the Claim.

We may assume that ¢, (v}y) < ¢n(u}) (the analysis is similar if the opposite
inequality holds). We assume that Ky, is finite (or otherwise we already have
infinity of distinct nodal solutions; see (48)). By virtue of the Claim we can
find o € (0, 1) small such that

UA(03) < a(u) < imf{ya(u) « lu—uilli, =0} =1, (50)

(see Gasinski-Papageorgiou [10]). From (47) it is clear that 1, is coercive and
so it satisfies the Palais-Smale condition. This fact together with (50) permit
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the use of the mountain pass theorem (see e.g., Gasinski-Papageorgiou [11, p.
648]). So, we can find yy € W, ?(Q) such that

yr € Ky, and 772‘ < Ua(yn)- (51)

From (48), (50) and (51) it follows that

Yx € [U;k\?u;]? Yx ¢ {U:kvu:}

Therefore y, is a solution of (Py) (see (47)) and the nonlinear regularity theory
implies that y, € CL(Q) (see Gasiniski-Papageorgiou [11]). If we show the
nontriviality of y, then by virtue of the extremality of v} and u}, we will have
that y5 € C}(Q) is the desired nodal solution.

The mountain pass theorem says that

Ya(ya) = inf max P (y(t)), (52)

~eT 0<t<1

where I' = {y € C([0,1]; W, *(Q)) : ~(0) = v}, ¥(1) = ui} (see Gasiniski-
Papageorgiou [11]). Then according to (52), in order to show the nontriviality
of y,, it suffices to produce a path v, € I' such that 2/1,\|7 < 0. To this end, let
M = WyP(Q)NoBL,
where
OB ={ue LP(Q): |ull, =1} and Mg =M NCH(S).
Evidently M is dense in M. Also, we introduce the following sets of paths:
I'={3eC(-1,1M): 3(-1) =, F(1) =11 },
Lo = {7 €C(-11: M) : (1) = —a, 3(1) =}

Then I'¢ is dense in I'. From Cuesta-de Figueiredo-Gossez [3] we know that

X = inf max [|[VA(t)|2.

b —1<t<1

Exploiting the density of fo in f, for a given g > 0, we can find 7, € fo such
that R

max VROl < % + o (53)
By virtue of hypothesis H~(iii), for a given ¢ > 0, we can find 6 = d(g) > 0
such that

F(2,0) 2 27 1l forae. 2 €9, all |¢] <. (54)
p
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Since u} € int Cy, vi € —int Oy and Ap([—1,1]) C CL() is compact, we can
find 7 € (0,1) small such that

™(t) € [}, uy] Vte[—1,1]. (55)

Then we have

Ua(73(1)) = T;fuwwuz i\ / (2, m0(t)) d

L

~ TP
< )\2 + (50) — —>\(770 — 6)
p p

TP/~
= ? ()\2 + (50 + e — )\7]0) (56)

(see (47), (55), (53), (54) and recall that ||Y(t)||, = 1 for all ¢t € [—1,1]). Since
by hypothesis A > %, choosing ¢, 0y > 0 small, from (56) we have
a(Th(t)) <0 Vte[-1,1].

We set 79 = 799. Then g is a path in I/VO1 P(Q) connecting —7u; and 7u; and
such that
V|

Let ()0 = {u € WyP(Q) : o) (u) < 0}. From the second deformation the-
orem (see e.g., Gasinski-Papageorgiou [11, p. 628]), we can find a deformation
he [0,1] x ((¢3)°\ {0}) — (¢y)° such that

h(07 ) = id‘(wi)O\{o}v h(lvwi \ {0}> = {u§}7 (58)
U (Rt w) < ¢X(u) VEe01], ue () \ {0} (59)

(see (48)). Let ~v4(t) = h(t,7uy)™. Then 7, is a continuous path in W, = {u €
WyP() : u(z) >0 ae. in Q} such that

. <0. (57)

~

Y4(0) = Ty, Y+ (1) = uj, w,ﬂ% <0

(see (57), (58), (59)). But note that wﬂWJr = w/\‘vm' Hence

Uy . <O (60)

i

In a similar fashion we produce v_ a path in W, ?(Q) connecting —71; and v}
and such that

N
We concatenate v_, yg, 7+ and produce v, € I' such that

Qﬁ)\|’y* <0

<. (61)

v

(see (57), (60), (61)), so yx # 0 and thus yy € CL(Q) is nodal. O
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Remark 5.2. It will be interesting to extend the result of the paper to equa-
tions with a reaction of the form f(z,z,A) with A — f(z,z, \) increasing.
We believe that this is possible under suitable conditions on the dependence of
f(z,z,-) on A.
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