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1. Introduction

In the study of non-smooth continuous functions f : X → R
1 at a local mini-

mum at some point x0 ∈ X the necessary extremum condition takes the form
of inclusion 0 ∈ ∂Cf(x0), where ∂Cf(x0) is the Clarke subdifferential ([3, 4]).
In more complicated problems of mathematical control theory sometimes it is
necessary to calculate subdifferentials of Clarke’s type [6]. However, the calcu-
lation of these subdifferentials for non-smooth and non-convex function is not a
very simple task. In this paper we obtain fairly simple formulas for calculation
of various directional derivatives, and consequently subdifferentials, including
Clarke subdifferential for nonsmooth functions which can be represented as the
difference of two locally Lipschitz continuous convex functions.

Note that the differential calculus for functions, which include the class of
functions under study, were created by V. F. Demyanov and A. M. Rubinov
[5]. They introduced the concept of the quasidifferential of the function, which
can be represented as a pair of convex compact sets, the first of which is the
subdifferential (in the sense of convex analysis) of the first convex function,
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and the second is the hypodifferential of the second concave function. For more
detailed information about the quasidifferential calculus see [5]. However, we
need to calculate Clarke subdifferential for the difference of convex functions.

Note also that the brightest representative of the study in this paper class of
functions is the class of weakly convex functions, that is the class of functions
which can be represented in the following form f(x) = f1(x)−α‖x‖2, where the
deductible function is the norm in the second degree with a coefficient α > 0.
The subdifferentials of such functions can be easily calculated. For the given
class of weakly convex functions computation of subdifferentials and directional
epiderivatives reduces to calculation of the subdifferential and classical direc-
tional derivative of the first function (see, for example, [10], Appendix. Weakly
and strongly convex function).

2. Set-valued maps

Let us recall some definitions of the tangent cones and derivatives of set-valued
maps, based on which it will be convenient to define and explore various sub-
differentials of non-convex functions.

Let X, Y be real Banach spaces. We denote by Br(x0) the open ball of the
radius r > 0 with the centre x0 in the space X. We denote by A the closure of
the subset A ⊂ X. Recall the notion of Minkowski sum of two sets A,B and
the multiplication of a set A by a number λ.

A+B
.
= {c ∈ X | c = a+ b, a ∈ A, b ∈ B},
λA

.
= {c ∈ X | c = λa, a ∈ A}.

The Minkowski difference of two sets A,B from the space X is the following
set

A ∗ B
.
= {x ∈ X | x+B ⊂ A}.

The distance function from the point x ∈ X to the subset A ⊂ X is given by
the formula ̺(x,A)

.
= inf{‖x − a‖ | a ∈ A}. We denote by P(Y ) (F(Y ) ) the

set of all nonempty (closed) subsets of Y . For a map F : X → P(Y ) define its
graph as follows graphF

.
= {(x, y) ∈ X×Y | y ∈ F (x)}. Following [5], [10], for

a map F : X → P(Y ) at a point of its graph z0
.
= (x0, y0) ∈ graphF we define

its derivative as the map DF (z0): X → P(Y ), which graph is some tangent
cone to the graph of the given map at the point (x0, y0). There are several types
of tangent cones for non-convex sets. Among them should be emphasized the
upper tangent cone (otherwise referred to as a contingent cone) TU(A; a) (see
[1]), the lower tangent cone (also called: the simple tangent cone) TL(A; a) (see
[10, 11, 9]) and the Clarke tangent cone TC(A; a) (see [3, 4]).

Definition 2.1. The upper tangent cone to the subset A ⊂ X at the point
a ∈ A is the set defined by the following formula

TU(A; a)
.
= {v ∈ X | lim inf

λ↓0
̺(v, λ−1(A− a)) = 0}.
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Definition 2.2. The lower tangent cone to the subset A ⊂ X at the point
a ∈ A is the set defined by

TL(A; a)
.
= {v ∈ X | lim

λ↓0
̺(v, λ−1(A− a)) = 0}.

Definition 2.3. The Clarke tangent cone to the subset A ⊂ X at the point
a ∈ A is the set defined by

TC(A; a)
.
= {v ∈ X | lim

λ↓0, x→a
̺(v, λ−1(A− x)) = 0},

where x tends to a in the set A, that is x ∈ A.

Also we will need some more tangent cones which are defined, for example, in
[10, 7].

Definition 2.4. The asymptotic lower tangent cone to the subset A ⊂ X at
the point a ∈ A is the set defined by

TAL(A; a)
.
= TL(A; a)

∗ TL(A; a).

Similarly, through the Minkowski difference of the upper tangent cone with
itself, the asymptotic upper tangent cone (as some other tangent cones) can be
determined (see, for example, [10]). However, in this paper, these cones will
coincide with one of the above, so we omit them.

We recall some basic properties of these tangent cones. First of all, note that
all of the above tangent cones to the convex sets coincide. For the case of
non-convex sets following statement is true (see [10, 9]).

Proposition 2.5. Cones TC(A; a), TAL(A; a) are convex and closed and the
following inclusions hold

TC(A; a) ⊂ TAL(A; a) ⊂ TL(A; a) ⊂ TU(A; a),

where inclusions can be strict.

Each tangent cone generates a derivative of a set-valued map as follows (see
[10, 7, 2, 8]).

Definition 2.6. The M -derivative (where M ∈ {U,L, C,AL, . . . }) of the map
F : X → P(Y ) at the point z0 ∈ graphF ⊂ Z

.
= X × Y is the map DMF (z0) :

X → F(Y ) defined by the following formula

DMF (z0)(u)
.
= {v ∈ Y | (u, v) ∈ TM(graphF ; z0)}, ∀u ∈ X.

The next statement easily follows from the Proposition 2.5 (see [10, 9]).

Proposition 2.7. For M-derivatives of the map F : X → P(Y ) at the point
of its graph z0 ∈ graphF ⊂ Z

.
= X × Y the following inclusions hold

DCF (z0)(u) ⊂ DALF (z0)(u) ⊂ DLF (z0)(u) ⊂ DUF (z0)(u),

where inclusions can be strict.
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3. Concepts of epiderivatives and subdifferentials of function

For a function f : X → R1 denote by dom f
.
= {x ∈ X | f(x) 6= ±∞} and

epi f
.
= {(x, α) ∈ X × R | α > f(x), x ∈ dom f} its domain and epigraph

respectively.

Based on the above definition of M -derivative for a set-valued map F (x)
.
=

{α ∈ R
1 | α > f(x)} (where x ∈ dom f) at any point (x0, f(x0)) we obtain the

following definitions of epiderivatives (see [10]).

Definition 3.1. The M -epiderivative (where M ∈ {U , L, C, AL, . . . } ) of a
function f : X → R1 at the point x0 ∈ dom f in the direction u ∈ X is defined
as follows

D+
Mf(x0)(u)

.
= inf{α ∈ R

1 | (u, α) ∈ TM(epi f ; (x0, f(x0)))}.
Proposition 3.2 ([10, 8]). Let the function f : X → R

1 be Lipschitz contin-
uous in the neighborhood of the point x0. Then for all u ∈ X the following
formulas are true:

D+
Uf(x0)(u) = lim inf

λ↓0
λ−1(f(x0 + λu)− f(x0)), (1)

D+
Lf(x0)(u) = lim sup

λ↓0
λ−1(f(x0 + λu)− f(x0)), (2)

D+
Cf(x0)(u) = lim sup

λ,x:
λ↓0,x→x0

λ−1(f(x+ λu)− f(x)), (3)

D+
ALf(x0)(u) = sup

w∈X
(D+

Lf(x0)(u+ w)−D+
Lf(x0)(w)). (4)

Often formulas (1)–(4) are considered as definitions of the corresponding deriva-
tives.

Additionally there is another well-known (see [13]) epiderivative of P. Michel
and J.-P. Penot.

Definition 3.3. The MP -epiderivative of a Lipschitz continuous function f :
X → R1 at the point x0 ∈ dom f in the direction u ∈ X is defined by the
formula

D+
MPf(x0)(u)

.
= sup

w∈X
{lim sup

λ↓0
(λ−1(f(x0 + λ(u+ w))− f(x0 + λw)))}. (5)

The following statement is easily follows from Proposition 3.2 and Definition 3.3
(see [10, 8]).

Proposition 3.4. For a Lipschitz continuous function the following inequali-
ties hold

+∞ > D+
Cf(x0)(u) > D+

MPf(x0)(u) > D+
ALf(x0)(u) > −∞,

where inequalities can be strict.
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Definition 3.5 ([10]). The M - subdifferential of a function f : X → R1 at
the point x0 ∈ dom f (for any M ∈ {C,MP,AL}) is the subset of the dual
space X∗ defined by the formula

∂+
Mf(x0)

.
= {p ∈ X∗ | 〈p, x〉 6 D+

Mf(x0)(x) ∀x ∈ X}

The following statement obviously follows from Proposition 3.4 and Defini-
tion 3.5 (see [10, 8]).

Corollary 3.6. For a Lipschitz continuous function the following inclusions
hold

∂+
Cf(x0) ⊃ ∂+

MPf(x0) ⊃ ∂+
ALf(x0),

where inclusions can be strict.

Proposition 3.7 ([8]). Let f : X → R
1 be a Lipschitz continuous function

in the neighborhood Br(x0) with a Lipschitz constant l > 0. Then, for any
M ∈ {C, MP,AL}, the function u → D+

Mf(x0)(u) is positively homogeneous,
convex and finite for all u ∈ X and it also is Lipschitz continuous on the space
X with a Lipschitz constant l > 0.

As usual, the classical directional derivative of a function f at the point x0 in
the direction u ∈ X is defined by the following expression

f ′(x0, u) = lim
λ↓0

λ−1(f(x0 + λu)− f(x0)).

For a convex function f : X → R
1, its subdifferential (in the sense of convex

analysis) at the point x0 is the following set

∂f(x0)
.
= {p ∈ X∗ | f(x)− f(x0) > 〈p, x− x0〉 ∀x ∈ X}.

Note that if f : Br(x0) → R
1 is a convex and continuous function, then its

epigraph is a convex closed subset and all defined above tangent cones to the
epigraph are convex and they coincide. Therefore the Clarke subdifferential
of the function at the point x0 coincides with the subdifferential in the sense
of convex analysis, and its Clarke epiderivative D+

Cf(x0)(·) coincides with the
classical directional derivative f ′(x0, ·) (see, for example, [4]).

4. The class of functions representable as a difference of two convex
functions

Lemma 4.1. Let f : X → R
1 be a locally Lipschitz continuous at the point

x0 ∈ dom f function. Suppose that for all vectors u ∈ X there exist finite
classical directional derivatives at the point x0, that is

f ′(x0, u) = D+
L f(x0)(u) = D+

U f(x0)(u), ∀u ∈ X.
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Then the epiderivatives D+
M f(x0)(u) for M ∈ {MP,AL} coincide for all u ∈

X, and the following formula holds

D+
Mf(x0)(u) = sup

w∈X
(f ′(x0, u+ w)− f ′(x0, w)). (6)

Proof. By Proposition 3.2 and conditions of the lemma we obtain

D+
ALf(x0)(u) = sup

w∈X
(f ′(x0, u+ w)− f ′(x0, w)), ∀u ∈ X.

Using the properties of limit we have

f ′(x0, u+ w)− f ′(x0, w) = lim
λ↓0

λ−1(f(x0 + λ(u+ w))− f(x0))

− lim
λ↓0

λ−1(f(x0 + λw)− f(x0))

= lim
λ↓0

λ−1(f(x0 + λ(u+ w))− f(x0 + λw)).

Calculating supremum over w ∈ X in the last equality, by definition of theMP -
epiderivative (5) we obtain the following equalityD+

ALf(x0)(u) = D+
MPf(x0)(u).

Theorem 4.2. Let f : Br(x0) → R
1 be a function such that there exist two

continuous convex functions f1, f2 : Br(x0) → R
1 that f(x) = f1(x)− f2(x) for

all x ∈ Br(x0) and for which, for some u ∈ X, one of the functions fk, k ∈ 1, 2,
satisfies the following condition f ′

k(x0, u) + f ′
k(x0,−u) = 0 (for example this

function is Gateaux differentiable at the point x0). Then, for such u ∈ X and
for any M ∈ {C,MP,AL}, the epiderivatives D+

M f(x0)(u) coincide and the
following formula is true

D+
Mf(x0)(u) = f ′

1(x0, u) + f ′
2(x0,−u). (7)

Proof. From the properties of convex function it follows that functions f1, f2
have finite classical directional derivatives and for all u ∈ X equalities hold
f ′(x0, u) = f ′

1(x0, u) − f ′
2(x0, u). By Lemma 4.1 for all M ∈ {AL,MP} the

following formula holds

D+
Mf(x0)(u) = sup

w∈X
(f ′

1(x0, u+ w)− f ′
2(x0, u+ w)− f ′

1(x0, w) + f ′
2(x0, w)).

By the convexity and positive homogeneity of functions f ′
k(x0, ·), k ∈ 1, 2, we

obtain two inequalities

f ′
1(x0, u+ w) 6 f ′

1(x0, u) + f ′
1(x0, w), (8)

f ′
2(x0, w) 6 f ′

2(x0, u+ w) + f ′
2(x0,−u), (9)
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from the last inequalities we have

D+
ALf(x0)(u) 6 f ′

1(x0, u) + f ′
2(x0,−u).

To show the last inequality is an equality, it is enough that for some w two
inequalities (8)–(9) become equalities. If condition f ′

1(x0, u) + f ′
1(x0,−u) = 0

holds we choose w = −u, and if condition f ′
2(x0, u) + f ′

2(x0,−u) = 0 holds we
choose w = 0.

Let us show that in this case Clarke epiderivative and Michel-Penot epideriva-
tive coincide. From the definition of Clarke epiderivative we obtain that

D+
Cf(x0)(u) = lim sup

λ↓0, x→x0

(λ−1(f1(x+ λu)− f1(x)− f2(x+ λu) + f2(x)))

6 lim sup
λ↓0, x→x0

(

λ−1(f1(x+ λu)− f1(x))
)

+ lim sup
λ↓0, x→x0

(

λ−1(f2(x)− f2(x+ λu))
)

.

By the properties of Clarke epiderivative for a Lipschitz continuous convex func-
tion the following equality holds D+

Cf1(x0)(u) = f ′
1(x0, u). Similarly, making a

replacement y = x+ λu, we obtain

lim sup
λ↓0, x→x0

λ−1(f2(x)− f2(x+ λu))

= lim
δ↓0

sup
‖x−x0‖<δ

sup
λ∈(0,δ)

λ−1(f2(x)− f2(x+ λu))

= lim
δ↓0

sup
‖y−x0‖<δ(1+‖u‖)

sup
λ∈(0,δ)

λ−1(f2(y − λu)− f2(y))

= D+
Cf2(x0)(−u) = f ′

2(x0,−u).

Finally we have the inequality

D+
Cf(x0)(u) 6 f ′

1(x0, u) + f ′
2(x0,−u) = D+

ALf(x0)(u),

which together with the opposite inequality, that always holds (see Proposi-
tion 3.4), gives the required equality.

Here is one more criterion for coincidence of all epiderivatives of a function
which can be represented as a difference of two convex functions.

Recall that a function f : X → R
1 is called positively homogeneous, if for any

x ∈ X and any number λ > 0 the equality holds f(λx) = λf(x). Obviously
such a function has classical directional derivative at zero and the following
formula is true

f ′(0, u) = f(u), ∀u ∈ X. (10)
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Theorem 4.3. Let f : X → R
1 be a Lipschitz continuous and positively ho-

mogeneous (not necessarily convex) function. Then, for all M ∈ {C,MP,AL},
the epiderivatives D+

M f(0)(u) coincide and next formula holds true

D+
Mf(0)(u) = sup

w∈X
(f(u+ w)− f(w)), ∀u ∈ X. (11)

Proof. By the definition of Clarke derivative, from the positive homogeneity
of the function f and equalities (3), (10) and (6) we obtain that

D+
Cf(0)(u)

= lim
δ↓0

sup
λ∈(0,δ)

sup
‖x‖6δ

λ−1(f(x+ λu)− f(x))

= lim
δ↓0

sup
λ∈(0,δ)

sup
‖w‖6δ/λ

(f(u+ w)− f(w))

6 sup
w∈X

(f(u+ w)− f(w)) = sup
w∈X

(f ′(0, u+ w)− f ′(0, w)) = D+
ALf(0)(u).

Together with the opposite inequality (see Proposition 3.4) it gives equal-
ity (11).

Corollary 4.4. Let fk : Br(x0) → R
1, k ∈ 1, 2 be convex bounded functions.

Define a function f(x)
.
= f1(x) − f2(x) for x ∈ Br(x0) and functions gk(x)

.
=

fk(x0) + f ′
k(x0, x − x0) and g(x)

.
= g1(x) − g2(x) for x ∈ X. Then all M-

epiderivatives (where M ∈ {C,MP,AL}) of the function g at the point x0

coincide, and the formula holds

D+
Mg(x0)(u) = sup

w∈X
(f ′(x0, u+ w)− f ′(x0, w)), ∀u ∈ X.

Proof. The corollary is obvious by Theorem 4.3, the positive homogeneity
of the function h(x)

.
= g(x0 + x) − f1(x0) + f2(x0), and equality g′(x0, u) =

f ′(x0, u) = h(u) for all u ∈ X.

In the Euclidean space Rn formulas (6) and (11) can be simplified which allow
us to consider various examples of finding epiderivatives of the difference of two
convex functions.

Recall that by Rademacher’s theorem (see [12, Chapter XI, §4]) for any Lips-
chitz continuous function f : Rn → R

1 there exists a measurable Lebesgue full
set Bf ⊂ R

n, where the function f is differentiable. Furthermore as a conse-
quence of Clarke’s theorem about representation of Clarke subdifferential as a
convex hull of limit points of gradients (see [4, Theorem 2.5.1 and Corollary])
we have an equality

D+
Cf(x)(u) = lim sup

y→x, y∈Bf

〈f ′(y), u〉, ∀x, u ∈ R
n. (12)

Based on this equation we obtain
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Theorem 4.5. Let f : Rn → R
1 be a Lipschitz continuous and positively ho-

mogeneous function. Let Bf ⊂ R
n be a measurable Lebesgue full set where the

function f is differentiable. Then, for all M ∈ {C,MP,AL}, the following
formula is true

D+
Mf(0)(u) = sup

z∈Bf

〈f ′(z), u〉, ∀u ∈ R
n. (13)

Proof. By positive homogeneity of the function f it follows that λy ∈ Bf for
all y ∈ Bf and any number λ > 0 (as equality f ′(y) = f ′(λy) holds). That is

Bf ∩ ∂B1(0) = ∂B1(0). By Theorem 4.3, equality (12) and equality (11) we
obtain

D+
Mf(0)(u) = D+

Cf(0)(u) = lim sup
y→0, y∈Bf

〈

f ′
(

y

‖y‖

)

, u

〉

6 sup
z∈∂B1(0)∩Bf

〈f ′(z), u〉 = sup
z∈Bf

〈f ′(z), u〉.

To prove the opposite inequality denote α
.
= supz∈Bf

〈f ′(z), u〉. It is obvious
that α 6 L‖u‖ (where L is a lipschitz constant for the function f) and by
definition of supremum there exists such a sequence {xk} ⊂ ∂B1(0) ∩ Bf that
limk→∞〈f ′(xk), u〉 = α. For a sequence yk

.
= xk

k
, which converges to zero, we

have limyk→0〈f ′(yk), u〉 = α, that is D+
Cf(0)(u) = lim supy→0, y∈Bf

〈f ′(y), u〉 >

α.

5. Semiregular functions

This section continues the investigation of directional epiderivatives and subd-
ifferentials of functions defined on a Banach spaceX. For a continuous function
f : Br(x0) → R

1, which has finite directional derivatives at the point x0 ∈ X,
we define functions g and ϕ by formulas

g(x)
.
= f(x0) + f ′(x0, x− x0), ϕ(x)

.
= f(x)− g(x), (14)

that is the function f in the neighborhood Br(x0) of the point x0 is represented
as a sum of its quasilinear part g and a remainder ϕ. It is obvious that the
functions g and ϕ at the point x0 have classical directional derivatives, and
besides

g′(x0, u) = f ′(x0, u), ϕ′(x0, u) = 0 ∀u ∈ X.

hence by Proposition 3.4, Lemma 4.1 and Theorem 4.3 for all u ∈ X the
following inequlities hold

D+
Cf(x0)(u) > D+

ALf(x0)(u) = D+
ALg(x0)(u) = D+

Cg(x0)(u) > f ′(x0, u),

D+
MPϕ(x0)(u) = 0,

from which, in particular, the inequality follows 0 6 D+
Cϕ(x0)(u) for all u ∈ X,

which is equivalent to the inclusion 0 ∈ ∂+
Cϕ(x0).
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Definition 5.1. Let X be a real Banach space. A continuous function f :
Br(x0) → R

1 is called semiregular at the point x0 ∈ X, if it has finite directional
derivatives along any vector at the point x0, corresponding function ϕ defined
by (14) is Lipschitz continuous in some neighborhood of the point x0 and the
equality is true ∂+

Cϕ(x0) = {0}, that is D+
Cϕ(x0)(u) = 0 for all u ∈ X.

Here are some classes of semiregular functions.

Any positively homogeneous Lipschitz continuous function is semiregular at
the point 0 ∈ X, as ϕ(u) = 0.

A function which has finite directional derivatives along any vector at the point
x0, and for which corresponding function ϕ from (14) is convex and bounded
in some neighborhood of the point x0, is semiregular.

A convex function f is semiregular at the point x0, if the equalities holds
f ′(x0, u)+f ′(x0,−u) = 0 for all u ∈ X, since in this case we have an estimation

0 6 D+
Cϕ(x0)(u) 6 D+

Cf(x0)(u) +D+
C (−g)(x0)(u)

= f ′(x0, u) + g′(x0,−u) = f ′(x0, u) + f ′(x0,−u) = 0.

In particular, every convex Gateaux differentiable at the point x0 function f is
semiregular at this point.

At the same time non-convex differentiable function can be not semiregular.
For example, function f : R1 → R

1 of the form f(x) = x2 sin 1
x
for x 6= 0 and

f(0) = 0 is differentiable, but it is not semiregular at zero. Here f ′(0, u) = 0,
ϕ(x) = f(x) and D+

Cϕ(0)(u) = |u| for all u ∈ R
1.

For non-convex function f : X → R
1 to be semiregular at the point x0 it

is sufficient that it is strictly differentiable at the point x0 ∈ X. Let us
show it. From the strict differentiability of the function f : X → R

1 at
the point x0 it follows that f is Lipschitz continuous in some neighborhood
of the point x0 and there exists such ζ ∈ X∗ that D+

Cf(x0)(u) = 〈ζ, u〉 for
all u ∈ X (see [4, Proposition 2.2.1]). The last equality implies that the
corresponding function ϕ from (14) is Lipschitz continuous in some neighbor-
hood of the point x0 (as a difference of two Lipschitz continuous functions),
and D+

Cϕ(x0)(u) = 0 for all u ∈ X. Indeed, since f is strictly differentiable
then by Corollary 1 to Proposition 2.3.3 from [4] the following equality holds
D+

Cϕ(x0)(u) = D+
Cf(x0)(u) +D+

C (−g)(x0)(u) = 〈ζ, u〉+ 〈−ζ, u〉 = 0.

Further in Example 6.3 we show that not every Lipschitz continuous function,
which is regular by Clarke at some point, is semiregular at this point.

The following theorem is a generalization of Theorem 4.2 and Theorem 4.3.

Theorem 5.2. Let a function f : X → R
1 be a difference of two convex

semiregular at the point x0 functions f1 and f2, that is f = f1 − f2. Then
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all epiderivatives coincide, that is ∀M ∈ {C,MP,AL}

D+
Mf(x0)(u) = sup

w∈X
(f ′(x0, u+ w)− f ′(x0, w)), ∀u ∈ X,

which is equivalent to coincidence of all subdifferentials ∂+
Cf(x0) = ... =

∂+
ALf(x0).

Proof. For any function fk we define functions gk and ϕk by formulas (14).
Also we define functions g

.
= g1 − g2 and ϕ

.
= ϕ1 − ϕ2. Then the following

equality holds true f = g + ϕ, besides f ′(x0, u) = g′(x0, u) and ϕ′(x0, u) = 0
for all u ∈ X. By Corollary 4.4 for all u ∈ X the expressions D+

ALg(x0)(u) =
D+

ALf(x0)(u) andD+
ALϕ(x0)(u) = 0 6 D+

Cϕ(x0)(u) hold true. By the properties
of Clarke derivative for the function ϕ = ϕ1 + (−ϕ2) and by semiregularity of
functions f1 and f2 we obtain

D+
Cϕ(x0)(u) 6 D+

Cϕ1(x0)(u) +D+
C (−ϕ2)(x0)(u)

= D+
Cϕ1(x0)(u) +D+

Cϕ2(x0)(−u) = 0,

that is D+
Cϕ(x0)(u) = 0 for all u ∈ X. Hence by the properties of Clarke

derivative for a sum of functions we obtain

D+
Cf(x0)(u) 6 D+

Cg(x0)(u) +D+
Cϕ(x0)(u)

= D+
ALg(x0)(u) + 0 = D+

ALf(x0)(u) 6 D+
Cf(x0)(u),

which together with Lemma 4.1, applied to the function f , completes the proof.

Note that Theorem 5.2 is a consequence of the following theorem.

Theorem 5.3. Let f : Br(x0) → R
1 be a semiregular at the point x0 function.

Then all epiderivatives coincide, that is ∀M ∈ {C,MP,AL}

D+
Mf(x0)(u) = sup

w∈X
(f ′(x0, u+ w)− f ′(x0, w)), ∀u ∈ X,

which is equivalent to coincidence of all subdifferentials ∂+
Cf(x0) = ∂+

MPf(x0) =
∂+
ALf(x0).

Proof. For the function f : Br(x0) → R
1 by the definition 9 we define functions

g and ϕ by formulas (14). By [4, Proposition 2.2.4] the function ϕ is strictly
differentiable at the point x0. By the Corollary 1 to Proposition 2.3.3 from [4]
the following equality holds

D+
Cf(x0)(u) = D+

Cg(x0)(u) +D+
Cϕ(x0)(u) = D+

Cg(x0)(u), ∀u ∈ X.

By Theorem 4.3 we have D+
Cg(x0)(u) = D+

ALg(x0)(u). In turn, since g′(x0, u) =
f ′(x0, u), then D+

Mg(x0)(u) = D+
Mf(x0)(u) for any M ∈ {MP,AL}, which

implies the required equality.
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Figure 6.1: Graph of the function f(x) in Example 6.1.

6. Examples of the calculation of subdifferentials

Example 6.1. Let a function f : R2 → R
1 be defined by the formula

f(x1, x2) =
√

x2
1 + x2

2 −
√

(ax1)2 + (bx2)2,

where numbers a, b are such that 0 < a 6 1, b > 1, a 6= b. Our purpose is
to find directional epiderivatives and subdifferentials of the function f at the
point 0.

This function is positively homogeneous and non-convex. To calculate direc-
tional epiderivatives we will use formula (13), for which we calculate the gra-
dient f ′(x) of the function f at the point x 6= 0. We obtain that f ′(x) =
(f ′

1(x), f
′
2(x)), where

f ′
1(x1, x2) = − x1

√

x2
1 + x2

2

+
a2x1

√

(ax1)2 + (bx2)2
,

f ′
2(x1, x2) = − x2

√

x2
1 + x2

2

+
b2x2

√

(ax1)2 + (bx2)2
.

From positive homogeneity of functions f ′
k(x1, x2) and by formula (13) we get

D+
Mf(0)(u) = sup

z∈R1
+

(ϕ1(z)|u1|+ ϕ2(z)|u2|),

where ϕk(z)
.
= |f ′

k(1,
√
z)|, and z

.
= (x2

x1
)2. To calculate the supremum we find

extreme points of functions ϕ1(z) and ϕ2(z). The equality

ϕ′
1(z) = − 1

(
√
1 + z)3

+
a2b2

(
√
a2 + b2z)3

= 0
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Figure 6.2: Graph of the derivative D+
Mf(0)(u) in Example 6.1.

holds at the unique point z0 =
(ab)

4
3−a2

b2−(ab)
4
3

. Similarly we obtain that the equality

ϕ′
2(z) = 0 holds at the same point z0. Finally we get D+

Mf(0)(u) = ϕ1(z0)|u1|+
ϕ2(z0)|u2|, that is

D+
Mf(0)(u) = c|u1|+ d|u2|, where c =

(b
2

3 − a
4

3 )
3

2

(b2 − a2)
1

2

, d =
(b

4

3 − a
2

3 )
3

2

(b2 − a2)
1

2

.

Hence by definition of subdifferentials we obtain that the M -subdifferential of
the function f at zero is a quadrangle of the following form

∂+
Mf(0) = co{(c, d); (−c, d); (c,−d); (−c,−d)} ∀M ∈ {C,MP,AL}.

Example 6.2. Let a function f : R2 → R
1 be defined by the formula

f(x1, x2) = 6 ·max{|x1|; |x2|} − 5 ·
√

x2
1 + x2

2.

Our goal is to find directional epiderivatives and subdifferentials of the function
f at the point 0.

This function is also positively homogeneous and non-convex. To calculate
directional epiderivatives we will use formula (13). Let us calculate the gradient
of the function f at the points where it exists, that is for x

.
= (x1, x2) 6= 0 and

|x1| 6= |x2|. We obtain that

f ′(x1, x2) =

(

6 sign{x1} −
5x1

√

x2
1 + x2

2

;
−5x2

√

x2
1 + x2

2

)

, for |x1| > |x2|,

f ′(x1, x2) =

(

−5x1
√

x2
1 + x2

2

; 6 sign{x2} −
5x2

√

x2
1 + x2

2

)

, for |x1| < |x2|.
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Figure 6.3: Graph of the function f(x) in Example 6.2.

Let z
.
= |x2|

|x1| . By formula (13) and the fact that the function f is even we obtain
that for all u 6= 0

D+
Mf(0)(u) = max

(

sup
0<z<1

h1(z); sup
1<z<+∞

h2(z)

)

, (15)

where

h1(z)
.
=

(

6− 5√
1 + z2

)

|u1|+
5z√
1 + z2

|u2|, for 0 6 z 6 1,

h2(z)
.
=

5√
1 + z2

|u1|+
(

6− 5z√
1 + z2

)

|u2|, for z > 1.

It is easy to see that h′
1(z) > 0 and h′

2(z) < 0 for all admissible z, from which
we obtain that

sup
0<z<1

h1(z) = h1(1) =

(

6− 5√
2

)

|u1|+
5√
2
|u2|,

sup
z>1

h2(z) = h2(1) =
5√
2
|u1|+

(

6− 5√
2

)

|u2|.

Let us define numbers a
.
= 6− 5√

2
and b

.
= 5√

2
. Since h1(1) > h2(1) if and only

if |u1| 6 |u2|, from the last formulas and formula (15) we get

D+
Mf(0)(u) = a ·min(|u1|; |u2|) + b ·max(|u1|; |u2|).
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Figure 6.4: Graph of the derivative D+
Mf(0)(u) in Example 6.2.

Hence by definition of subdifferentials we obtain that for all M ∈ {C,MP,AL}
subdifferential of the function f at zero is an octagon of the following type

∂+
Mf(0)

= co{(a, b); (a,−b); (−a, b); (−a,−b); (b, a); (b,−a); (−b, a); (−b,−a)}.

Let us consider the example constructed by G. M. Ivanov which shows that
even in the case of two-dimensional space X = R

2 there exist convex bounded
functions which are not semiregular at some points.

Example 6.3. Let a function f : P → R
1 be defined on the set P

.
= {x =

(x1, x2) ∈ R
2 | |x2| 6 1} by the following formula

f(x1, x2)
.
= max{|x1| −

√

1− x2
2; 0}.

The function is convex as a maximum of two convex functions.

Let x0
.
= (1, 0). Let us consider the function ϕ : P → R

1, defined by for-
mula (14), that is

ϕ(x)
.
= f(x)− f(x0)− f ′(x0, x− x0).

Let v
.
= (1, 0). By construction it is obvious, that ϕ ′(x0, v) = 0, that is

D+
MPϕ(x0)(v) = 0. We will show that the Clarke epiderivative of the function

ϕ at the point x0 in the direction v is not zero, which implies that consid-
ered function f is not semiregular at the point x0. Calculating the Clarke
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Figure 6.5: Graph of the function f(x) in Example 6.3.

epiderivative we obtain

D+
Cϕ(x0)(v) = lim sup

y→x0, t↓0

(

ϕ(y + tv)− ϕ(y)

t

)

= lim sup
y→x0, t↓0

(

f(y + tv)− f(y)

t
− f ′(x0, y + tv − x0)− f ′(x0, y − x0)

t

)

. (16)

Note that f(x) = 0 for all x ∈ B1(0). That is why for all u such that 〈x0, u−
x0〉 < 0 the following equality holds f ′(x0, u − x0) = 0. Define the sequence
{yk} as follows

yk
.
=



1− 1

2k2
,

√

1−
(

1− 1

2k2

)2


 .

It is obvious that ‖yk‖ = 1 and ‖yk − x0‖ = 1
k
for all k ∈ N. Also it is obvious

that

for all k ∈ N for tk
.
= 1

4k2
the following inequality holds true 〈x0, yk+tkv−x0〉 <

0. Therefore for any k ∈ N we obtain the equalities

f ′(x0, yk + tk v − x0) = 0; f ′(x0, yk − x0) = 0;

f(yk + tk v)− f(yk)

tk
= 1.

From this and formula (16) we get

D+
Cϕ(x0)(v) > lim

k→∞

ϕ(yk + tk v)− ϕ(yk)

tk
= 1 > D+

MPϕ(x0)(v) = 0.
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This proves that the function f is not semiregular at the point x0 = (1, 0).

It is easy to check that the function f is not semiregular at any point on the
unit circle ∂B1(0), excluding the points (0, 1) and (0,−1).

Remark. Example 6.3 shows that the condition of semiregularity in Theo-
rem 5.2 is important. To see that it suffices to consider two convex functions
f1

.
= f and f2(x)

.
= f(x0)+f ′(x0, x−x0) (where f is from Example 6.3). Then

for the function ϕ(x) = f1(x) − f2(x), which is the difference of two convex
functions and one of which is not semiregular, its Clarke epiderivative (subd-
ifferential) at the point x0 does not coincide with Michel-Penot epiderivative
(subdifferential) at this point.

References

[1] J.-P. Aubin: Contingent derivatives of set-valued maps and existence of solutions
to nonlinear inclusions and differential inclusions, Adv. Math. Suppl. Stud. 7A
(1981) 160–272.

[2] J.-P. Aubin, H. Frankovska: Set-Valued Analysis, Birkhäuser, Boston (1990).
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