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1. Introduction

In the study of non-smooth continuous functions f : X — R! at a local mini-
mum at some point xg € X the necessary extremum condition takes the form
of inclusion 0 € J¢ f(xg), where Oc f(z) is the Clarke subdifferential ([3, 4]).
In more complicated problems of mathematical control theory sometimes it is
necessary to calculate subdifferentials of Clarke’s type [6]. However, the calcu-
lation of these subdifferentials for non-smooth and non-convex function is not a
very simple task. In this paper we obtain fairly simple formulas for calculation
of various directional derivatives, and consequently subdifferentials, including
Clarke subdifferential for nonsmooth functions which can be represented as the
difference of two locally Lipschitz continuous convex functions.

Note that the differential calculus for functions, which include the class of
functions under study, were created by V. F. Demyanov and A. M. Rubinov
[5]. They introduced the concept of the quasidifferential of the function, which
can be represented as a pair of convex compact sets, the first of which is the
subdifferential (in the sense of convex analysis) of the first convex function,
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and the second is the hypodifferential of the second concave function. For more
detailed information about the quasidifferential calculus see [5]. However, we
need to calculate Clarke subdifferential for the difference of convex functions.

Note also that the brightest representative of the study in this paper class of
functions is the class of weakly convex functions, that is the class of functions
which can be represented in the following form f(x) = fi(z)—«/||z||?, where the
deductible function is the norm in the second degree with a coefficient a > 0.
The subdifferentials of such functions can be easily calculated. For the given
class of weakly convex functions computation of subdifferentials and directional
epiderivatives reduces to calculation of the subdifferential and classical direc-
tional derivative of the first function (see, for example, [10], Appendix. Weakly
and strongly convex function).

2. Set-valued maps

Let us recall some definitions of the tangent cones and derivatives of set-valued
maps, based on which it will be convenient to define and explore various sub-
differentials of non-convex functions.

Let X,Y be real Banach spaces. We denote by B,(xy) the open ball of the
radius r > 0 with the centre x( in the space X. We denote by A the closure of
the subset A C X. Recall the notion of Minkowski sum of two sets A, B and
the multiplication of a set A by a number .

A+B={ceX|c=a+bac A, be B},
M={ce X |c=MXa,ac A}.

The Minkowski difference of two sets A, B from the space X is the following

set
AB={xe X |z+ B C A}.

The distance function from the point x € X to the subset A C X is given by
the formula o(x, A) = inf{||z — a|| | @ € A}. We denote by P(Y) (F(Y) ) the
set of all nonempty (closed) subsets of Y. For a map F': X — P(Y) define its
graph as follows graph F' = {(z,y) € X xY |y € F(x)}. Following [5], [10], for
amap F: X — P(Y) at a point of its graph zg = (¢, yo) € graph F' we define
its derivative as the map DF'(z): X — P(Y), which graph is some tangent
cone to the graph of the given map at the point (xo, y9). There are several types
of tangent cones for non-convex sets. Among them should be emphasized the
upper tangent cone (otherwise referred to as a contingent cone) Ty(A;a) (see
[1]), the lower tangent cone (also called: the simple tangent cone) Ty (A;a) (see
[10, 11, 9]) and the Clarke tangent cone Te(A;a) (see [3, 4]).

Definition 2.1. The upper tangent cone to the subset A C X at the point
a € A is the set defined by the following formula

Ty(Asa) ={ve X | liI)I\llg)HfQ(U, A YA —a)) =0}.
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Definition 2.2. The lower tangent cone to the subset A C X at the point
a € A is the set defined by

Te(Asa) = fv € X | limo(v, A7H(A —a)) = 0}.
Definition 2.3. The Clarke tangent cone to the subset A C X at the point
a € A is the set defined by
To(Aa) = {v e X | lim olv, A" (A= 1)) = 0}

where x tends to a in the set A, that is x € A.

Also we will need some more tangent cones which are defined, for example, in

[10, 7].
Definition 2.4. The asymptotic lower tangent cone to the subset AC X at
the point a € A is the set defined by

Tar(A;a) =Tr(As;a) = Tr(A;a).
Similarly, through the Minkowski difference of the upper tangent cone with
itself, the asymptotic upper tangent cone (as some other tangent cones) can be

determined (see, for example, [10]). However, in this paper, these cones will
coincide with one of the above, so we omit them.

We recall some basic properties of these tangent cones. First of all, note that
all of the above tangent cones to the convex sets coincide. For the case of
non-convex sets following statement is true (see [10, 9]).

Proposition 2.5. Cones Te(A;a), Tap(A;a) are convex and closed and the
following inclusions hold

To(Asa) C Tar(Asa) C Tr(Asa) C Ty(Asa),

where inclusions can be strict.

Each tangent cone generates a derivative of a set-valued map as follows (see

10, 7, 2, §]).

Definition 2.6. The M-derivative (where M € {U, L, C, AL, ...}) of the map
F: X — P(Y) at the point zg € graph F' C Z = X x Y is the map Dy F(2) :
X — F(Y) defined by the following formula

Dy F(z)(u) ={veY | (u,v) € Th(graph F;29)}, Yue X.

The next statement easily follows from the Proposition 2.5 (see [10, 9]).

Proposition 2.7. For M-derivatives of the map F: X — P(Y) at the point
of its graph zy € graph FF C Z = X X Y the following inclusions hold

DcF(Zo)(U) C DALF(Z())(U) - DLF(Z())(U) C DUF(Z())(U),

where inclusions can be strict.
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3. Concepts of epiderivatives and subdifferentials of function

For a function f: X — R! denote by dom f = {z € X | f(z) # +oo} and
epif = {(z,a) € X xR | a > f(z), z € dom f} its domain and epigraph
respectively.

Based on the above definition of M-derivative for a set-valued map F(z) =
{a eR'|a > f(z)} (where x € dom f) at any point (xg, f(x)) we obtain the
following definitions of epiderivatives (see [10]).

Definition 3.1. The M-epiderivative (where M € {U, L, C, AL,...}) of a
function f: X — R! at the point xg € dom f in the direction u € X is defined
as follows

Dy f(20) (u) = inf{a € R | (u, ) € Tas(epi f: (20, f(20)))}-

Proposition 3.2 ([10, 8]). Let the function f: X — R be Lipschitz contin-
uous in the neighborhood of the point xy. Then for all uw € X the following
formulas are true:

D () () = lsn i X1 (F (o + Xu) — f (o)) 1
D an)(u) = limsup A1 (£ (o -+ ) — F(x0)) @
D f o) ) = linsup X (f (z + Xa) — f(). g
D, f (o)) = lsugjbz;(xoxu +w) = D fa0) (). @

Often formulas (1)—(4) are considered as definitions of the corresponding deriva-
tives.

Additionally there is another well-known (see [13]) epiderivative of P. Michel
and J.-P. Penot.

Definition 3.3. The M P-epiderivative of a Lipschitz continuous function f:
X — R! at the point xy € dom f in the direction u € X is defined by the
formula

Diypf(0)(u) = sup {limsup(A™ (f(zo + Mu + w)) — f(zo + Mw)))}.  (5)

weX AL0

The following statement is easily follows from Proposition 3.2 and Definition 3.3
(see [10, 8]).

Proposition 3.4. For a Lipschitz continuous function the following inequali-
ties hold

+00 = D f(wo)(u) = Dyyp f(w0)(u) = Dy f(wo)(u) > —oo,

where inequalities can be strict.
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Definition 3.5 ([10]). The M- subdifferential of a function f: X — RI at
the point zo € dom f (for any M € {C,MP, AL}) is the subset of the dual
space X* defined by the formula

Ohpf(wo) ={p € X | (p,x) < Dy f(z0)(x) Vo € X}

The following statement obviously follows from Proposition 3.4 and Defini-
tion 3.5 (see [10, 8]).

Corollary 3.6. For a Lipschitz continuous function the following inclusions
hold

I&f(w0) D Oy pflxo) D 4y f (o),

where inclusions can be strict.

Proposition 3.7 ([8]). Let f: X — R be a Lipschitz continuous function
in the neighborhood B,(x¢) with a Lipschitz constant | > 0. Then, for any
M € {C, MP, AL}, the function u — D}, f(xo)(u) is positively homogeneous,
convex and finite for all w € X and it also is Lipschitz continuous on the space
X with a Lipschitz constant | > 0.

As usual, the classical directional derivative of a function f at the point zy in
the direction uv € X is defined by the following expression

fH(wo,u) = lAlfg A f (o + Au) — f(w0))-

For a convex function f : X — R!, its subdifferential (in the sense of convex
analysis) at the point xg is the following set

Of(xo) ={p € X" | f(x) = f(x0) = (p,x — m) V& € X}.

Note that if f : B.(zo) — R! is a convex and continuous function, then its
epigraph is a convex closed subset and all defined above tangent cones to the
epigraph are convex and they coincide. Therefore the Clarke subdifferential
of the function at the point zy coincides with the subdifferential in the sense
of convex analysis, and its Clarke epiderivative D, f(z¢)(+) coincides with the
classical directional derivative f'(xq,-) (see, for example, [4]).

4. The class of functions representable as a difference of two convex
functions

Lemma 4.1. Let f: X — R! be a locally Lipschitz continuous at the point
xg € dom f function. Suppose that for all vectors uw € X there exist finite
classical directional derivatives at the point xo, that is

f'(@o,u) = D} f(zo)(u) = Df f(zo)(u), Yue X.
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Then the epiderivatives D3, f(zo)(u) for M € {MP, AL} coincide for all u €
X, and the following formula holds

Dj1f(wo)(u) = sup (f'(zo, u +w) — f'(z0,w)). (6)

weX
Proof. By Proposition 3.2 and conditions of the lemma we obtain

DXLf(xO)(u) = Slelg(f/(x(]au + 'lU) o f/(xo,UJ)), Vu € X.

Using the properties of limit we have

f(xo,u+w) — f'(wo, w) = 1;?8 AN (f (@0 + AMu+w)) — f(w))

=l A (f (o + Aw) — f (o))

— 1;%1 AN f(mo + AMu +w)) — f(zo + Mw)).

Calculating supremum over w € X in the last equality, by definition of the M P-
epiderivative (5) we obtain the following equality D}, f(zo)(u) = D, pf(x0)(u).
[

Theorem 4.2. Let f: B.(xy) — R! be a function such that there exist two
continuous convex functions fi, fo : B.(zo) — R that f(x) = fi(x) — folx) for
all x € B,.(zo) and for which, for some u € X, one of the functions fi., k € 1,2,
satisfies the following condition fi(xo,u) + fi.(zo, —u) = 0 (for ezample this
function is Gateaux differentiable at the point xy). Then, for such u € X and
for any M € {C, MP, AL}, the epiderivatives Di; f(xo)(u) coincide and the

following formula is true
Dy f(xo)(u) = fi(wo,u) + f3(z0, —w). (7)

Proof. From the properties of convex function it follows that functions fi, fo
have finite classical directional derivatives and for all © € X equalities hold
f(xo,u) = fi(xo,u) — fi(xo,u). By Lemma 4.1 for all M € {AL, M P} the
following formula holds

Dy f(wo)(u) = sg){(f{(xg,u +w) = folwo, u 4+ w) — fi(wo, w) + fo(wo, w)).

By the convexity and positive homogeneity of functions f}(zo,-), k € 1,2, we
obtain two inequalities

fi(mo,u—‘f_w) gf{(x()?u)_’_f{(x()?w)? (8)

fo(o, w) < fo(wo, u+w) + fo(xo, —u), (9)
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from the last inequalities we have
Diipf(wo)(u) < filzo, u) + f3(z0, —u).

To show the last inequality is an equality, it is enough that for some w two
inequalities (8)—(9) become equalities. If condition f](zo,u) + fi(zo, —u) =0
holds we choose w = —u, and if condition f}(xg,u) + f}(xo, —u) = 0 holds we
choose w = 0.

Let us show that in this case Clarke epiderivative and Michel-Penot epideriva-
tive coincide. From the definition of Clarke epiderivative we obtain that

Déf(wo)(u) = limsup (A (fi(w + M) — fi(z) = fa(z + M) + fo(@)))

Al0, z—xo
< limsup (A7 (fi(z + Au) — fi(x)))
A0, z—z0o
+ iilmsup (A (fa(@) = falz + M) .
0,x—x0

By the properties of Clarke epiderivative for a Lipschitz continuous convex func-
tion the following equality holds D, f1(zo)(u) = fi(xo,u). Similarly, making a
replacement y = x + Au, we obtain

limsup A\~ (fo(2) — fo(z + Au))

A0, z—xg

—lim sup  sup A (fa(w) — fole + Au))
010 |l z—z) <6 A€(0,6)

= lim sup sup A (fa(y — M) — fa(y))
L0 |ly—zo <8(1+[ull) A€(0,0)

= D¢ fa(zo)(—u) = fi(xo, —u).

Finally we have the inequality

D¢ f(wo)(u) < fi(ao,u) + f3(z0, —u) = D f (o) (u),

which together with the opposite inequality, that always holds (see Proposi-
tion 3.4), gives the required equality. Il

Here is one more criterion for coincidence of all epiderivatives of a function
which can be represented as a difference of two convex functions.

Recall that a function f : X — R! is called positively homogeneous, if for any
r € X and any number A > 0 the equality holds f(Az) = Af(z). Obviously
such a function has classical directional derivative at zero and the following
formula is true

f(0,u) = f(u), YueX. (10)
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Theorem 4.3. Let f : X — R! be a Lipschitz continuous and positively ho-
mogeneous (not necessarily convez) function. Then, for all M € {C, M P, AL},
the epiderivatives D}, f(0)(u) coincide and next formula holds true

Dy f(0)(u) = sup(f(u+w) = f(w)), VueX. (11)

weX

Proof. By the definition of Clarke derivative, from the positive homogeneity
of the function f and equalities (3), (10) and (6) we obtain that

D¢ f(0)(u)
= lim sup sup A '(f(z + M) — f(2))
210 Ae(0.9) Il <8

= lim sup sup (f(u-+w)— f(w))
210 2e(0.0) [lwl<d/A

< sup(f(u+w) = f(w)) = sup(f(0,u+w) = f/(0,w)) = Dy f(0)(u).

weX weX

Together with the opposite inequality (see Proposition 3.4) it gives equal-
ity (11). m

Corollary 4.4. Let fy : B,(z9) — RY, k € 1,2 be convex bounded functions.
Define a function f(x) = fi(x) — fo(z) for x € B.(xo) and functions gi(x) =
Jr(xo) + filxo,x — x0) and g(x) = gi(x) — g2(x) for x € X. Then all M-
epiderivatives (where M € {C,MP,AL}) of the function g at the point x
coincide, and the formula holds

Dirg(xo)(u) = sgg(f’(xo,u +w) — f(zg,w)), Yue X.

Proof. The corollary is obvious by Theorem 4.3, the positive homogeneity
of the function h(x) = g(xo + x) — fi(zo) + fo(zo), and equality ¢'(zo,u) =
f(xo,u) = h(u) for all u € X. O

In the Euclidean space R" formulas (6) and (11) can be simplified which allow
us to consider various examples of finding epiderivatives of the difference of two
convex functions.

Recall that by Rademacher’s theorem (see [12, Chapter XI, §4]) for any Lips-
chitz continuous function f : R® — R! there exists a measurable Lebesgue full
set By C R", where the function f is differentiable. Furthermore as a conse-
quence of Clarke’s theorem about representation of Clarke subdifferential as a
convex hull of limit points of gradients (see [4, Theorem 2.5.1 and Corollary])
we have an equality

DEf(z)(u) = limsup (f'(y),u), Va,ueR" (12)

y—x,yEBy

Based on this equation we obtain
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Theorem 4.5. Let f : R® — R! be a Lipschitz continuous and positively ho-
mogeneous function. Let By C R" be a measurable Lebesgue full set where the
function f is differentiable. Then, for all M € {C,MP, AL}, the following
formula is true

D f(0)(w) = sup (f(2),u), Vu € R™, (13)

ZEBf

Proof. By positive homogeneity of the function f it follows that \y € By for
all y € By and any number A > 0 (as equality f'(y) = f'(A\y) holds). That is
By N 0B1(0) = 0B1(0). By Theorem 4.3, equality (12) and equality (11) we
obtain

D}, F(0)(w) = DEF(0)(u) = Timsup <f’ (sz)_u) u>

y—0,y€B;

< sup (f'(2),u) = sup(f'(z), u).
2€0B1(0)NBy z€By

To prove the opposite inequality denote o = sup,.p f< f'(2),u). It is obvious
that o < L||u|| (where L is a lipschitz constant for the function f) and by
definition of supremum there exists such a sequence {z,} C 9B;(0) N By that
limg oo (f'(21),u) = a. For a sequence y;, = %*, which converges to zero, we
have limy, o(f"(yx),u) = «, that is D} f(0)(u) = lim supyﬂo,yer(f’(y),u) >
o. [

5. Semiregular functions

This section continues the investigation of directional epiderivatives and subd-
ifferentials of functions defined on a Banach space X. For a continuous function
f: B.(zg) — R! which has finite directional derivatives at the point zy € X,
we define functions g and ¢ by formulas

g(x) = f(wo) + f'(zo, 2 — m0),  o(z) = f(z) — g(2), (14)

that is the function f in the neighborhood B, (z) of the point x( is represented
as a sum of its quasilinear part g and a remainder ¢. It is obvious that the
functions ¢ and ¢ at the point xy have classical directional derivatives, and
besides

g (xo,u) = f'(xo,u), o' (xg,u) =0 YueX.

hence by Proposition 3.4, Lemma 4.1 and Theorem 4.3 for all u € X the
following inequlities hold

D¢ f(xo)(u) = Dy f(xo)(u) = D g(x0)(u) = Dg(xo)(u) = f (o, ),

Dy pp(o)(u) =0,
from which, in particular, the inequality follows 0 < D} (o) (u) for all u € X,
which is equivalent to the inclusion 0 € 9} (o).
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Definition 5.1. Let X be a real Banach space. A continuous function f :
B,.(z0) — R is called semiregular at the point xy € X, if it has finite directional
derivatives along any vector at the point xy, corresponding function ¢ defined
by (14) is Lipschitz continuous in some neighborhood of the point zy and the
equality is true 9} p(zo) = {0}, that is DSo(z0)(u) = 0 for all u € X.

Here are some classes of semiregular functions.

Any positively homogeneous Lipschitz continuous function is semiregular at
the point 0 € X, as p(u) = 0.

A function which has finite directional derivatives along any vector at the point
xg, and for which corresponding function ¢ from (14) is convex and bounded
in some neighborhood of the point x, is semiregular.

A convex function f is semiregular at the point x(, if the equalities holds
[ (zo,u)+ f'(xo, —u) = 0 for all u € X, since in this case we have an estimation

0 < Dép(wo)(u) < D f(2o)(u) + D (—g)(20) (u)
= f'(xo,u) + ¢ (xg, —u) = f'(xo,u) + f'(x¢, —u) = 0.

In particular, every convex Gateaux differentiable at the point zy function f is
semiregular at this point.

At the same time non-convex differentiable function can be not semiregular.
For example, function f : R — R! of the form f(z) = 2?sin L for z # 0 and
f(0) = 0 is differentiable, but it is not semiregular at zero. Here f'(0,u) = 0,
o(z) = f(x) and DEp(0)(u) = |ul for all u € R,

For non-convex function f : X — R! to be semiregular at the point zg it
is sufficient that it is strictly differentiable at the point o € X. Let us
show it. From the strict differentiability of the function f : X — R! at
the point z( it follows that f is Lipschitz continuous in some neighborhood
of the point zy and there exists such ¢ € X* that D/ f(xo)(u) = (¢, u) for
all u € X (see [4, Proposition 2.2.1]). The last equality implies that the
corresponding function ¢ from (14) is Lipschitz continuous in some neighbor-
hood of the point z( (as a difference of two Lipschitz continuous functions),
and DSo(z0)(u) = 0 for all uw € X. Indeed, since f is strictly differentiable
then by Corollary 1 to Proposition 2.3.3 from [4] the following equality holds

Dép(wo)(u) = DEf (o) (u) + DE(=g) (w0) (u) = (¢ u) + (=C, u) = 0.

Further in Example 6.3 we show that not every Lipschitz continuous function,
which is regular by Clarke at some point, is semiregular at this point.

The following theorem is a generalization of Theorem 4.2 and Theorem 4.3.

Theorem 5.2. Let a function f: X — R! be a difference of two convex
semiregqular at the point xo functions fi and fo, that is f = fi — fo. Then
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all epiderivatives coincide, that is VM € {C, M P, AL}

Dy, f(xo)(u) = sup (f'(zo,u + w) — f'(xo,w)), Vue X,

weX

which is equivalent to coincidence of all subdifferentials Of f(zo) = ... =

0XLf(x0)'

Proof. For any function f; we define functions g; and ¢, by formulas (14).
Also we define functions g = g1 — g2 and ¢ = ¢; — 5. Then the following
equality holds true f = g + ¢, besides f'(zg,u) = ¢'(xo,u) and ¢'(xp,u) = 0
for all w € X. By Corollary 4.4 for all u € X the expressions D}, g(xo)(u) =
DY, f(xo)(u) and Dfpo(z0)(u) = 0 < DEp(xo)(u) hold true. By the properties
of Clarke derivative for the function ¢ = ¢y + (—p2) and by semiregularity of
functions f; and f; we obtain

Dép(xo)(u) < Dépr(wo)(u) + D (—wa) (o) (u)
= Dp1(xo) (1) + DEpa(wo)(—u) = 0,

that is Dfp(zo)(u) = 0 for all w € X. Hence by the properties of Clarke
derivative for a sum of functions we obtain

D f (o) (u) < Diglao)(u) + Déipleo)(w)
— D yg(w0)(w) + 0 = D, f(20)(u) < D§ f (o) (w)

which together with Lemma 4.1, applied to the function f, completes the proof.
O

Note that Theorem 5.2 is a consequence of the following theorem.

Theorem 5.3. Let f: B.(xg) — R be a semiregular at the point xy function.
Then all epiderivatives coincide, that is VM € {C, M P, AL}

Dji; f (wo)(u) = sup (f'(zo,u+ w) = f'(xo,w)), Vu€ X,

weX

which is equivalent to coincidence of all subdifferentials Of f (xo) = O3;pf(x0) =

8XLJC($0)'

Proof. For the function f : B,.(x¢) — R! by the definition 9 we define functions
g and ¢ by formulas (14). By [4, Proposition 2.2.4] the function ¢ is strictly
differentiable at the point xy. By the Corollary 1 to Proposition 2.3.3 from [4]
the following equality holds

D¢ f(wo)(u) = Dégl@o)(u) + Dép(xo) (u) = Dég(xo)(u), Vu € X.
By Theorem 4.3 we have D} g(z)(u) = D} g(z0)(u). In turn, since ¢'(zg, u) =

f'(xo,u), then D}, g(xo)(u) = Dy, f(zo)(u) for any M € {MP, AL}, which
implies the required equality. O



208 E. S. Polovinkin / Calculation of Subdifferentials for the Difference ...

Figure 6.1: Graph of the function f(z) in Example 6.1.

6. Examples of the calculation of subdifferentials

Example 6.1. Let a function f : R? — R! be defined by the formula

fz1,m0) = /a3 + 23 — V/(az1)? + (bxo)?,

where numbers a,b are such that 0 < a < 1,b > 1, a # b. Our purpose is
to find directional epiderivatives and subdifferentials of the function f at the
point 0.

This function is positively homogeneous and non-convex. To calculate direc-
tional epiderivatives we will use formula (13), for which we calculate the gra-
dient f’(x) of the function f at the point z # 0. We obtain that f'(x) =

(fi(z), fi(x)), where

2
T a~ry

fi(zy,20) = — + ;

1 Vatt ) az)? + (bry)?
x bz

folwy, 20) = 2 2

T /Era Jan)r (o)

From positive homogeneity of functions fj(z1,x2) and by formula (13) we get

Dy f(0)(u) = sup (p1(2)|ur] + @2(2)|usl),

1
z€RY

where ¢ (2) = [f;(1,v/2)], and z = ($2)*. To calculate the supremum we find
extreme points of functions ¢1(z) and ps(2). The equality

1 ab?

A= Y ar ey




E. S. Polovinkin / Calculation of Subdifferentials for the Difference ... 299

Figure 6.2: Graph of the derivative D}, f(0)(u) in Example 6.1.

(ab)3 a
b2—(ab)3
©h(2) = 0 holds at the same point zy. Finally we get D3, f(0)(u) = o1 (z0)|u1| +
©a(z0)|usgl, that is

holds at the unique point zy = . Similarly we obtain that the equality

b% — a%)%

Dif(0)(u) = cluy| + d|uy|, where ¢ = . T T
2 f (0)(w) = clus| + dlus] 0 — )} 0= aﬁ

Hence by definition of subdifferentials we obtain that the M-subdifferential of
the function f at zero is a quadrangle of the following form

03, F(0) = co{(c,d); (—¢,d); (¢, —d); (—c,—d)} VM € {C,MP, AL}.
Example 6.2. Let a function f : R? — R! be defined by the formula

f(@1,w2) = 6 - max{|a|; [v2|} = 5y /af + 23.

Our goal is to find directional epiderivatives and subdifferentials of the function
f at the point 0.

This function is also positively homogeneous and non-convex. To calculate
directional epiderivatives we will use formula (13). Let us calculate the gradient
of the function f at the points where it exists, that is for x = (21, z5) # 0 and
|z1| # |z2|. We obtain that

5.1'1 . —51'2
Vit a3 \Jai +

—dx . 5%4
[ (z1,22) = (2—12, 6sign{xo} — - 2

x] + 23 3+ a3

[ (z1,22) = (68ign{$1} - 2) , for |xy| > |xol,
T3

> s for |$1’ < ‘iL‘Ql
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Figure 6.3: Graph of the function f(z) in Example 6.2.

Let z = % By formula (13) and the fact that the function f is even we obtain
that for all u # 0

D3 J0)(0) = wax (s 2 swp (). (15)
0<z<1 1<z<4+o0
where
) Dz
hi(2) =6 — —— | |u1| + ——=|us|, for0<z<1,
@)= (6 )l + el
) D2
ho(2) = ——|u1| + | 6 — us|, for z > 1.
0= ll + (6= ) o

It is easy to see that h|(z) > 0 and h)(z) < 0 for all admissible z, from which
we obtain that

oﬁﬁ@FMQZG‘EWW+EW“

sup s () = ha(1) = %M + <6 - %) lua.

Let us define numbers a = 6 — \% and b = % Since hq(1) > ho(1) if and only

if |uq| < |ug|, from the last formulas and formula (15) we get

Dy f(0)(u) = a - min(|us; [uz]) + b - max(fus |; [us]).
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Figure 6.4: Graph of the derivative D}, f(0)(u) in Example 6.2.

Hence by definition of subdifferentials we obtain that for all M € {C, M P, AL}
subdifferential of the function f at zero is an octagon of the following type

93 £(0)
= CO{(CL, b), (CL, _b); (—CL, b)7 (—CL, _b>; (bv a>; (bv _a); (_67 CL); <_b7 _a)}'

Let us consider the example constructed by G. M. Ivanov which shows that
even in the case of two-dimensional space X = R? there exist convex bounded
functions which are not semiregular at some points.

Example 6.3. Let a function f : P — R! be defined on the set P = {z =
(1, 19) € R? | |z2| < 1} by the following formula

f(x1,22) = max{|z1| — /1 — 23;0}.

The function is convex as a maximum of two convex functions.

Let 2o = (1,0). Let us consider the function ¢ : P — R!  defined by for-
mula (14), that is

o(x) = f(z) = f(xo) — f' (20, x — x0).

Let v = (1,0). By construction it is obvious, that ¢'(xg,v) = 0, that is
Dy pp(x)(v) = 0. We will show that the Clarke epiderivative of the function
¢ at the point x(y in the direction v is not zero, which implies that consid-
ered function f is not semiregular at the point zy. Calculating the Clarke
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Figure 6.5: Graph of the function f(z) in Example 6.3.

epiderivative we obtain

(so(y +tv) — so(y)>

D} (o) (v) = lim sup

y—wo, 10 t
— hmsup f(y+tv) _ f(y) — f/(x07y+tv _IO) _f,(any_IO) (16)
y—x0,t]0 t t .

Note that f(z) =0 for all x € B;(0). That is why for all w such that (z¢,u —
zo) < 0 the following equality holds f'(zg,u — x¢) = 0. Define the sequence

{yr} as follows
1 1Y)’
1= J1-(1-—) .
Yk ( 2k2’\/ ( 2k2>)

It is obvious that [|y,|| = 1 and [jyx — zo|| = 3 for all k € N. Also it is obvious
that

for all k£ € N for t;, = ﬁ the following inequality holds true (xq, yr +txv —20) <

0. Therefore for any £ € N we obtain the equalities
[ (o, yr + v — 39) = 0; [ (@0, yr — o) = 0;

Sy +tev) — fur)
Lg

=1.

From this and formula (16) we get

Dgo(xo)(v) > lim Py + e v) — o(yr)

— 1> Dpip(ao)(v) = 0.
k—o00 tk
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This proves that the function f is not semiregular at the point zq = (1,0).

It is easy to check that the function f is not semiregular at any point on the
unit circle 9B;(0), excluding the points (0,1) and (0, —1).

Remark. Example 6.3 shows that the condition of semiregularity in Theo-
rem 5.2 is important. To see that it suffices to consider two convex functions
f1= fand fo(z) = f(zo)+ f'(x0, . — o) (where f is from Example 6.3). Then
for the function ¢(z) = fi(z) — fa(z), which is the difference of two convex
functions and one of which is not semiregular, its Clarke epiderivative (subd-
ifferential) at the point zy does not coincide with Michel-Penot epiderivative
(subdifferential) at this point.
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