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We give some properties of the Rockafellar function used in integration theory of cyclically
monotone mappings. This function is proper only in the case of cyclically monotone map-
pings. But, by a slight modification of its definition we can obtain a proper function even if
the mapping is not cyclically monotone. Finally, two dual properties are established.
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1. Introduction and preliminaries

Let X be a linear normed space and let X* be its dual space. Given a convex

function f : X — R, where R = [—o0, +00], its conjugate f* : X* — R is
defined by
[(&") = supfa(z) — f@)z € X}, a° € X°. 1)
If AC X, its support function s4 : X* — R is defined by
sa(z™) =sup{z*(z);x € A}, =" € X" (2)

Similarly, is defined the support function associated to a subset in X*. We
observe that s4 = I}, where 1, is the indicator function of the set A. We recall
that [4(z) =0if 2 € A and I4(z) = 0 if x € X\ A.

Also, the subdifferential is the multivalued operator df : X — X* defined as
follows:

of(x) ={z" € X" ;2" (u—12) < f(u) — f(x), forall ue X}, ze€X. (3)
Here, we suppose that f is a proper function, that is, its domain
D(f) ={z € X; f(z) < oo} (4)
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is a nonvoid set and f(u) > —oo for any u € X.

If a proper convex function f is lower-semiconitnuous, then the subdifferential
of its conjugate f* has the following property

of*(x*) = (0f) (a¥), x* € X (5)
A detailed treatment of these concepts and special results in convex analysis

can be found, for instance, in the book [2].

We recall that a multivalued mapping 7' : X — X* is said to be cyclically
monotone if

Zx —x41) >0 for any (z;,z}) € GraphT,i = 0, n, (6)

where x,11 = xg.
If this property is fulfilled for n = 1, then the mapping 7T is called monotone.

The mapping T is said to be maximal cyclically monotone if it is cyclically
monotone and has no cyclically monotone extension in X x X*. A typically
example of a maximal cyclically monotone mapping is the subdifferential of a
proper lower semicontinuous convex function (see, for instance, [2], [12]). Also,
by the famous result of Rockafellar established in [12] any maximal cyclically
monotone mapping can be represented as the subdifferential of a proper lower
semicontinuous convex function. In this line, we recall the Rockafellar inte-
gration formula, which can be associated to any proper multivalued mapping
T:X — X* and a fixed element o € DomT', defined by

Juor () =sup {Zw Tiv1 — 1;); (xi, 27) € Graph T, i =0,n, 2,41 = x} , (1)

for any z € X. But, this function is proper if and only if T is a cyclically
monotone mapping (see Theorem 2.10).

Obviously, the function
T — fyor(x),x € X is a proper convex lower semicontinuous function (8)
and according to (6), we have
Fuoir(0) = 0, (9)
for any cyclically monotone mapping 7" and xy € DomT. Also,

GraphT' C Graph 0 f,,r, for any zy € DomT. (10)
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Indeed, if z € Dom T taking an arbitrary finite system z; € Dom T, i = 1,n, it
follows that {x1,zs,...,x,, 2} is also a finite system in Dom T'. Therefore, by
(7) we obtain

fror(y) = wp(r — o) + . a1 (0 — 2pa) + 2, (2 — 20) + 27 (y — @),

for any y € X and z* € Tx. Thus, coming back to (7) we get

oo (y) 2 fagr (@) +2"(y —x), Vy € X,

ie. z* € Ofy,.r(z) as claimed.

Rockafellar function f,,.7 was extended by Bachir, Daniilidis and Penot [1] to
the quasiconvex case using Plastria subdifferential [10]. Also, in [4] the authors
prove that, under special hypothesis in the definition of f,,.7, we can consider
in the right hand only strongly exposed points of DomT. Other properties in
the case of nonconvex functions are given in [8]. Moreover, in this paper the au-
thors prove some integration results using different concepts of subdifferential
(see also [11], [13]). Many interesting results concerning the integration with
respect to Fenchel subdifferentials are given in [3], [4], [5]. It is clear that for
any element o € DomT we shall obtain corresponding associated functions
fuo;r- On the other hand, the cyclically monotone mapping has many max-
imal cyclically monotone extensions which are not subdifferentials of certain
functions of the type f.,.1, where o € Dom T (see, for instance, Example 2.6).
But, if there exists an unique maximal cyclically monotone extension of T', then
the all functions f,,.7, * € DomT, coincide up to an additive constant func-
tion [12]. Thus, an interesting problem is to illustrate special cases in which
two functions of the type f,,.r associated to an arbitrary cyclically monotone
mapping are equal up to an additive constant function.

In the usual case of real continuous functions 7', defined on a real interval,
it is obvious that the right hand of equality (7) becomes the lower Darboux
integral of an increasing function. Consequently, the associated function f,,.r,
x € DomT has the following additivity property with respect to the interval

fror(®) = foor(x1) + forr(x), forall z,z7 € DomT. (11)

On the other hand, if in the sums of equality (7) we consider only the sums
which contain a certain element (7,7*) € GraphT, then we obtain the same
function f,,.r. But, these simple properties are not true for an arbitrary cycli-
cally monotone mapping.

In this paper, taking into account the properties of antiderivatives in the case of
real line with respect to the integration interval we investigate some properties
of the function f, .7, o € DomT. We prove that the convex function f,,.r
is proper only in the case of cyclically monotone mappings. But, by a slight
modification of its definition we obtain a function of Rockafellar type which
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may be proper for non cyclically monotone mappings. Finally, we establish a
duality property of type (5) among the associated functions f,,.r and Jezr1,
(xo,25) € GraphT.

2. Some properties of the Rockafellar function

We begin this section by proving that in the case of an arbitrary cyclically
monotone mapping, the equality (11) becomes an inequality.

Proposition 2.1. Let T be a cyclically monotone mapping. If xq,x1 are two
elements tn DomT', then

foor(2) > fagr (1) + foyr(x), forallz € X. (12)

Proof. Let us consider the finite set {uy,us, ..., Uy, x1,01,...,0,} in Dom T
By (7) we have

n—1
oo () > @ (ur — o) + > (uiy — u;) + (21 — Un)]
i=1
m—1
+ |2](v — x1) + v (Vi —vj) o (T — vm)] , for all z € X,
j=1
where u; € T(u;), v; € T(v;), i =1,n, j =1,m. O

Using again the definition (7) we obtain the inequality (12) as claimed.
Now, we can establish a characterization of property (11).

Theorem 2.2. If T' is a cyclically monotone mapping and xy,x; € DomT,
then the following statements are equivalent:

(i)  the associated functions fy,.r, for.r coincide up to an additive constant
function;

(i) in the right hand of the equality (7) we can consider only finite sets in
Dom T containing the element x;

(#41)  faor(71) + forr(20) = 0.

Proof. If f,,.r(x) = fu,.r(z)+c, v € X, where ¢ is a constant function, taking
x = o, by (9) we get fu,.r(xo) = c. Similarly we obtain ¢ = — f,,.7(21), and so
(7i) holds. Now, let us denote by f,, »,.r(z) the right hand of (7) considering
only the finite sets in Dom 7T which contain the element x, that is the set of
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the type {xo, u1,us, ..., u,} U{x1,v1,09,...,0,}. Thus we have
n—1
o (@) = wp(un — x0) + Y ui (Uisr — ) + )y (w1 — up)
i=1
m—1
+xi(vr — 1) + ) v (i1 —v)) + v (T — vm),

1

J
and so, by (7) we get
fro,rl;T(x) > fivo;T(xl) + fl“l;T(x>7 for all z € X.

Using the inequality (12) we obtain

f10§xl§T($) = fxo;T(xl) + fﬂcl;T(xO) + fxo;T(m)v r e X.

If we suppose (ii7) it follows fy..,.7(x) > foor(x), © € X. But, the reverse
inequality is obvious. Hence (iii) = (#¢). The implication (ii) = (i) follows
using again (12) and (7). Indeed

feor (%) > foor (1) + fayr(2)

n—1
> ap(uy — z0) + 3wl (uir — wg) + (21 — uy)
=1
m—1
+aj(vy —x1) + U3 (Vi1 — v) + U (T = U),

1

J
for all z € X, ajy € Txo, 2} € Ty, (us,uf) € GraphT, i = I,n, (v;,v}) €
Graph T, j = 1,m, and 50, foor(21) + for,7(2) 2 fogair() = fagr(2), v € X.
Therefore the equality (11) holds, that is the properties (i) is true. O

Corollary 2.3. If T s a cyclically monotone mapping and xo,x1 € DomT.
Then the associated functions foor, fur are equal if and only if fyor(x1) =
fm;T(‘TO) = 0.

Remark 2.4. According to the proof of Theorem 2.2 it follows that if zg is a
given element in Dom T, then the equality (11) and the property (i) for any
x1 € Dom T are equivalent.

Remark 2.5. The inequality (12) can be extended to a finite number of ele-
ments x; € Dom T, 1 = 1, k; namely we have

feor(®) 2 ) foor(Tiva) + fo,r(2), ©€ X (13)

%

N
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Example 2.6. Let us consider the mapping 7" defined by T'(z) = 2z, if x €
[0,1] and T'(2) = 3. Then, for any ng € [0, 1] we get

—x3, if z <0
x? — 22, ifo<z<l1
20 —x3—1, ifl<az<?2
3v—a3—3, ifz>2

f:vo;T<x) =

Now, if 2y = 2 we have

—4, ifx<O
for(x)=<a2?>—4, if0<zr<l1
3(x—2), ifx>1.

Therefore, the equality (7i¢) is true if and only if xg, x; € [0,1]. Now, if x; = 2,
then fQ.T(ZEQ) + froT(Q) 7§ O for any xrop € [0 1]

Also, if zg € [0, 1], then the subdifferential is as follows: 0f,,.r(x) =0if z <0,
Ofwir(z) = 20 if 7 € [0,1], Dfuyr(z) = 2 if 7 € (1,2), 0fu(2) = [2,3] and
Ofror(z) = 3 if © > 2. In the case 29 = 2 we have: dfyp(x) = 0if x < 0,
Ofar(xz) =2z ifz €[0,1), dfor(x) =1[2,3]if z =1 and Ofyyr(x) =3 if z > 1.
Thus, 0fy,.r(x) = Tx only for x € [0,1), xo € DomT but obviously, Graph
T C Graph Of,,.r. Moreover, Of,,.r(z) = 0far(x), xo € [0,1], if and only if
x € (00,1) U[2,00). On every of these intervals the functions coincide up to a
constant function which can be different.

Finally, we remark that the mapping 7" have monotone extension to real line
which are not of the form 9f,,.r for a certain zo € DomT. Therefore, there
exist maximal ciclically monotone extensions of a given ciclically monotone
mapping which are not subdifferential of a corresponding Rockafellar function
for some xy € DomT.

Similarly to (7), we can consider the upper Darbouz integral as follows

Frgr(z) = inf{ Zl‘fﬂ(ﬂﬂ — x;); (x4, x]) € Graph T,
i=0 (14)

t=1n+12,4 = :1:'}, for any x € Dom T,
where g is a given element in Dom 7. Here we must consider only x € Dom T'.

But, this associated function is not essentially different from f, .1 since by
simple arguments it follows that

Foor(x) = —fer(x), for all 2o,z € DomT. (15)

Obviously, this equality can be regarded as an extended form of a well known
property of Darboux integrals of real functions on an interval.
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Remark 2.7. In the real case the cyclically monotone mapping 7' is an in-
creasing function and so, if T" contains a continuous increasing function on
a closed real internal I, then we have even the equality f,,r(x) = Fyo.r(x)
for all z,zy € I. For instance, if T is the operator in Example 2.6 we have
fror(2) = Fypor(z), whenever x,zo € [0,1]. But, if x = 2 and z( € [0, 1] then
Jeor(2) =3 — 13 and F,,7(2) =4 — 23, and so, fry.r # Fuo1-

If we come back to the Theorem 2.2 (iii) it follows that the last equality is
not true for an arbitrary cyclically monotone mapping. But we have a weaker
property given by equality (15). On the other hand, according to the property
(6) always holds the following inequality

fror(z) < Frpr(x), Va,xo € DomT. (16)

Consequently, by (15) we have
Jaor(21) + forr(20) <0, for all zg,2; € DomT. (17)

Thus, the property (ii7) in Theorem 2.2 has the following weaker equivalent
form

Jaor(@1) + farir(20) 2 0. (18)
Concerning the inclusion (10) we remark that the functions f,.r, o € DomT
have a property of minimality.

Proposition 2.8 ([3]). Let f : X — R be a lower semicontinuous function
such that GraphT C Graph df. Then, for any ro € DomT we have

Jeor(x) < f(x) — f(20), forallz e X. (19)

Proof. Let {xy,25,...,2,} be a finite system of elements in Dom7T. By
hypothesis, using (3) we get

D ailwin — i) < 3 (f(win) — () = f(@) ~ fla),

for any (x;,z}) € GraphT, i = 0,n + 1, where z,,,1 = x.
Therefore, by (7) we obtain the inequality (19) as claimed. O

Remark 2.9. In [3] the authors give sufficient conditions to have just equality.

Now, we prove that the functions f;,.7, zp € DomT are specific only to cycli-
cally monotone mappings.

Theorem 2.10. The following properties are equivalent:

(i) T is a cyclically monotone mapping,
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(i) fepr(x0) =0, for any o € DomT';
(2ii) Dom(fyyr) # 0, for any xo € DomT.

Proof. Obviously (i) = (i) = (izi). Now, if we suppose that T is not
cyclically monotone, then the exists a system of elements (7;,xf) € GraphT,
i = 1, k, such that

E T (Tiy1 — T;) = a >0, where Ty = 7.

For a given element zy € DomT', we consider the system (x;,xF) € Graph T,
i = 0,nk, where x; = T;, i = 1, k, Tj = Tjyik, ] = 1.k, l=1,n—1. Then, we
have

Now, using (7) we get

fror(z) > lim [na + zi(zo — T1) + T (x — T1)] = o0, for all z € X.
Consequently, the implications (¢i7) — (i) holds. O

Therefore, the Rockfellar functions f,,.r, 0 € DomT' can be considered only
for cyclically monotone mappings. Thus it is natural to find versions of defini-
tions (7) for arbitrary mappings. A possibility is generated by the next result.

Proposition 2.11. IfT is a cyclically monotone mapping then
fror = f;O;T, for all xy € Dom T, (20)

where .fleO;T is defined by an equality of type (7) taking only systems z; € Dom T,
i = 1,n, of distinct elements, x; # xj, i # j, 1,7 = 1,n.

Proof. Let us consider a system (x;,z}) € GraphT, i = 0,n which contains
two equal elements, zp = x4y, k,k +1=1,n, 1> 0. Using (6) we obtain

Zaz Tip1 — T)+xn(r — xp)

Obviously, in the right hand of this inequality we also have a sum corresponding
to a system in GraphT, and so, in the definition (7) of the function f,,.r all
systems x; € DomT, i = 1,n, which contain equal elements can be omitted.
Hence the equality (20) holds. O
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If T is not a cyclically monotone mapping, then f,,.r is identically oo, while

f;O;T can be a proper convex lower semicontinuous function. This is the case of
mappings 7" which contain cyclically monotone mappings. Also, it is possible
that 0f,,.r(x) = Tz for some elements x € DomT'.

Remark 2.12. The converse of Proposition 2.9 is not true. For example, if T’
is the Dirichlet function, T'r = 1 if z is a rational number and T'x = 0 if z is
an irrational number, then f, .7 = fu,.r = 00, for any zy € R.

3. Some dual properties

Firstly, we give the equivalent definitions of the functions f,,.r and F,,.p with
respect to dual space X* namely

n

funir () = sup { S (why - 28)(@i) + ) — g zo);
= (21)

(w;,z}) € Graph T, i :W}, reX,

respectively,

n

Fopir() = inf{ (5 — at1) () + °(2) — i (a0): (22)

=0

(x;,x}) € GraphT,i =0,n+ 1, 2,41 = JI}, x € DomT.

Obviously, if T' is a cyclically monotone mapping, then 77! is also a cyclically
monotone mapping from X* into X, and so, according to (7) and (14), the
corresponding associated functions are the following:

n—1

Farr (2%) = sup{z t =) (@) + (@ — ) (@);
=0 (23)

(x;,x}) € GraphT,i =0, n} e X',

—_

n—

zpr-1(27) = inf { (@i = 7) (@) + (27 = 23)(2); (24)

i

Il
o

v € T (2", (2, 27) € Graph T, i = O,_n}, + € Dom T,
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On the other hand, if in the right hand of (22) the system {x,z9,...,2,} is
replaced by the system {z,,z,_1,...,21}, then we get the following equivalent
formulas:

Fasa-s(a) = sup { Yo = ati)wma) + (o = 25)a) + 0" Do)

(z;,2f) € GraphT,i = O,_n}, e X*, (25)
n—1
nglwﬂziﬁ{E:@?—ﬁHx%»+@:—%x%>
=1
F (s — ) (Ens) (26)

(z5,27) € GraphT,i=0,n+ 1,2, |, = :1:*}, z* € Dom T~ L.

Indeed, from (23) we obtain

—_

n—

ﬁ@Tdf)=$m{@ﬁ—%X%)+ (1 — o))

i=1

+ (2" — 2})(2,); (25, 2;) € Graph T, i = ()_}

n—1
= sup{(x —z5)( +Zx — 2 1)(Tig1)
i=1
+ (2" — 23)(21); (25, 27) € Graph T, i = O,_n},

that is (25) holds. Similarly we obtain (26).

In the next we extend Fj,.r to X by convexity taking conv [}, on conv Dom T’
and F,,7(x) = oo if z€conv DomT. Thus, the inequality (16) is conserved
for all x € X. Also,

Flr < Pt (27)
Theorem 3.1. Let T be a cyclically monotone mapping such that T(zq) =
{z§}. Then we have the following inequalities:
fxé;T*l(x*) < fxo;T(x) + SDomT(fE* - 178) + SDom 71 (IO - l‘),
for all(z,z*) € X x X™;
2o(%0) + fagr—1(27) < Fp p(2%), forallx* € X (29)
25(20) + Fugr—1 (") = flo0(2"), for all " € Dom O f7 1. (30)

(28)
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Proof. Using (2) and (25) we have

fagr-1(2%)

n

= sup { Z(:Ef_l —x7)(x;) + (2, — 25) (o)

i=1

(o — 2 @) () € GraphT}

= s {[ St~ a0)w) + i) = i)

=1

+ @ (2 — ) + (2" — 28)(21)]; (24, 27) € Graph T, i = O,_n}

n

< sup { Z(x;*_l — ) (z;) + 25 () — xh(20); (w5, 27) € Graph T, i = (),_n}

i=1
+ sup{z’(zo — z); 25 € Dom T~ '} + sup{(z* — z)(z1); 71 € Dom T’}

= fﬁﬂ();T(x) + Spom T-1 (350 - 37) + SDomT<.’L'* — xa)

Therefore, the inequality (28) holds.
Now, using (1), (22) and (23) we obtain

Frpr(@®) = sup{a™(u) — Fopr(u);u € X}
= sup{z*(u) — Fyyr(u);u € DomT'}

n

= sup {x*<u> £ 3 w — 2 (@) — () + o) (),

=0
(w4, 2F) € GraphT,i = O,_n}

n—1

> (o) + sup { S (i — af)(a) + (2 — ) ()

=0

(w;,27) € Graph T, i :(),_n}, e X*.

Hence, the inequality (29) is proved.
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Let us consider an element z* € Tz, x € DomT. Using (1) and (21) we get

Jror(@") = sup{a™(u) = fopr(u);u € X}

n

= sup () —sup { Y(et s = a0) (o) - (00 + i

=1

uwe X, (x;,z;) € GraphT,i =1 n}}

= x5(zo) + sup inf{(x* —x)(u) + Z ri g — o)) (Tig);
ue X, (z;,2]) € GraphT,i =1 n}

Taking (z,,2}) = (z,2*), according to (26) it follows that

n—2
o) < o) it { Y (ot = al)oven) + (0" — )0
=0
(w4, 2F) € GraphT,i = 0,n — 1}
= xg(zo) + an;Tfl(l'*), for all z* € Dom T~ !.

But, we remark that the Roackafellar function corresponding to mapping
Ofwor is also fz.,r. Consequently, the previous inequality is true for any
z* € Dom(0feyr) "' = Dom f7 1 (see (5)), and so, the proof is complete. [

Corollary 3.2. Let T be a cyclically monotone mapping such that T(x¢) =
{x5}. If (v, 2*) € Graph Of; o and [ p(2*) = Fosp-1(27), then

2o(@0) + fagr—1(2%) = [ (@) (31)
Proof. Apply (27), (29) and (30). O

Remark 3.3. By a standard calculus we get that f; ,(z) = oo, for all z €
(—00,0) U (3, 00), where T is the mapping in Example 2.6. On the other hand,
fezr-1(27) is a real number for any z* € X*. Therefore, the equality (31) is
not true on X*. Obviously, if * € (0,2) the equality (31) holds.

Remark 3.4. Under certain specific hypothesis the equality (31) can be ob-
tained using a result of Burachik, Martinez-Legaz and Rocco [7] concerning
the equality of two maximal monotone operators since 0 fo5.7-1 = f; . on the
intersection of their domains.
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