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1. Introduction

Solving equations of the form:

F(z)=y, foryeY (1)
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where F': X — Y is a single mapping between, in general, two metric spaces
X and Y is one of the most important problems of Mathematics. When the
parameter y varies, under some conditions ensuring the uniqueness of solution,
a central issue is to investigate the behavior of the solution mapping z(y) of
equation (1). The classical implicit function theorems tell us on the existence
and the uniqueness of solutions, as well as the differentiability of the solution
mapping. When the mapping defines the equation is multi-valued, instead of
(1), we consider generalized equations (in the sense of Ronbinson) of the form:

Find z € X such that y € F(z), (2)

where F' : X == Y is a set-valued mapping, i.e., a mapping assigns to every
x € X a subset (possibly empty) F'(x) of Y.

As usual, we use the notations gph F' := {(z,y) € X xY : y € F(x)}
for the graph of F', domF := {x € X : F(x) # 0} for the domain of F'
and F~! : Y = X for the inverse map of F'. This inverse map is defined by
Fly):={z€eX : ye F(x)}, y €Y and satisfies

(z,y) € gph ' <= (y,x) € gph 7",

In practice, we can only find out an approximate solution of (2). When
an approximate solution is available, it is crucial to estimate the distance
d(z, F~(y)), from an approximate solution z to the solution set F~!(y)), re-
garded as an error of the approximation. A quantity which is used naturally
to estimate the distance d(x, F~'(y)) is d(y, F(x)), and this leads to the con-
cept of the metric reqularity: Recall that a set-valued mapping F' is said to be
metrically reqular at (z,y) with ¥ € F(Z) with modulus 7 > 0 if there exists a
neighborhood U x V of (z,y) such that

d(x, F ' (y)) < 7d(y, F(z)) for all (z,y) € U x V, (3)

where, d(x,C) denotes, as usual, the distance from z to a set C' and is defined
by d(z,C) = inf,ec d(x, z), with the convention that d(x,S) = +o0o whenever
S is empty.

The metric regularity of set-valued mapping is a central and crucial concept
in modern variational analysis and it has many applications in optimization,
control theory, game theory, etc. For a detailed account the reader is referred
to the books or contributions of many researchers (e.g., [5, 8, 9, 10, 12, 13, 14,
15, 16, 27, 28, 29, 35, 37, 36, 39, 40, 41, 44, 48, 47, 50, 53] and the references
given therein) for many theoretical results on metric regularity as well as for
its various applications.

By fixing ¥y = ¢ in (3) in the definition of the metric regularity, we obtain
a weaker property called metric subregularity: The mapping F' is said to be
metrically subregular at (Z,y) € X xY such that y € F(z) with modulus 7 > 0
if there exists a neighborhood U of Z such that

d(x, F~X(y)) < 7d(y, F(z)) forallz € U. (4)
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We also refer to the references ([23, 24, 25, 37, 39, 40, 45, 50, 52]) for the recent
studies of the metric subregularity.

The Holderian version of the metric subregularity is defined as follows: The set-
valued mapping F' is said to be Hélder metrically subregular of order v € (0, 1]
at (z,y) with y € F(Z) with modulus 7 > 0 if there exists a neighborhood U
of z such that

d(x, F7*(y)) < 7[d(y, F(x))]” for all x € U. (5)

When the inequality above holds for all y near g, we say that F' is Holder met-
rically regular of order v € (0, 1] at (Z, y). The regular /subregular properties of
Holder type were studied initially in late 80s of the last century by Borwein-
Zhuang [8], Frankowska [19], Penot [48]. Recently, it attracted a lot of interest
of researchers, due to a broad range of applications of the nonlinear regularity
models (see e.g., [20], [30], [21], [38] and the references given therein). In such
works, the authors have established characterizations for the Holder metric sub-
regularity /regularity of multifunctions by using derivative-like objects in some
different ways, as well as the applications to study the stability of variational
systems and the convergence analysis of algorithms.

In some situations in Optimization, e.g., in the study of sensitivity analysis; in
the theory of necessary optimality conditions in Mathematical Programming,
one only needs a regular behavior with respect to some directions (see [7], [10]).
Due to this, several directional versions of the regular notions were considered.
In [1, 3], Arutyunov et al have introduced and studied a notion of directional
metric regularity. This notion is an extension of an earlier notion used by
Bonnan & Shapiro ([7]) to study sensitivity analysis. Later, Ioffe ([31]) has in-
troduced and investigated an extension called relative metric reqularity which
covers many notions of metric regularity in the literature. Recently, an other
version of directional metric regularity /subregularity has been introduced and
extensively studied by Gfrerer in [24], [25]. This author has established some
variational characterizations of this directional metric regularity /subregularity,
and it has been succesfully applied this directional regular properties to study
optimality conditions for mathematical programs. In fact, this directional reg-
ular property has been earlier used by Penot ([49]) to study second order opti-
mality conditions.

In this paper, we consider the following directional version of the Hoélderian
metric subregularity. This notion is a natural extention of the directional metric
regularity of Lipschitz type introduced by Gfrerer in [24], [25]. As usual, in a
normed space X, for z € X and r > 0, the open and closed balls with center

x and radius r > 0 is denoted by B(z,r), B(z,r), respectively, while cone A
stands for the conic hull of A C X, i.e., cone A = Uy>oA\A.

Definition 1.1. Let X be a normed space and let Y be a metric space. Let
v € (0,1] and u € X be given. A mapping F': X =3 Y is said to be directionally
metrically v-subregular or directionally Holder metrically subregular of order ~
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at (Z,y) € X x Y with gy € F(Z) in direction v with modulus 7 > 0 if there
exist a neighborhood U of z and a positive real number § such that

d(z, F~}()) < 7[d(y, F ()] (6)

for all z € U N (Z + cone B(u,d)). When v = 1, we say simply that F' is
directionally metrically subregular at (Z, %) in direction w.

Note that the directional Hélderian metric subregularity at (z,y) in direction
u = 0 coincides with the Holderian metric subregularity of the same order at
(7,9).

The main objective of this paper is to characterize the directional Hoderian
metric subregularity by means of the strong slopes as well as of generalized
derivatives or coderivatives. Such characterizations allow us to establish the
second order conditions for the directional metric regularities of Lipschitz type
and of order % of the mixed smooth-convex inclusions of the form:

0 € g(z) - F(z),

where, g : X — Y is a sufficiently smooth function and F': X = Y is a convex
multifunction. Such inclusions play an important role in many optimization and
control models. As an application, we show the effectivity of the directional
Holderian metric subregularity to examine the tangent vectors to a solution set
of the inclusion: 0 € F(x).

The paper is organized as follows. In Section 2, in counterpart of the direc-
tional Holderian metric subregularity, we introduce the directional Holderian
error bound property of lower semicontinuous functions. We give a character-
ization of the directional error bound by means of strong slopes. Using this
characterization, we establish in Section 2 a sufficient condition for the direc-
tional Holder metric subregularity of closed set-valued mappings on Banach
spaces by using mixed tangency-coderivative objects. In Section 3, the second-
order characterizations for the directional Lipschitzian metric subregularity and
directional %—metric subregularity are investigated. In the final section, we ap-
ply the directional Holderian metric subregularity to examine the tangent cone
to the solution set of equations or systems of inequalities/equalities.

2. Directional error bounds

Let X be a metric space. Let f: X — RU {400} be a given function. As
usual, dom f := {x € X : f(z) < 400} denotes the domain of f. We set

={re X: f(x) <0} (7)

We use the symbol [f(z)]; to denote max(f(z),0). For given v € (0,1], we
shall say that the system (7) admits an error bound of order v around zy € X
if there exist reals ¢, ¢ > 0 such that

d(z,S) <c[f(z)]L for all z € B(zo,e). (8)
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Several characterizations of error bounds in terms of the strong slope have been
established in the literature (see, e.g., [6], [43], [46]). Recall from [11], [6] that
the strong slope |V f|(z) of a lower semicontinuous function f at x € dom f is
the quantity defined by |V f|(x) = 0 if x is a local minimum of f; otherwise

e T@ = )
V@) = limsup ST

For « ¢ dom f, we set |V f|(z) = +o0.

Theorem 2.1 ([45]). Let X be a complete metric space. Suppose that [ :
X — RU {400} be a lower semicontinuous and T € S. If

liminf |V|f(z) > 0,
T—T, ¢S

f(mz —0

d(z,x)

then there exist reals 7 > 0 and § > 0 such that
md(z,S) < [f(x)]+ forallz € B(z,9).

Fact 2.2 ([44], Corollary 2.5). Let a real o > 0 be given. Then for all x €
X with f(x) >0, one has

V(@) = af* @)V ().
Here, [*(x) = (f(2))",

From this fact, Theorem 2.1 yields the following characterization of the
Holderian error bound of some order o.

Theorem 2.3. Let X be a complete metric space and let a real o € (0, 1].
Suppose that f: X — RU {400} be a lower semicontinuous and & € S. If

i inf ()| V1 (2) >0,
[ o

then there exist reals T > 0 and § > 0 such that

md(x, S) < [f(x)]¢  for all z € B(z,6).

We introduce the directional version of the error bound.

Definition 2.4. Let X be a normed space. For given v € (0,1] and u € X,
we say that the system (7) admits an error bound of order v around zy € S in
direction w if there exist ¢,d > 0 such that

d(z,S) <c[f(z)]l forall x € B(xg,d) N (zo+ cone B(u,d)).
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Obviously, the error bound in direction u = 0 coincides the usual error bound
(at the same point with the same order).

The following theorem gives a slope characterization of the directional error
bound.

Theorem 2.5. Let X be a Banach space. Consider the system (7) associated
to a lower semicontinuous function f: X — RU{4+o0}. For given T € S, if

lim inf |V f|(z) > 0. (9)

f(=)

Zr—0
le—z]|

where x — T means that x — z if u = 0 and
u

T ifu # 0, then there exist reals T7,,0 > 0 such that

LT Y gs well as ¥ —
lz—z]] [ul]

d(z,S) <7[f(x)]+ forallx € B(Z,e) N [T+ cone B(u,d)].

That is, the system S admits an error bound at T in direction u with modulus
T.

Proof. The case u = 0 was proved in ([45], Theorem 1). For u # 0, we prove
the theorem by contradiction. Suppose on the contrary that S has not an error
bound at Z in direction u. Then, there exists a sequence {z,,} C X such that

1

Tn — X U
‘<_7

n

3 1
0< ||z, —Z| < —,
n

ln =zl ul]

such that .
fil(zn) < ﬁd(xn,S).

By virtue of Ekeland variational principle, one gets a point z, € X, satisfying
the following conditions:

lon = aall < @, 8),  filen) < Filan),

and .
frlan) < fr(@) + ~flz = zall, V2 e X
Thus z, ¢ S and it deduces that

f(zn) < f+(zn)

lzn = ]| = llza — 2|

1 1
IV fl(zn) < o < - and 2z, — T. (10)

Note that

[ — 2|

lzn = 2| < llen = zall + [l — 2] <
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and,
_ _ n—1 _
Hzn_IH > ||90n—90||—||33n—2’n|| > Hxn_xH
Then,
‘ Zn — X U ‘_ Ty — T+ 2, — Xy, U '
20 — 2| lull |2n — Z|| [l
Tn—T Zn—Tn (1]-)
_ || lzn=all " Nlen—al U 0
Lzl || T
llzn—2z|
since
0< 20 = I_nH < Und(%is) < l Iz = %H = l — 0, asn — o0
|z — 2| |z =2l ~ nfa, -2 n
and,
n—1 _Jlzo—2| n+1
n " |z, —Z| T n

From (10) and (11) one see that the condition (9) does not happen. The proof
is completed. Il

By applying Theorem 2.5 for the function f] with v > 0, one has the following
sufficient condition ensuring the directional error bound of order ~.

Theorem 2.6. Let X be a Banach space and let f : X — R U {+o0} be a
lower semicontinuous function. Consider the system (7). Givenz € S, u € X,
and a real v € (0,1]. If

lirpilgéfS|Vf7|($) = limin%vf”‘l(x)]Vf\(x) ==m., >0, (12)
B, By,

=7 — =
lz—2Il lz—2]]

then there exist reals 7,,0 > 0 such that

d(z,S) <7[f(x)]L for all z € B(Z,e)N [T+ cone B(u,J)].

3. Directional Holder metric subregularity
3.1. Directional metric subregularity via directional error bound

Let X be a normed spacce and let Y be metric space. Let ' : X = Y
be a multifunction, (z,y) € gph F' and given u € X. Recall that the lower
semicontinuous envelope function of the function x +— d(y, F'(x)) is defined by

o(x) = liminfd(y, F(w), =€ X.

w—T
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In [42], [44], this function has been effectively used to study the metric regu-
larity /subregularity of multifunctions. The following proposition allows us to
transform equivalently the directional metric regularity of the multifunction F'
to the directional error bound of the function .

Proposition 3.1. Let X be a normed space and 'Y be a metric space. Suppose
that the multifunction F : X =2'Y has a closed graph and a point (Z,y) € X XY
such that gy € F(z). One has

S:=FYy)={r € X :p) =0} (13)

Moreover, for given v > 0 and uw € X, F s directionally Holder metrically
subregular of order v in direction u with modulus T > 0 if and only if ¢ admits
an error bound of order v in the direction u at T with the same modulus T, i.e.,
there exist 7,0, > 0 such that

d(z,5) < 7@ (x) (14)
for all x € B(Z,e) N (T + cone B(u, d)).
Proof. Relation (13) is obvious. Suppose now F is directionally metrically
~v—subregular at (Z,y) in direction u. Let 6 > 0 be such that

d(z,S) < 7[d(y, F(x))]” Vz € B(Z,d) N (T + cone B(u,0)). (15)
It suffices to show that (14) holds for any x € B(Z,d) N (& 4 cone B(u, §)) with
x # Z. Indeed, let a sequence {u, } such that u,, — x and lim,, . d(7, F(u,)) =
o(x). Since = # T and u, — x, when n is sufficiently large, one has u, €
B(z,e) N [z + cone B(u, d)]. Thus, by (15), one has
d(un, ) < 7[d(, F(un))]"-

By letting n — o0, one obtains the desired inequality:

d(z, 5) <7 (x).

The inverse implication is obvious. O

By virtue of this proposition, Theorem 2.6 yields directly the slope characteri-
zation of the Holderian directional metric subregularity.

Theorem 3.2. Let X be a Banach space and Y be a metric space. Suppose
that the multifunction F : X =Y has a closed graph and a point (Z,y) € X XY
such that §j € F(Z). Givenu € X, and a real v € (0,1]. If

lim ir;éfS\Vso”!(x) = lim if;éfS’YSO%l(xﬂV@\(iU) >0, (16)
o (x) e

—0 —0

lz—2]l lz—2]l

then there exist reals 7,,0 > 0 such that
d(z, F~Y(y)) < 7[d(g, F(z))]” for all z € B(Z,) N [T + cone B(u, d)].

That is, F' is directional metrically v—subregular at (Z,y) in direction u with
modulus T.
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3.2. Mixed tangency-coderivative conditions for Directional Holder
metric subregularity

In this subsection, we make use of the abstract subdifferential 0 on a Banach
space X,which satisfies the following conditions:

(C1) If f: X — R is a convex function which is continuous around z € X and
B :R — R is a continuously differentiable at ¢ = f(z), then

OB o f)lx) C{A(f(x))z" € X : (a",y —x) < fy) — f(x) Vy € X}.

(C2) Of(x) = dg(z) if f(y) = g(y) for all y in a neighborhood of .
(C3) Let f1: X — RU{+o0} be a lower semicontinuous function and fs, ..., f, :
X — R be Lipschitz functions. If fi+ fo+...+ f,, attains a local minimum
at g, then for any € > 0, there exist x; € xo+eBx, ¥} € 0fi(x;), i € 1,n,
such that |f;(z;) — fi(zo)| <e,i € I,n, and |lo] + 25 + ... + z}|| <e.
For a closed subset C' of X, the normal cone to C' with respect to a subdif-
ferential operator 0 at x € C is defined by N(C,z) = 0d¢c(z), where d¢ is
the indicator function of C' given by d¢(z) = 0 if x € C and d¢(z) = +oo,
otherwise and we assume here that 9dc(x) is a cone for all closed subset C' of
X.

Let X, Y be Banach spaces, and let 9 be a subdifferential on X x Y. Let
F : X =Y be a closed multifunction and let (Z, ) € gph F'. The multifunction
D*F(z,y) : Y* = X* defined by

D*F(z,9)(y") = {z" € X" : (2", —y") € N(gph F', (z,9))}

is called the 0—coderivative of F' at (Z,y). In the following theorem, we assume
further that 0 is a subdifferential operator on X xY which satisfies the separable
property in the following sense:

(C4) If f(z,y) == filz) + fo(y), (z,y) € X x YV, where f; : X — RU {+oo},
fo: X = RU{+o0}, is a separable function defined on X x Y, then

Of (z,y) = 0f1(x) x dfs(y), for all (z,y) € X xY.

It is well known that the proximal subdifferential on Hilbert spaces; the Fréchet
subdifferential in Asplund spaces; the viscosity subdifferentials in Smooth spaces
as well as the IToffe and the Clarke-Rockafellar subdifferentials in the setting of
general Banach spaces are subdifferentials satisfying the conditions (C1)—(C4).

For a given subdifferential operator 0 on X x Y, we introduce the following
notion of the directional strict limit set critical associated with 0 for metric
~v—subregularity. This is a directional version with some positive order of the
strict limit set critical introduced in [45] as a refinement of the one by Gfrerer
([23], [24]).

Definition 3.3. Let 0 be a given subdifferential operator defined on X x Y. For
a closed multifunction F' : X = Y’; a given direction u € X; areal v € (0,1] and
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(Z,y) € gph F, the directional strict limit set critical ( associated with 9) for
metric y—subregularity of F' at (z,y) in direction u denoted by SCr” F(z, 7)(u)
is defined as the set of all (v,z*) € Y x X* such that there exist sequences

ﬁ
{tn} 10, {ea} | 0, up € cone B(u,en), (vn,tn” [Joal""'27) — (0,27, (un, y;) €

1
Sx X Sy« with a} € D*F(Z + tpu,, y + thvn)(yh), y & F(z + t,u,) (Vn), and

<y:“”Un>

— 1.
llonl

When v = 1, we simply write SCr F(z, ) (u) := SCr' F(z,7)(u) and call it
the directional strict limit set critical for metric subregularity of F' at (z,7)
in direction u. In the case u = 0, we denote SCr” F'(z,y) := SCr” F(z,y)(0),
which is called simply the strict limit set critical for metric y—subregularity of
F at (z,7).

The following theorem provides a sufficient condition for the directional metric
~vy—subregularity of closed multifunctions in terms of the abstract coderivative
in the setting of Banach spaces.

Theorem 3.4. Let X,Y be Banach spaces and let O be a subdifferential oper-
ator on X xY. Let F : X ==Y be a closed multifunction between X and Y
with (Z,y) € gph F. Further let v € (0,1] and a direction u € X be given. If
(0,0) ¢ SCr” F(z,y)(u) then F is metrically y—subregular at (z,y) in direction
u.

Proof. Suppose to the contrary that F' is not metrically y—subregular at (Z, i)
in direction u. In view of Theorem 3.2, there exist a sequence {x,} C X and
a sequence of positive reals {6, } such that

T, ¢ F1(y), dn 1 0, |zn — Z|| < Oy, Tn € T + cone B(u, d,),
2
lim )0 and tim (V| () = 0.
QO'Y(J,‘,,L)

Since lim,, =0, so we can assume that ©?(z,) € (0,1).

llzn—2|]
Without loss of generality, we choose {d,} such that ¢, € (0,¢"(x,)) and
0/ (xn) — 0. Then for each n, there is 7, € (0,0,), with 27, + d, < ¢(z,)
such that d(y, F(2)) > ¢(z,)(1 = 6,), Vz € B(x,,4n,) and

55 P = ()

for all 2 € B(p, 1)
[Ed|

Equivalently,
O (2n) < @7(2) + 0nl|lz — 1,]| for all z € B(xp,nn).
Take 2z, € B(n, 12/4), wy € F(2,) such that || —wy| < ¢(za)+n2" /4. Then,

15— wall” < ¢7(zn) +11,/4,
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and
15— wall” < &7(2) + bullz — 2l +12/4 V2 € Bla,m).

Therefore,
17 = wall” < (17 — wl” + dgpn p (2, w) + 0ullz — 2all + (0 + 1) /4
V(z,w) € B(x,,n,) X Y.
Applying the Ekeland variational principle to the function
(2, w) = |5 = wl]" + Ogpn p (2, w) + 0|z = 20|

on B(z,,n,) X Y, we can select (z),w)) € (zn,w,) + 2 Bxyy with (2}, w}) €
gph F' such that

15— wpll” < (|7 — wall (< @7 (20) + 122 /4); (17)
and that the function
(z,w) = [|§ = w]|” + g (2, w) + 6ullz = 2znll + (On + V)all (2, w0) — (25, w,) |

attains a minimum on B(z,,,7,) x Y at (2}, w}). As the functions ||j—w]||", ||z —
2ol |(z,w) — (21, wh)]| are locally Lipschitz around (z!,w!), by (C3), we can
find
U) S BY( mnn)’ ( 3) S BXXY(('Zrlwwrlz)ann) ﬂgphF;
(2, w )GBXxY(( 2 W) 1)
wy € 0([7 — M) (wn); (23", —wy") € N(gph F, (23, wy))
(20" —wy") € A (-+) = (2 wp) 1) (25, wr)

satisfying

w = w* + (0, +2)77n wy*,

2% 3% 3x (18>
Jwi" — wy || < (6n +2)n and |27 < 6n + (0n + 2)10

Since wy,* € O(||g—[|") (wy) = Y[[g—w|" (|7 —[|) (wy) (note that [|7— wnH >
19— wall = w2 — wall = o(wa) = 8, = 20, > 0), then w2 = |y — w?]~!

with ||e,|| = 1 and {(e,,, w? — ) = || — w?]|. Thus, from the second relation in

(18), it follows that
[w (| = Jw2* || = (0n 4 2)1 = YN1§ — w2 = (6 + 2)1n > 0,
as well as

[l < w4+ (0 + 2)im = Y7 — wal ™ + (0 + 2)11n

Set
1
t =z —Zll;  un = (2 —2)/ta; Ve = (w, —Y)/t3,
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and
yo = wyt lwi s a = 2wy
Since
1
(1) (1 = 0,) < d(y, F(T + thu,)) < ta [Jvg]|
< g = wpll + 10 < @(@0) + 02 /4 + 0
and

tn = llzn = Zll = llzw — 2l = ll2n — 2all 2 20 — ZI| = 75/4 = 50u /4,
ta < l|2w = 2l + 25 — zall < llon — 2| + 77/4 + 510 /4.

Since ||z, — Z| — 0, n./||xn — Z|| — 0 as n — oo, we can assume that
1> ||z, — z|| — n2/4 — 5n,/4 > 0 for n sufficiently large. Therefore,

o(zn) +02/4+ 0

o)) < —E 20
(o — 2l = 12/4 = 5/ 2)7

As @ (xy,) /|20 — Z|| — 0 as well as n,,/||z, — Z|| — 0, one obtains

lim v, = 0. (19)

n—oo

1
Next one has zf € D*F(Z + tyu,,y + tav,)(y)) with ||y:|| = 1 and by the
second relation of (18), one derives that

O + (On + 2)y,

sl = 2250/ [Jwd || < —— : (20)
Ny — w2 |71 — (0 + 2)1n
Note that
17 —will — e < |7 — w2 < |5 — w)l| + 1.
That is,
1 ) 1
tal|vnll = < (|7 — wy || < ta o]l + 1.
Hence,
D 1
1=t tn? ol =(6,, + (8, + 2)n,,
o ot < b el Gt Ot 2m) o o

— g = w0 4 2)mn
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One has the following estimates:

(war, wpy = §) 4 (Wi, wy — wi) + (wy' — wak, wy, — §)
[Jw]|
g = wal” = 20,907 — wal ™" = (0n + 2)7ally — wi|
NG = w2 [~ + (00 + 2)7n

1
tn <y:m Un> =

1
o T = wall” = 209115 — will ™" = (Jn + 2t [[vall
N Mg = wil7=t + (0n + 2)1n

1

_ Snt+2)nnt
||y - w%” - 27771 — zﬁ_g_)zl%ﬁv!vf”

(6n+2)77n
T w2 T

1
3 . (’5n+2)77nt7? [[vn]|
n” 4ny, AT—wZ [T

- |7 —w
- 1+ (5n+2)77n

Yyg—wi|7—1

1
(m~46n42)nnta [[vnll
Yg—wi 7!

1+ (On+2)1n

Yg—wz|7=1

1
In anH — 4, —

Yg—wi|7—1
+ (5n+2)77n
Yg—wd|7—1

1
(1- M)m “Un“ — 4n,

Hence,

% g—w2 |71 1
Y V) Ylg—w3 |l £ o] 99
- (6n+2)n ’ ( )
||,U7l|| 1 + — 2 = 1
’Ylly_wnH77

0<1—<

Since 0,,/¢"(z,) — 0 and n, € (0,0,), one has

M M Tin

: < < — 0 asn — oo.
tr [0 () (1 = dn) 0 (2n)(1 — 6n)

Therefore, one obtains

lim Yn2n) _ (23)
n—oo |y

Furthermore, for the case of u # 0, one has z3 — z and

= 3
3 Tn—T Zp—Tn

=T U Jepmall V leacal U
5 5 = B '
123 =zl lul e [

1 = 2l = 2w — 2l = ll20 — 2all = ll2n — 2l = 75/4 = 10,
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then
lwn =2l = /A= _ Nlza =2 _ llen = 2l + 10 /4 + 10
|zn — 2| ~ len — 2| T |20 — 2|l
It follows that
3 =
Mﬁl byn—n 0, asn — oo.

— — —
[ — 2| [ — ]

On the other hand,

12 = @nll _ 5mn/4 +m5/4

— 0, asn — oo.

lon — 2| = flon — 2]
So,
23—z U
lim u, = lim —— = )
n—o n—oo |23 — 2| flull

By this relation and (19), (21) and (23), we derive (0,0) € SCr” F(z,9)(u), a
contradiction. O

Remark 3.5. The sufficient condition established in the above theorem is
given in terms of a combination of coderivatives and tangency. Due to the
definition of SCr” F(z,y)(u), observe that even when u = 0, i.e., for the usual
Holderian metric regularity, it is sharper than a sufficient condition established
by Li and Mordukhovich in ([38], Theorem 3.3) in the setting of Asplund
spaces. Furthermore, when v = 1, since the directional strict limit set crit-
ical SCr F'(z,y)(u) is generally smaller than the directional limit set critical,
used by Gfrerer ([24]), Theorem 3.4 subsumes a sufficient condition for the
metric subregularity that is sharper than some conditions established recently
in [24].

Example 3.6. Let consider I : R?> — R defined by

(1 — @) (2] + (21 — 22)°) sin 2 if 2 # s,

Flarm) = {0 otherwise.
Then.

FU0) = {(t,t): t eRYU{(t,t+1/(kn)): tER, k€ Z\{0}}.
For 2 = (21,25) ¢ F-1(0): y* € R, one has

D F)(y) = v (§—£<x>, g—im) ,
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with
OF , 1
a—xl(x) = (27 + (z1 — 22)% + (21 — 22) (221 + 6(21 — 25)°) sin pra—
2 _.\6
i (v — ) o 1 ;
T — T2 T — T2
OF , 1
@—m(x) = (2] + (21 — 29)° + 6(29 — 1)) sin PR
2 _.\6
i+ (v — @) cos 1 .
To — X1 Tog — T1

Let (t,) — 0%, (v5) C R with y* =1 or —1; (uy,) := (u1n, u2,) — (1,0) with
ltn|lrz = 1; 2 = tptin; Yp = t3v, with (x,,5,) € gph F. Then,

1

- =12,
Zfn(ul,n - u2,n)

Up = (U1, — u2n)(ufn + 2 (U1, — Uz,p)°) sin

1

1,n—U2,n

If v, — 0, then sin o 5 — 0. Hence,

2ol 2D F (@) (yn) | = 62 oal

OF (z,) OF ()
( 81‘1 ’ 81‘2 _)+OO7

which shows that (0,0g2) ¢ SCr'/3 F(0,0)(1,0). Thus, by virtue of Theorem
3.4, F' is directionally metric 1/3-subregular at (0,0) in direction (1,0).

However, F' is not directionally metrically 1/3-subregular in direction (0,1).
To see this, let us take the sequences

Ty = 0; T, = 1/(nm+ 1/n’1/2); Tp = (T1n, Tap).
Then z,, — (0,0), and
(0,1)

n-1/2

B V2nm(nm 4+ 1/n=1/2)

d(x,, F7*(0)) (when n is sufficiently large);
F(z,) = (=1)"(nm + 1/n~Y?) " sin(n"1/?).

It implies that
f )
n—o0 (2, F~1(0))?

=0,
and therefore, F' not directionally metrically 1/3-subregular in direction (0, 1).
When F is a convex multifunction, the sufficient condition (0,0) ¢

SCr” F(z,y)(u) in Theorem 3.4 is also necessary for the directional metric
~vy—subregularity of F' as shown in the following proposition.
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Proposition 3.7. Suppose that F': X =Y be a convex closed multifunction.
Let (Z,y) € gph F and v € (0,1], u € X be given. If F is directional metrically
~y—subregular at (z,0) in u then (0,0) ¢ SCr” F(z,y)(u).

Proof. Considering the multifunction F'(x) — y instead of F, we can assume
that g = 0. Suppose that F' is metrically y—subregular at (Z,0) in direction u.
There are 7 > 0, § > 0 such that

d(z, F71(0)) < 7d(0, F(z))" Vz € B(Z,6) N (Z + cone B(u, 6)). (24)

Let sequences (in), (un), (vn), (7), (y5,) such that () | 0; (un) = u, (un,y;) €
Sx X Sy«; x} € D*F(Z +tnun,t,1/7vn)(y;); 0¢ F(z+tyu,) (Vn); (v,) — 0 and

<3|/|’1’”|’|1> — 1. We will prove that ( 27_1)/W||vn||7_1x;§) does not converge to 0.

Indeed, pick a sequence (g,) | 0 and, by assuming without loss of generality
T(1 + ep)tul|onl” < tn < /2, u, € B(u,6),ty||us|| < 0/2 and z + t,u, €
(B(z,0) N [T + cone B(u, d)]) for each n, there exists z, € F~1(0) such that

|20 = Z = tpun|| < 7(1+&,) [d(0, F (T 4 tyun))]” < 7(14en)tallvall”.  (25)

Consequently, ||z, — Z|| < tul|un|| + 7(1+en)tnljon||” < 0/24+6/2 =06, ie.,2, €
B(z,0), for all n. Since F' is a convex multifunction, then

(2,2 — T — tyu,) — (Y5, w — t2/70,) <0, V(z,w) € gph F.

By taking (z,w) := (z,,0) into account, one has
(5, T + bttty — 2n) > Y7 (y% 0,).
Therefore, from relation (25), one obtains
T(L+en)tallval 2| = a5 20 — T = tun) 2 67 (g, va)-

This implies that Liminf,_s t5 /||, ||""Yja%|| > 1/7 > 0, which ends the
proof. O]

In the case v = 1, with a similar proof, the conclusion of the preceding propo-
sition also holds for the the mixed smooth-convex inclusion of the form:

0€g(x)— F(x) := G(x), (26)

where ¢ : X — Y is a mapping of C! class, i.e., the class of continuously
Fréchet differentiable mappings, around z € G™1(0); F : X = Y is a closed
convex multifunction. The following proposition is the directional version of
Proposition 1 in [45].

Proposition 3.8. With the assumptions as above, for given u € X, the multi-
function G := g — F' is metrically subregular at (z,0) in direction u if and only

if (0,0) ¢ SCr G(z, 0)(u).
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4. Second order characterizations of the directional metric subreg-
ularity and 1/2—subregularity

Let X,Y be normed spaces, S C X be nonempty and z € S. The tangent cone
T(S,z) of S at T is defined by

TS, z)={veX: 3(t,) |0, Iz,) CS, x, —» 7, v=lim (x, —7)/t,}.

n—oo

We recall that the contingent derivative of a multifunction F' : X == Y at
(x,y) € gph F, denoted by C'F(x,y), is a set valued map from X to Y defined
by

CF(z,y)(u) :={veY : (uv) € T(gph F\ (z,y))}.

We introduce the notion of the contingent derivative of high order.

Definition 4.1. Contingent derivative of positive order « of a multifunction
F:X =Y at (x,y) € gph F, denoted by CF*(x,y), is a set valued map from
X to Y defined by

Vu e X,ve CFYz,y)(u)
< Jt, 10, (up,vn) — (u,v) such that (v + t,u,, y + t,%v,) € gph F.

The following proposition shows that the directional metric vy—subregularity at
(z,7) € gph F is always valid in any direction u ¢ CFY7(z,7)~*(0).

Proposition 4.2. Let F': X =Y be a closed multifunction and let (z,7y) €
gph F, v € (0,1] and uy € X be given. If ug ¢ CFY(z,5)"*(0) then F is
metrically y—subreqular at (z,y) in direction .

Proof. Assume on contrary that F' is not metrically y—subregular at (z,y) in
direction uy. Then, there exists a sequence (x,) —,, T such that

d(2,, F7H(9)) > nd(g, F(z,))", YneN.
It implies that there is a sequence (y,) with y, € F(x,) such that
nlly, —gll” < [lzn —Z[|, Vn€eN.

Since x,, —,, T, there exist t, — 07, u, — uo with z, = T + t,u,, Vn. By
setting

Yy
Un '= =75
one has (u,,v,) — (ug,0), which implies vy € CF7(z,7)7(0). O

Recall that (see [17]) a subset S C X is said to be first-order tangentiable at =
if for every ¢ > 0, there is a neighborhood U of the origin such that

(S—z)NU C[T(S;7)l
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where [T'(S;Z)]. := {z € X : d(z/||z]|,T(S;z)) < e} U {0} is the e-conic
neighborhood of T'(S;z). It should note that in a finite dimensional space,
every nonempty set is tangentiable at any point (see [17]).

Lemma 4.3 ([17]). Let S C X be nonempty, T € S and {z,} C S\ {z}.
Assume that S is tangentiable at T, T(S,z) is locally compact at the origin

”i ; } has a convergent subse-

and {x,} converges to . Then the sequence {
quence.

As usual, the closed unit ball in X is denoted by By.

Proposition 4.4. Let X, Y be normed spaces. Let G : X = Y be a set-
valued map from X toY. Assume that G is directionally Holder metrically
~v-subregular at (z,y) € gph G in direction ug € X with some modulus k > 0.
If G1(y) s tangentiable at T and T(G~'(y),Z) is locally compact at the origin

then the %—contmgent derivative CG%(:E,Q) 15 directional Holder metrically ~-

subregular at (0,0) in direction uy with modulus k.

Proof. Since G is directional Holder metrically y-subregular at (z,y) € gph G
in direction ug € X with modulus &, there exists § > 0 such that

d(x, G (y) < k[d(y,G(z))]", VYo € B(Z,8) N[z + cone(B(ug,d))].

Let w € cone(B(ugp,d)) and € > 0 be arbitrary. Choose v € CG%(E,g)(u)
such that ||v|| < d(0, CG%(Q_Z, 7)(u)) 4+ €. By the definition, there are sequences

tn | 0 and (up,v,) — (u,v) such that (Z + t,u,, vy + tn%vn) € gph G. We have
T + tyu, € B(Z,0) N [T + cone(B(up, d))] and

AT + tyun, G (7)) < K [d(7, G(T + tyun))]” < Kty |va|]
< kitn|d(0,CG (z,9) () + €

for k sufﬁmently large. Then choose z,, € G~(y) such that ||z, — T — t,u,|| <
Kt [d(0, CGH 7(Z,7)(u)) + 2€¢]7. This implies the boundedness of the sequence

{H“‘ I3 Hence, we may assume that {M} converges to some «. On the

=]
verges to some point a. Set 4, := *2=*. Then u, € u, +x[d(0, CGH (z,9)(u))+

2¢]"Bx and @, — @ := aa. Therefore, 4 € u + x[d(0, C’G%(f, y)(u)) + 2¢]"Bx.
Since § € G(Z + tyii,) we have 0 € CG* (z,7)(a). Thus,

other hand, by Lemma 4.3, we also may assume that the sequence { H } con-

d(u, CG(7,5)7(0)) < [lu — @l < £[d(0,CG (7, 7)(u)) + 2",

Take the limit on € and the proof is complete. Il
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Now consider again the following mixed constraint system:
0€g(r)—F(z), (27)

where, as the previous section, F' : X = Y is a closed and convex set-valued
map and g : X — Y is assumed to be continuously Fréchet differentiable in a
neighbourhood of a point Z € (g — F)~%(0). Set G(z) := g(z) — F(z) and

C:=CG(7,0)710) ={u e X : Dg(z)(u) € CF(Z,9(z))(u)}. (28)

Proposition 4.5. For the mized smooth-convexr constraint system (27), and
for a givenz € G71(0) := (g— F)~1(0), if G is directional metrically subreqular
at (Z,0) € gph G in direction ug € X with some modulus  and if X is reflexive,
then CG(z,0) is also directionally metrically subreqular at (0,0) in direction
uo with modulus k.

Proof. By the hypothesis, there exists § > 0 such that
d(z,G(0) < kd(0,G(x)), Vx € B(Z,8) N [T+ cone(B(ug,d))].

Let u € cone(B(ug,d)) and € > 0 be arbitrary. Choose v € CG(z,0)(u) such
that

|lv|| < d(0,CG(Z,0)(u)) + .

By the definition, there are sequences ¢, | 0 and (u,,v,) — (u,v) such that
(T +tyun, tyu,) € gph G. For n sufficiently large, as in the proof of Proposition
4.4, there exists x,, € G71(0) such that

|zn — T — thu,|| < Kt,[d(0,CG(Z,0)(u)) + 2¢].

By setting u,, := xg;i, since {u, } is bounded and X is reflexive, then by passing

to a subsequence if necessary, we may assume that {u,} weakly converges to

some & € X. Therefore, {g(ﬂt"l‘—:)_g(@} also weakly converges to Dg(z)(a).

Since gph F' is convex, then

(a, Dg(z)(u)) € cl, cone(gph F' — (z, g(x))) = clcone(gph F' — (z, g(Z)))
= T(gph I, (7, 9(7))),

where, cl, A, cl A, and cone A stand respectively for the weak closure, the
closure and the cone hull of some subset A. Consequently, u € CG(z,0)~1(0),
and one has

d(u, CG(z,0)"1(0)) < |Ju — @ < &[d(0, CG(Z,0)(u)) + 2¢].

As ¢ > 0 is arbitrary, this completes the proof. n
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Next, we derive a second order condition for the directional metric subregularity
of the system (27). Let uy € X \ {0} be a direction under consideration.
By meaning of Proposition 4.2, without loss of generality, in what follows,
assume that ||ug]| = 1 and ug € C. In the sequel, we make use of the following
assumptions.

Assumption 4.6. There exist 7, R > 0 such that for every z,2’ € B(z, R) N
[ + cone(B(ug, R)], the following inequality holds

lg(z) = g(z') = Dg(z)(z — 2')|| < pmax{[lz — 2[|, |2’ — z[| }[|z — 2/].

Assumption 4.7. The strict second order directional derivative at Z in direc-
tion wuy :

i i 9T+ tu) — g(Z) — tDg(7)(u)
g (ZL“,U()) T tli%}'- t2/2

u—ug

exists.

Assumptions 4.6 and 4.7 imply
lg" (%, uo)l| < 2. (29)

Let us recall from (]23]) the notion of inner second order approximation map-
pings for convex sets.

Definition 4.8 ([23]). Let S be a closed convex subset of a Banach space Z,
A : X — Z be a continuous linear map and s € S,u € A7(T(S;s)). Let &
be a nonnegative real number. A nonemty set Z C Z is called an inner second
order approximation set for S at s with respect to A, u and & if

t—0t

t2
lim ¢t 2d (5 + tAu + U S+ t2£A3X> =0 (30)

holds for all w € 7.

The notion below is a uniform version of the inner second order approximation.

Definition 4.9. Let S, A, £, u as in the definition above. A nonemty set Z C Z
is called a uniform inner second order approximation set for S at s with respect
to A and ¢ in the direction v if

2

t
lim t2d | s+tAv+ —w,S +1°¢ABx | =0 (31)
v—>u,v€A—1(T(f;s))ﬂ”u”SX 2
t—0

holds uniformly for all w € 7.
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Denote by Ix the identify map of X. Then,

C = (Ix, Dg(7))""(T(gph F, (2, 9(2)))).

As usual, the support function of a set ' C X is denoted by oo : X* —
R U {400}, and is defined by

oc(x*) :=sup(z*, z), x*e€ X"
zeC

The norm in the space X x Y is defined by ||(z,y)|| := ||=]| + ||v]|-

Let ug € C NSy be a direction under consideration. In Theorem 4.10 and
Lemma 4.11 below we assume that Assumptions 4.6 and 4.7 are fulfilled with
respect to ug.

Theorem 4.10. Suppose that X, Y are Banach spaces.

1. If the contingent derivative CG(z,0) is directionally metrically subregular at
(0,0) in the direction uy and there are real & > 0 and a uniform inner second
order approzimation A for gph F' at (z,g(z)) with respect to (Ix, Dg(z)) and
€ in the direction ug such that for each sequence {(x,*,y,*)} C X* X Sy~
satisfying

lim [((2n7,yn"), (7, 9(2))) = ogon r (20", )] = lim [[Dg(2)"yn" + 27| = 0

n—oo

one has
liminf[(y,*, ¢"(Z,w)) — oalxn”, y.*)] <O, (32)

n—

then G is directionally metrically subregular at (Z,0) in the direction ug.

2. Conwversely, if G is directionally metrically subregular at (Z,0) in the direc-
tion ug and

o LT+ 1.9() + tDg(@)(w)).£ph F)

2
u—ug,u€CNSx t
t—0t

(33)

is finite, then there are real & > 0 and a uniform inner second order approx-

imation set A for gph ' at (Z,g(Z)) with respect to (Ix, Dg(Z)) and & in the

direction ug such that for each sequence {(z,*,yn,*)} C X* X Sy~ satisfying
lim [((2,", yn"), (2, 9(2))) = Tgpnp (207, 9 7)] = lim [[Dg(2)"yn" + 27| = 0,

n—oo

one has
liminf[(y,*, ¢"(Z, uo)) — oa(xn”, y,*)] < 0. (34)

n—

Moreover, if G71(0) is tangentiable at T and the tangent cone T(G71(0),Z) is
locally compact at the origin then the contingent derivative CG(z,0) is direc-
tionally metrically subregular at (0,0) in the direction ug.
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Proof. 1. Suppose on the contrary that GG is not directionally metrically sub-
regular at (Z,0) in the direction ug. Then by Theorem 3.4, there exist sequences
Tp — T, Yo € F(x,), v € Sy+, © € D*F (2, yn)(—y), en — 01 such that

Ty — X
T oy 7 Yo, (35)

EEE
o) ¢ Fla), LRl o gy a0 )
i 9() — ) = late) —wll < ealote) ~ vl (37

Immediately, from definitions of z, % and relation (36), we have

T ({520 (. 9(2)) = ogn (5552 "
38
— lm (2,47, (2. 9(2)) — (@0, 90) = .
Since C'G(z,0) is directionally metrically subregular at (0,0) in the direction
ug, there exist k, R > 0 such that for every u € B(0, R) N cone(B(ug, R)), one
has d(u, CG(z,0)71(0)) < xd(0,CG(z,0)(u)). As CG(z,0)(u) = Dg(z)(u) —
CF(z,9(z))(u), then

d(u,C) < kd(Dg(Z)(u), CF(z,9(x))(u)) Yu € B(0,R) N cone(B(ug, R)).

Thus, for each n sufficiently large, there exist u,, € C N Sx,t, > 0 such that
(note that F(x,) — g(z) C CF(z,9(z))(z, — 7)))

i, — 7 = by < 5d(Dg(2)(x, 7). CF (2. (@), — ) + L2
< KDY~ ), Flay) — (@) + 12—
= kd(9(Z) + Dg(Z)(x, — T), F(x,)) + M
Then Assumption 4.6 yields
0 — 2 — tattn]| < wlda(a), Fla)) + e — 27 + 122 TE (30

which together with (36) gives

1

< o [lotzs el

Ty — T tn

— — —U
lon — 2l 2 — 2"

B 2 — ]|

+mun—ﬂ@+
n
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Hence,
tn . T, — T
— =1, lim u, = lim —— = uy.
|z — 2| n—o0 n—oo ||z, — Z||

We have the following estimations:

<(x:u y;kz)v (i + tntin, 9(9E + tnun))) - nghF(x:w y;:)
= (2, T + tyun) + (U, 9(Z + toun))
— (23, Yn)s (w0, yn)) (since 23, € D*F (2, yn)(—yy))
= <xq*p T+ tnun - xn> + <y:7,7g(:f + tnun) - yn>
= <$Z73_7 + thun — xn> + <y2,g(§: + tnun) - g(l‘n» + <y;ag($n) - yn>
> (20, T + thuy, — ) + (Dg(Z)*y), T + tyu, — o)
— nmax{|taunl], |z — Z(HZ + thwn, — ol + (1 =€) |g(2n) — yull
(by Assumption 4.6 and (37))
> (1= e,)d(g(xn), F(v,)) — ||, + Dg(z) y, |||
+ oty — Tp|| — M| T + Loty — x|
(1 = nmax{||t,un, [z, — Z|} — 0)
(1_€n) ( ( ) ( ))_5n||j+tnun_xn|’
(0n := ||, + Dg(Z)"yp |l + 1 — 0 by (36))

> (1— 60 — K6,)d(g(an), Fl2a) — (w )wa el (by (39))

Therefore,

L), (& + bt 9(E + b)) — 0o (1 )

(N (P )

t2

n

3

Hence,

1
lim lIlft—K(l‘Z, Yn) (T 4 tatin, 9(T + taun))) — Ogpn p (27, Yp)] = 0. (40)

n—o0
n

On the other hand, since
2

(@ Yn), (T + tatin, 9(Z) + 82 Dg(T) (un))) + Jroa(27, )

2
= s (5000, 2.0(2) + b, D)) + o))
< O (535 + 26l + Dal@) 3+ oft)
(since (7, g(Z)) + tn(un, Dg(Z)(uy))
t2

2 (wy, wy) € gph F + 12¢(Ix, Dg()) Bx + o(t2)Bxxy),

+2(
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one has
<< Lp,s yn)a (:I:‘ +tn un,g(:r; + 1 un))) - nghF(x;a 3/;:)
< (@5, Un)s (T + taun, g(7 + thun)))
— (2}, y5), (T + tyun, g(Z) + t,Dg(Z)(un)))
2
— o a(at, ui) + BEllr + Do() il + o(82)
2
= {4 9T + ) — 9(7) ~ 12 Dg(T) (1)) — Lol 47)
+2¢ ||l + Dg(z) yi || + o(t2).
Therefore

(27 Y)s (T + bntin, g(T + tatin))) = Ogon (5, 4]

IN
NI L

ol +tata) = 9(0) = aDg(a) )] ) = (e )

n

2
22, + Do(o) il + 2

= <y::m g//(f> u0)> - JA(x;kw y;)
(U 1+ ) = 9(0) = Do) )]~ o (2110) )

2
2625+ Dy(a) v | + 2o

which together with (36), (38), (32) and Assumption 4.7 imply

. . 2 * * — = * *
lim lnft_g[«xnu yn)7 ((L’ + tnun? g(l‘ + tnun))) - O-gphF(‘rrw yn)] <0

n—oo

which contradicts to (40).
The second part of the theorem follows directly from the following lemma.

Lemma 4.11. Suppose that G is directionally metrically subregular at (z,0)
in the direction ug. If (33) is finite, then the set A = {(0,¢"(Z,up))} is
a uniform inner second order approximation set for gph F' at (z,g(Z)) with
respect to (Ix, Dg(Z)) and some £ > 0 in the direction .

Proof. Since G is directional metrically subregular at (z,0) with some modulus
k in the direction wyg, there exists R € (0, 1) such that

d(x, G71(0)) < kd(0,G(x)), Vo € B(Z, R) N [T+ cone(B(ug, R))].  (41)
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By virtue of the finiteness of (33), there are 6 € (0, R) and v > 0 with v0 < R
such that

d((Z + tu, g(z) + tDg(Z)(u)), gph F) < ~t*

42
vt € (0,9), u € B(ug,0) NCNSx. (42)

Let (t,u) € (0,0/2) x (B(ug,0/2) N C N Sx) be given. Then, we can find
(u',v) € X x Y with (z + tu, g(Z) + tv) € gph F such that

It —u), t(v — Dg(z)(u)))]| < 7¢*. (43)
It implies [[u/ — u|]| < vt < v0/2 < R/2. By (41), there is u € X with
T+ tu € G~(0) such that
tlu' —al| = ||z + t' — (z + ta)|| < kd(0,G(T + tu')) + 2.
Then taking (43) and Assumption 4.6 into account, one has
tla — || < kd(g(z + tu), F(Z + tu') + ¢
< kd(g(z + tu'), g(T) + tv) + ¢
kllg(z + tu) — g(Z) — to]| +
kllg(@ + tu') — g(z) — tDg(z)(W)|| + K[[t(Dg (%) (u) — v)|| + ¢*
knt?|[u'||* + £[[tDg(Z) (u' — w)ll + £[lt(Dg(Z)(u) — v)]| + ¢*
26mt® + k|| Dg(2)||t* + ryt? + 2.

IA A IA

By this inequality and (43), one has
|lu — u|| < &t, for some constant & > 0. (44)

Next, we have the following estimation, by using Assumption 4.6:
3((2,9(2) + t, Dg(2)(w)) + 50,/ (7,w0)), 59 F + 26 (I, Dg() B )
< Zd ((f +tu,g(x)) + tDg(z)(u) + %g"(f, ug),gph F — t(Ix, Dg(z))(u — u))
= 2d ((:E + 1, g(7)) + tDg(7)(@) + & ¢"(, uo), gph F)
< 2d((z + tu,9(@)) + tDg(a)(a) + 529" (2, ), {7 + tu} x F(z +tn))
(

d(g(z)+tDg(z)(u) + %g”(j, ug), F (T + ta))

< 2|lg(@ +1tu) — g(z) — tDg(z)(@) — 59"(Z, uo)
< 2@ + ta) — g(z + tu) — tDg(#) (@ — )|

2
T

9(z + tu) — g(7) — tDg(z)(u) — 54" (7, uo)

< 2nmax{L,||all}|@ — ull + [|Zlg(7 + tu) — 9(7) — tDg(Z)(u)] — ¢" (T, uo)| -
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By (44) and Assumption 4.7, the last right hand part of the above inequalities
converges to 0 as u € CNSx, (t,u) — (07, up). Therefore, A := {(0, ¢"(Z,up))}
is a uniform inner second order approximation for gph F' at (z, g(Z)) with re-
spect to (Ix, Dg(Z)) and £ in the direction ug. O

Let us return to the proof of the second part of theorem. By Lemma 4.11 there
exists £ > 0 such that A := {(0,¢"(Z,u0))} is an inner second order approxi-
mation for gph F at (z, g(Z)) with respect to (Ix, Dg(z)), & in the direction wy.
Then (34) holds immediately. The last assertion of Theorem 4.10 is obvious
from Proposition 4.4. The proof is complete. n

A special case of the theorem above, consider the inclusion of the form:
0eG(x):=g(x)—C, z€X, (45)

where a closed convex subset C' C Y. One obtains the following corollary,
which is a directional version of Theorem 5.4 in [23].

Corollary 4.12. Suppose that X,Y are Banach spaces and consider the inclu-
sion (45).

1. If the contingent derivative CG(Z,0) is directionally metrically subreqular
at (0,0) in the direction ug and there are real & > 0 and a uniform inner

second order approzimation A for C' at g(x) with respect to Dg(x) and £ in the
direction ug such that for each sequence {(z,*,y,*)} C X* x Sy« satisfying

Tim [(yn", 9(7)) = oc(y,)] = lim [[Dg(z)"yn"|| = 0,

one has
lim inf[{y,,”, ¢" (Z,u0)) — oa(y,*)] <O, (46)

n—

then G is directionally metrically subregular at (Z,0) in the direction ug.

2. Conversely, if G is directionally metrically subregular at (Z,0) in the direc-
tion ug and
d(g(z) +tDg(x
ey 160 +1Dg(3)(w).C)

2
u—u0,u€ECNSx t
t—0+

(47)

s finite, then there are real & > 0 and a uniform inner second order approx-
imation set A for C' at g(Z) with respect to Dg(z) and & in the direction g
such that for each sequence {y,*} C Sy+ satisfying

lim [(y,", 9(%)) = oc(ya")] = lim [[Dg(z)"yn"[| = 0,

n—oo

one has
lim infl(y,", o (7 v0)) — 0.4(0,")] < 0. (48)

Moreover, if G71(0) is tangentiable at T and the tangent cone T(G71(0),z) is

locally compact at the origin then the contingent derivative CG(z,0) is direc-
tionally metrically subregular at (0,0) in the direction ug.
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We next established a second order sufficient condition for the metric 1/2—sub-
regularity of the system (27). In what follows, we asume that ¢ is a mapping
of C? class on a neighborhood of the given point 7 : 0 € g(Z) — F(z). Remind
that ug € C N Sx is a given direction under consideration.

Theorem 4.13. Suppose that X,Y are Banach spaces and g is a continu-
ously twice differentiable mapping on a neighborhood of T. If for each sequence
{(@n",ya")} € X* X Sy~ satisfying

i [((2 y"). (7, 9())) — o 43)] = Timn [|Dg(@)"3" + "] = 0,
there are u € C; a real £ > 0 and an inner second order approximation A(u)

for gph F' at (Z, g(Z)) with respect to (Ix, Dg(Z)) and & in the direction u such
that

lim inf[{y,", D*g(2)(u, u) — D*g() (1 — uo, u— o)) = Tau)(za” ")} < 0, (49)

then G is directionally metrically 1/2—subregular at (z,0) in the direction uy.

Proof. Suppose on the contrary that G is not directionally metrically 1/2—sub-
regular at (z,0) in the direction ug. Then by Theorem 3.4, there exist sequences

en — 0T, Ty i= T + tylln, Y = g(xn) — 20, with t, — 0T, |lu,|| = 1, v, — 0,
Un € F(xy), yi € Sy», ) € D*F (2, y,)(—vy;) such that

lim u,, = ug, (50)

g(xzn) & F(zn), ol 7?1 Dg(an) y; + 23]l — 0, (51)

(Y 9(2n) — Yn) — l9(x0) — ynlll < €nllg(@n) — ynl|- (52)

Therefore, we have

lim [((27,,47,), (7, 9(%))) = Oaph (27, 93]

n—oo

e (53)
= Jim (2, 57, (7, 9(2)) = (@n, 3a)) = 0,
and
D * * *
lim | g(wn)tyn a7l _ g, (54)
We have

(@5, y0)s (T + tou, g(T + tau)) = ogpn r (25, 7,)

= (Tp,, T + tn >+(y2,g(f+tnU)> — (275, y3), (ns Yn))

= (27, T + tyu — ) + (Yp, 9(T + tau) — yn)
= t, (77, > + (Yns 9(Z + tau) — g(20)) + (Yn, 9(Tn) — Yn)
=t (7}, +D9(xn> Yy U — Up)

+ (s 9(T + thu) — g(zn) — Dg(wn)(u — un)) + +(Yn, 9(Tn) = Yn)
= to(x), + Dg(2,) Yy, u — Up)

t
+ En@:“ D?g(2,) (U — U, u — up)) + 20, + o(tn?).
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Therefore, by (54),

o ), (9T + 1)) — g (7 57
) o(t,?) (55)

On the other hand, as in the proof of Theorem 4.10,

2
t?

< (s 3lo(e + ta) — o(2) — Dyt )]

(@7 Y)s (T + tow, g(T + tn)) — ogpnr (27, 97,)]

o(t,?)

2

— o (@, yp) + 26|, + Dg(z) "y, +
= (y;, D?g(z)(u,w)) — oalz), yy)
L2 i i )
; <yn, 21007 + tata) — 9(2) D@ )] ~ D9(2)(o u>>

o(t,?)

tn?

+ 2]z, + Dg(z) "y, |l +
This together with (55) imply
lim inf[{y", D7) (s, 0) — D) (1 = i, 1= o)) = g (n” 30")] 2 0,
a contradiction. The proof is completed. O]

For the inclusion (45), one has the following corollary.

Corollary 4.14. Suppose that X,Y are Banach spaces and g is continuously
twice differentiable near T. For the inclusion (45), if for each sequence
{(zn"yn")} C X x X* X Sy~ satisfying

Tim [(y,", 9(7)) = oc(y,)] = lim | Dg(z)"y"[| = 0,

there are u € C; a real number & > 0 and an inner second order approrimation
A(u) for C at g(Z) with respect to Dg(Z) and & in the direction u such that

lm inf{ (g, D39(2)(u, 1) — D9(2) (0 = o, — ) — a0 (")) <
then G is directionally metrically 1/2—subregular at (z,0) in the direction .

We illustrate Theorem 4.13 by considering the special case of the system of
inequalities /inequalities:

S={reX: H(x)=0, hi(z) <0, 1 =1,..,m}, (56)
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where, X,Y are Banach space; H : X — Y and h; : X - R, i =1,...,m are
continuously twice differentiable functions (around the reference point) defined
on the Banach space X. Set

BeX SR, h(2) = (@), (@), 9(x) = (H(2), h(z)):
and

G(z) = g(z) + {0y} xR}, ze€X. (57)
Let 7 € S = G71(0) be given. For the sake of simplicity, without loss of
generality, assume that ¢g(Z) = 0. Obviously, one has

CG(z,0)71(0) = {u € Ker H'(z): hi(z)u <0, Vi=1,..,m}. (58)

For this particular case, we have the following corollary.

Corollary 4.15. Suppose that X,Y are Banach spaces and let F': X =3Y X
R™ defined by (57). Let T € X with g(T) = 0 and ug € CG(z,0)71(0) N Sx be
given. Assume that g is continuously twice differentiable around x. If for any
sequence {z,"} C (Y* X RT) N Sy«xrm satisfying

lim (=7, Dg(#)) = 0,

n—oo

there exists u € CG(x,0)71(0) such that

liminf(z,*, D*g(u, u) — D*g(z)(u — ug, u — ug)) < 0, (59)

n—oo

then G is directionally metrically 1/2—subregular at (z,0) in the direction uy.

Proof. Set C := {0y} x R™. Then, G(z) = g(z) —C, z € X. It suffices to see
that C' is an inner second order approximation for C' itself at ¢g(Z) with respect
to Dg(z) in any direction u € CG(z,0)(0). O

When Y is a finite dimensional space, the previous corollary yields immediately

the following.

Corollary 4.16. With the assumptions as in Corollary 4.15 and in addition,
assume that Y is finite dimensional. If for any z* € (Y* x RT) X Sy=xgm
satisfying

(z*,Dg(z)) =0,

there exists u € CG(x,0)71(0) such that
(=", D*g(7)(u, u) — D?g()(u — uo, u — up)) <0,

then G is directionally metrically 1/2—subregular at (z,0) in the direction uy.
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We recall the notion of 2—regularity from [32, 33, 2]: Let G : X — R™ (m is
some positive integer) be a mapping of C*—class near  : G(z) = 0. For given
u € X \ {0}, G is said to be 2—regular at T with respect to u if

Im DG (Z) + D*G(u,Ker DG(z)) = R™.

Corollary 4.17. Let G : X — R™ be a mapping of C*—class near T € X
with G(z) = 0. If G is 2—regqular at T with respect to a given direction ug €
Ker DG(z)\ {0}, then G is directionally metrically 1/2—subregular at (z,0) in
direction ug.

Proof. It suffices to show that the sufficient condition for the directional metric
1/2—subregularity in Corollary 4.16 is satisfied. Indeed, let z* € R™ with
|2*]| = 1 be such that (z*, DG(z)) = 0. If D?*G(ug,ug) # 0, then obviously,

(z*, D*g(Z)(u,u) — D*g(%)(u — up,u — ug)) < 0,

for u = 0 or u = uy. Assume that D*G(ug,ug) = 0. Since G is 2-regular at T
with respect to ug, there exist u; € X and us € Ker DG(z) such that

DG(z)(uy) + D*G(ug, ug) = —2z*.
Consequently, (z*, D*G(ug,u3)) = —||2*||*> = 1. Hence,

(2", D*g(Z)(ua, uz) — D*g(Z)(uz — uo, uz — o))
= 2(2*, D*G(ug, up)) = —2 < 0. O

Remark 4.18. In [26], the author have introduced the notion of directional
metric pseudo-subregularity of order v > 1 which is stronger than the direc-
tional 1/y—subregularity, and the author have established coderivative and
second-order sufficient conditions for this directional pseudo-subregularity. In
the general case, the obtained results in [26] and our results do not imply
one other. However, for the particular cases as in Corollary 4.15 (and there-
fore, Corollary 4.16), as pointed out by the referee, this corollary can be ob-
tained from ([26], Theorem 2.2) with a stronger conclusion (metric pseudo-
subregularity).

Example 4.19. Let g : R? — R defined by
g(:r;) :913?+5U19€2—$§, xr = (1’1,]72) e R
Then,

Dg(0) =0 and DQg(O):(g _22>

Consider the multifunction G : R? = R defined by G(x) := g(z) + Ry, = €
R2. In view of the preceding corollary We shall show that G is directionally
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metricallyl/2—subregular at (0,0) in any direction v = (uy,us) € R*\ {(0,0)},
and therefore, it is metricallyl/2—subregular at (0,0). Indeed, let a direction
u = (ur,uz) € R?\ {(0,0)} be given. Then, for some a = (a;,az) € R? one has

D?g(0)(u, u) = 2us(2u; — us); D?g(0)(u, a) = 2[uzay + (ug — us)as),
and
D?¢(0)(a,a) — D*g(0)(a — u,a — u) = 2D*g(0)(u, a) — D*g(0)(u, u).
So it is easy to check that there exists a € R? (depending on u) such that
D?¢(0)(a,a) — D*g(0)(a — u,a — u) < 0.

In view of Corollary 4.16, G is directionally metricallyl/2—subregular at (0, 0)
in direction w.

Example 4.20. Let now g(x) = 23 — 23, ©* = (x1,72) € R? and define the
multifunction G := g + R as in the preceding example. Then

Do) = 0,05 D%0)— (7 2,).

We see that for any direction u = (uy,us) € R? with uy # 0, there is a € R?
such that
DQQ(O)(CL, CL) - D2g(0)(a —u,a— U) < 07

and therefore G is directionally metrically 1/2—subregular at (0,0) in this di-
rections u, in view of Corollary 4.16. However, for e = (1,0),

D?¢(0)(a,a) — D*g(0)(a —e,a —e) =0 for all a € R?

so Corollary 4.16 is not applicable for the direction e = (1,0).

For simple systems of one inequality, we have the following sufficient condition
for the metric 1/2—regularity.

Proposition 4.21. Let X be a Banach space and let h : X — R be continu-
ously twice differentiable near & € X with h(z) = 0. If there exists u € X such
that either

(i)  Dh(Z)(u) <0 forallj=1,...,m, or

(1) Dh(x) =0 and D*h(Z)(u,u) < 0,

then the multifunction G : X = R defined by G(x) := h(z) + Ry, z € X, is
metrically 1/2—subregular around (z,0).

Proof. Firstly, assume that (i) is satisfied for some v € X with [jul| = 1.
Then, there exist 7,6 > 0 such that Dh(z)(u) < —v for all x € B(z,0). By



448 H. V. Ngai, N. H. Tron, P. N. Tinh / Directional Hélder Metric ...

virtue of the mean value theorem, for all x € B(z,d); all ¢ € (0,6), there is
z; € (z + tu, x) such that

h(x + tu) = h(x) + tDh(x)(u) < h(x) — ty.

Pick € € (0,0) such that h(z) < min{d, dv} for all z € B(z,¢). For x € B(z,¢)
with h(z) > 0, by taking ¢ := h(x)/v into account of the inequality above,
one has h(xz + h(x)u/y) < 0. Thus x + h(z)u/y € G~*(0), and consequently,
d(z,G71(0)) < ||lx — (x + h(z)u/7)| = h(x)/7. This shows that G is metrically
subregular at (z,0).

Suppose now that (i7) is satisfied for u € X with |ul] = 1. Let 7,d,e € (0,0)
such that

D?*h(x)(u,u) < —y Vo € B(,6); h(r) < min{é, 6y} Vo € B(z,¢).

Let # € B(Z,¢) with h(z) > 0. If Dh(z)(u) < 0, then for ¢ := 21/2h(x)/2 /41/2,
by the Taylor expansion, there is z; € (x,x 4 tu) such that

h(z + tu) = h(z) + tDh(x)(u) + gDQh(xt)(u, u) < h(zx) — 252_7 = 0.

Thus z + tu € G~1(0), and therefore
d(z,G7H0) < |lz — 2 — tu|| =t = 2'h(x)'/? /"2,

Otherwise, Dh(x)(u) > 0, by replacing u by —u, one has x — tu € G71(0) and
the inequality above also holds. O

With a minor modification, we can show that (i) or (i7) is also sufficient for the
metric 1/2—regularrity of G at (z,0). In fact, In [20], it was established that
when X is finite dimensional, the condition above is a necessary and sufficient
condition for the metric 1/2—regularrity of G at (z,0). Return to Example
4.20, the multifunction G in this example satisfies obviously the condition (i7)
of the proposition above.

5. Applications: Tangent vectors to a zero set

Consider a closed multifunction F' : X == Y between the two Banach spaces
X,Y. Denote by

M=F'0)={reX: 0€ F(x)}. (60)

For given z € M, as above, T'(M,z) denotes the contingent cone to M at .
The contingent cone to the zero set M plays the important role in some areas
of mathematics, in particular, it is a key notion in the context of optimality
conditions for constrained optimization problems.
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When F' is a single-valued mapping which is continuously differentiable at z,
due to the classical Lyusternik theorem, T'(M,z) = Ker F'(Z) provied F'(x)
is surjective. Without the surjectivity of F’(x), some results on the tangent
cones were established in [4, 32, 33, 51]. The following proposition gives the
following general formula in terms of the higher order contingent derivative.

Proposition 5.1. Let F': X =2Y be a closed multifunction and let Tz € M.
(i)  For any v € (0,1], one has

T(M,z) C CFY(%,0)71(0) :={ue X : 0 CFY(z,0)(u)}. (61)
(ii)  Conwversely, for u € CFY7(z,0)7Y(0), if F is metrically y—subregular at

(z,0) in direction u, then uw € T(M, ).
As a result, if F is metrically v—subreqular at (z,0), then

T(M,z) = CFY(z,0)71(0).

Proof. The part (i) is obvious. For (i7), by the assumption, there are k,0 > 0
such that

d(z, M) < kd(0, F(z))” Va € B(z,0) N[z + cone B(u,d)].

Since u € CFY7(z,0)~1(0), there are sequences (t,) — 0%, (up,v,) — (u,0)
such that
tiv, € F(Z +tyu,) n€N.

Then, when n is sufficiently large, z + t,u, € B(Z,d) N [T + cone B(u, )], and
therefore
d(z + tyu,, M) < kd(0, F(Z + t,u,))".

By this inequality, for n sufficiently large, we can find w,, € X with z+t,u,, € M
such that

tolltn — @l < (14 1/n)d(Z + thun, M) < k(14 1/n)d(0, F(Z + t,uy,))”
< K(1 4+ 1/n)ty o]V

Thus
[t — || < £(14 1/0)|jv,]|Y" — 0 as n — oo.

This implies (@,) — u and therefore v € T'(M, Z). O

When F': X — Y is a single valued mapping which is continuous ly Fréchet
differentiable at z € M := {r € X : F(z) = 0}, then CF(z)"1(0) :=
CF'(z,0)"*(0) = Ker F'(z). Hence, and the converse inclusion holds pro-
vided F' is metrically subregular at z. Moreover, it is well known that the
metric subregularity of F' at = is equivalent to the sujectivity of F(z). Thus
Proposition 5.1 covers the classical Lyusternik theorem.

When F' is twice differentiable at z, the second order contingent derivative is
explicitly given as follows.
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Proposition 5.2. Let F': X — Y be a twice differentiable function at & € M
such that the image of F'(Z) : Im F'(Z) is closed. Then, one has

LP(&)(uu) + Im F'(7) if u € Ker F/(2),

62
0 otherwise. (62)

CF*(z)(u) = {
Proof. Let uw € X and v € CF?(z)(u). By the definition, there are sequences
(tn) — 07, (u,) — w such that

v — lim F(z + tyu,) — F(z)

n—00 t% n—o0 t2

According to the Taylor formula,

+ = F"(Z) (tpn, upn) + o(t,).

F(T +tou,)  F'(2)(u,) 1
t2  ty 2

This implies that v = lim,, %n(“") + $F"(z)(u, u). Therefore,

F'(z)(u) = lim F'(Z)(u,) =0 and v € %F”(z)(u, w) + Im F'(Z).

n—oo

Here, the latter relation is due to the closedness of Im F'(Z).

Conversely, suppose that u € Ker F'(z) and let
1 /(= ]/ —
v E §F (Z)(u,u) + Im F'(Z).

Then, there is v’ € X such that v = $F"(z)(u,u) + F'(z)(«'). Pick a sequence
(t,) — 0% and set u,, = u + t,u/, n € N. One has

t2
F(Z + tyu,) = 2F' (W) + §”F"(f)(un, u,) + o(t2).

n—o00 t% ’

which follows v € CF?(z)(u). O

Combinning the propositions above, we obtain the following formula for the
contingent cone to M = F~1(0).

Theorem 5.3. Let F': X — Y be a twice differentiable at z € M = {z € X :
F(z) =0}. If Im F'(Z) is closed and F' is metrically 1/2—subregularity at T in
every direction u € Ker F'(Z), then

T(M,z) ={u € Ker F'(z): F"(Z)(u,u) € Im F'(z)}. (63)
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In [32, 33], it was established that the formula (63) holds under the so-called
2-reqularity condition. By virtue of Corollary 4.17, the theorem above covers
the one in the mentioned papers.

More general, consider the system of inequalities/equalities:
S={reX: H(x)=0, hi(x) <0, i=1,...,m}, (64)

where, X,Y are Banach space; H : X — Y and h; : X — R, 7 =1,...,m are
continuously differentiable functions (around the reference point)defined on the
Banach space X. By setting

h: X = R™ g(x):= (h(2), . h(2))),  g(x) = (H(2), h(z));

and
F(z) :=g(z) + {0y} xR}, z€ X, (65)

then S = F~1(0). Let z € S be given. For the sake of simplicity, without loss
of generality, assume that all components of h are active at z, i.e., h(Z) = 0.
It is well-known that the Mangasarian-Fromovitz qualification condition:

(MF) H'(z) is ontoi |
Jue X, hi(z)(u) <0, Vi=1,..,m,

is equivalent to the metric regularity of F' at (z,0). Thus, under the quali-
fication condition (MF), Proposition 5.1 implies the classical formula for the
contingent cone:

T(S,z) = CF(z,0)'(0) = {u € Ker H' (%) : hi(Z)u <0, Vi=1,...,m}.
The following theorem gives a formula for the contingent cone under the direc-
tional metric 1/2-subregularity of F.

Theorem 5.4. Suppose that g is twice differentiable at T; Im ¢'(Z) is closed
and the multifunction F' is metrically 1/2-reqular at T in every direction u €
CF(7,0)71(0). Then one has

T(S,z) = CF2(z,0)"(0)
wex: UE Ker H'(z), hiy(z)u <0, i =1,....,m;
- "0 Lg'(@)(uu) + Im ¢(2) + {0y} x RY
The theorem follows immediately from Proposition 5.1 and the following lemma.

Lemma 5.5. Suppose that g is twice differentiable at T and Im ¢'(Z) is closed.
Then, one has

CF*(7)(u)

1@ + I g/(2) + {0y} xRY ifue CF(2,07(0),  (66)
e otherwise.
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Proof. Let u € X and v € CF?*(z,0)(u). There are sequences (t,) — 0T,
(uy) — wand (v,) = (wn, A\n) — v := (w,\) as n — 0o with (wy, A,); (w, A)
in Y x R™, such that

(T + toun, t2v,) € gph F, n € N.

Setting
A= (AL 0™ A=A AN ER™ neN,

then

H(zx — H(z
lim (7 + tntin) (z) = lim w, = w;

hi_ tnn ; .
%g& i=1,....m; n €N.

According to the Taylor formula, one has, for ¢ = 1, ..., m,
2

t
hi(Z + toun) = toh(Z)un, + E”h;’(un, uy) + o(t?),

and
2

t
H(z + tyu,) = t, H' (T)u, + §"H”(un, u,) + o(t2).

Thus, u € Ker H'(z), and

w= lim H(Z)(u,/t,) + EH”(% u);

n—oo 2

hi 7 tn n . h, r n 1 ] .
hmsup% = hmsup& + §h;~’(u, u) <N, i=1,..,m.

The latter relations imply

Ri(z)u = lim hj(Z)u, <0 Vi=1,...,m,

n—oo

that is, w € CF(7,0)7%(0), and that for each k = 1,2, ..., there exists n;, € N
with ny < ngy1 such that

"z 1 ;
hi(T)un, + §h;’(u,u) <N +1/k, i=1,..,m. (67)

Ly,
By setting
1
then by virtue of (67), one has

1
(21, ) € ég”(:i)(u, uw)+1Im ¢'(z) + {0y} xRY, Vk=1,2,...
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As 2¢"(@)(u,u) + Im ¢'(z) + {0y} x RY is a closed convex cone, by letting
k — oo, one obtains

1
v= (wa >\) = kh—{go(zk’ Oék) € Eg”(i')(uv U’) + Im g/(f) + {OY} X RT

Conversely, let u € CF(z,0)"*(0) and let
1
vi=(w,\ .., \") € 59”(3’6)(u,u) +Im ¢'(z) + {0y} x R
Then, there is ' € X such that

w = %H”(f)(u, w) + H'(7) ()

)\i

IV

1
Shi (@) (u,w) + Bi(@0d, i =1, m,
Pick a sequence (t,) — 07 and set u, := u + t,u/, n € N. By using the Taylor

formula, one has

H(x+1 1
lim ("“t; nttn) _ H'() + S H'(7)(u, ),
and
T 1
lim hil® ;tnwl) = h(Z)u' + §h;’(§c)(u,u), i=1,..,m.

Therefore, for each k = 1,2, ..., we can find ny € N with ny < ny,, verifying

hi(Z + tn, tn, )

5 , Vi=1,...m.
U

N+ 1/k >

Therefore, by setting

H(Z + ty, un,) '
t2 ’
ng

v = (we, M) € {0y} X R™ (& + ty U, to vk) € gPh F, k=12, ....

Moo= (A 4+ 1)k, o, X+ 1/K);

Wy =

It follows that v € CF?(Z,0)(u). The proof is completed. O

6. Concluding Remarks

In this paper, we establish a sufficient condition for the directional Hoderian
metric subregularity of closed multifunctions in terms of a Holderian mixed
tangency-coderivative object invoking abstract sudifferential operators. This
object is a generalization of the notion: “the (directional) limit set critical for
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(directional) metric subregularity’ introduced by Gfrerer ([23, 24, 25]). For
convex multifunctions, this sufficient condition becomes necessary. The estab-
lished condition allows us give the verifiable second-order conditions for the di-
rectional Lipschitzian metric subregularity as well as the directional Holderian
metric subregularity of demi order of mixed smooth-convex generalized equa-
tions. We show that the directional Holderian metric subregularity can be
applied to study the tangent cones to the solution set of generalized equations
in the degenerate case. In particular, we derive the explicit formulas for the
tangent cones to systems defined second-order smooth equalities/inequalities
under the directional metric 1/2—subregularity condition.The questions how
to derive higher order characterizations of the (directional) Holderian metric
subregularity and how to determine explicitly the tangent cones to systems
of equalities/inequalities under the directional metric y—subregularity with
7 < 1/2 remain to be open.

Acknowledgements. The authors would like to thank the referee for the helpful
comments and suggestions.
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