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schitzian directional metric subregularity by means of the strong slopes and next of mixed
tangency-coderivative objects. By product, we give second-order conditions for the direc-
tional Lipschitzian metric subregularity and for the directional metric subregularity of demi
order. An application of the directional metric subregularity to study the tangent cone is
discussed.

Keywords: Error bound, generalized equation, metric subregularity, Hölder metric subreg-
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1. Introduction

Solving equations of the form:

F (x) = y, for y ∈ Y (1)
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where F : X → Y is a single mapping between, in general, two metric spaces
X and Y is one of the most important problems of Mathematics. When the
parameter y varies, under some conditions ensuring the uniqueness of solution,
a central issue is to investigate the behavior of the solution mapping x(y) of
equation (1). The classical implicit function theorems tell us on the existence
and the uniqueness of solutions, as well as the differentiability of the solution
mapping. When the mapping defines the equation is multi-valued, instead of
(1), we consider generalized equations (in the sense of Ronbinson) of the form:

Find x ∈ X such that y ∈ F (x), (2)

where F : X ⇉ Y is a set-valued mapping, i.e., a mapping assigns to every
x ∈ X a subset (possibly empty) F (x) of Y .
As usual, we use the notations gphF := {(x, y) ∈ X × Y : y ∈ F (x)}
for the graph of F , domF := {x ∈ X : F (x) 6= ∅} for the domain of F
and F−1 : Y ⇉ X for the inverse map of F . This inverse map is defined by
F−1(y) := {x ∈ X : y ∈ F (x)}, y ∈ Y and satisfies

(x, y) ∈ gphF ⇐⇒ (y, x) ∈ gphF−1.

In practice, we can only find out an approximate solution of (2). When
an approximate solution is available, it is crucial to estimate the distance
d(x, F−1(y)), from an approximate solution x to the solution set F−1(y)), re-
garded as an error of the approximation. A quantity which is used naturally
to estimate the distance d(x, F−1(y)) is d(y, F (x)), and this leads to the con-
cept of the metric regularity: Recall that a set-valued mapping F is said to be
metrically regular at (x̄, ȳ) with ȳ ∈ F (x̄) with modulus τ > 0 if there exists a
neighborhood U × V of (x̄, ȳ) such that

d(x, F−1(y)) ≤ τd(y, F (x)) for all (x, y) ∈ U × V, (3)

where, d(x,C) denotes, as usual, the distance from x to a set C and is defined
by d(x,C) = infz∈C d(x, z), with the convention that d(x, S) = +∞ whenever
S is empty.

The metric regularity of set-valued mapping is a central and crucial concept
in modern variational analysis and it has many applications in optimization,
control theory, game theory, etc. For a detailed account the reader is referred
to the books or contributions of many researchers (e.g., [5, 8, 9, 10, 12, 13, 14,
15, 16, 27, 28, 29, 35, 37, 36, 39, 40, 41, 44, 48, 47, 50, 53] and the references
given therein) for many theoretical results on metric regularity as well as for
its various applications.

By fixing y = ȳ in (3) in the definition of the metric regularity, we obtain
a weaker property called metric subregularity: The mapping F is said to be
metrically subregular at (x̄, ȳ) ∈ X×Y such that ȳ ∈ F (x̄) with modulus τ > 0
if there exists a neighborhood U of x̄ such that

d(x, F−1(ȳ)) ≤ τd(ȳ, F (x)) for all x ∈ U. (4)
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We also refer to the references ([23, 24, 25, 37, 39, 40, 45, 50, 52]) for the recent
studies of the metric subregularity.

The Hölderian version of the metric subregularity is defined as follows: The set-
valued mapping F is said to be Hölder metrically subregular of order γ ∈ (0, 1]
at (x̄, ȳ) with ȳ ∈ F (x̄) with modulus τ > 0 if there exists a neighborhood U
of x̄ such that

d(x, F−1(ȳ)) ≤ τ [d(ȳ, F (x))]γ for all x ∈ U. (5)

When the inequality above holds for all y near ȳ, we say that F is Hölder met-
rically regular of order γ ∈ (0, 1] at (x̄, ȳ). The regular/subregular properties of
Hölder type were studied initially in late 80s of the last century by Borwein-
Zhuang [8], Frankowska [19], Penot [48]. Recently, it attracted a lot of interest
of researchers, due to a broad range of applications of the nonlinear regularity
models (see e.g., [20], [30], [21], [38] and the references given therein). In such
works, the authors have established characterizations for the Hölder metric sub-
regularity/regularity of multifunctions by using derivative-like objects in some
different ways, as well as the applications to study the stability of variational
systems and the convergence analysis of algorithms.

In some situations in Optimization, e.g., in the study of sensitivity analysis; in
the theory of necessary optimality conditions in Mathematical Programming,
one only needs a regular behavior with respect to some directions (see [7], [10]).
Due to this, several directional versions of the regular notions were considered.
In [1, 3], Arutyunov et al have introduced and studied a notion of directional
metric regularity. This notion is an extension of an earlier notion used by
Bonnan & Shapiro ([7]) to study sensitivity analysis. Later, Ioffe ([31]) has in-
troduced and investigated an extension called relative metric regularity which
covers many notions of metric regularity in the literature. Recently, an other
version of directional metric regularity/subregularity has been introduced and
extensively studied by Gfrerer in [24], [25]. This author has established some
variational characterizations of this directional metric regularity/subregularity,
and it has been succesfully applied this directional regular properties to study
optimality conditions for mathematical programs. In fact, this directional reg-
ular property has been earlier used by Penot ([49]) to study second order opti-
mality conditions.

In this paper, we consider the following directional version of the Hölderian
metric subregularity. This notion is a natural extention of the directional metric
regularity of Lipschitz type introduced by Gfrerer in [24], [25]. As usual, in a
normed space X, for x ∈ X and r > 0, the open and closed balls with center
x and radius r > 0 is denoted by B(x, r), B̄(x, r), respectively, while coneA
stands for the conic hull of A ⊆ X, i.e., coneA = ∪λ≥0λA.

Definition 1.1. Let X be a normed space and let Y be a metric space. Let
γ ∈ (0, 1] and u ∈ X be given. A mapping F : X ⇉ Y is said to be directionally
metrically γ-subregular or directionally Hölder metrically subregular of order γ
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at (x̄, ȳ) ∈ X × Y with ȳ ∈ F (x̄) in direction u with modulus τ > 0 if there
exist a neighborhood U of x̄ and a positive real number δ such that

d(x, F−1(ȳ)) ≤ τ [d(ȳ, F (x))]γ (6)

for all x ∈ U ∩ (x̄ + coneB(u, δ)). When γ = 1, we say simply that F is
directionally metrically subregular at (x̄, ȳ) in direction u.

Note that the directional Hölderian metric subregularity at (x̄, ȳ) in direction
u = 0 coincides with the Hölderian metric subregularity of the same order at
(x̄, ȳ).

The main objective of this paper is to characterize the directional Höderian
metric subregularity by means of the strong slopes as well as of generalized
derivatives or coderivatives. Such characterizations allow us to establish the
second order conditions for the directional metric regularities of Lipschitz type
and of order 1

2
of the mixed smooth-convex inclusions of the form:

0 ∈ g(x)− F (x),

where, g : X → Y is a sufficiently smooth function and F : X ⇉ Y is a convex
multifunction. Such inclusions play an important role in many optimization and
control models. As an application, we show the effectivity of the directional
Hölderian metric subregularity to examine the tangent vectors to a solution set
of the inclusion: 0 ∈ F (x).

The paper is organized as follows. In Section 2, in counterpart of the direc-
tional Hölderian metric subregularity, we introduce the directional Hölderian
error bound property of lower semicontinuous functions. We give a character-
ization of the directional error bound by means of strong slopes. Using this
characterization, we establish in Section 2 a sufficient condition for the direc-
tional Hölder metric subregularity of closed set-valued mappings on Banach
spaces by using mixed tangency-coderivative objects. In Section 3, the second-
order characterizations for the directional Lipschitzian metric subregularity and
directional 1

2
-metric subregularity are investigated. In the final section, we ap-

ply the directional Hölderian metric subregularity to examine the tangent cone
to the solution set of equations or systems of inequalities/equalities.

2. Directional error bounds

Let X be a metric space. Let f : X → R ∪ {+∞} be a given function. As
usual, dom f := {x ∈ X : f(x) < +∞} denotes the domain of f . We set

S := {x ∈ X : f(x) ≤ 0}. (7)

We use the symbol [f(x)]+ to denote max(f(x), 0). For given γ ∈ (0, 1], we
shall say that the system (7) admits an error bound of order γ around x0 ∈ X
if there exist reals c, ε > 0 such that

d(x, S) ≤ c
[

f(x)]γ+ for all x ∈ B(x0, ε). (8)
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Several characterizations of error bounds in terms of the strong slope have been
established in the literature (see, e.g., [6], [43], [46]). Recall from [11], [6] that
the strong slope |∇f |(x) of a lower semicontinuous function f at x ∈ dom f is
the quantity defined by |∇f |(x) = 0 if x is a local minimum of f ; otherwise

|∇f |(x) = lim sup
y→x, y 6=x

f(x)− f(y)

d(x, y)
.

For x /∈ dom f , we set |∇f |(x) = +∞.

Theorem 2.1 ([45]). Let X be a complete metric space. Suppose that f :
X → R ∪ {+∞} be a lower semicontinuous and x̄ ∈ S. If

lim inf
x→x̄, x/∈S

f(x)
d(x,x̄)

→0

|∇|f(x) > 0,

then there exist reals τ > 0 and δ > 0 such that

md(x, S) ≤ [f(x)]+ for all x ∈ B(x̄, δ).

Fact 2.2 ([44], Corollary 2.5). Let a real α > 0 be given. Then for all x ∈
X with f(x) > 0, one has

|∇fα|(x) = αfα−1(x)|∇f |(x).

Here, fα(x) = (f(x))α.

From this fact, Theorem 2.1 yields the following characterization of the
Hölderian error bound of some order α.

Theorem 2.3. Let X be a complete metric space and let a real α ∈ (0, 1].
Suppose that f : X → R ∪ {+∞} be a lower semicontinuous and x̄ ∈ S. If

lim inf
x→x̄, x/∈S
f(x)α

d(x,x̄)
→0

fα−1(x)|∇|f(x) > 0,

then there exist reals τ > 0 and δ > 0 such that

md(x, S) ≤ [f(x)]α+ for all x ∈ B(x̄, δ).

We introduce the directional version of the error bound.

Definition 2.4. Let X be a normed space. For given γ ∈ (0, 1] and u ∈ X,
we say that the system (7) admits an error bound of order γ around x0 ∈ S in
direction u if there exist c, δ > 0 such that

d(x, S) ≤ c[f(x)]γ+ for all x ∈ B(x0, δ) ∩ (x0 + coneB(u, δ)).
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Obviously, the error bound in direction u = 0 coincides the usual error bound
(at the same point with the same order).

The following theorem gives a slope characterization of the directional error
bound.

Theorem 2.5. Let X be a Banach space. Consider the system (7) associated
to a lower semicontinuous function f : X → R ∪ {+∞}. For given x̄ ∈ S, if

lim inf
x→

u
x̄, x/∈S

f(x)
‖x−x̄‖

→0

|∇f |(x) > 0, (9)

where x →
u

x̄ means that x → x̄ if u = 0 and x−x̄
‖x−x̄‖

→ u
‖u‖

as well as x →
x̄ if u 6= 0, then there exist reals τ, ε, δ > 0 such that

d(x, S) ≤ τ [f(x)]+ for all x ∈ B(x̄, ε) ∩ [x̄+ coneB(u, δ)] .

That is, the system S admits an error bound at x̄ in direction u with modulus
τ .

Proof. The case u = 0 was proved in ([45], Theorem 1). For u 6= 0, we prove
the theorem by contradiction. Suppose on the contrary that S has not an error
bound at x̄ in direction u. Then, there exists a sequence {xn} ⊆ X such that

0 < ‖xn − x̄‖ <
1

n
,

∥

∥

∥

∥

xn − x̄

‖xn − x̄‖ − u

‖u‖

∥

∥

∥

∥

<
1

n
,

such that

f+(xn) <
1

n2
d(xn, S).

By virtue of Ekeland variational principle, one gets a point zn ∈ X, satisfying
the following conditions:

‖zn − xn‖ <
1

n
d(xn, S), f+(zn) ≤ f+(xn),

and

f+(zn) ≤ f+(x) +
1

n
‖x− zn‖, ∀ x ∈ X.

Thus zn /∈ S and it deduces that

|∇f |(zn) ≤
1

n
,

f(zn)

‖zn − x̄‖ ≤ f+(zn)

‖zn − x̄‖ ≤ 1

n
, and zn → x̄. (10)

Note that

‖zn − x̄‖ ≤ ‖xn − zn‖+ ‖xn − x̄‖ ≤ n+ 1

n
‖xn − x̄‖
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and,

‖zn − x̄‖ ≥ ‖xn − x̄‖ − ‖xn − zn‖ ≥ n− 1

n
‖xn − x̄‖.

Then,

∥

∥

∥

∥

zn − x̄

‖zn − x̄‖ − u

‖u‖

∥

∥

∥

∥

=

∥

∥

∥

∥

xn − x̄+ zn − xn

‖zn − x̄‖ − u

‖u‖

∥

∥

∥

∥

=

∥

∥

∥

∥

∥

xn−x̄
‖xn−x̄‖

+ zn−xn

‖xn−x̄‖

‖zn−x̄‖
‖xn−x̄‖

− u

‖u‖

∥

∥

∥

∥

∥

→ 0,

(11)

since

0 ≤ ‖zn − xn‖
‖xn − x̄‖ ≤ 1/nd(xn, S)

‖xn − x̄‖ ≤ 1

n

‖xn − x̄‖
‖xn − x̄‖ =

1

n
→ 0, as n → ∞

and,
n− 1

n
≤ ‖zn − x̄‖

‖xn − x̄‖ ≤ n+ 1

n
.

From (10) and (11) one see that the condition (9) does not happen. The proof
is completed.

By applying Theorem 2.5 for the function fγ
+ with γ > 0, one has the following

sufficient condition ensuring the directional error bound of order γ.

Theorem 2.6. Let X be a Banach space and let f : X → R ∪ {+∞} be a
lower semicontinuous function. Consider the system (7). Given x̄ ∈ S, u ∈ X,
and a real γ ∈ (0, 1]. If

lim inf
x→

u
x̄, x/∈S

fγ (x)
‖x−x̄‖

→0

|∇fγ|(x) = lim inf
x→

u
x̄, x/∈S

fγ (x)
‖x−x̄‖

→0

γfγ−1(x)|∇f |(x) := mγ > 0, (12)

then there exist reals τ, ε, δ > 0 such that

d(x, S) ≤ τ [f(x)]γ+ for all x ∈ B(x̄, ε) ∩ [x̄+ coneB(u, δ)] .

3. Directional Hölder metric subregularity

3.1. Directional metric subregularity via directional error bound

Let X be a normed spacce and let Y be metric space. Let F : X ⇉ Y
be a multifunction, (x̄, ȳ) ∈ gphF and given u ∈ X. Recall that the lower
semicontinuous envelope function of the function x 7→ d(ȳ, F (x)) is defined by

ϕ(x) := lim inf
w→x

d(ȳ, F (w), x ∈ X.
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In [42], [44], this function has been effectively used to study the metric regu-
larity/subregularity of multifunctions. The following proposition allows us to
transform equivalently the directional metric regularity of the multifunction F
to the directional error bound of the function ϕ.

Proposition 3.1. Let X be a normed space and Y be a metric space. Suppose
that the multifunction F : X ⇉ Y has a closed graph and a point (x̄, ȳ) ∈ X×Y
such that ȳ ∈ F (x̄). One has

S := F−1(ȳ) = {x ∈ X : ϕ(x) = 0}. (13)

Moreover, for given γ > 0 and u ∈ X, F is directionally Holder metrically
subregular of order γ in direction u with modulus τ > 0 if and only if ϕ admits
an error bound of order γ in the direction u at x̄ with the same modulus τ , i.e.,
there exist τ, δ, ε > 0 such that

d(x, S) ≤ τϕγ(x) (14)

for all x ∈ B(x̄, ε) ∩ (x̄+ coneB(u, δ)).

Proof. Relation (13) is obvious. Suppose now F is directionally metrically
γ−subregular at (x̄, ȳ) in direction u. Let δ > 0 be such that

d(x, S) ≤ τ [d(ȳ, F (x))]γ ∀x ∈ B(x̄, δ) ∩ (x̄+ coneB(u, δ)). (15)

It suffices to show that (14) holds for any x ∈ B(x̄, δ)∩ (x̄+coneB(u, δ)) with
x 6= x̄. Indeed, let a sequence {un} such that un → x and limn→∞ d(ȳ, F (un)) =
ϕ(x). Since x 6= x̄ and un → x, when n is sufficiently large, one has un ∈
B(x̄, ε) ∩ [x̄+ coneB(u, δ)]. Thus, by (15), one has

d(un, S) ≤ τ [d(ȳ, F (un))]
γ.

By letting n → ∞, one obtains the desired inequality:

d(x, S) ≤ τϕγ(x).

The inverse implication is obvious.

By virtue of this proposition, Theorem 2.6 yields directly the slope characteri-
zation of the Hölderian directional metric subregularity.

Theorem 3.2. Let X be a Banach space and Y be a metric space. Suppose
that the multifunction F : X ⇉ Y has a closed graph and a point (x̄, ȳ) ∈ X×Y
such that ȳ ∈ F (x̄). Given u ∈ X, and a real γ ∈ (0, 1]. If

lim inf
x→

u
x̄, x/∈S

ϕγ (x)
‖x−x̄‖

→0

|∇ϕγ|(x) = lim inf
x→

u
x̄, x/∈S

ϕγ (x)
‖x−x̄‖

→0

γϕγ−1(x)|∇ϕ|(x) > 0, (16)

then there exist reals τ, ε, δ > 0 such that

d(x, F−1(ȳ)) ≤ τ [d(ȳ, F (x))]γ for all x ∈ B(x̄, ε) ∩ [x̄+ coneB(u, δ)].

That is, F is directional metrically γ−subregular at (x̄, ȳ) in direction u with
modulus τ .
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3.2. Mixed tangency-coderivative conditions for Directional Hölder
metric subregularity

In this subsection, we make use of the abstract subdifferential ∂ on a Banach
space X,which satisfies the following conditions:

(C1) If f : X → R is a convex function which is continuous around x̄ ∈ X and
β : R → R is a continuously differentiable at t = f(x), then

∂(β ◦ f)(x) ⊆ {β′(f(x))x∗ ∈ X∗ : 〈x∗, y − x〉 ≤ f(y)− f(x) ∀y ∈ X}.

(C2) ∂f(x) = ∂g(x) if f(y) = g(y) for all y in a neighborhood of x.

(C3) Let f1 : X → R∪{+∞} be a lower semicontinuous function and f2, ..., fn :
X → R be Lipschitz functions. If f1+f2+...+fn attains a local minimum
at x0, then for any ε > 0, there exist xi ∈ x0+εBX , x

∗
i ∈ ∂fi(xi), i ∈ 1, n,

such that |fi(xi)− fi(x0)| < ε, i ∈ 1, n, and ‖x∗
1 + x∗

2 + ...+ x∗
n‖ < ε.

For a closed subset C of X, the normal cone to C with respect to a subdif-
ferential operator ∂ at x ∈ C is defined by N(C, x) = ∂δC(x), where δC is
the indicator function of C given by δC(x) = 0 if x ∈ C and δC(x) = +∞,
otherwise and we assume here that ∂δC(x) is a cone for all closed subset C of
X.

Let X, Y be Banach spaces, and let ∂ be a subdifferential on X × Y . Let
F : X ⇉ Y be a closed multifunction and let (x̄, ȳ) ∈ gphF . The multifunction
D∗F (x̄, ȳ) : Y ∗

⇉ X∗ defined by

D∗F (x̄, ȳ)(y∗) = {x∗ ∈ X∗ : (x∗,−y∗) ∈ N(gphF, (x̄, ȳ))}

is called the ∂−coderivative of F at (x̄, ȳ). In the following theorem, we assume
further that ∂ is a subdifferential operator onX×Y which satisfies the separable
property in the following sense:

(C4) If f(x, y) := f1(x) + f2(y), (x, y) ∈ X × Y , where f1 : X → R ∪ {+∞},
f2 : X → R ∪ {+∞}, is a separable function defined on X × Y , then

∂f(x, y) = ∂f1(x)× ∂f2(y), for all (x, y) ∈ X × Y.

It is well known that the proximal subdifferential on Hilbert spaces; the Fréchet
subdifferential in Asplund spaces; the viscosity subdifferentials in Smooth spaces
as well as the Ioffe and the Clarke-Rockafellar subdifferentials in the setting of
general Banach spaces are subdifferentials satisfying the conditions (C1)–(C4).

For a given subdifferential operator ∂ on X × Y , we introduce the following
notion of the directional strict limit set critical associated with ∂ for metric
γ−subregularity. This is a directional version with some positive order of the
strict limit set critical introduced in [45] as a refinement of the one by Gfrerer
([23], [24]).

Definition 3.3. Let ∂ be a given subdifferential operator defined onX×Y. For
a closed multifunction F : X ⇉ Y ; a given direction u ∈ X; a real γ ∈ (0, 1] and
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(x̄, ȳ) ∈ gphF , the directional strict limit set critical ( associated with ∂) for
metric γ−subregularity of F at (x̄, ȳ) in direction u denoted by SCrγ F (x̄, ȳ)(u)
is defined as the set of all (v, x∗) ∈ Y × X∗ such that there exist sequences

{tn} ↓ 0, {εn} ↓ 0, un ∈ coneB(u, εn), (vn, t
γ−1
γ

n ‖vn‖γ−1x∗
n) → (v, x∗), (un, y

∗
n) ∈

SX × SY ∗ with x∗
n ∈ D∗F (x̄ + tnun, ȳ + t

1
γ
n vn)(y

∗
n), ȳ /∈ F (x̄ + tnun) (∀n), and

〈y∗n,vn〉
‖vn‖

→ 1.

When γ = 1, we simply write SCrF (x̄, ȳ)(u) := SCr1 F (x̄, ȳ)(u) and call it
the directional strict limit set critical for metric subregularity of F at (x̄, ȳ)
in direction u. In the case u = 0, we denote SCrγ F (x̄, ȳ) := SCrγ F (x̄, ȳ)(0),
which is called simply the strict limit set critical for metric γ−subregularity of
F at (x̄, ȳ).

The following theorem provides a sufficient condition for the directional metric
γ−subregularity of closed multifunctions in terms of the abstract coderivative
in the setting of Banach spaces.

Theorem 3.4. Let X, Y be Banach spaces and let ∂ be a subdifferential oper-
ator on X × Y . Let F : X ⇉ Y be a closed multifunction between X and Y
with (x̄, ȳ) ∈ gphF . Further let γ ∈ (0, 1] and a direction u ∈ X be given. If
(0, 0) /∈ SCrγ F (x̄, ȳ)(u) then F is metrically γ−subregular at (x̄, ȳ) in direction
u.

Proof. Suppose to the contrary that F is not metrically γ−subregular at (x̄, ȳ)
in direction u. In view of Theorem 3.2, there exist a sequence {xn} ⊆ X and
a sequence of positive reals {δn} such that

xn /∈ F−1(ȳ), δn ↓ 0, ‖xn − x̄‖ < δn, xn ∈ x̄+ coneB(u, δn),

lim
n→∞

ϕγ(xn)

‖xn − x̄‖ = 0, and lim
n→∞

|∇ϕγ|(xn) = 0.

Since limn→∞
ϕγ(xn)
‖xn−x̄‖

= 0, so we can assume that ϕγ(xn) ∈ (0, 1).

Without loss of generality, we choose {δn} such that δn ∈ (0, ϕγ(xn)) and
δn/ϕ

γ(xn) → 0. Then for each n, there is ηn ∈ (0, δn), with 2ηn + δn < ϕ(xn)
such that d(ȳ, F (z)) ≥ ϕ(xn)(1− δn), ∀z ∈ B(xn, 4ηn) and

δn ≥ ϕγ(xn)− ϕγ(z)

‖xn − z‖ for all z ∈ B(xn, ηn).

Equivalently,

ϕγ(xn) ≤ ϕγ(z) + δn‖z − xn‖ for all z ∈ B(xn, ηn).

Take zn ∈ B(xn, η
2
n/4), wn ∈ F (zn) such that ‖ȳ−wn‖ ≤ ϕ(xn)+η

2/γ
n /4. Then,

‖ȳ − wn‖γ ≤ ϕγ(xn) + η2n/4,
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and
‖ȳ − wn‖γ ≤ ϕγ(z) + δn‖z − xn‖+ η2n/4 ∀z ∈ B(xn, ηn).

Therefore,

‖ȳ − wn‖γ ≤ ‖ȳ − w‖γ + δgphF (z, w) + δn‖z − zn‖+ (δn + 1)η2n/4

∀(z, w) ∈ B(xn, ηn)× Y.

Applying the Ekeland variational principle to the function

(z, w) 7→ ‖ȳ − w‖γ + δgphF (z, w) + δn‖z − zn‖

on B(xn, ηn)× Y , we can select (z1n, w
1
n) ∈ (zn, wn) +

ηn
4
BX×Y with (z1n, w

1
n) ∈

gphF such that

‖ȳ − w1
n‖γ ≤ ‖ȳ − wn‖γ(≤ ϕγ(xn) + η2n/4); (17)

and that the function

(z, w) 7→ ‖ȳ − w‖γ + δgphF (z, w) + δn‖z − zn‖+ (δn + 1)ηn‖(z, w)− (z1n, w
1
n)‖

attains a minimum on B(xn, ηn)×Y at (z1n, w
1
n). As the functions ‖ȳ−w‖γ, ‖z−

zn‖, ‖(z, w) − (z1n, w
1
n)‖ are locally Lipschitz around (z1n, w

1
n), by (C3), we can

find

w2
n ∈ BY (w

1
n, ηn); (z3n, w

3
n) ∈ BX×Y ((z

1
n, w

1
n), ηn) ∩ gphF ;

(z4n, w
4
n) ∈ BX×Y ((z

1
n, w

1
n), ηn);

w2∗
n ∈ ∂(‖ȳ − ·‖γ)(w2

n); (z3∗n ,−w3∗
n ) ∈ N(gphF, (z3n, w

3
n))

(z4∗n ,−w4∗
n ) ∈ ∂(‖(·, ·)− (z1n, w

1
n)‖)(z4n, w4

n)

satisfying

w3∗
n = w2∗

n + (δn + 2)ηnw
4∗
n ,

‖w2∗
n − w3∗

n ‖ < (δn + 2)ηn and ‖z3∗n ‖ ≤ δn + (δn + 2)ηn.
(18)

Since w2∗
n ∈ ∂(‖ȳ−·‖γ)(w2

n) = γ‖ȳ−w2
n‖γ−1∂(‖ȳ−·‖)(w2

n) (note that ‖ȳ−w2
n‖ ≥

‖ȳ − wn‖ − ‖w2
n − wn‖ ≥ ϕ(xn) − δn − 2ηn > 0), then w2∗

n = γ‖ȳ − w2
n‖γ−1en

with ‖en‖ = 1 and 〈en, w2
n − ȳ〉 = ‖ȳ − w2

n‖. Thus, from the second relation in
(18), it follows that

‖w3∗
n ‖ ≥ ‖w2∗

n ‖ − (δn + 2)ηn = γ‖ȳ − w2
n‖γ−1 − (δn + 2)ηn > 0,

as well as

‖w3∗
n ‖ ≤ ‖w2∗

n ‖+ (δn + 2)ηn = γ‖ȳ − w2
n‖γ−1 + (δn + 2)ηn.

Set

tn = ‖z3n − x̄‖; un = (z3n − x̄)/tn; vn = (w3
n − ȳ)/t

1
γ
n ,
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and

y∗n = w3∗
n /‖w3∗

n ‖; x∗
n = z3∗n /‖w3∗

n ‖.

Since

ϕ(xn)(1− δn) ≤ d(ȳ, F (x̄+ tnun)) ≤ t
1
γ
n ‖vn‖

≤ ‖ȳ − w1
n‖+ ηn ≤ ϕ(xn) + η2n/4 + ηn;

and

tn = ‖z3n − x̄‖ ≥ ‖xn − x̄‖ − ‖z3n − xn‖ ≥ ‖xn − x̄‖ − η2n/4− 5ηn/4,

tn ≤ ‖xn − x̄‖+ ‖z3n − xn‖ ≤ ‖xn − x̄‖+ η2n/4 + 5ηn/4.

Since ‖xn − x̄‖ → 0, ηn/‖xn − x̄‖ → 0 as n → ∞, we can assume that
1 > ‖xn − x̄‖ − η2n/4− 5ηn/4 > 0 for n sufficiently large. Therefore,

‖vn‖ ≤ ϕ(xn) + η2n/4 + ηn

(‖xn − x̄‖ − η2n/4− 5ηn/4)
1
γ

.

As ϕγ(xn)/‖xn − x̄‖ → 0 as well as ηn/‖xn − x̄‖ → 0, one obtains

lim
n→∞

vn = 0. (19)

Next one has x∗
n ∈ D∗F (x̄ + tnun, ȳ + t

1
γ
n vn)(y

∗
n) with ‖y∗n‖ = 1 and by the

second relation of (18), one derives that

‖x∗
n‖ = ‖z3∗n ‖/‖w3∗

n ‖ ≤ δn + (δn + 2)ηn
γ‖ȳ − w2

n‖γ−1 − (δn + 2)ηn
. (20)

Note that

‖ȳ − w3
n‖ − ηn ≤ ‖ȳ − w2

n‖ ≤ ‖ȳ − w3
n‖+ ηn.

That is,

t
1
γ
n ‖vn‖ − ηn ≤ ‖ȳ − w2

n‖ ≤ t
1
γ
n ‖vn‖+ ηn.

Hence,

‖x∗
n‖t

γ−1
γ

n ‖vn‖γ−1 ≤ t
γ−1
γ

n ‖vn‖γ−1(δn + (δn + 2)ηn)

γ‖ȳ − w2
n‖γ−1 − (δn + 2)ηn

→ 0 as n → ∞. (21)
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One has the following estimates:

t
1
γ
n 〈y∗n, vn〉 =

〈w2∗
n , w2

n − ȳ〉+ 〈w2∗
n , w3

n − w2
n〉+ 〈w3∗

n − w2∗
n , w3

n − ȳ〉
‖w3∗‖

≥ γ‖ȳ − w2
n‖γ − 2ηnγ‖ȳ − w2

n‖γ−1 − (δn + 2)ηn‖ȳ − w3
n‖

γ‖ȳ − w2
n‖γ−1 + (δn + 2)ηn

≥ γ‖ȳ − w2
n‖γ − 2ηnγ‖ȳ − w2

n‖γ−1 − (δn + 2)ηnt
1
γ
n ‖vn‖

γ‖ȳ − w2
n‖γ−1 + (δn + 2)ηn

=
‖ȳ − w2

n‖ − 2ηn − (δn+2)ηnt
1
γ
n ‖vn‖

γ‖ȳ−w2
n‖

γ−1

1 + (δn+2)ηn
γ‖ȳ−w2

n‖
γ−1

≥
‖ȳ − w3

n‖ − 4ηn − (δn+2)ηnt
1
γ
n ‖vn‖

γ‖ȳ−w2
n‖

γ−1

1 + (εn+2)ηn
γ‖ȳ−w2

n‖
γ−1

=
t
1
γ
n ‖vn‖ − 4ηn − (m+δn+2)ηnt

1
γ
n ‖vn‖

γ‖ȳ−w2
n‖

γ−1

1 + (δn+2)ηn
γ‖ȳ−w2

n‖
γ−1

=
(1− (δn+2)ηn

γ‖ȳ−w2
n‖

γ−1 )t
1
γ
n ‖vn‖ − 4ηn

1 + (δn+2)ηn
γ‖ȳ−w2

n‖
γ−1

.

Hence,

0 ≤ 1− 〈y∗n, vn〉
‖vn‖

≤
2(δn+2)ηn

γ‖ȳ−w2
n‖

γ−1 +
4ηn

t
1
γ
n ‖vn‖

1 + (δn+2)ηn
γ‖ȳ−w2

n‖
γ−1

. (22)

Since δn/ϕ
γ(xn) → 0 and ηn ∈ (0, δn), one has

ηn

t
1
γ
n ‖vn‖

≤ ηn
ϕ(xn)(1− δn)

≤ ηn
ϕγ(xn)(1− δn)

→ 0 as n → ∞.

Therefore, one obtains

lim
n→∞

〈y∗n, vn〉
‖vn‖

= 1. (23)

Furthermore, for the case of u 6= 0, one has z3n → x̄ and

z3n − x̄

‖z3n − x̄‖ − u

‖u‖ =

xn−x̄
‖xn−x̄‖

+ z3n−xn

‖xn−x̄‖

‖z3n−x̄‖
‖xn−x̄‖

− u

‖u‖ .

As
‖z3n − x̄‖ ≥ ‖xn − x̄‖ − ‖z3n − xn‖ ≥ ‖xn − x̄‖ − η2n/4− ηn,



430 H. V. Ngai, N. H. Tron, P. N. Tinh / Directional Hölder Metric ...

then
‖xn − x̄‖ − η2n/4− ηn

‖xn − x̄‖ ≤ ‖z3n − x̄‖
‖xn − x̄‖ ≤ ‖xn − x̄‖+ η2n/4 + ηn

‖xn − x̄‖ .

It follows that

‖z3n − x̄‖
‖xn − x̄‖ → 1 by

ηn
‖xn − x̄‖ → 0, as n → ∞.

On the other hand,

‖z3n − xn‖
‖xn − x̄‖ ≤ 5ηn/4 + η2n/4

‖xn − x̄‖ → 0, as n → ∞.

So,

lim
n→∞

un = lim
n→∞

z3n − x̄

‖z3n − x̄‖ =
u

‖u‖ .

By this relation and (19), (21) and (23), we derive (0, 0) ∈ SCrγ F (x̄, ȳ)(u), a
contradiction.

Remark 3.5. The sufficient condition established in the above theorem is
given in terms of a combination of coderivatives and tangency. Due to the
definition of SCrγ F (x̄, ȳ)(u), observe that even when u = 0, i.e., for the usual
Hölderian metric regularity, it is sharper than a sufficient condition established
by Li and Mordukhovich in ([38], Theorem 3.3) in the setting of Asplund
spaces. Furthermore, when γ = 1, since the directional strict limit set crit-
ical SCrF (x̄, ȳ)(u) is generally smaller than the directional limit set critical,
used by Gfrerer ([24]), Theorem 3.4 subsumes a sufficient condition for the
metric subregularity that is sharper than some conditions established recently
in [24].

Example 3.6. Let consider F : R2 → R defined by

F (x1, x2) =

{

(x1 − x2)(x
2
1 + (x1 − x2)

6) sin 1
x1−x2

if x1 6= x2,

0 otherwise.

Then,

F−1(0) = {(t, t) : t ∈ R} ∪ {(t, t+ 1/(kπ)) : t ∈ R, k ∈ Z \ {0}} .

For x = (x1, x2) /∈ F−1(0); y∗ ∈ R, one has

D∗F (x)(y∗) = y∗
(

∂F

∂x1

(x),
∂F

∂x2

(x)

)

,
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with

∂F

∂x1

(x) = (x2
1 + (x1 − x2)

6 + (x1 − x2)(2x1 + 6(x1 − x2)
5) sin

1

x1 − x2

− x2
1 + (x1 − x2)

6

x1 − x2

cos
1

x1 − x2

;

∂F

∂x2

(x) = (x2
1 + (x1 − x2)

6 + 6(x2 − x1)
6) sin

1

x2 − x1

− x2
1 + (x1 − x2)

6

x2 − x1

cos
1

x2 − x1

.

Let (tn) → 0+, (y∗n) ⊆ R with y∗n = 1 or −1; (un) := (u1,n, u2,n) → (1, 0) with
‖un‖R2 = 1; xn = tnun; yn = t3nvn with (xn, yn) ∈ gphF . Then,

vn = (u1,n − u2,n)(u
2
1,n + t4n(u1,n − u2,n)

6) sin
1

tn(u1,n − u2,n)
, n = 1, 2, ....

If vn → 0, then sin 1
tn(u1,n−u2,n)

→ 0. Hence,

t−2
n |vn|−2/3‖D∗F (xn)(y

∗
n)‖ = t−2

n |vn|−2/3

∥

∥

∥

∥

(

∂F (xn)

∂x1

,
∂F (xn)

∂x2

)
∥

∥

∥

∥

→ +∞,

which shows that (0, 0R2) /∈ SCr1/3 F (0, 0)(1, 0). Thus, by virtue of Theorem
3.4, F is directionally metric 1/3-subregular at (0, 0) in direction (1, 0).

However, F is not directionally metrically 1/3-subregular in direction (0, 1).
To see this, let us take the sequences

x1,n := 0; x2,n := 1/(nπ + 1/n−1/2); xn = (x1,n, x2,n).

Then xn →
(0,1)

(0, 0), and

d(xn, F
−1(0)) =

n−1/2

√
2nπ(nπ + 1/n−1/2)

(when n is sufficiently large);

F (xn) = (−1)n(nπ + 1/n−1/2)−7 sin(n−1/2).

It implies that

lim
n→∞

|F (xn)|
d(xn, F−1(0))3

= 0,

and therefore, F not directionally metrically 1/3-subregular in direction (0, 1).

When F is a convex multifunction, the sufficient condition (0, 0) /∈
SCrγ F (x̄, ȳ)(u) in Theorem 3.4 is also necessary for the directional metric
γ−subregularity of F as shown in the following proposition.
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Proposition 3.7. Suppose that F : X ⇉ Y be a convex closed multifunction.
Let (x̄, ȳ) ∈ gphF and γ ∈ (0, 1], u ∈ X be given. If F is directional metrically
γ−subregular at (x̄, 0) in u then (0, 0) /∈ SCrγ F (x̄, ȳ)(u).

Proof. Considering the multifunction F (x) − ȳ instead of F , we can assume
that ȳ = 0. Suppose that F is metrically γ−subregular at (x̄, 0) in direction u.
There are τ > 0, δ > 0 such that

d(x, F−1(0)) ≤ τd(0, F (x))γ ∀x ∈ B(x̄, δ) ∩ (x̄+ coneB(u, δ)). (24)

Let sequences (tn), (un), (vn), (x
∗
n), (y

∗
n) such that (tn) ↓ 0; (un) → u, (un, y

∗
n) ∈

SX ×SY ∗ ; x∗
n ∈ D∗F (x̄+ tnun, t

1/γ
n vn)(y

∗
n); 0 /∈ F (x̄+ tnun) (∀n); (vn) → 0 and

〈y∗n,vn〉
‖vn‖

→ 1. We will prove that (t
(γ−1)/γ
n ‖vn‖γ−1x∗

n) does not converge to 0.

Indeed, pick a sequence (εn) ↓ 0 and, by assuming without loss of generality
τ(1 + εn)tn‖vn‖γ ≤ tn < δ/2, un ∈ B(u, δ), tn‖un‖ < δ/2 and x̄ + tnun ∈
(B(x̄, δ) ∩ [x̄+ coneB(u, δ)]) for each n, there exists zn ∈ F−1(0) such that

‖zn − x̄− tnun‖ ≤ τ(1 + εn) [d(0, F (x̄+ tnun))]
γ ≤ τ(1 + εn)tn‖vn‖γ. (25)

Consequently, ‖zn − x̄‖ ≤ tn‖un‖+ τ(1 + εn)tn‖vn‖γ < δ/2 + δ/2 = δ, i.e.,zn ∈
B(x̄, δ), for all n. Since F is a convex multifunction, then

〈x∗
n, z − x̄− tnun〉 − 〈y∗n, w − t1/γn vn〉 ≤ 0, ∀(z, w) ∈ gphF.

By taking (z, w) := (zn, 0) into account, one has

〈x∗
n, x̄+ tnun − zn〉 ≥ t1/γn 〈y∗n, vn〉.

Therefore, from relation (25), one obtains

τ(1 + εn)tn‖vn‖γ‖x∗
n‖ ≥ 〈x∗

n, zn − x̄− tnun〉 ≥ t1/γn 〈y∗n, vn〉.

This implies that lim infn→∞ t
(γ−1)/γ
n ‖vn‖γ−1‖x∗

n‖ ≥ 1/τ > 0, which ends the
proof.

In the case γ = 1, with a similar proof, the conclusion of the preceding propo-
sition also holds for the the mixed smooth-convex inclusion of the form:

0 ∈ g(x)− F (x) := G(x), (26)

where g : X → Y is a mapping of C1 class, i.e., the class of continuously
Fréchet differentiable mappings, around x̄ ∈ G−1(0); F : X ⇉ Y is a closed
convex multifunction. The following proposition is the directional version of
Proposition 1 in [45].

Proposition 3.8. With the assumptions as above, for given u ∈ X, the multi-
function G := g−F is metrically subregular at (x̄, 0) in direction u if and only
if (0, 0) /∈ SCrG(x̄, 0)(u).



H. V. Ngai, N. H. Tron, P. N. Tinh / Directional Hölder Metric ... 433

4. Second order characterizations of the directional metric subreg-
ularity and 1/2−subregularity

Let X, Y be normed spaces, S ⊂ X be nonempty and x̄ ∈ S. The tangent cone
T (S, x̄) of S at x̄ is defined by

T (S, x̄) := {v ∈ X : ∃(tn) ↓ 0, ∃(xn) ⊆ S, xn → x̄, v = lim
n→∞

(xn − x̄)/tn}.

We recall that the contingent derivative of a multifunction F : X ⇉ Y at
(x, y) ∈ gphF , denoted by CF (x, y), is a set valued map from X to Y defined
by

CF (x, y)(u) := {v ∈ Y : (u, v) ∈ T (gphF, (x, y))}.
We introduce the notion of the contingent derivative of high order.

Definition 4.1. Contingent derivative of positive order α of a multifunction
F : X ⇉ Y at (x, y) ∈ gphF , denoted by CFα(x, y), is a set valued map from
X to Y defined by

∀u ∈ X, v ∈ CFα(x, y)(u)

⇔ ∃tn ↓ 0, (un, vn) → (u, v) such that (x+ tnun, y + tn
αvn) ∈ gphF.

The following proposition shows that the directional metric γ−subregularity at
(x̄, ȳ) ∈ gphF is always valid in any direction u /∈ CF 1/γ(x̄, ȳ)−1(0).

Proposition 4.2. Let F : X ⇉ Y be a closed multifunction and let (x̄, ȳ) ∈
gphF , γ ∈ (0, 1] and u0 ∈ X be given. If u0 /∈ CF 1/γ(x̄, ȳ)−1(0) then F is
metrically γ−subregular at (x̄, ȳ) in direction u0.

Proof. Assume on contrary that F is not metrically γ−subregular at (x̄, ȳ) in
direction u0. Then, there exists a sequence (xn) →u0 x̄ such that

d(xn, F
−1(ȳ)) > nd(ȳ, F (xn))

γ, ∀n ∈ N.

It implies that there is a sequence (yn) with yn ∈ F (xn) such that

n‖yn − ȳ‖γ < ‖xn − x̄‖, ∀n ∈ N.

Since xn →u0 x̄, there exist tn → 0+, un → u0 with xn = x̄ + tnun, ∀n. By
setting

vn :=
yn − ȳ

t
1/γ
n

,

one has (un, vn) → (u0, 0), which implies u0 ∈ CF 1/γ(x̄, ȳ)−1(0).

Recall that (see [17]) a subset S ⊆ X is said to be first-order tangentiable at x̄
if for every ε > 0, there is a neighborhood U of the origin such that

(S − x̄) ∩ U ⊂ [T (S; x̄)]ε
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where [T (S; x̄)]ε := {x ∈ X : d(x/‖x‖, T (S; x̄)) < ε} ∪ {0} is the ε-conic
neighborhood of T (S; x̄). It should note that in a finite dimensional space,
every nonempty set is tangentiable at any point (see [17]).

Lemma 4.3 ([17]). Let S ⊂ X be nonempty, x̄ ∈ S and {xn} ⊂ S \ {x̄}.
Assume that S is tangentiable at x̄, T (S, x̄) is locally compact at the origin

and {xn} converges to x̄. Then the sequence
{

xn−x̄
‖xn−x̄‖

}

has a convergent subse-
quence.

As usual, the closed unit ball in X is denoted by BX .

Proposition 4.4. Let X, Y be normed spaces. Let G : X ⇉ Y be a set-
valued map from X to Y . Assume that G is directionally Hölder metrically
γ-subregular at (x̄, ȳ) ∈ gphG in direction u0 ∈ X with some modulus κ > 0.
If G−1(ȳ) is tangentiable at x̄ and T (G−1(ȳ), x̄) is locally compact at the origin

then the 1
γ
-contingent derivative CG

1
γ (x̄, ȳ) is directional Hölder metrically γ-

subregular at (0, 0) in direction u0 with modulus κ.

Proof. Since G is directional Hölder metrically γ-subregular at (x̄, ȳ) ∈ gphG
in direction u0 ∈ X with modulus κ, there exists δ > 0 such that

d(x,G−1(ȳ) ≤ κ[d(ȳ, G(x))]γ, ∀x ∈ B(x̄, δ) ∩ [x̄+ cone(B(u0, δ))].

Let u ∈ cone(B(u0, δ)) and ǫ > 0 be arbitrary. Choose v ∈ CG
1
γ (x̄, ȳ)(u)

such that ‖v‖ < d(0, CG
1
γ (x̄, ȳ)(u)) + ǫ. By the definition, there are sequences

tn ↓ 0 and (un, vn) → (u, v) such that (x̄ + tnun, ȳ + tn
1
γ vn) ∈ gphG. We have

x̄+ tnun ∈ B(x̄, δ) ∩ [x̄+ cone(B(u0, δ))] and

d(x̄+ tnun, G
−1(ȳ)) ≤ κ [d(ȳ, G(x̄+ tnun))]

γ ≤ κtn‖vn‖γ

≤ κtn[d(0, CG
1
γ (x̄, ȳ)(u)) + ǫ]γ

for k sufficiently large. Then choose xn ∈ G−1(ȳ) such that ‖xn − x̄− tnun‖ ≤
κtn[d(0, CG

1
γ (x̄, ȳ)(u)) + 2ǫ]γ. This implies the boundedness of the sequence

{‖xn−x̄‖
tn

}. Hence, we may assume that {‖xn−x̄‖
tn

} converges to some α. On the

other hand, by Lemma 4.3, we also may assume that the sequence { xn−x̄
‖xn−x̄‖

} con-
verges to some point a. Set ūn := xn−x̄

tn
. Then ūn ∈ un+κ[d(0, CG

1
γ (x̄, ȳ)(u))+

2ǫ]γBX and ūn → ū := αa. Therefore, ū ∈ u+ κ[d(0, CG
1
γ (x̄, ȳ)(u)) + 2ǫ]γBX .

Since ȳ ∈ G(x̄+ tnūn) we have 0 ∈ CG
1
γ (x̄, ȳ)(ū). Thus,

d(u,CG
1
γ (x̄, ȳ)−1(0)) ≤ ‖u− ū‖ ≤ κ[d(0, CG

1
γ (x̄, ȳ)(u)) + 2ǫ]γ.

Take the limit on ǫ and the proof is complete.
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Now consider again the following mixed constraint system:

0 ∈ g(x)− F (x), (27)

where, as the previous section, F : X ⇉ Y is a closed and convex set-valued
map and g : X → Y is assumed to be continuously Fréchet differentiable in a
neighbourhood of a point x̄ ∈ (g − F )−1(0). Set G(x) := g(x)− F (x) and

C := CG(x̄, 0)−1(0) = {u ∈ X : Dg(x̄)(u) ∈ CF (x̄, g(x̄))(u)}. (28)

Proposition 4.5. For the mixed smooth-convex constraint system (27), and
for a given x̄ ∈ G−1(0) := (g−F )−1(0), if G is directional metrically subregular
at (x̄, 0) ∈ gphG in direction u0 ∈ X with some modulus κ and if X is reflexive,
then CG(x̄, 0) is also directionally metrically subregular at (0, 0) in direction
u0 with modulus κ.

Proof. By the hypothesis, there exists δ > 0 such that

d(x,G−1(0) ≤ κd(0, G(x)), ∀x ∈ B(x̄, δ) ∩ [x̄+ cone(B(u0, δ))].

Let u ∈ cone(B(u0, δ)) and ǫ > 0 be arbitrary. Choose v ∈ CG(x̄, 0)(u) such
that

‖v‖ < d(0, CG(x̄, 0)(u)) + ǫ.

By the definition, there are sequences tn ↓ 0 and (un, vn) → (u, v) such that
(x̄+ tnun, tnvn) ∈ gphG. For n sufficiently large, as in the proof of Proposition
4.4, there exists xn ∈ G−1(0) such that

‖xn − x̄− tnun‖ ≤ κtn[d(0, CG(x̄, 0)(u)) + 2ǫ].

By setting ūn := xn−x̄
tn

, since {un} is bounded andX is reflexive, then by passing
to a subsequence if necessary, we may assume that {un} weakly converges to

some ū ∈ X. Therefore,
{

g(x̄+tnun)−g(x̄)
tn

}

also weakly converges to Dg(x̄)(ū).

Since gphF is convex, then

(ū, Dg(x̄)(ū)) ∈ clw cone(gphF − (x̄, g(x̄))) = cl cone(gphF − (x̄, g(x̄)))

= T (gphF, (x̄, g(x̄))),

where, clw A, clA, and coneA stand respectively for the weak closure, the
closure and the cone hull of some subset A. Consequently, ū ∈ CG(x̄, 0)−1(0),
and one has

d(u,CG(x̄, 0)−1(0)) ≤ ‖u− ū‖ ≤ κ[d(0, CG(x̄, 0)(u)) + 2ǫ].

As ε > 0 is arbitrary, this completes the proof.
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Next, we derive a second order condition for the directional metric subregularity
of the system (27). Let u0 ∈ X \ {0} be a direction under consideration.
By meaning of Proposition 4.2, without loss of generality, in what follows,
assume that ‖u0‖ = 1 and u0 ∈ C. In the sequel, we make use of the following
assumptions.

Assumption 4.6. There exist η,R > 0 such that for every x, x′ ∈ B(x̄, R) ∩
[x̄+ cone(B(u0, R)], the following inequality holds

‖g(x)− g(x′)−Dg(x̄)(x− x′)‖ ≤ ηmax{‖x− x̄‖, ‖x′ − x̄‖}‖x− x′‖.

Assumption 4.7. The strict second order directional derivative at x̄ in direc-
tion u0 :

g′′(x̄;u0) := lim
t→0+
u→u0

g(x̄+ tu)− g(x̄)− tDg(x̄)(u)

t2/2

exists.

Assumptions 4.6 and 4.7 imply

‖g′′(x̄, u0)‖ ≤ 2η. (29)

Let us recall from ([23]) the notion of inner second order approximation map-
pings for convex sets.

Definition 4.8 ([23]). Let S be a closed convex subset of a Banach space Z,
A : X → Z be a continuous linear map and s ∈ S, u ∈ A−1(T (S; s)). Let ξ
be a nonnegative real number. A nonemty set I ⊂ Z is called an inner second
order approximation set for S at s with respect to A, u and ξ if

lim
t→0+

t−2d

(

s+ tAu+
t2

2
w, S + t2ξABX

)

= 0 (30)

holds for all w ∈ I.

The notion below is a uniform version of the inner second order approximation.

Definition 4.9. Let S,A, ξ, u as in the definition above. A nonemty set I ⊂ Z
is called a uniform inner second order approximation set for S at s with respect
to A and ξ in the direction u if

lim
v→u,v∈A−1(T (S;s))∩‖u‖SX

t→0+

t−2d

(

s+ tAv +
t2

2
w, S + t2ξABX

)

= 0 (31)

holds uniformly for all w ∈ I.
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Denote by IX the identify map of X. Then,

C = (IX , Dg(x̄))−1(T (gphF, (x̄, g(x̄)))).

As usual, the support function of a set C ⊆ X is denoted by σC : X∗ →
R ∪ {+∞}, and is defined by

σC(x
∗) := sup

x∈C
〈x∗, x〉, x∗ ∈ X∗.

The norm in the space X × Y is defined by ‖(x, y)‖ := ‖x‖+ ‖y‖.

Let u0 ∈ C ∩ SX be a direction under consideration. In Theorem 4.10 and
Lemma 4.11 below we assume that Assumptions 4.6 and 4.7 are fulfilled with
respect to u0.

Theorem 4.10. Suppose that X, Y are Banach spaces.

1. If the contingent derivative CG(x̄, 0) is directionally metrically subregular at
(0, 0) in the direction u0 and there are real ξ ≥ 0 and a uniform inner second
order approximation A for gphF at (x̄, g(x̄)) with respect to (IX , Dg(x̄)) and
ξ in the direction u0 such that for each sequence {(xn

∗, yn
∗)} ⊂ X∗ × SY ∗

satisfying

lim
n→∞

[〈(xn
∗, yn

∗), (x̄, g(x̄))〉 − σgphF (xn
∗, y∗n)] = lim

n→∞
‖Dg(x̄)∗yn

∗ + xn
∗‖ = 0

one has
lim inf
n→∞

[〈yn∗, g′′(x̄, u0)〉 − σA(xn
∗, yn

∗)] < 0, (32)

then G is directionally metrically subregular at (x̄, 0) in the direction u0.

2. Conversely, if G is directionally metrically subregular at (x̄, 0) in the direc-
tion u0 and

lim sup
u→u0,u∈C∩SX

t→0+

d ((x̄+ tu, g(x̄) + tDg(x̄)(u)), gphF )

t2
(33)

is finite, then there are real ξ ≥ 0 and a uniform inner second order approx-
imation set A for gphF at (x̄, g(x̄)) with respect to (IX , Dg(x̄)) and ξ in the
direction u0 such that for each sequence {(xn

∗, yn
∗)} ⊂ X∗ × SY ∗ satisfying

lim
n→∞

[〈(xn
∗, yn

∗), (x̄, g(x̄))〉 − σgphF (xn
∗, yn

∗)] = lim
n→∞

‖Dg(x̄)∗yn
∗ + xn

∗‖ = 0,

one has
lim inf
n→∞

[〈yn∗, g′′(x̄, u0)〉 − σA(xn
∗, yn

∗)] ≤ 0. (34)

Moreover, if G−1(0) is tangentiable at x̄ and the tangent cone T (G−1(0), x̄) is
locally compact at the origin then the contingent derivative CG(x̄, 0) is direc-
tionally metrically subregular at (0, 0) in the direction u0.
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Proof. 1. Suppose on the contrary that G is not directionally metrically sub-
regular at (x̄, 0) in the direction u0. Then by Theorem 3.4, there exist sequences
xn → x̄, yn ∈ F (xn), y∗n ∈ SY ∗ , x∗

n ∈ D∗F (xn, yn)(−y∗n), ǫn → 0+ such that

xn − x̄

‖xn − x̄‖ → u0, (35)

g(xn) /∈ F (xn),
‖g(xn)− yn‖
‖xn − x̄‖ → 0, ‖Dg(x̄)∗y∗n + x∗

n‖ → 0, (36)

|〈y∗n, g(xn)− yn〉 − ‖g(xn)− yn‖| ≤ ǫn‖g(xn)− yn‖. (37)

Immediately, from definitions of x∗
n, y

∗
n and relation (36), we have

lim
n→∞

[〈(x∗
n, y

∗
n), (x̄, g(x̄))〉 − σgphF (x

∗
n, y

∗
n)]

= lim
n→∞

〈(x∗
n, y

∗
n), (x̄, g(x̄))− (xn, yn)〉 = 0.

(38)

Since CG(x̄, 0) is directionally metrically subregular at (0, 0) in the direction
u0, there exist κ,R > 0 such that for every u ∈ B(0, R) ∩ cone(B(u0, R)), one
has d(u,CG(x̄, 0)−1(0)) ≤ κd(0, CG(x̄, 0)(u)). As CG(x̄, 0)(u) = Dg(x̄)(u) −
CF (x̄, g(x̄))(u), then

d(u, C) ≤ κd(Dg(x̄)(u), CF (x̄, g(x̄))(u)) ∀u ∈ B(0, R) ∩ cone(B(u0, R)).

Thus, for each n sufficiently large, there exist un ∈ C ∩ SX , tn ≥ 0 such that
(note that F (xn)− g(x̄) ⊂ CF (x̄, g(x̄))(xn − x̄)))

‖xn − x̄− tnun‖ ≤ κd(Dg(x̄)(xn − x̄), CF (x̄, g(x̄))(xn − x̄)) +
‖xn − x̄‖2

n

≤ κd(Dg(x̄)(xn − x̄), F (xn)− g(x̄)) +
‖xn − x̄‖2

n

= κd(g(x̄) +Dg(x̄)(xn − x̄), F (xn)) +
‖xn − x̄‖2

n
.

Then Assumption 4.6 yields

‖xn − x̄− tnun‖ ≤ κ[d(g(xn), F (xn)) + η‖xn − x̄‖2] + ‖xn − x̄‖2
n

(39)

which together with (36) gives

∥

∥

∥

∥

xn − x̄

‖xn − x̄‖ − tn
‖xn − x̄‖un

∥

∥

∥

∥

≤ κ

[‖g(xn)− yn‖
‖xn − x̄‖ + η‖xn − x̄‖

]

+
‖xn − x̄‖

n
→ 0 (n → ∞)
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Hence,
tn

‖xn − x̄‖ → 1, lim
n→∞

un = lim
n→∞

xn − x̄

‖xn − x̄‖ = u0.

We have the following estimations:

〈(x∗
n, y

∗
n), (x̄+ tnun, g(x̄+ tnun))〉 − σgphF (x

∗
n, y

∗
n)

= 〈x∗
n, x̄+ tnun〉+ 〈y∗n, g(x̄+ tnun)〉

− 〈(x∗
n, y

∗
n), (xn, yn)〉 (since x∗

n ∈ D∗F (xn, yn)(−y∗n))

= 〈x∗
n, x̄+ tnun − xn〉+ 〈y∗n, g(x̄+ tnun)− yn〉

= 〈x∗
n, x̄+ tnun − xn〉+ 〈y∗n, g(x̄+ tnun)− g(xn)〉+ 〈y∗n, g(xn)− yn〉

≥ 〈x∗
n, x̄+ tnun − xn〉+ 〈Dg(x̄)∗y∗n, x̄+ tnun − xn〉

− ηmax{‖tnun‖, ‖xn − x̄‖}‖x̄+ tnun − xn‖+ (1− ǫn)‖g(xn)− yn‖
(by Assumption 4.6 and (37))

≥ (1− ǫn)d(g(xn), F (xn))− ‖x∗
n +Dg(x̄)∗y∗n‖.‖x̄

+ tnun − xn‖ − ηn‖x̄+ tnun − xn‖
(ηn := ηmax{‖tnun‖, ‖xn − x̄‖} → 0)

= (1− ǫn)d(g(xn), F (xn))− δn‖x̄+ tnun − xn‖
(δn := ‖x∗

n +Dg(x̄)∗y∗n‖+ ηn → 0 by (36))

≥ (1− ǫn − κδn)d(g(xn), F (xn))−
(

ηκ+
1

n

)

δn‖x̄− xn‖2 (by (39)).

Therefore,

1

t2n
[〈(x∗

n, y
∗
n), (x̄+ tnun, g(x̄+ tnun))〉 − σgphF (x

∗
n, y

∗
n)]

≥ (1− ǫn − κδn)

t2n
d(g(xn), F (xn))−

(

ηκ+
1

n

)

δn

(‖x̄− xn‖
tn

)2

.

Hence,

lim inf
n→∞

1

t2n
[〈(x∗

n, y
∗
n), (x̄+ tnun, g(x̄+ tnun))〉 − σgphF (x

∗
n, y

∗
n)] ≥ 0. (40)

On the other hand, since

〈(x∗
n, y

∗
n), (x̄+ tnun, g(x̄) + tnDg(x̄)(un))〉+

t2n
2
σA(x

∗
n, y

∗
n)

= sup
(w1,w2)∈A

〈

(x∗
n, y

∗
n), (x̄, g(x̄)) + tn(un, Dg(x̄)(un)) +

t2n
2
(w1, w2)

〉

≤ σgphF (x
∗
n, y

∗
n) + t2nξ‖x∗

n +Dg(x̄)∗y∗n‖+ o(t2n)

(since (x̄, g(x̄)) + tn(un, Dg(x̄)(un))

+
t2n
2
(w1, w2) ∈ gphF + t2nξ(IX , Dg(x̄))BX + o(t2n)BX×Y ),



440 H. V. Ngai, N. H. Tron, P. N. Tinh / Directional Hölder Metric ...

one has

〈(x∗
n, y

∗
n), (x̄+ tnun, g(x̄+ tnun))〉 − σgphF (x

∗
n, y

∗
n)

≤ 〈(x∗
n, y

∗
n), (x̄+ tnun, g(x̄+ tnun))〉

− 〈(x∗
n, y

∗
n), (x̄+ tnun, g(x̄) + tnDg(x̄)(un))〉

− t2n
2
σA(x

∗
n, y

∗
n) + t2nξ‖x∗

n +Dg(x̄)∗y∗n‖+ o(t2n)

= 〈y∗n, g(x̄+ tnun)− g(x̄)− tnDg(x̄)(un))〉 −
t2n
2
σA(x

∗
n, y

∗
n)

+ t2nξ‖x∗
n +Dg(x̄)∗y∗n‖+ o(t2n).

Therefore

2

t2n
[〈(x∗

n, y
∗
n), (x̄+ tnun, g(x̄+ tnun))〉 − σgphF (x

∗
n, y

∗
n)]

≤
〈

y∗n,
2

t2n
[g(x̄+ tnun)− g(x̄)− tnDg(x̄)(un)]

〉

− σA(x
∗
n, y

∗
n)

+ 2ξ‖x∗
n +Dg(x̄)∗y∗n‖+

o(t2n)

t2n

= 〈y∗n, g′′(x̄, u0)〉 − σA(x
∗
n, y

∗
n)

+

〈

y∗n,
2

t2n
[g(x̄+ tnun)− g(x̄)− tnDg(x̄)(un)]− g′′(x̄, u0)

〉

+ 2ξ‖x∗
n +Dg(x̄)∗y∗n‖+

o(t2n)

t2n

which together with (36), (38), (32) and Assumption 4.7 imply

lim inf
n→∞

2

t2n
[〈(x∗

n, y
∗
n), (x̄+ tnun, g(x̄+ tnun))〉 − σgphF (x

∗
n, y

∗
n)] < 0

which contradicts to (40).

The second part of the theorem follows directly from the following lemma.

Lemma 4.11. Suppose that G is directionally metrically subregular at (x̄, 0)
in the direction u0. If (33) is finite, then the set A := {(0, g′′(x̄, u0))} is
a uniform inner second order approximation set for gphF at (x̄, g(x̄)) with
respect to (IX , Dg(x̄)) and some ξ > 0 in the direction u0.

Proof. SinceG is directional metrically subregular at (x̄, 0) with some modulus
κ in the direction u0, there exists R ∈ (0, 1) such that

d(x,G−1(0)) ≤ κd(0, G(x)), ∀x ∈ B(x̄, R) ∩ [x̄+ cone(B(u0, R))]. (41)
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By virtue of the finiteness of (33), there are δ ∈ (0, R) and γ > 0 with γδ < R
such that

d((x̄+ tu, g(x̄) + tDg(x̄)(u)), gphF ) < γt2

∀t ∈ (0, δ), u ∈ B(u0, δ) ∩ C ∩ SX .
(42)

Let (t, u) ∈ (0, δ/2) × (B(u0, δ/2) ∩ C ∩ SX) be given. Then, we can find
(u′, v) ∈ X × Y with (x̄+ tu′, g(x̄) + tv) ∈ gphF such that

‖(t(u′ − u), t(v −Dg(x̄)(u)))‖ ≤ γt2. (43)

It implies ‖u′ − u‖ < γt < γδ/2 < R/2. By (41), there is ū ∈ X with
x̄+ tū ∈ G−1(0) such that

t‖u′ − ū‖ = ‖x̄+ tu′ − (x̄+ tū)‖ ≤ κd(0, G(x̄+ tu′)) + t2.

Then taking (43) and Assumption 4.6 into account, one has

t‖ū− u′‖ ≤ κd(g(x̄+ tu′), F (x̄+ tu′) + t2

≤ κd(g(x̄+ tu′), g(x̄) + tv) + t2

= κ‖g(x̄+ tu′)− g(x̄)− tv‖+ t2

≤ κ‖g(x̄+ tu′)− g(x̄)− tDg(x̄)(u′)‖+ κ‖t(Dg(x̄)(u′)− v)‖+ t2

≤ κηt2‖u′‖2 + κ‖tDg(x̄)(u′ − u)‖+ κ‖t(Dg(x̄)(u)− v)‖+ t2

≤ 2κηt2 + κγ‖Dg(x̄)‖t2 + κγt2 + t2.

By this inequality and (43), one has

‖ū− u‖ ≤ ξt, for some constant ξ > 0. (44)

Next, we have the following estimation, by using Assumption 4.6:

2
t2
d
(

(x̄, g(x̄)) + t(u,Dg(x̄)(u)) + t2

2
(0, g′′(x̄, u0)), gphF + t2ξ(IX , Dg(x̄))BX

)

≤ 2
t2
d
(

(x̄+ tu, g(x̄)) + tDg(x̄)(u) + t2

2
g′′(x̄, u0), gphF − t(IX , Dg(x̄))(ū− u)

)

= 2
t2
d
(

(x̄+ tū, g(x̄)) + tDg(x̄)(ū) + t2

2
g′′(x̄, u0), gphF

)

≤ 2
t2
d
(

(x̄+ tū, g(x̄)) + tDg(x̄)(ū) + tn2

2
g′′(x̄, u), {x̄+ tū} × F (x̄+ tū)

)

= 2
t2
d
(

g(x̄) + tDg(x̄)(ū) + t2

2
g′′(x̄, u0), F (x̄+ tū)

)

≤ 2
t2

∥

∥

∥
g(x̄+ tū)− g(x̄)− tDg(x̄)(ū)− t2

2
g′′(x̄, u0)

∥

∥

∥

≤ 2
t2
‖g(x̄+ tū)− g(x̄+ tu)− tDg(x̄)(ū− u)‖

+ 2
t2

∥

∥

∥
g(x̄+ tu)− g(x̄)− tDg(x̄)(u)− t2

2
g′′(x̄, u0)

∥

∥

∥

≤ 2ηmax{1, ‖ū‖}‖ū− u‖+
∥

∥

2
t2
[g(x̄+ tu)− g(x̄)− tDg(x̄)(u)]− g′′(x̄, u0)

∥

∥ .
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By (44) and Assumption 4.7, the last right hand part of the above inequalities
converges to 0 as u ∈ C ∩SX , (t, u) → (0+, u0). Therefore, A := {(0, g′′(x̄, u0))}
is a uniform inner second order approximation for gphF at (x̄, g(x̄)) with re-
spect to (IX , Dg(x̄)) and ξ in the direction u0.

Let us return to the proof of the second part of theorem. By Lemma 4.11 there
exists ξ > 0 such that A := {(0, g′′(x̄, u0))} is an inner second order approxi-
mation for gphF at (x̄, g(x̄)) with respect to (IX , Dg(x̄)), ξ in the direction u0.
Then (34) holds immediately. The last assertion of Theorem 4.10 is obvious
from Proposition 4.4. The proof is complete.

A special case of the theorem above, consider the inclusion of the form:

0 ∈ G(x) := g(x)− C, x ∈ X, (45)

where a closed convex subset C ⊆ Y . One obtains the following corollary,
which is a directional version of Theorem 5.4 in [23].

Corollary 4.12. Suppose that X, Y are Banach spaces and consider the inclu-
sion (45).

1. If the contingent derivative CG(x̄, 0) is directionally metrically subregular
at (0, 0) in the direction u0 and there are real ξ ≥ 0 and a uniform inner
second order approximation A for C at g(x̄) with respect to Dg(x̄) and ξ in the
direction u0 such that for each sequence {(xn

∗, yn
∗)} ⊂ X∗ × SY ∗ satisfying

lim
n→∞

[〈yn∗, g(x̄)〉 − σC(y
∗
n)] = lim

n→∞
‖Dg(x̄)∗yn

∗‖ = 0,

one has
lim inf
n→∞

[〈yn∗, g′′(x̄, u0)〉 − σA(yn
∗)] < 0, (46)

then G is directionally metrically subregular at (x̄, 0) in the direction u0.

2. Conversely, if G is directionally metrically subregular at (x̄, 0) in the direc-
tion u0 and

lim sup
u→u0,u∈C∩SX

t→0+

d (g(x̄) + tDg(x̄)(u), C)

t2
(47)

is finite, then there are real ξ ≥ 0 and a uniform inner second order approx-
imation set A for C at g(x̄) with respect to Dg(x̄) and ξ in the direction u0

such that for each sequence {yn∗} ⊂ SY ∗ satisfying

lim
n→∞

[〈yn∗, g(x̄)〉 − σC(yn
∗)] = lim

n→∞
‖Dg(x̄)∗yn

∗‖ = 0,

one has
lim inf
n→∞

[〈yn∗, g′′(x̄, u0)〉 − σA(yn
∗)] ≤ 0. (48)

Moreover, if G−1(0) is tangentiable at x̄ and the tangent cone T (G−1(0), x̄) is
locally compact at the origin then the contingent derivative CG(x̄, 0) is direc-
tionally metrically subregular at (0, 0) in the direction u0.
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We next established a second order sufficient condition for the metric 1/2−sub-
regularity of the system (27). In what follows, we asume that g is a mapping
of C2 class on a neighborhood of the given point x̄ : 0 ∈ g(x̄)− F (x̄). Remind
that u0 ∈ C ∩ SX is a given direction under consideration.

Theorem 4.13. Suppose that X, Y are Banach spaces and g is a continu-
ously twice differentiable mapping on a neighborhood of x̄. If for each sequence
{(xn

∗, yn
∗)} ⊂ X∗ × SY ∗ satisfying

lim
n→∞

[〈(xn
∗, yn

∗), (x̄, g(x̄))〉 − σgphF (xn
∗, y∗n)] = lim

n→∞
‖Dg(x̄)∗yn

∗ + xn
∗‖ = 0,

there are u ∈ C; a real ξ ≥ 0 and an inner second order approximation A(u)
for gphF at (x̄, g(x̄)) with respect to (IX , Dg(x̄)) and ξ in the direction u such
that

lim inf
n→∞

[〈yn∗, D2g(x̄)(u, u)−D2g(x̄)(u−u0, u−u0)〉−σA(u)(xn
∗, yn

∗)] < 0, (49)

then G is directionally metrically 1/2−subregular at (x̄, 0) in the direction u0.

Proof. Suppose on the contrary thatG is not directionally metrically 1/2−sub-
regular at (x̄, 0) in the direction u0. Then by Theorem 3.4, there exist sequences
εn → 0+, xn := x̄+ tnun, yn := g(xn)− t2nvn, with tn → 0+, ‖un‖ = 1, vn → 0,
yn ∈ F (xn), y∗n ∈ SY ∗ , x∗

n ∈ D∗F (xn, yn)(−y∗n) such that

lim
n→∞

un = u0, (50)

g(xn) /∈ F (xn), t−1
n ‖vn‖−1/2‖Dg(xn)

∗y∗n + x∗
n‖ → 0, (51)

|〈y∗n, g(xn)− yn〉 − ‖g(xn)− yn‖| ≤ ǫn‖g(xn)− yn‖. (52)

Therefore, we have

lim
n→∞

[〈(x∗
n, y

∗
n), (x̄, g(x̄))〉 − σgphF (x

∗
n, y

∗
n)]

= lim
n→∞

〈(x∗
n, y

∗
n), (x̄, g(x̄))− (xn, yn)〉 = 0,

(53)

and

lim
n→∞

‖Dg(xn)
∗yn

∗ + xn
∗‖

tn
= 0. (54)

We have

〈(x∗
n, y

∗
n), (x̄+ tnu, g(x̄+ tnu))〉 − σgphF (x

∗
n, y

∗
n)

= 〈x∗
n, x̄+ tnu〉+ 〈y∗n, g(x̄+ tnu)〉 − 〈(x∗

n, y
∗
n), (xn, yn)〉

= 〈x∗
n, x̄+ tnu− xn〉+ 〈y∗n, g(x̄+ tnu)− yn〉

= tn〈x∗
n, u− un〉+ 〈y∗n, g(x̄+ tnu)− g(xn)〉+ 〈y∗n, g(xn)− yn〉

= tn〈x∗
n +Dg(xn)

∗y∗n, u− un〉
+ 〈y∗n, g(x̄+ tnu)− g(xn)−Dg(xn)(u− un)〉++〈y∗n, g(xn)− yn〉

= tn〈x∗
n +Dg(xn)

∗y∗n, u− un〉

+
t2n
2
〈y∗n, D2g(xn)(u− un, u− un)〉+ t2nvn + o(tn

2).
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Therefore, by (54),

1

tn
2
[〈(x∗

n, y
∗
n), (x̄+ tnu, g(x̄+ tnu))〉 − σgphF (x

∗
n, y

∗
n)]

= 〈y∗n, D2g(xn)(u− un, u− un)〉+
o(tn

2)

t2n
.

(55)

On the other hand, as in the proof of Theorem 4.10,

2

tn
2
[〈(x∗

n, y
∗
n), (x̄+ tnu, g(x̄+ tnu))〉 − σgphF (x

∗
n, y

∗
n)]

≤
〈

y∗n,
2

tn
2
[g(x̄+ tnu)− g(x̄)− tnDg(x̄)(u)]

〉

− σA(u)(x
∗
n, y

∗
n) + 2ξ‖x∗

n +Dg(x̄)∗y∗n‖+
o(tn

2)

tn
2

= 〈y∗n, D2g(x̄)(u, u)〉 − σA(x
∗
n, y

∗
n)

+

〈

y∗n,
2

tn
2
[g(x̄+ tnun)− g(x̄)− tnDg(x̄)(un)]−D2g(x̄)(u, u)

〉

+ 2ξ‖x∗
n +Dg(x̄)∗y∗n‖+

o(tn
2)

tn
2

.

This together with (55) imply

lim inf
n→∞

[〈yn∗, D2g(x̄)(u, u)−D2g(x̄)(u− u0, u− u0)〉 − σA(u)(xn
∗, yn

∗)] ≥ 0,

a contradiction. The proof is completed.

For the inclusion (45), one has the following corollary.

Corollary 4.14. Suppose that X, Y are Banach spaces and g is continuously
twice differentiable near x̄. For the inclusion (45), if for each sequence
{(xn

∗, yn
∗)} ⊂ X ×X∗ × SY ∗ satisfying

lim
n→∞

[〈yn∗, g(x̄)〉 − σC(y
∗
n)] = lim

n→∞
‖Dg(x̄)∗yn

∗‖ = 0,

there are u ∈ C; a real number ξ ≥ 0 and an inner second order approximation
A(u) for C at g(x̄) with respect to Dg(x̄) and ξ in the direction u such that

lim inf
n→∞

[〈yn∗, D2g(x̄)(u, u)−D2g(x̄)(u− u0, u− u0)〉 − σA(u)(yn
∗)] < 0,

then G is directionally metrically 1/2−subregular at (x̄, 0) in the direction u0.

We illustrate Theorem 4.13 by considering the special case of the system of
inequalities/inequalities:

S = {x ∈ X : H(x) = 0, hi(x) ≤ 0, i = 1, ...,m}, (56)
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where, X, Y are Banach space; H : X → Y and hi : X → R, i = 1, ...,m are
continuously twice differentiable functions (around the reference point) defined
on the Banach space X. Set

h : X → R
m, h(x) := (h1(x), ..., hm(x))), g(x) := (H(x), h(x));

and

G(x) := g(x) + {0Y } × R
m
+ , x ∈ X. (57)

Let x̄ ∈ S = G−1(0) be given. For the sake of simplicity, without loss of
generality, assume that g(x̄) = 0. Obviously, one has

CG(x̄, 0)−1(0) = {u ∈ Ker H ′(x̄) : h′
i(x̄)u ≤ 0, ∀i = 1, ...,m}. (58)

For this particular case, we have the following corollary.

Corollary 4.15. Suppose that X, Y are Banach spaces and let F : X ⇉ Y ×
R

m defined by (57). Let x̄ ∈ X with g(x̄) = 0 and u0 ∈ CG(x̄, 0)−1(0) ∩ SX be
given. Assume that g is continuously twice differentiable around x̄. If for any
sequence {zn∗} ⊂ (Y ∗ × R

m
+ ) ∩ SY ∗×Rm satisfying

lim
n→∞

〈z∗n, Dg(x̄)〉 = 0,

there exists u ∈ CG(x̄, 0)−1(0) such that

lim inf
n→∞

〈zn∗, D2g(u, u)−D2g(x̄)(u− u0, u− u0)〉 < 0, (59)

then G is directionally metrically 1/2−subregular at (x̄, 0) in the direction u0.

Proof. Set C := {0Y }×R
m
− . Then, G(x) = g(x)−C, x ∈ X. It suffices to see

that C is an inner second order approximation for C itself at g(x̄) with respect
to Dg(x̄) in any direction u ∈ CG(x̄, 0)−1(0).

When Y is a finite dimensional space, the previous corollary yields immediately
the following.

Corollary 4.16. With the assumptions as in Corollary 4.15 and in addition,
assume that Y is finite dimensional. If for any z∗ ∈ (Y ∗ × R

m
+ ) × SY ∗×Rm

satisfying

〈z∗, Dg(x̄)〉 = 0,

there exists u ∈ CG(x̄, 0)−1(0) such that

〈z∗, D2g(x̄)(u, u)−D2g(x̄)(u− u0, u− u0)〉 < 0,

then G is directionally metrically 1/2−subregular at (x̄, 0) in the direction u0.
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We recall the notion of 2−regularity from [32, 33, 2]: Let G : X → R
m (m is

some positive integer) be a mapping of C2−class near x̄ : G(x̄) = 0. For given
u ∈ X \ {0}, G is said to be 2−regular at x̄ with respect to u if

Im DG(x̄) +D2G(u,Ker DG(x̄)) = R
m.

Corollary 4.17. Let G : X → R
m be a mapping of C2−class near x̄ ∈ X

with G(x̄) = 0. If G is 2−regular at x̄ with respect to a given direction u0 ∈
Ker DG(x̄)\{0}, then G is directionally metrically 1/2−subregular at (x̄, 0) in
direction u0.

Proof. It suffices to show that the sufficient condition for the directional metric
1/2−subregularity in Corollary 4.16 is satisfied. Indeed, let z∗ ∈ R

m with
‖z∗‖ = 1 be such that 〈z∗, DG(x̄)〉 = 0. If D2G(u0, u0) 6= 0, then obviously,

〈z∗, D2g(x̄)(u, u)−D2g(x̄)(u− u0, u− u0)〉 < 0,

for u = 0 or u = u0. Assume that D2G(u0, u0) = 0. Since G is 2-regular at x̄
with respect to u0, there exist u1 ∈ X and u2 ∈ Ker DG(x̄) such that

DG(x̄)(u1) +D2G(u0, u2) = −z∗.

Consequently, 〈z∗, D2G(u0, u2)〉 = −‖z∗‖2 = 1. Hence,

〈z∗, D2g(x̄)(u2, u2)−D2g(x̄)(u2 − u0, u2 − u0)〉
= 2〈z∗, D2G(u0, u2)〉 = −2 < 0.

Remark 4.18. In [26], the author have introduced the notion of directional
metric pseudo-subregularity of order γ > 1 which is stronger than the direc-
tional 1/γ−subregularity, and the author have established coderivative and
second-order sufficient conditions for this directional pseudo-subregularity. In
the general case, the obtained results in [26] and our results do not imply
one other. However, for the particular cases as in Corollary 4.15 (and there-
fore, Corollary 4.16), as pointed out by the referee, this corollary can be ob-
tained from ([26], Theorem 2.2) with a stronger conclusion (metric pseudo-
subregularity).

Example 4.19. Let g : R2 → R defined by

g(x) = x3
1 + x1x2 − x2

2, x = (x1, x2) ∈ R
2.

Then,

Dg(0) = 0 and D2g(0) =

(

0 2
2 −2

)

.

Consider the multifunction G : R2
⇉ R defined by G(x) := g(x) + R+, x ∈

R
2. In view of the preceding corollary We shall show that G is directionally
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metrically1/2−subregular at (0, 0) in any direction u = (u1, u2) ∈ R
2 \{(0, 0)},

and therefore, it is metrically1/2−subregular at (0, 0). Indeed, let a direction
u = (u1, u2) ∈ R

2 \ {(0, 0)} be given. Then, for some a = (a1, a2) ∈ R
2, one has

D2g(0)(u, u) = 2u2(2u1 − u2); D2g(0)(u, a) = 2[u2a1 + (u1 − u2)a2],

and

D2g(0)(a, a)−D2g(0)(a− u, a− u) = 2D2g(0)(u, a)−D2g(0)(u, u).

So it is easy to check that there exists a ∈ R
2 (depending on u) such that

D2g(0)(a, a)−D2g(0)(a− u, a− u) < 0.

In view of Corollary 4.16, G is directionally metrically1/2−subregular at (0, 0)
in direction u.

Example 4.20. Let now g(x) = x3
1 − x2

2, x = (x1, x2) ∈ R
2 and define the

multifunction G := g + R+ as in the preceding example. Then

Dg(0) = (0, 0); D2g(0) ==

(

0 0
0 −2

)

.

We see that for any direction u = (u1, u2) ∈ R
2 with u2 6= 0, there is a ∈ R

2

such that
D2g(0)(a, a)−D2g(0)(a− u, a− u) < 0,

and therefore G is directionally metrically 1/2−subregular at (0, 0) in this di-
rections u, in view of Corollary 4.16. However, for e = (1, 0),

D2g(0)(a, a)−D2g(0)(a− e, a− e) = 0 for all a ∈ R
2,

so Corollary 4.16 is not applicable for the direction e = (1, 0).

For simple systems of one inequality, we have the following sufficient condition
for the metric 1/2−regularity.

Proposition 4.21. Let X be a Banach space and let h : X → R be continu-
ously twice differentiable near x̄ ∈ X with h(x̄) = 0. If there exists u ∈ X such
that either

(i) Dh(x̄)(u) < 0 for all j = 1, ...,m, or

(ii) Dh(x̄) = 0 and D2h(x̄)(u, u) < 0,

then the multifunction G : X ⇉ R defined by G(x) := h(x) + R+, x ∈ X, is
metrically 1/2−subregular around (x̄, 0).

Proof. Firstly, assume that (i) is satisfied for some u ∈ X with ‖u‖ = 1.
Then, there exist γ, δ > 0 such that Dh(x)(u) ≤ −γ for all x ∈ B(x̄, δ). By
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virtue of the mean value theorem, for all x ∈ B(x̄, δ); all t ∈ (0, δ), there is
xt ∈ (x+ tu, x) such that

h(x+ tu) = h(x) + tDh(xt)(u) ≤ h(x)− tγ.

Pick ε ∈ (0, δ) such that h(x) < min{δ, δγ} for all x ∈ B(x̄, ε). For x ∈ B(x̄, ε)
with h(x) > 0, by taking t := h(x)/γ into account of the inequality above,
one has h(x + h(x)u/γ) < 0. Thus x + h(x)u/γ ∈ G−1(0), and consequently,
d(x,G−1(0)) ≤ ‖x− (x+h(x)u/γ)‖ = h(x)/γ. This shows that G is metrically
subregular at (x̄, 0).

Suppose now that (ii) is satisfied for u ∈ X with ‖u‖ = 1. Let γ, δ, ε ∈ (0, δ)
such that

D2h(x)(u, u) ≤ −γ ∀x ∈ B(x̄, δ); h(x) < min{δ, δγ} ∀x ∈ B(x̄, ε).

Let x ∈ B(x̄, ε) with h(x) > 0. If Dh(x)(u) ≤ 0, then for t := 21/2h(x)1/2/γ1/2,
by the Taylor expansion, there is zt ∈ (x, x+ tu) such that

h(x+ tu) = h(x) + tDh(x)(u) +
t2

2
D2h(xt)(u, u) ≤ h(x)− t2γ

2
= 0.

Thus x+ tu ∈ G−1(0), and therefore

d(x,G−1(0)) ≤ ‖x− x− tu‖ = t = 21/2h(x)1/2/γ1/2.

Otherwise, Dh(x)(u) > 0, by replacing u by −u, one has x− tu ∈ G−1(0) and
the inequality above also holds.

With a minor modification, we can show that (i) or (ii) is also sufficient for the
metric 1/2−regularrity of G at (x̄, 0). In fact, In [20], it was established that
when X is finite dimensional, the condition above is a necessary and sufficient
condition for the metric 1/2−regularrity of G at (x̄, 0). Return to Example
4.20, the multifunction G in this example satisfies obviously the condition (ii)
of the proposition above.

5. Applications: Tangent vectors to a zero set

Consider a closed multifunction F : X ⇉ Y between the two Banach spaces
X, Y . Denote by

M = F−1(0) = {x ∈ X : 0 ∈ F (x)}. (60)

For given x̄ ∈ M , as above, T (M, x̄) denotes the contingent cone to M at x̄.
The contingent cone to the zero set M plays the important role in some areas
of mathematics, in particular, it is a key notion in the context of optimality
conditions for constrained optimization problems.
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When F is a single-valued mapping which is continuously differentiable at x̄,
due to the classical Lyusternik theorem, T (M, x̄) = Ker F ′(x̄) provied F ′(x)
is surjective. Without the surjectivity of F ′(x), some results on the tangent
cones were established in [4, 32, 33, 51]. The following proposition gives the
following general formula in terms of the higher order contingent derivative.

Proposition 5.1. Let F : X ⇉ Y be a closed multifunction and let x̄ ∈ M.

(i) For any γ ∈ (0, 1], one has

T (M, x̄) ⊆ CF 1/γ(x̄, 0)−1(0) := {u ∈ X : 0 ∈ CF 1/γ(x̄, 0)(u)}. (61)

(ii) Conversely, for u ∈ CF 1/γ(x̄, 0)−1(0), if F is metrically γ−subregular at
(x̄, 0) in direction u, then u ∈ T (M, x̄).
As a result, if F is metrically γ−subregular at (x̄, 0), then

T (M, x̄) = CF 1/γ(x̄, 0)−1(0).

Proof. The part (i) is obvious. For (ii), by the assumption, there are κ, δ > 0
such that

d(x,M) ≤ κd(0, F (x))γ ∀x ∈ B(x̄, δ) ∩ [x̄+ coneB(u, δ)].

Since u ∈ CF 1/γ(x̄, 0)−1(0), there are sequences (tn) → 0+, (un, vn) → (u, 0)
such that

t1/γn vn ∈ F (x̄+ tnun) n ∈ N.

Then, when n is sufficiently large, x̄+ tnun ∈ B(x̄, δ) ∩ [x̄+ coneB(u, δ)], and
therefore

d(x̄+ tnun,M) ≤ κd(0, F (x̄+ tnun))
γ.

By this inequality, for n sufficiently large, we can find ūn ∈ X with x̄+tnūn ∈ M
such that

tn‖un − ūn‖ ≤ (1 + 1/n)d(x̄+ tnun,M) ≤ κ(1 + 1/n)d(0, F (x̄+ tnun))
γ

≤ κ(1 + 1/n)tn‖vn‖1/γ.

Thus
‖un − ūn‖ ≤ κ(1 + 1/n)‖vn‖1/γ → 0 as n → ∞.

This implies (ūn) → u and therefore u ∈ T (M, x̄).

When F : X → Y is a single valued mapping which is continuous ly Fréchet
differentiable at x̄ ∈ M := {x ∈ X : F (x) = 0}, then CF (x̄)−1(0) :=
CF 1(x̄, 0)−1(0) = Ker F ′(x̄). Hence, and the converse inclusion holds pro-
vided F is metrically subregular at x̄. Moreover, it is well known that the
metric subregularity of F at x̄ is equivalent to the sujectivity of F ′(x̄). Thus
Proposition 5.1 covers the classical Lyusternik theorem.

When F is twice differentiable at x̄, the second order contingent derivative is
explicitly given as follows.
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Proposition 5.2. Let F : X → Y be a twice differentiable function at x̄ ∈ M
such that the image of F ′(x̄) : Im F ′(x̄) is closed. Then, one has

CF 2(x̄)(u) =

{

1
2
F ′′(x̄)(u, u) + Im F ′(x̄) if u ∈ Ker F ′(x̄),

∅ otherwise.
(62)

Proof. Let u ∈ X and v ∈ CF 2(x̄)(u). By the definition, there are sequences
(tn) → 0+, (un) → u such that

v = lim
n→∞

F (x̄+ tnun)− F (x̄)

t2n
= lim

n→∞

F (x̄+ tnun)

t2n
.

According to the Taylor formula,

F (x̄+ tnun)

t2n
=

F ′(x̄)(un)

tn
+

1

2
F ′′(x̄)(un, un) + o(tn).

This implies that v = limn→∞
F ′(x̄)(un)

tn
+ 1

2
F ′′(x̄)(u, u). Therefore,

F ′(x̄)(u) = lim
n→∞

F ′(x̄)(un) = 0 and v ∈ 1

2
F ′′(x̄)(u, u) + Im F ′(x̄).

Here, the latter relation is due to the closedness of Im F ′(x̄).

Conversely, suppose that u ∈ Ker F ′(x̄) and let

v ∈ 1

2
F ′′(x̄)(u, u) + Im F ′(x̄).

Then, there is u′ ∈ X such that v = 1
2
F ′′(x̄)(u, u) + F ′(x̄)(u′). Pick a sequence

(tn) → 0+ and set un = u+ tnu
′, n ∈ N. One has

F (x̄+ tnun) = t2nF
′(u′) +

t2n
2
F ′′(x̄)(un, un) + o(t2n).

Thus

v = lim
n→∞

F (x̄+ tnun)

t2n
,

which follows v ∈ CF 2(x̄)(u).

Combinning the propositions above, we obtain the following formula for the
contingent cone to M = F−1(0).

Theorem 5.3. Let F : X → Y be a twice differentiable at x̄ ∈ M = {x ∈ X :
F (x) = 0}. If Im F ′(x̄) is closed and F is metrically 1/2−subregularity at x̄ in
every direction u ∈ Ker F ′(x̄), then

T (M, x̄) = {u ∈ Ker F ′(x̄) : F ′′(x̄)(u, u) ∈ Im F ′(x̄)} . (63)
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In [32, 33], it was established that the formula (63) holds under the so-called
2-regularity condition. By virtue of Corollary 4.17, the theorem above covers
the one in the mentioned papers.

More general, consider the system of inequalities/equalities:

S = {x ∈ X : H(x) = 0, hi(x) ≤ 0, i = 1, ...,m}, (64)

where, X, Y are Banach space; H : X → Y and hi : X → R, i = 1, ...,m are
continuously differentiable functions (around the reference point)defined on the
Banach space X. By setting

h : X → R
m, g(x) := (h1(x), ..., hm(x))), g(x) := (H(x), h(x));

and
F (x) := g(x) + {0Y } × R

m
+ , x ∈ X, (65)

then S = F−1(0). Let x̄ ∈ S be given. For the sake of simplicity, without loss
of generality, assume that all components of h are active at x̄, i.e., h(x̄) = 0.
It is well-known that the Mangasarian-Fromovitz qualification condition:

(MF )

{

H ′(x̄) is onto;

∃u ∈ X, h′
i(x̄)(u) < 0, ∀i = 1, ...,m,

is equivalent to the metric regularity of F at (x̄, 0). Thus, under the quali-
fication condition (MF), Proposition 5.1 implies the classical formula for the
contingent cone:

T (S, x̄) = CF (x̄, 0)−1(0) = {u ∈ Ker H ′(x̄) : h′
i(x̄)u ≤ 0, ∀i = 1, ...,m}.

The following theorem gives a formula for the contingent cone under the direc-
tional metric 1/2-subregularity of F .

Theorem 5.4. Suppose that g is twice differentiable at x̄; Im g′(x̄) is closed
and the multifunction F is metrically 1/2-regular at x̄ in every direction u ∈
CF (x̄, 0)−1(0). Then one has

T (S, x) = CF 2(x̄, 0)−1(0)

=

{

u ∈ X :
u ∈ Ker H ′(x̄), h′

i(x̄)u ≤ 0, i = 1, ...,m;
0 ∈ 1

2
g′′(x̄)(u, u) + Im g′(x̄) + {0Y } × R

m
+

}

.

The theorem follows immediately from Proposition 5.1 and the following lemma.

Lemma 5.5. Suppose that g is twice differentiable at x̄ and Im g′(x̄) is closed.
Then, one has

CF 2(x̄)(u)

=

{

1
2
g′′(x̄)(u, u) + Im g′(x̄) + {0Y } × R

m
+ if u ∈ CF (x̄, 0)−1(0),

∅ otherwise.

(66)
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Proof. Let u ∈ X and v ∈ CF 2(x̄, 0)(u). There are sequences (tn) → 0+,
(un) → u and (vn) := (wn, λn) → v := (w, λ) as n → ∞ with (wn, λn); (w, λ)
in Y × R

m, such that

(x̄+ tnun, t
2
nvn) ∈ gphF, n ∈ N.

Setting
λ := (λ1, ..., λm); λn = (λ1

n, ..., λ
m
n ) ∈ R

m, n ∈ N,

then

lim
n→∞

H(x̄+ tnun)−H(x̄)

t2n
= lim

n→∞
wn = w;

hi(x̄+ tnun)

t2n
≤ λi

n i = 1, ...,m; n ∈ N.

According to the Taylor formula, one has, for i = 1, ...,m,

hi(x̄+ tnun) = tnh
′
i(x̄)un +

t2n
2
h′′
i (un, un) + o(t2n),

and

H(x̄+ tnun) = tnH
′(x̄)un +

t2n
2
H ′′(un, un) + o(t2n).

Thus, u ∈ Ker H ′(x̄), and

w = lim
n→∞

H ′(x̄)(un/tn) +
1

2
H ′′(u, u);

lim sup
n→∞

hi(x̄+ tnun)

t2n
= lim sup

n→∞

h′
i(x̄)un

tn
+

1

2
h′′
i (u, u) ≤ λi, i = 1, ...,m.

The latter relations imply

h′
i(x̄)u = lim

n→∞
h′
i(x̄)un ≤ 0 ∀i = 1, ...,m,

that is, u ∈ CF (x̄, 0)−1(0), and that for each k = 1, 2, ..., there exists nk ∈ N

with nk < nk+1 such that

h′
i(x̄)unk

tnk

+
1

2
h′′
i (u, u) ≤ λi + 1/k, i = 1, ...,m. (67)

By setting

zk := H ′(x̄)(unk
/tnk

) +
1

2
H ′′(u, u); αk := (λ1

1 + 1/k, ..., λm + 1/k),

then by virtue of (67), one has

(zk, αk) ∈
1

2
g′′(x̄)(u, u) + Im g′(x̄) + {0Y } × R

m
+ , ∀k = 1, 2, ....
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As 1
2
g′′(x̄)(u, u) + Im g′(x̄) + {0Y } × R

m
+ is a closed convex cone, by letting

k → ∞, one obtains

v = (w, λ) = lim
k→∞

(zk, αk) ∈
1

2
g′′(x̄)(u, u) + Im g′(x̄) + {0Y } × R

m
+ .

Conversely, let u ∈ CF (x̄, 0)−1(0) and let

v := (w, λ1, ..., λm) ∈ 1

2
g′′(x̄)(u, u) + Im g′(x̄) + {0Y } × R

m
+ .

Then, there is u′ ∈ X such that

w =
1

2
H ′′(x̄)(u, u) +H ′(x̄)(u′);

λi ≥ 1

2
h′′
i (x̄)(u, u) + h′

i(x̄)u
′, i = 1, ...,m.

Pick a sequence (tn) → 0+ and set un := u+ tnu
′, n ∈ N. By using the Taylor

formula, one has

lim
n→∞

H(x̄+ tnun)

t2n
= H ′(u′) +

1

2
H ′′(x̄)(u, u),

and

lim
n→∞

hi(x̄+ tnun)

t2n
= h′

i(x̄)u
′ +

1

2
h′′
i (x̄)(u, u), i = 1, ...,m.

Therefore, for each k = 1, 2, ..., we can find nk ∈ N with nk < nk+1 verifying

λi + 1/k ≥ hi(x̄+ tnk
unk

)

t2nk

, ∀i = 1, ...,m.

Therefore, by setting

wk =
H(x̄+ tnk

unk
)

t2nk

; λk := (λ1 + 1/k, ..., λm + 1/k);

vk := (wk, λk) ∈ {0Y } × R
m (x̄+ tnk

unk
, t2nk

vk) ∈ gphF, k = 1, 2, ....

It follows that v ∈ CF 2(x̄, 0)(u). The proof is completed.

6. Concluding Remarks

In this paper, we establish a sufficient condition for the directional Höderian
metric subregularity of closed multifunctions in terms of a Hölderian mixed
tangency-coderivative object invoking abstract sudifferential operators. This
object is a generalization of the notion: “the (directional) limit set critical for
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(directional) metric subregularity� introduced by Gfrerer ([23, 24, 25]). For
convex multifunctions, this sufficient condition becomes necessary. The estab-
lished condition allows us give the verifiable second-order conditions for the di-
rectional Lipschitzian metric subregularity as well as the directional Hölderian
metric subregularity of demi order of mixed smooth-convex generalized equa-
tions. We show that the directional Hölderian metric subregularity can be
applied to study the tangent cones to the solution set of generalized equations
in the degenerate case. In particular, we derive the explicit formulas for the
tangent cones to systems defined second-order smooth equalities/inequalities
under the directional metric 1/2−subregularity condition.The questions how
to derive higher order characterizations of the (directional) Hölderian metric
subregularity and how to determine explicitly the tangent cones to systems
of equalities/inequalities under the directional metric γ−subregularity with
γ < 1/2 remain to be open.
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