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1. Introduction

In this paper we study the lower semicontinuity with respect to the L*(§2, R™)
topology of integral functionals defined in SBV (2, R™), the space of special
functions of bounded variation. A typical energy function on SBV is

F(w) ::/Qf(:c,w,Vw)dx+/ Oz, wh,w,vy) dHY L, (1)

w

where  is an open set of R, H"~! denotes the Hausdorff measure of dimension
(N —1), J, denotes the set of approximate jump points of w, and the distribu-
tional derivative Dw is represented by Dw = VwLY + (vt —w™)@v,HN | J,,
with v, the normal to J,, and w™, w™ the one-sided traces of w on both sides

of J,,.

Actually, in the last years models involving bulk and interfacial energies have
been used to describe phenomena in fracture mechanics, phase transitions,
image segmentation and static theory of liquid crystals (see [5], [8], [9], [13], [25],
[27], [29]). In [3] the author studied the lower semicontinuity of the functional
(1) when the function f is quasi-convex and satisfies p-growth condition, while
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the function @ fulfills suitable conditions (see also [20]). Moreover, in the
recent papers [18] and [2], it has been also considered the lower semicontinuity
of polyconvex functionals i.e. f(A) = g(T(A)) where g is convex and T(A)
denotes the set of all minors of the matrix A € M™. Finally in [7] the
authors addressed the case of a quasiconvex volume term having variable growth
exponent.

In this paper we extend the l.s.c. theorem due to Ambrosio (see [3] or Theorem
5.29 in [4]) to the case when the absolute continuous part of the gradient is in
an Orlicz space. We recall that Orlicz spaces generalize Lebesgue spaces: the
role of the power P, p > 1, is played by more general convex functions.

Let us observe that in the Sobolev context this problem was considered in [14],
[15], [23] and in [28]. In particular in [23] the authors considered very general
growth assumptions.

Here we prove the following l.s.c. result concerning the bulk energy term.

Theorem 1.1. Let Q C RY be an open set and let p satisfy Assumption 2.3
(see Section 2). Let f:Q x R™ x RV™ — [0, +00) be a Carathéodory function
such that

—c+p(|2]) < flx,s,2) <alz) +D([s))(1 + @(|2])) (2)

for every (z,s,2) € Q x R™ x RN™_ for some ¢ > 0, a € L*(Q) and some
non-decreasing function 1 : [0, +00) — [0, +00). Let us assume that for every
(x,s) € Q x R™ the function z — f(z,s,z) is quasi-convex. Then

liminf/ flz,w", Vw") de > / f(z,w, Vw) dx
for every sequence {w"} C SBV (Q,R™) converging in L'(Q,R™) to a function
w € SBV(Q,R™) and satisfying sup, ey HY " (Jyn) < +00.

Let us point out here that we are able to recover the case of the so called
nearly linear growth ie. p(t) = tlog(l +t), ¢(t) = tloglog(t + e), ¢(t) =
tlogloglog(t 4 €°), t > 0, etc..

Now let us explain the main ideas of the proof.

First of all we deal with a simpler situation in which €2 is the unit ball B;
centered at 0, the limit function w is affine, the jump sets of the approximating
functions w™ vanish as n — oo and the density function vary. The general case
will come by using a blow up argument.

The main tool in order to prove the result (in the simpler situation) is a Lips-
chitz approximation Lemma.

In the Sobolev setting this Lipschitz approximation Lemma is proved in [21] and
[1], and then generalized by Ambrosio in [3] to the SBV context. More recently,
Diening, Malék and Steinhauer in [10] extended the Lipschitz approximation to
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Sobolev functions of variable exponent (see also [7]). Here, also in this general
setting, using the maximal function of the total variation of w™ as in [3], we are
able to construct a sequence w™’ of Lipschitz functions which approximate, in
a suitable way, the sequence w™ belonging to SBV?(2, R™) (see Section 2 for
the definition of the space SBV¥(§2,R™)).

2. Notation and preliminary results

Throughout the paper N, m > 1 are fixed integers. Moreover €2 will be an open
subset of RY. We denote the open ball in RY with radius R and centered at
xo and the open unit ball centered at 0 by Bgr(xg) and B respectively. To
simplify the notation, the letter ¢ will denote any positive constant, which may
vary in the paper; relevant dependence upon parameters will be indicated in
parentheses.

If u e LL (RN, R™), for any Br(zy) we set

1

= u(z) dx :][ u(z)dx.
| Br(z0)] Br(zo) Br(zo)

u:to,R

The following definitions and results are standard in the context of N—functions
(see for instance [24]).

A Young function is a continuously increasing function

@ [0,400) = [0,+0), ¢(0)=0, lim p(t) = co.

t——+o0

A convex function ¢ : [0,400) — [0,+00) is said to be an N-function if it
satisfies the following conditions:

t
im 28 _ g (3)
t—0
and
lim 0] = 00. (4)
t——4o0 t

It follows from the definition that there exists the derivative ¢’ of ; this
derivative is right continuous for ¢t > 0, non-decreasing and satisfies ¢’(0) = 0,
limy_, 4o ¢(t) = 00, and ¢'(t) > 0 for ¢t > 0.

For example, the functions ¢, ,(t) = t*log®(1 +t), for p > 1 and a > 0 or
p=1and a > 0, are N-functions. See also Table 2.1 for other examples.

In the sequel, an essential role will be played by the growth at infinity of an
N -function. So, it is convenient to introduce the following notation. We shall
write

P1(t) =X palt)



462 C. Leone, A. Verde / Lower semicontinuity in SBV ...
if there exist positive constants to and k such that
p1(t) < pa(kt) if t > to.
We shall say that the N-functions ¢; and o are equivalent and write o (t) ~

0a(t) if p1(t) = pa(t) and @o(t) = p1(t). Tt is clear that the N-functions ¢
and 9 satisfying the condition

lim P1(l)
t—+00 (g t)

=a>0,

are equivalent.

Let us observe that only the growth at infinity really matters in the definition
of N-functions. Indeed given a continuous and convex function @ : [0, +00) —
[0, +00) satisfying (4), it can be proved that @ is the principal part of an N-
function ¢, that is Q(t) = ¢(t), for large values of t. Thus, we will refer as

N -functions to the functions ¢q(t) = tlog(ite) pg(t) = et — 1, B > 0, which
6
have not superlinear growth at 0.

We say that the N -function ¢ satisfies the Ay-condition for large values of ¢ if
there exist ¢; > 0 and ¢ty > 0 such that

o(2t) < crp(t) if t > to.

Since p(t) < ¢(2t) the Ay-condition implies p(2t) ~ ().

Take for instance ¢, o(t) = t?log*(1 +¢) for p > 1 and @« > 0 or p = 1 and
a > 0, then ¢, satisfies the Ay-condition, while @o(t) = (¢ + 1)°8(+D and
wp(t) = e’ — 1 for any 8 > 0 do not verify the A,-condition.

Let us also note that, if ¢ satisfies the Ay-condition then any N -function which
is equivalent to ¢ satisfies this condition too.

If ¢ is an N-function satisfying the Ay-condition, by L#(Q2) and W!#(Q) (with
2 a bounded open set) we denote the classical Orlicz and Orlicz-Sobolev spaces,
Le.u e L?(Q)iff [, ¢o(Jul)dz < oo and u € W2(Q) iff u, Vu € L?(Q2). The
Luxembourg norm is defined as follows:

HUHL<P(Q) :inf{)\>0:/(p(@) do < 1}_
Q

With this norm L#(2) is a Banach space.

Actually, by the very definition of the norm and the convexity of ¢, it follows:

lulloy < 1 —> /Q olul)dz < [[ull o), (5)
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as well as

ooy <1+ | () do
Q

If there is no misunderstanding, we will write ||ul|,. Moreover, we denote by
Wy () the closure of C5°(Q) functions with respect to the norm

[ulle = llulle + [Vl
and by W~1%(Q) its dual.
Let us recall the following useful property (see [14]).

Proposition 2.1. Let ¢ be an N -function satisfying the Ay condition. Then,
for every family {ua},c; € L¥(Q) we have

sup [tia | e(o) < +00

iof and only of
sup/ o(|ug])dr < 4o00.
I Jo

2.1. Maximal function.

For u € L] .(R"Y), we define the non-centered maximal function of u by

Mu(z) = sup ][ fu(y)] dy,

B>x
where the supremum is taken over all balls B C R" which contain z.
The following Proposition can be found in [19] (see Proposition 3.1).

Proposition 2.2. Given an N -function @, we define a Young function v :
[0, +00) — [0, +00) by

S

0=t | RLOFN (©)

Then for each positive h € L'(Q) we have

/W(M(h)) de < 2- 3”/ ©(2h) dz. (7)
Q

Q

]{Zw(h) dr < ¢ (ﬁ hd:v) + 2N ]{zy(Mh) dz.

Moreover we do not gain any higher integrability if the function t — t™Pp(t) is
increasing for some p > 1. In this case

Conversely,



464 C. Leone, A. Verde / Lower semicontinuity in SBV ...

and we have the following asymptotically sharp bound for p near 1:

/Q A(M(R)) de < =P / +(h) de.

p—1

Throughout the paper we will consider the following assumption on the function
®.

Assumption 2.3. Let ¢ be an N-function satisfying the Ay-condition; we will
assume that there exists an integer [ > 0 such that the function

@ logtlog(logt) - - -log(log(. . (log1)))

TV
l—logharitms

is non-decreasing for t > t, > exp(exp(. .. (exp(1)))).

~
l4+1—times

The following table exhibits some triples of functions equivalent to ¢, v, and the

quotient L(t) = % (see also Table 2 in [19]). In the last column we specified

the corresponding index [ for which Assumption 2.3 holds.

p(t) (1) L(t)
tP(logt)*, p>1, >0 | t’(logt)* 1 0
tlogt t logt 0
tloglogt @ (logt)loglogt, 1
t(loglogt)*, A > 1 % 1 (logt)loglog ¢ 1
t(logt)*, a >0 at(logt)et Llogt 1

t

tlogloglogt ToaTTlogTont (logt)(loglogt)logloglogt | 2

Table 2.1:

Actually, other illustrative examples for the function ¢ are ¢(t) = tA(t) with
A(t) ~ loglogloglogt, A(t) ~ logloglogloglogt, etc.;
roughly speaking, the function A may approach infinity with increasing ¢ as

slowly as one wants. The corresponding v will be equivalent to

t

te.
(logt)(loglogt)logloglogt’ ere

For the sake of simplicity we confine our analysis to functions satisfying As-
sumption 2.3 for [ = 1, since already this case incorporate all the technicality
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needed to obtain our result; without serious additional efforts we could consider
all the other cases. Hence from now on we consider only functions which satisfy
Assumption 2.3 with [ = 1.

Remark 2.4. Let us notice that Assumption 2.3 reveals that there exists a
positive constant C' such that

L(t) < C(logt)loglogt ift >ty = e°. (8)
In fact, let v be defined by Proposition 2.2 or, equivalently,

wm=7@+3[s%@ma

Then Assumption 2.3 yields, when ¢ > ¢,

o(t) =~(t)+ct+t /t s 2y(s) ds

to

by) 9)

§7®+d+v@®ﬁﬂ%Q%%

< Cy(t)(logt)loglogt,

where the constant C' depends on t5. Under Assumption 2.3 we may also notice
that

Y2 = (2" 2

where ng € N is such that 270 > .

~v(2")  ¥n > no, (10)

W —

An easy computation in fact shows that, for n > ny,

7(2n+1) n+1 ’7(2n) n
ot log 2 22—nlog2 ,

that is
n+1
2
which, in turn, reveals that v(2"*') > $4(2"), since n > 2.

(2" > y(2")n,

2.2. BYV functions.
Ifwe L (Q,R™) and z € Q, the approzimate limit of w at x is defined as the

loc
unique value w(z) € R™ such that

1m-w/‘\mw—w@n@:o.
Bp($)

The set of points in €2 where the approximate limit is not defined is called
the approzimate singular set of w and denoted by S,,, while 2\ S,, consists of
approximate continuity points.
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Let w € L (Q,R™) and x € . We say that x is an approximate jump point

loc

of w if there exist a,b € R™ and v € $¥ !, such that a # b and

lim lw(y) —aldy =0 and lim lw(y) —bldy =0

P=0" S B} (w0) P20 S By ()
where B (z,v) :== {y € By(x) : (y—x,v) 2 0}. The triplet (a,b,v) is
uniquely determined by the previous formulas, up to a permutation of a,b and
a change of sign of v, and it is denoted by (w'(z),w™(x),v,(x)). The Borel
functions wt and w™ are called the upper and lower approzimate limit of w at
the point x € 2. The set of approximate jump points of w is denoted by J,.
The set J,, is a Borel subset of S,,.

We recall that the space BV (2, R™) of functions of bounded variation is defined
as the set of all w € L'(Q, R™) whose distributional gradient Dw is a bounded
Radon measure on €2 with values in the space M["™*" of m x N matrices.

We recall the usual decomposition
Dw = Vw LY + Dw + (w" — w™) @ vy HN | Ty

where Vw is the Radon-Nikodym derivative of Dw with respect to the Lebesgue
measure and D is the Cantor part of Dw. For the sake of simplicity, we
denote by D*w = Dw + (w* — w™) ® vy HN 71 Jy.

If we BV(Q,R™) and z is such that w(z) exists, then Vw(x) is the approzi-
mate differential of w at x € €, i.e. the matrix Vw(z) satisfies
Ll )~ () - Va(@)y - o)
p=0% J B, () ly — x|

dy = 0. (11)

An important consequence of (11) is the fact that Vw(z) = 0 for almost every
x in the set {x € Q : w(z) = 0}. In particular we have

w,v € BV(Q) = Vw(z) = Vu(z) for a.e. z € Qs.t. w(z) =v(z). (12)
We recall that the space SBV (2, R™) of special functions of bounded variation

is defined as the set of all w € BV (£, R™) such that the Cantor part D°w of
the derivative is 0.

The space SBV?(2,R™) is defined as the set of all functions w € SBV (Q,R™)
with Vw € L#(Q, MI™N) and HY=1(S,,) < oo.

For a general survey on the spaces of BV, SBV and SBV? (i.e. when p(t) = t?)
we refer for instance to [4].
2.3. Quasi-convex functions

Let f: R¥Y™ — R be a continuous function. We say that f is quasiconvex if

f(z+Vn(z))dz > f(z) Vz € RYN™ vne Cij(B;,R™).

B1
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This property, introduced by Morrey (see [26]), is necessary for the sequential
lower semicontinuity of the functional

F(w) = ; f(Vw)dx

with respect to the weak* topology of Wh>°(B;, R™). The following result was
proven in [1] (see also [22]).

Theorem 2.5. Let f(x,s,2) : BixR™xRN™ — R be a Carathéodory function,
quasi-convex in z for any x € By and any s € R™, such that

sup { f(z,8,2): 2 € By,s € R™, 2 € RN™ [s| + |2] < A} < +00

for any A\ > 0. Then,

liminf | f(z,w", Vw")dz > fz,w, Vw) dx

n—-+oo B, B,

for any bounded sequence {w"} € WL (B, R™) uniformly converging in By to
w € Whe°(B,R™).

2.4. Lusin approximation in BV

For every positive, finite Radon measure i in RY, using the Besicovitch covering
theorem (see e.g. [12]), it can be proved the existence of a constant £ depending
on N such that

LY ({z e RN : M(p)(z) > A}) < 2p(@®RY). (13)

S|

Next result can be found in [7] (see Theorem 2.2).

Lemma 2.6. There exists a constant ¢ = ¢(N,m) such that for every w €
BV (RN, R™) and 9, > 0 there exists a Lipschitz function v : RN — R™ such
that ||v]|ee <V, [|VV]|eo < X and up to a null set

{v# w} S {M(Jw]) > 9} U{M(|Dw[) > A}. (14)

Moreover if @ C RY is a bounded open set with the property that there exists a
constant A > 1 such that for all x € §2

LY (Badist(z.00) (7)) < ALY (Badist(z.00) () N Q°), (15)

and if w has compact support in Q then v = 0 in RN \ Q, [|[Vv]le < e with
¢ =c(N,m,A), and up to a null set

{v#w} € QN ({M(lw]) > 9} U{M(|Dwl) > A}). (16)

Remark 2.7. If Q Cc RY is an open bounded set with Lipschitz boundary,
then ) satisfies (15).
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3. Lusin approximation in SBV?¥

In this section we introduce the method of Lipschitz approximations of
SBV#?(€),R™) functions. Let us recall that, in the Sobolev setting, the ba-
sic idea is that Sobolev functions in VVO1 1 can be approximated by A-Lipschitz
functions that coincide with the originals up to sets of small Lebesgue mea-
sure. The Lebesgue measure of these non-coincidence sets is bounded by the
Lebesgue measure of the sets where the Hardy-Littlewood maximal function of
the gradients are above .

Theorem 3.1. Let Q C RY be an open bounded set satisfying (15) and let ¢
satisfy Assumption 2.3. Let v™ € SBV?(RN,R™) be a sequence of functions
with compact support in 2; we assume that

o™l =0, sup[|v"lec < +o0, (17)
sup/ggp(\Vv”Dd;c < 400 (18)

so that in particular
[v"|Le@) — 0 and /ng(]v"Dda: — 0 (as n — 400). (19)

Let 9,, > 0 be such that

Jo e(|v"])da
9y — 0 and 7, ="~ =0 (asn— +o0).
v(Vn)
Then there ewist sequences [1j, A, j > 1 satisfying, for everyn,j € N,
1 < Anj < fjt, (20)

and a sequence v™ € WL(RY R™), v™ = 0 in RN \ Q, such that, for every
n,j € N,

[0 o0 < O ; (21)

V0™ ||oe < CAy; (22)

moreover, up to a null set,
{v" £ cQn ({M([o"]) > 0"} U {M(|Dv"|) > 3X™}). (23)
Then, in particular, for every j € N and for n tending to infinity,
Vo™ =0 weakly* in L®(Q,RYN™). (24)

Finally, there exists a sequence €; > 0 with liminf; ., e; = 0 such that for
every j € N

hmJSrup/gp(lvvw|)X{M(W‘|)>19n}U{M(|Vv"|)>2>\n,j}dx
n—+oo JQ

(25)
< Climsup/ ©( A )X (M (o)) >0, UM ([Von])> 20, ,1AT < €5
Q

n—-+00
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Proof. The proof follows the lines of the proof of Theorem 2.13 in [6] (see also
[10], [7], [11]) but we can not apply exactly the same technique.

By (18), (19), using Proposition 2.2 together with the As-condition, we get the
existence of a constant K such that

K = sup/RN Y(M(Jv"]))dx + /N Y(M(|Vo"|))de < co.

n R

Next, we note that for a measurable function g with v(|g|) € L*(RY), we have

[ Atsenar= [ [ oxgg s

> 7 (t)x dt dx
(> /2m (i
> — / Z X{‘g‘>2m+1} dx (26)
m>ng
2i+1—1
= —Z > / 2 )X 1gl>2e0y
Jj2jo k=27

where we used (10) in the third line and where j, is such that 270 > ng. The
choice g = xoM (|Vv"|) yields

27+l 1

Z Z X{\M(|Vv"|)\>2k+1} dx < 3K.

j=jo k=27

We can rewrite the last inequality as

> b < 3K,

Jj>jo

with an obvious definition for b%. Since the sum (which defines 0%) contains 2
addenda, there is at least one index £, ; such that

knj —J1n
/97(2 DX (e saatnay v < 27705 (27)

Therefore multiplying both sides by L(2%29), we gain

/Q(p@kn’j)x{quvv"D>2-2’“m} do < cL(25)2770.

Thanks to (8) we have that

[ P2 amoasins) do < clog(2) loglog (202798 < b
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Since the sequence b} is uniformly bounded, i.e. 07 < 3K for all j,n, by a

diagonal argument we can construct a subsequence {b;‘ 1% so that, for each

fixed j , the sequence b;" — d; as i — +o00. For the sake of simplicity we denote
again the sequence {b}"} with {b7}.

This proves that, for all j > jo

lim sup / P)X ar (w22 42 < €505 (28)
Q

n—-+o0o

Moreover

2 lminf) b2 ) Uminft} =) 5,
J J J

and as a consequence liminf; . jéo; = 0 (if iminf; ., jd;, = a > 0, then
Jo; = 5, for j > 7, which in turn gives a contradiction with the fact that d;
defines a convergent series).

Let us define ¢; = ¢jd;, A := 253 and pu; := 2%, then

Jj+1

=2 < Ay <277 = . (29)
Therefore by using Proposition 2.2, since 7(¢) is an increasing function, we get

/Q P(An )X {0 (on ) >0, 1 AT
< o(Any) /Q X{y(M(jom])>(9,) 14T (30)

MY K Y £ P

IN

Now we apply Lemma 2.6 (with 9,, and 3\, ;) and we find, for each n,j € N,
a sequence v™ € WLH(RY R™), v™f = 0 in RV \ Q, such that

[0 o < Pny VU™ [l < CAay, (31)
and, up to a null set,

{v7 £ v cQn({M(jo"]) > 0} U{M(IDV"]) > 3.5} (32)

holds. Finally (24) follows by (31) while, using (30) together with (28), and
(31) we obtain (25). O
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4. Lower semicontinuity

In this section, we perform the proof of Theorem 1.1 and we give a lower
semicontinuity result for the surface term.

As in [3] (see also [4]), in order to prove Theorem 1.1, first of all we need to
prove the result in the particular case when € is the unit ball B; centered at 0,
the limit function w is linear and H~~'(.J,, ) is infinitesimal and the integrand
functions vary.

Theorem 4.1. Let ¢ satisfy Assumption 2.3 and g, : B; x R™ x RN™ —
[0,4+00) be a sequence of Carathéodory functions such that

—c1 4 e2p(]2]) < galy, 5, 2) < anly) + () (1 + o(|2])) (33)

for every (y,s,2) € By x R™ x RN™: here ¢, cy are positive constants, 1 :
[0,+00) — [0,+00) is a non-decreasing function, and finally a, € L'(B;)
is such that a, — a in L'. Let us assume that there exists a L -negligible
set E C By and a quasi-convex function g : RN™ — [0,+00), such that
lim,, oo 9u(y, 8, 2) = g(2) locally uniformly in R™N™ for every y € By \ E.
Then
liminf/ gn(y, w", V™) dyZ/ g(Vw) dy (34)
e JBy By
for every sequence {w"} C SBV (By,R™) converging in L'(By,R™) to a linear
function w and satisfying HN =1 (Jun) — 0 as n — oo.

Proof. The result can be achieved following the lines of Theorem 4.1 in [7]. Let
L = Vw. Possibly replacing w™ by w" —w and g, (y, u, z) by g,(y,u+ Ly, z+ L)
and taking into account the As-condition, we can assume that w = 0, that is
w™ converges to 0 in L'. Without loss of generality we can suppose that the
liminf in (34) is a finite limit, so that, by (33), we easily get that

n—oo

limsup/ o(|Vw"]) dy < oo. (35)
B1

Thus the proof of Step 1 in Proposition 5.37 of [4] can be carried out exactly
in the same way since the only assumptions needed are the equiintegrability of
{|Vw™|} and the fact that the size of the jumps of w™ is infinitesimal: from
now on we assume that |[w" || < 3. Letting p € (0, 1), the Theorem is proved
if we show that

lim inf / anly, 0™, V) dy > L£Y(B,)g(0) (36)
By

n—oo

and letting p tend to 1. Moreover, possibly multiplying w"™ by a cut off function
X € CX(B) identically equal to 1 in B,, we can assume, without loss of
generality, that w™ € SBV#(RY, R™) have compact support in B;. Notice that,
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by the L> bound on w™ and the Aj-condition for ¢, the sequence {V(w"x)}
still satisfies (35).

We are now in position to apply Theorem 3.1 to w™, obtaining a sequence
w™ € WEo(RN R™), w™ = 0 in RV \ By, such that (21), (22), (23) and (24)
hold, and

hmsuP/ PV ™ DXy 0) 001 (Twn 522} 0

e e (37)

< Climsup (A7) / XEM () >0 Jo{M (T ])>20,,, 102 = €5,
Q

n—-+o0o

with g, A, j > 1 such that p; < A, ; < pjpq. We have:

/ Gu(y, w™, Vu™) dy > / Gu(y, W™, V™) dy
B, Bon{wnr=wm7}

> / (g0 (y, W™, V™) — g(Vw™)] dy + / g(Vw™) dy (38)
B,\E

By
- / gn(y, W™, V™) dy,
Byn{wn#wmi}

obtaining, when n tends to infinity,

n—oo

lim inf/ gn(y, w™, V™) dy
By

> liminf/ g(Vw”’j)dy—limsup/ gn(y, w™ Vw™ ) dy  (39)
B, Byn{wn#w™i}

n—00 n—00

ZEW&MW%%Nmﬂm/ fan(y) + (™ (A + p(Ans))] dy,
B,n{wn#wm7}

n—oo

where we used the Lebesgue dominated convergence theorem, Theorem 2.5,
and (33). Let us now focus our attention on the last term in (39). Thanks to
(23) and taking into account that t(|w™7]) is bounded by a constant ¢, we can
estimate the last term in (39) as follows:

/ Jan(®) + o1+ @(An))] dy
Byn{wnwni}

=< [an(y) + (1 +¢Any))ldy  (40)

/Blﬂ({M(|W”)>19n}U{M(VW”|)>2/\n,j})

+f | [an(y) + e(1 + ()] dy
Bin({M(|DIw™)>An 5})

< w(n) +If’j +I§°’j + Ig’j,
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where w(n) is infinitesimal and

I = / (@(y) + c)dy
Bin({M(Jw™|)>9n JU{M (|Vw™|)>2\, ;})

n / | (a(y) + c)dy,
Bin{M(|Diw™|)>Xn ;})

with @ the L-limit of a,,

n’j —_—
]2 —

/ c o) dy,
Bin({M (|w™[)>9n JU{M (|Vw™|)>2Xn 5 })

and

I’ = / | c(Anj) dy.
Bin({M(|DIw™)>Xn,;})

Concerning 15 we derive from (13), the convexity of ¢, and (20) that

i 5 C —
B < ex o ) D BY) < 6@l (n) WY (), (A1)
n7]
so that .
lim 739 = 0. (42)

Let us consider now I3”; thanks to (37) we have

lim inflim sup I3/ = 0. (43)
J]—00 n—oo
Finally, let us deal with I' 7 We already estimated the Lebesgue measure of
{M(|Diw™|) > A\, ;} in (41) obtaining that it goes to zero as n tends to infinity.
On the other hand, by Chebyshev inequality, Proposition 2.2, the monotonicity
of v, and (35)

M n
EN({BI N M(|Vw”|) > 2>\n,j}> < C/ wdy
COI(Ver >y Y ()
c c
< e(|Vw"]) dy <
V(1s) Js, ( ) v(145)

Similarly, we have

CY{M(|u"]) > 0,)) < —© / (M (|w"])) dy

<
— ()
by the choice of 9,,. Thus we can infer that

lim limsup 1]/ = 0. (44)

J]—00 n—>—|—oo

Finally, combining (42), (43), and (44) we complete the proof. O
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Now a blow up argument allows us to reduce the general problem to the special
case of Theorem 4.1.

Proof of Theorem 1.1. The proof follows that of Theorem 5.29 in [4] (see
also Theorem 4.3 in [3]). We will consider only the main points of the proof
reminding for the rest to [4] or [3].

The aim is to show that the Radon measure yu, that is the weak® limit of (a
subsequence of) f(z,w", Vw™)LY, will be greater than f(x,w, Vw)LY. This
is obtained by proving that

hI;lj[l)lp géfé—,% > f(x(b w($0)7 VUJ(QT())),

for a.e. ¢y € ). Choosing suitable points xg, Theorem 4.1 is applied to the
sequences gi(y,u,2) = f(zo+ pry, w(ao) + pits 2), wily) = [ (zo + pry) —
w(wo)]/pi, where p; — 0 as i — oo and u' — Vw(xg)y in L'(B;,R™), while
HN1(J,) — 0. On the other hand the functions g; satisfy all the conditions
of Theorem 4.1, besides the fact that

) . B,
/ gi(y,u', Vu') dy < M(”—W + pi. (45)

B1 pl

Thus
imint [ gy, Vu)dy > [ flao i), Vo)) dy
1—00 B, B,
= £N<Bl)f(l'0, w(xo), Vw(xo)),

and this inequality, together with (45) gives the result. O

Finally, for the reader’s convenience, we recall a lower semicontinuity result
concerning the surface term in (1). We assume that ® : RY x RY x §»~1 —
[0,00) is jointly convex, i.e. there exists a sequence of continuous functions
g" : RV — R" such that

®(u,v,v) = sup(g"(u) — g"(v),v) for all (u,v,v) € RY x RN x s"71.

n

Examples of jointly convex functions are easily constructed (see [[4], Example
5.23]) by taking functions of the form ®(u,v,v) = J(|u — v|)1p(v), where ¥ :
R — [0, 00) is a lower semicontinuous, increasing and subadditive function and
Y R™ — [0, 00) is an even, positively 1-homogeneous convex function.

Theorem 4.2. Let ® : RY x RY x "1 — [0, 00) be a jointly convex function
with the property that there exist M > 0 and p > 0 such that

®(u,v,v) > p for all (u,v,v) € RY x RY x §"~t,



C. Leone, A. Verde / Lower semicontinuity in SBV ... 475

Let w™ be a a sequence in SBV(SL,RYN) converging in L*(Q,RY) to w €
SBV(Q,RYN), such that |Vw"| is equi-integrable and, for anyn € IN, |w™(x)| <
M for a.e. x € Q). Then

/ O(wh, w™, vy)dH ! < liminf/ O((w™), (W)™, vn )dH™ L.
w n Jun

For the proof of Theorem 4.2 see [4, Theorem 5.22].
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