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In the present work we consider the gradient projection algorithm for a strongly convex func-
tion with the Lipschitz continuous gradient and a proximally smooth (nonconvex in general)
set in a real Hilbert space. We prove that the problem of minimization of such function
on a proximally smooth set has unique solution if the constant of proximal smoothness of
the set is sufficiently large. The considered algorithm converges with the rate of geometric
progression.
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1. Introduction and main notations

We shall consider the next problem in a real Hilbert space H:

min
x∈A

f(x), (1)

where f : H → R is a strongly convex function with Lipschitz continuous
gradient, and A ⊂ H is a proximally smooth (or prox-regular) set.

Let us recall some definitions and notations.

Denote by (p, x) the inner product for vectors p, x ∈ H, ‖x‖ =
√

(x, x). Let
Br(a) = {x ∈ H | ‖x− a‖ ≤ r}. For a set A ⊂ H denote by ∂ A and intA the
boundary and the interior of the set A, respectively.
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The distance function from the point x ∈ H to the subset A ⊂ H is defined as
follows

dA(x) = inf
a∈A

‖x− a‖.

The set
PAx = {a ∈ A | ‖x− a‖ = dA(x)}.

is called the metric projection of the point x ∈ E on the subset A ⊂ H.

The normal cone to the convex closed subset A ⊂ H at the point a ∈ A is the
set

N(A, a) = {p ∈ H | (p, a) ≥ (p, x), ∀x ∈ A}.

A subset A ⊂ H is called strongly convex of radius R [8], if there exists a set
X ⊂ H such that A =

⋂

x∈X BR(x). It is obvious that if the set A is strongly
convex of radius R, then it is strongly convex of radius r for any r > R.

Proposition 1.1 ([8], [4, Theorems 1.1, 2.6]). Let A ⊂ H be a strongly
convex set of radius r > 0. This is equivalent to the next property: for any
a ∈ ∂ A, p ∈ N(A, a), ‖p‖ = 1, the next inclusion holds

A ⊂ Br (a− rp) .

Proposition was proved in [8] in the case H = R
n.

A continuous function f : H → R is called strongly convex with constant { > 0
[11] if for all x0, x1 ∈ H, λ ∈ [0, 1] we have

f((1− λ)x0 + λx1) ≤ (1− λ)f(x0) + λf(x1)−
λ(1− λ)

2
{‖x0 − x1‖2.

The equivalent property for the above definition is that the function f(x) −
{

2
‖x‖2 is continuous and convex.

We shall say that a function f : H ⊃ U → R has the Lipschitz continuous
gradient with constant L > 0 on the set U , if for any two points x0, x1 ∈ U we
have

‖f ′(x0)− f ′(x1)‖ ≤ L · ‖x0 − x1‖.

Recall that if the function f has the Lipschitz continuous gradient with constant
L on the convex subset U ⊂ H, then the next inequality holds (see [9, Lemma
1.2.3])

|f(x1)− f(x0)− (f ′(x0), x1 − x0)| ≤
L

2
‖x1 − x0‖2, ∀x0, x1 ∈ U. (2)

Also strong convexity of the function f with constant { > 0 gives the inequality
(see [9, Definition 2.1.2 and Theorem 2.1.9])

f(x1) ≥ f(x0) + (f ′(x0), x1 − x0) +
{

2
‖x1 − x0‖2, ∀x0, x1 ∈ U. (3)
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Thus, for strongly convex functions with Lipschitz continuous gradient we have,
in particular, that { ≤ L.

For a function f : H → R and a number α define the lower level (Lebesgue’s)
set

Lf (α) = {x ∈ H | f(x) ≤ α}.

For a subset A ⊂ H and a number R > 0 we define the open R-neighborhood
of the set A as follows

UA(R) = {x ∈ H | dA(x) < R}.

We shall say that a subset A ⊂ H satisfies the supporting condition with con-
stant R > 0, if for any point x ∈ UA(R)\A with PAx 6= ∅ and a ∈ PAx, we
have the next equality

A
⋂

intBR

(

a+R
x− a

‖x− a‖

)

= ∅. (4)

A closed subset A ⊂ H is called proximally smooth with constant R [7, 10], if
the distance function dA(x) is continuously differentiable on the set UA(R)\A.

Proposition 1.2 ([2, Theorem 2.4], [6, Proposition 2.6], [7, Theorem
4.1], [5, Theorem 6.2]). Let A ⊂ H be a closed subset and R > 0. The next
conditions are equivalent:

(1) The set A satisfies the supporting condition with constant R.

(2) The set A is proximally smooth with constant R.

(3) The metric projection PAx is singleton and continuous at any point x ∈
UA(R)\A.

We shall say that a vector p 6= 0 is a proximal normal to the proximally smooth
set A (with constant of proximal smoothness R) at the point a ∈ A, if there
exists δ ∈ (0, R] with

A
⋂

intBδ

(

a+ δ
p

‖p‖

)

= ∅.

From Proposition 1.2 it is easy to see that

A
⋂

intBR

(

a+R
p

‖p‖

)

= ∅.

Proposition 1.3. Suppose that a closed subset A ⊂ H is proximally smooth
with constant R > 0. Then for any point x ∈ UA(R)\A

PAx = x− dA(x)d
′

A(x).
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Proposition 1.3 follows from Proposition 1.2 and [7, Proposition 3.6(2)].

Proposition 1.4 ([7, Theorem 4.8(2)], see also [3, Theorem 2]).
Suppose that a closed subset A ⊂ H is proximally smooth with constant R > 0,
r ∈ (0, R). Then for any pair of points x0, x1 ∈ UA(r) and ai = PAxi, i = 0, 1,
the next inequality holds

‖a0 − a1‖ ≤ R

R− r
‖x0 − x1‖.

Let us give few remarks concerning Proposition 1.4. Proposition 1.4 was proved
in [7, Theorem 4.8(2)] for the case x0, x1 ∈ UA(r)\A. In the case x0 /∈ A, x1 ∈ A
(and a0 = PAx0, a1 = PAx1 = x1) consider z, the nearest point to x0 of the
intersection [x0, x1]∩A. Let {zk}∞k=1 ⊂ Ur(A)\A and zk → z; ak = PAzk. Then
ak → z. Passing to the limit k → ∞ in the inequality

‖ak − a0‖ ≤ R

R− r
‖zk − z‖

we get ‖a0 − z‖ ≤ R
R−r

‖x0 − z‖. Hence

‖a0 − a1‖ ≤ ‖a0 − z‖+ ‖z − a1‖ ≤ R

R− r
‖x0 − z‖+ ‖z − a1‖

≤ R

R− r
(‖x0 − z‖+ ‖z − a1‖) =

R

R− r
‖x0 − x1‖.

Proposition 1.5 ([12, Proposition 4.14 (i)]). Suppose that a function f :
H → R is strongly convex with constant { > 0. Let Lf (α) 6= ∅ for some α ∈ R

and

m = sup
x∈Lf (α), f ′(x)∈∂ f(x)

‖f ′(x)‖

(here by f ′(x) we denote a subgradient from the subdifferential ∂ f(x)). Then
the set Lf (α) is strongly convex of radius r = m

{
.

2. Gradient projection algorithm

Lemma 2.1. Let A ⊂ H be a closed proximally smooth subset with constant
R > 0, f : H → R be a strongly convex (with constant { > 0) differentiable
function. Let α ∈ R, m = supx∈Lf (α)

‖f ′(x)‖, r = m
{

< R. Suppose that for
some point x0 ∈ Lf (α)∩A the vector −f ′(x0) 6= 0 is a proximal normal to the
set A at the point x0. Then the point x0 is a (unique) solution of the problem
(1).

Proof. Put α0 = f(x0), α0 ≤ α. By Proposition 1.5 the set Lf (α0) is strongly
convex of radius r = m

{
< R.
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The gradient f ′(x0) is an element of the normal cone to the set Lf (α0) at the
point x0 and from Proposition 1.1 we obtain that

Lf (α0) ⊂ Br

(

x0 − r
f ′(x0)

‖f ′(x0)‖

)

. (5)

The vector −f ′(x0) is a proximal normal to the set A at the point x0, hence
(taking in mind Proposition 1.2)

A
⋂

intBR

(

x0 −R
f ′(x0)

‖f ′(x0)‖

)

= ∅. (6)

Together formulae (5) and (6) mean that

Lf (α0) ⊂ Br

(

x0 − r
f ′(x0)

‖f ′(x0)‖

)

⊂ intBR

(

x0 −R
f ′(x0)

‖f ′(x0)‖

)

∪ {x0},

Lf (α0) ∩ A = {x0}.
So, the point x0 is a unique solution of the problem (1).

Lemma 2.2. Let {, m, L, R be positive real numbers and m
{

< R, { ≤ L.
Then

{ − m
R

L2 − {m
R

<
R

m
,

{ − m
R

L2 − {m
R

≤ 1

L
,

and besides numerator and denominator of the above fraction are positive.

Proof. Numerator {−m
R
= {

R

(

R− m
{

)

> 0, denominator L2− {m
R

> L2−{
2 ≥

0.

Put a = m
R
< { ≤ L. The first inequality follows from the estimates { − a <

1
a
L2 − { or 2{ < 1

a
L2 + a and (note that 1

a
L2 6= a)

1

a
L2 + a > 2

√

L2

a
a = 2L ≥ 2{.

The second inequality is equivalent to the inequality L{ − La ≤ L2 − a{ or
L{ + a{ ≤ L2 + La or {(L+ a) ≤ L(L+ a). The last inequality is true.

Theorem 2.3. Let A ⊂ H be a closed proximally smooth subset with constant
of proximal smoothness R > 0. Let f : H → R be a strongly convex function
with constant of strong convexity { > 0. Let α ∈ R, Lf (α) ∩ A 6= ∅ and the
function f has the Lipschitz continuous gradient with constant L > 0 on the
set Lf (α). Put m = supx∈Lf (α)

‖f ′(x)‖. Suppose that m
{
< R.
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Then for any initial point x1 ∈ A ∩ Lf (α) the iteration process

xk+1 = PA (xk − tf ′(xk)) , t =
{ − m

R

L2 − {m
R

, (7)

converges to the unique solution x0 ∈ A of the problem (1) with the rate of
geometric progression with common ratio

q(t) =
R

R− tm

√
1− 2t{ + t2L2 ∈ (0, 1), t =

{ − m
R

L2 − {m
R

, (8)

namely, for all k ≥ 1

‖xk+1 − x0‖ ≤ q(t)‖xk − x0‖.

Note that t in formula (7) gives the strict global minimum to the (nonconstant)
function q(·) on the interval [0, R

m
) and thus q(t) < q(0) = 1.

Proof. Recall (see (2), (3)) that { ≤ L. Thus m
R

< { ≤ L and, by Lemma
2.2, t ∈ [0, R

m
).

Suppose that xk ∈ A ∩ Lf (α). Then, using Lemma 2.2,

dA(xk − tf ′(xk)) ≤ t‖f ′(xk)‖ ≤ tm < R,

and xk+1 is correctly defined by Proposition 1.2, moreover ‖xk+1−xk+tf ′(xk)‖=
dA(xk − tf ′(xk)). Also t ≤ 1

L
and hence

∥

∥

∥

∥

xk+1 −
(

xk −
1

L
f ′(xk)

)
∥

∥

∥

∥

≤ ‖xk+1 − xk + tf ′(xk)‖+
(

1

L
− t

)

‖f ′(xk)‖ ≤ 1

L
‖f ′(xk)‖.

From formula (2) we obtain that

f(xk+1) ≤ f(xk) + (f ′(xk), xk+1 − xk) +
L

2
‖xk+1 − xk‖2

= f(xk) +
L

2

(

∥

∥

∥

∥

xk+1 −
(

xk −
1

L
f ′(xk)

)
∥

∥

∥

∥

2

− 1

L2
‖f ′(xk)‖2

)

≤ f(xk) ≤ α

and xk+1 ∈ A ∩ Lf (α). Thus, by induction, xk ∈ A ∩ Lf (α) for all k.

From Proposition 1.4

‖xk+1 − xk‖ ≤ R

R− tm
‖xk − tf ′(xk)− xk−1 + tf ′(xk−1)‖.
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Next, consider

‖xk − tf ′(xk)− xk−1 + tf ′(xk−1)‖2
= ‖xk − xk−1‖2 − 2t(xk − xk−1, f

′(xk)− f ′(xk−1)) + t2‖f ′(xk)− f ′(xk−1)‖2.

Using the Lipschitz continuity of the gradient f ′, we have

‖f ′(xk)− f ′(xk−1)‖ ≤ L‖xk − xk−1‖.

From formula (3) (we should take in formula (3) x0 = xk, x1 = xk+1 and vice
versa and then add the two obtained formulas)

−(xk − xk−1, f
′(xk)− f ′(xk−1)) ≤ −{‖xk − xk−1‖2.

Taken together, these results give the following inequality

‖xk+1 − xk‖2 ≤
R2

(R− tm)2
(

1− 2t{ + t2L2
)

‖xk − xk−1‖2

= q2(t)‖xk − xk−1‖2.

Thus, the sequence {xk} converges to some point x0 ∈ A ∩ Lf (α).

Passing to the limit k → ∞ in the formula xk+1 = PA(xk − tf ′(xk)), we obtain
that x0 = PA(x0 − tf ′(x0)).

If f ′(x0) = 0, then x0 ∈ A is a global minimum (unique!) of the strongly convex
function f on H.

If f ′(x0) 6= 0, then −f ′(x0) is a proximal normal to the set A at the point
x0 ∈ A and hence, by Lemma 2.1, x0 is a unique solution of the problem (1).

If we shall repeat the previous speculations for estimation of the term ‖xk+1 −
x0‖, we shall obtain that

‖xk+1 − x0‖ ≤ q(t)‖xk − x0‖, ∀k.

Remark 2.4. If we know the distance function dA(x) then, by Proposition 1.3,
we can effectively find elements of the sequence {xk}.

Remark 2.5. Dual (to a certain degree) theorem with strongly convex subset
A ⊂ H and (nonconvex) function with the Lipschitz continuous gradient is
considered in the paper [1].
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