Journal of Convex Analysis
Volume 24 (2017), No. 2, 493-500

About the Gradient Projection Algorithm
for a Strongly Convex Function and
a Proximally Smooth Set*

Maxim V. Balashov

Department of Higher Mathematics, Moscow Institute of Physics and Technology,
Institutskiv pereulok 9, Dolgoprudny, Moscow region, 141700 Russia
balashov73Q@mail.ru

Received: March 20, 2015
Accepted: November 11, 2015

In the present work we consider the gradient projection algorithm for a strongly convex func-
tion with the Lipschitz continuous gradient and a proximally smooth (nonconvex in general)
set in a real Hilbert space. We prove that the problem of minimization of such function
on a proximally smooth set has unique solution if the constant of proximal smoothness of
the set is sufficiently large. The considered algorithm converges with the rate of geometric
progression.
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1. Introduction and main notations

We shall consider the next problem in a real Hilbert space H:

min f(x), (1)

z€EA

where f : 'H — R is a strongly convex function with Lipschitz continuous
gradient, and A C H is a proximally smooth (or prox-regular) set.

Let us recall some definitions and notations.

Denote by (p,z) the inner product for vectors p,x € H, ||z|| = /(x,z). Let
B.(a)={x € H| ||x —a|] <r}. For aset A C H denote by A and int A the
boundary and the interior of the set A, respectively.
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The distance function from the point x € H to the subset A C H is defined as
follows
da(z) = inf |z —af.

The set
Pyx={a€ A| |z —a|] =da(z)}.
is called the metric projection of the point x € E on the subset A C H.
The normal cone to the convex closed subset A C H at the point a € A is the

set
N(A,a)={peH | (p,a) > (p,z), Vo € A}.

A subset A C H is called strongly convez of radius R [8], if there exists a set
X C H such that A = [,y Br(x). It is obvious that if the set A is strongly
convex of radius R, then it is strongly convex of radius r for any r > R.

Proposition 1.1 ([8], [4, Theorems 1.1, 2.6]). Let A C H be a strongly
convex set of radius r > 0. This is equivalent to the next property: for any
ac€dA, peN(Aa), |pl| =1, the next inclusion holds

AC B, (a—rp).

Proposition was proved in [8] in the case H = R".

A continuous function f : H — R is called strongly convex with constant > > 0
[11] if for all zg, 21 € H, A € [0, 1] we have

AL = N)

5 »||zo —a:le.

FU1 = Nazg+ Axq) < (1= N)f(xzo) + Af(x1) —

The equivalent property for the above definition is that the function f(z) —
Z||x||? is continuous and convex.

We shall say that a function f : H D U — R has the Lipschitz continuous
gradient with constant L > 0 on the set U, if for any two points zg, 1 € U we
have

1/ (x0) = f'(z)ll < L [lwo — 21 .

Recall that if the function f has the Lipschitz continuous gradient with constant
L on the convex subset U C H, then the next inequality holds (see [9, Lemma
1.2.3])

|f(z1) = f(zo) — (f'(20), 21 — x0)| < g”:m —x0l|?, Vag,x €U. (2

Also strong convexity of the function f with constant 3¢ > 0 gives the inequality
(see [9, Definition 2.1.2 and Theorem 2.1.9])

f(x1) > f(wo) 4+ (f'(w0), 1 — m0) + g”xj —x0]|?, Vo, 7, €U (3)
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Thus, for strongly convex functions with Lipschitz continuous gradient we have,
in particular, that s < L.

For a function f : H — R and a number « define the lower level (Lebesgue’s)
set

Lr(0) = {r e H| f(z) < a}.

For a subset A C 'H and a number R > 0 we define the open R-neighborhood
of the set A as follows

Us(R) = {o € H | da(z) < R}

We shall say that a subset A C H satisfies the supporting condition with con-
stant R > 0, if for any point € Uu(R)\A with Pyz # () and a € Pz, we
have the next equality

AmlntBR<a+R||I—a||>_® (4)

A closed subset A C 'H is called prozimally smooth with constant R [7, 10], if
the distance function d4(z) is continuously differentiable on the set Ua(R)\A.

Proposition 1.2 ([2, Theorem 2.4], [6, Proposition 2.6], [7, Theorem
4.1], [5, Theorem 6.2]). Let A C H be a closed subset and R > 0. The next
conditions are equivalent:

(1) The set A satisfies the supporting condition with constant R.
(2) The set A is prozimally smooth with constant R.
(83) The metric projection Pax is singleton and continuous at any point x €

Ua(R)\A.

We shall say that a vector p # 0 is a prozimal normal to the proximally smooth
set A (with constant of proximal smoothness R) at the point a € A, if there
exists 0 € (0, R] with

Aﬂmth (a—|—§|l ||> = 0.

From Proposition 1.2 it is easy to see that

AﬂlntBR (a—i—RHpH> = ().

Proposition 1.3. Suppose that a closed subset A C H is proximally smooth
with constant R > 0. Then for any point x € Ua(R)\A

Pyx =z — da(z)d ().
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Proposition 1.3 follows from Proposition 1.2 and [7, Proposition 3.6(2)].

Proposition 1.4 ([7, Theorem 4.8(2)], see also [3, Theorem 2]).
Suppose that a closed subset A C H is proximally smooth with constant R > 0,
r € (0, R). Then for any pair of points xg, 1 € Uas(r) and a; = Pax;, i = 0,1,
the next inequality holds

laog — a1 < |20 — x1]].

-

Let us give few remarks concerning Proposition 1.4. Proposition 1.4 was proved
in [7, Theorem 4.8(2)] for the case zo, x; € Ua(r)\A. Inthecasezg ¢ A,z € A
(and ag = Paxg, ay = Paxy = x1) consider z, the nearest point to xg of the
intersection [zg, 1] NA. Let {z:}72, C U,(A)\A and 2, — z; ax = Paz,. Then
ap — z. Passing to the limit £ — oo in the inequality

llar. — aol| < Iz — =l

—T

R
R—r

we get |lag — z|| < |zo — z||. Hence

lzo = 2l + [lz = au ]

R
R—r

—ayl < — —ayl <
lao = aafl < flao = 2l + |z —ar]| < —

R
< 5 (o =2l + [z —ail]) = [0 — 1]

S hC
Proposition 1.5 ([12, Proposition 4.14 (i)]). Suppose that a function f :
H — R is strongly convex with constant 3¢ > 0. Let L(a) # O for some o € R
and

m = sup 1 (@)
zely(a), f'(z)€d f(x)

(here by f'(x) we denote a subgradient from the subdifferential O f(x)). Then

the set Ly(a) is strongly convex of radius r = .

2. Gradient projection algorithm

Lemma 2.1. Let A C H be a closed proximally smooth subset with constant
R >0, f:H — R be a strongly conver (with constant > > 0) differentiable
function. Let o € R, m = sup,ez (o) |f'(x)||, » =2 < R. Suppose that for
some point xo € L(a) N A the vector —f'(zo) # 0 is a prozimal normal to the
set A at the point xo. Then the point xo is a (unique) solution of the problem

(1).

Proof. Put ag = f(z¢), ap < . By Proposition 1.5 the set Lf(ayp) is strongly
convex of radius r = 7 < R.



M. V. Balashov / About the Gradient Projection Algorithm 497

The gradient f’(z,) is an element of the normal cone to the set Lf(ap) at the
point xg and from Proposition 1.1 we obtain that

« T JU(LEO)
£ °)CBT(“ "I >||) )

The vector — f’(x¢) is a proximal normal to the set A at the point zy, hence
(taking in mind Proposition 1.2)

mn x f/( ) =
Al tBR(O e )H) 0 ©)

Together formulae (5) and (6) mean that

&ta0) € B (v0 =y ) € ine (o~ Ryior ) U )

Li(ag) N A= {z0}.
So, the point zg is a unique solution of the problem (1). [

Lemma 2.2. Let 3¢, m, L, R be positive real numbers and 2> < R, 3¢ < L.
Then

y—m R _m 1
—E<s, SR <o
R N

and besides numerator and denominator of the above fraction are positive.

Proof. Numerator sc—% = % (R — %) > (0, denominator LZ—% > L2 —3% >
0.

Put a = 7 < 3¢ < L. The first inequality follows from the estimates s —a <
L[? — 5cor 2¢ < 2L + a and (note that + L? # a)

1 12
L4 a>20"=—a=2L> 2«
a a

The second inequality is equivalent to the inequality L — La < L? — asc or
Ly +asx < L>+ La or 3(L +a) < L(L + a). The last inequality is true. [

Theorem 2.3. Let A C 'H be a closed proximally smooth subset with constant
of proximal smoothness R > 0. Let f : H — R be a strongly convex function
with constant of strong convexity ¢ > 0. Let « € R, L¢(a) N A # 0 and the
function f has the Lipschitz continuous gradient with constant L > 0 on the
set Ly(a). Put m = Supgep (o) |/ (2)]|. Suppose that 7 < R.
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Then for any initial point x; € AN Ly(a) the iteration process

2 —

Tpy1 = Py (xp — tf (zg)), t= LQ—En’ (7)
- R

converges to the unique solution xo € A of the problem (1) with the rate of
geometric progression with common ratio

R m
t) = 1—2¢ 212 € (0,1), t=— £
a(t) = 5T =2 + P12 € (0,1), —

namely, for all k > 1
@41 = @oll < q(t)[x — 2ol|-

Note that ¢ in formula (7) gives the strict global minimum to the (nonconstant)
function g(-) on the interval [0, £) and thus ¢(t) < ¢(0) = 1.

Proof. Recall (see (2), (3)) that 2 < L. Thus % < 3 < L and, by Lemma
2.2,t€[0, ).

Suppose that x; € AN Ls(a). Then, using Lemma 2.2,
da(wy — tf' (ze) < tf (@) < tm < R,

and x4 is correctly defined by Proposition 1.2, moreover ||z 1 —z,+tf (x| =
da(zy —tf'(zx)). Also t < 1 and hence

e

< llowss = a2l + (7 =) 1700l < Z1F 0l

From formula (2) we obtain that

f(@rg1) < flag) + (f,(xk)axk—l-l — ) + ngkH - $k||2

§<mﬂ—(m—%ﬂ%0 —gﬂﬂmmﬁ

= f(z) + 5
< flay) <«

2

and x,+1 € AN Ly(a). Thus, by induction, z, € AN Ls(a) for all k.

From Proposition 1.4

[Zhp1 =z < |op —tf (xr) — 2p1 +tf (2-1)]]-

R—tm
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Next, consider

i — tf (zr) — 2oy + tf (2pn) |12
= [lzn — 2 |” = 20(2p — xpey, f(n) — F(zem1)) + I (2n) — (2o

Using the Lipschitz continuity of the gradient f’, we have

1" () = f'(@r-2) || < Lllwk =zl

From formula (3) (we should take in formula (3) zg = xy, 1 = %41 and vice
versa and then add the two obtained formulas)

—(wp — w1, f(n) = ) < —sellag — zpa .
Taken together, these results give the following inequality

R2
(R —tm)? (

= ¢ (t)]lzr — 2]

||:Ek+1 — :L’k||2 S 1 — 2t + t2L2) ||37k — a:k_1||2

Thus, the sequence {z} converges to some point zo € AN L¢(w).

Passing to the limit & — oo in the formula xy 3 = Pa(zr — tf'(zx)), we obtain
that g = Pa(zo — tf'(x0)).

If f'(xg) = 0, then zg € A is a global minimum (unique!) of the strongly convex
function f on H.

If f'(x9) # 0, then —f'(zo) is a proximal normal to the set A at the point
xo € A and hence, by Lemma 2.1, x¢ is a unique solution of the problem (1).

If we shall repeat the previous speculations for estimation of the term ||z —
xol|, we shall obtain that

2541 = @ol| < q(t)||zk — zoll, V. [

Remark 2.4. If we know the distance function d4(z) then, by Proposition 1.3,
we can effectively find elements of the sequence {xy}.

Remark 2.5. Dual (to a certain degree) theorem with strongly convex subset
A C H and (nonconvex) function with the Lipschitz continuous gradient is
considered in the paper [1].
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