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In this note we point out that results on the asymptotic behaviour of an alternative iterative
method are corollaries of corresponding results on the well-known Halpern iteration.
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Let X be a geodesic space, C C X a convex subset and T : C' — C a nonex-
pansive mapping. We consider the following iteration:

Ty € C, Tp41 = T<)\n+1u + (1 o )‘nJrl)xn)v <1>

where u € C' and ()\,) is a sequence in [0, 1]. This alternative iterative method
was introduced for Banach spaces in [13] as a discretization of an approximating
curve considered in [2]. A more general version of this iteration is studied in
[1], while a cyclic version of (z,,) associated to a finite family of nonexpansive
mappings is considered in [7].

Define for n > 0,
Ynt1 = )\n—l—lu + (1 - )‘n—l—l)xn' (2)
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Then for all n > 1, z,, = Ty, and the following holds:
Proposition 1. For alln > 1, ypy1 = Appru+ (1 = Xi1)Tyn.

Thus, (y,) is the well-known Halpern iteration [3, 11]. Since 7" is nonexpansive,
we have that for all m,n > 1 and for any fixed point p of T,

AT, 2n) < dYm,yn) and  d(x,,p) < d(yn,p).

Hence, one can obtain results concerning this iteration as immediate corollaries
of corresponding results on the Halpern iteration.

A first example is the following: if (y,) converges strongly to a fixed point p
of T, then (z,,) also converges strongly to p. It follows that [13, Theorem 4.1],
the main result on the iteration (z,), is a corollary of [12, Theorem 3.1] and
[10, 9]. Moreover, strong convergence results on the Halpern iteration, as well
as their quantitative versions (see, e.g., [4, 5, 6, 8]), hold for the alternative
iteration (z,) too.

Let us give a second example. We say that a sequence (z,) is asymptotically
regular if lim, . d(z,,2,+1) = 0. A mapping ® : (0,00) — N is a rate of
asymptotic regularity for (z,) if for all e > 0 and for all n > ®(e), d(2n, 2nt+1) <
. One has the following: if (y,) is asymptotically regular with rate ®, then (z,,)
is asymptotically regular with the same rate. As a consequence, (quantitative)
asymptotic regularity results for the Halpern iteration hold without changes
for the alternative iteration (x,,).
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