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1. Introduction and preliminaries

In the recent note [11] Svaiter has analyzed a class of sublinear functions which
characterize the interior and the complement of a closed convex cone in a
normed linear space. In some papers due to him and authors like Fliege, Graña-
Drummond and Iusem (see for instance [8]), such functions play an important
role in developing algorithms for solving vector optimization problems and are
called gauge functions for the corresponding ordering cones. The scope of this
note is to show that the main result in [11] can be extended for cones with
empty interiors which have nonempty quasi-relative interiors. This may prove
to be useful for constructing algorithms for solving vector optimization prob-
lems originating from mathematical finance, like the ones mentioned in [1, 12],
where the ordering spaces have empty interiors, but nonempty quasi(-relative)
interiors. Among the recent contributions to vector optimization dealing with
such ordering cones we mention also [4, 5, 6, 7] and some references therein.

Consider the normed space (X, ‖ · ‖) and its topological dual space (X∗, ‖ · ‖∗).
The dual space of the latter is (X∗∗‖ · ‖∗∗), the bidual space of X. Denote by
〈x∗, x〉 = x∗(x) the value at x ∈ X of the linear continuous functional x∗ ∈ X∗.
X can be identified with a subspace of X∗∗, and we denote by x the canonical

image in X∗∗ of the element x ∈ X and Û = {x : x ∈ U} ⊆ X∗∗, where U ⊆ X.
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Let the nonempty convex cone K ⊆ X and its dual cone K∗ = {x∗ ∈ X∗ :
〈x∗, x〉 ≥ 0 ∀x ∈ K} and we denote K0 = {x ∈ K : 〈x∗, x〉 > 0 ∀x∗ ∈ K∗\{0}}.
Given a subset U of X, by intU , coreU , clU , coU , coneU , δU and σU we
denote its interior, algebraic interior, closure, convex hull, conical hull, indicator
function and support function, respectively. When U is convex, its quasi-relative
interior is qriU = {x ∈ U : cl(cone(U − x)) is a linear subspace of X}, while
its quasi interior is the set qiU =

{
u ∈ U : cl(cone(U − u)) = X

}
. One

has intU ⊆ coreU ⊆ qiU ⊆ qriU and when one of the sets in this chain of
inclusions is nonempty it coincides with its mentioned supersets. When X is
an Euclidean space one has qiU = intU and qriU collapses to the relative
interior of U . A typical example supporting the introduction (by Schaefer,
and Borwein and Lewis, respectively) of the quasi(-relative) interior is a cone
of nonnegative real sequences ℓp+ ⊆ ℓp with 1 ≤ p < +∞ for which int ℓp+ =
core ℓp+ = ∅, but qi ℓp+ = qri ℓp+ = {(xn)n∈N ∈ ℓp : xn > 0 ∀n ∈ N}. For more
properties of the quasi(-relative) interior the reader can consult [2, 14] and
some references therein. The largest lower semicontinuous function everywhere
less than or equal to f : X → R = R ∪ {±∞} is the lower semicontinuous

hull of f , cl f : X → R, while the conjugate function of f is f ∗ : X∗ → R,
f ∗(x∗) = sup{〈x∗, x〉 − f(x) : x ∈ X} and its subdifferential at x ∈ X where
f(x) ∈ R is ∂f(x) = {x∗ ∈ X∗ : f(y)− f(x) ≥ 〈x∗, y − x〉 ∀y ∈ X}.

In the literature one can find different so-called gauge functions, see for instance
the one from see also [10, Section 15] or the Minkowski functional attached to
a set. In our presentation we use the one considered in [8, 11] and some of the
references therein, namely we say that a function ϕ : X → R which coincides
at each x ∈ X with σC(x), where C ⊆ K∗\{0} is a weak∗-compact set fulfilling
K∗ = cl(co(coneC)), is a gauge function for the convex cone K. In [8] the set
C is said to be a subbase of K∗ and one can note that a base of a cone is a
subbase of it, too. Moreover, the intersection of K∗ with the boundary of the
corresponding closed unit ball is always a subbase of K∗.

We begin with some statements which will be useful in our presentation. The
first one can be derived via [3, Proposition 2.1.1] and [5, Proposition 1.4] (see
also [6, Proposition 1]).

Lemma 1.1.

(a) One always has qiK ⊆ K0 ⊆ qriK.

(b) If K0 6= ∅, then qriK ⊆ K0.

(c) If K is closed, then qiK = K0.

Lemma 1.2. If U ⊆ X is a convex set, then [qriU = qri Û and, when qiU 6= ∅,
it holds q̂iU = qri Û .

Proof. When x ∈ qriU , then x ∈ U hence x ∈ Û , x ∈ [qriU and cl(cone(U−x))

is a subspace of X. Then \cl cone(U − x) = cl(cone\U − x) = cl(cone(Û − x)) is
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a subspace of X∗∗, consequently x ∈ qri Û .

Viceversa, when w ∈ qri Û , it follows that w ∈ Û , thus there exists an x ∈ U
such that w = x. Moreover, cl(cone(Û− x)) is a subspace of X∗∗ that coincides

with \cl(cone(U − x)) and is included in X̂. Therefore, cl(cone(U − x)) is a

subspace of X and since x ∈ U it follows that x ∈ qriU , hence x ∈ [qriU .

The last implication is a consequence of the fact that qiU 6= ∅ yields qiU =
qriU .

Remark 1.3. If U ⊆ X is a convex set and x ∈ qiU , one can show like in the
proof of Lemma 1.2 that cl(cone(Û− x)) = X̂. However, this yields q̂iU = qi Û

only when X̂ = X∗∗, i.e. X is reflexive.

2. Characterizations of gauge functions

In [11] the class of the gauge functions for K was equivalently characterized
within the one of the sublinear functions. However, since some hypotheses are
not necessary for both implications, we begin characterizing the gauge functions
for K by analyzing their properties. Note also that some steps of our proofs
are inspired from their correspondents from [11], but we do not skip them here
for the sake of completeness.

Theorem 2.1. If K0 6= ∅ and ϕ : X → R is a gauge function for K, then ϕ is

continuous, sublinear and takes negative values over − qriK and only positive

values in the complement of − clK.

Proof. The continuity and sublinearity of ϕ follow from the definition. From
Lemma 1.1 and Lemma 1.2 one obtains 〈x∗, w〉 < 0 for all x∗ ∈ K∗ \ {0} and

all w ∈ − qri K̂. Because the set C ⊆ K∗ \ {0} that exists due to the definition

of ϕ is weak∗-compact, it follows that σC(w) < 0 for all w ∈ \− qriK, hence
ϕ(x) < 0 whenever x ∈ − qriK.

Take an x ∈ X \ (− clK). Then there exists an x∗ ∈ K∗ such that 〈x∗, x〉 ≥ 0,
thusK∗ = cl(co(coneC)) yields ϕ(x) ≥ 0. For an x̄ ∈ − qriK one can find some
t ∈]0, 1[ such that tx+ (1− t)x̄ /∈ − clK. Then 0 ≤ ϕ(tx+ (1− t)x̄) ≤ tϕ(x) +
(1 − t)ϕ(x̄), which if ϕ(x) = 0 yields the contradiction 0 < 0. Consequently
ϕ(x) > 0 for all x ∈ X \ (− clK).

A consequence of this result for the case when qiK 6= ∅ follows.

Corollary 2.2. If K is also closed with qiK 6= ∅ and ϕ : X → R is a gauge

function for it, then ϕ is continuous, sublinear and takes negative values over

− qiK and only positive values in the complement of − clK.

Now let us see how can one obtain a gauge for K from an extended real valued
function with suitable properties.
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Theorem 2.3. When K0 6= ∅ and ϕ : X → R is a proper sublinear function

that is continuous at 0, then, if clϕ(x) < 0 if and only if x ∈ − qriK, clϕ is a

gauge function for K.

Proof. Because ϕ is sublinear, via [13, Theorem 2.4.14] it follows that ϕ(0) =
0, ϕ∗ = δC , where C = ∂ϕ(0), and clϕ(x) = σC(x) for all x ∈ X. On the other
hand, [13, Theorem 2.4.9] yields that C is nonempty and weak∗-compact.

Since clϕ is convex, via [13, Exercise 2.5] one obtains that {x ∈ X : clϕ(x) ≤
0} = cl{x ∈ X : clϕ(x) < 0} = cl(− qriK) = − clK, where the last equality
follows via [2, Proposition 20.3]. Thus clϕ(x) ≤ 0 for all x ∈ −K, hence
σC(x) ≤ 0 whenever x ∈ −K, consequently C ⊆ K∗. Moreover, for any
x ∈ − qriK it holds clϕ(x) = σC(x) < 0, that yields 0 /∈ C.

Denoting P = coneC, it follows that P ⊆ K∗. If P 6= K∗ there exists a
w∗ ∈ K∗ \ P , hence C ∩ cone{w∗} = ∅ and Tuckey’s separation statement
yields the existence of an x̄ ∈ X \{0} such that supz∗∈C〈z

∗, x̄〉 < inft≥0 t〈w
∗, x̄〉.

Consequently, 〈w∗, x̄〉 ≥ 0 and σC(̄x) < 0. Then the hypothesis yields x̄ ∈
− qriK = −K0, followed by 〈w∗, x̄〉 < 0, which is a contradiction, hence P =
K∗, therefore K∗ = cl(co(coneC)), i.e. clϕ is a gauge for K.

Some consequences of this result follow, but before listing them we include a
small observation.

Remark 2.4. A byproduct of the proof of Theorem 2.3 is that one can see
that clϕ takes only positive values in the complement of − clK even before
knowing that it is a gauge for K, since {x ∈ X : clϕ(x) ≤ 0} = − clK.

Corollary 2.5. If K0 6= ∅ and ϕ : X → R is a proper sublinear function that

is lower semicontinuous at 0 and with ∂f(0) weak∗-compact, and one also has

clϕ(x) < 0 if and only if x ∈ − qriK, then clϕ is a gauge function for K.

Corollary 2.6. If K0 6= ∅ and ϕ : X → R is a proper sublinear lower semi-

continuous function that is continuous at 0 and satisfies ϕ(x) < 0 if and only

if x ∈ − qriK, then ϕ is a gauge function for K.

Corollary 2.7. If qiK 6= ∅ and ϕ : X → R is a proper sublinear function that

is continuous at 0 and with clϕ(x) < 0 if and only if x ∈ − qiK, then clϕ is

a gauge function for K.

Remark 2.8. In Theorem 2.1 and Theorem 2.3 and their consequences we
generalize the statements from [11, Theorem 3], which are recovered as special
cases when K is closed and pointed and intK 6= ∅, using the fact that for a
continuous convex function f : X → R whose restriction to − intK takes only
negative values one obtains via [13, Exercise 2.4] that f(x) < 0 if and only if
x ∈ − intK.
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In the following we present a concrete situation where [11, Theorem 3] cannot
be applied, unlike our results, justifying thus our generalizations.

Example 2.9. Take X = c0(N), the space of null sequences, and K = c+0 =
{x ∈ c0 : xn ≥ 0 ∀n ≥ 0}. Then qiK = {x ∈ c0 : xn > 0 ∀n ∈ N}, but
intK = ∅, X∗ = ℓ1 and K∗ = ℓ1+ = {x ∈ ℓ1 : xn ≥ 0 ∀n ∈ N}. Using the
element u ∈ ℓ∞ given by un = 1 for all n ∈ N one can construct (cf. [9, Example
1]) a closed and bounded base B = {x ∈ ℓ1+ : 〈u, x〉 = 1} for ℓ1+ that does not
contain the origin and lies within the corresponding weak∗-compact closed unit
ball, so it is weak∗-compact, too. Then the restriction to ĉ0 of σB delivers a
gauge function for the cone c+0 .

Remark 2.10. In [11] it is noted that in some cases the set C which gener-
ates K∗ and defines the gauge function for K needs not necessarily be weak∗-
compact, even if intK 6= ∅. Taking a look at the proofs of the main state-
ments in this paper, one can note that in the one of Theorem 2.1 the weak∗-
compactness of C plays a key role. However, in the demonstration of Theorem
2.3 it is actually needed only for applying Tuckey’s statement. A natural ques-
tion that can be raised is whether it is possible to replace this result with
another separation theorem, maybe one using the fact that the quasi(-relative)
interior of K is nonempty, like [5, Theorem 3.2] or the ones listed in [2, Section
20] or in [14]. In such a case it would suffice in Theorem 2.3 to ask ϕ to be
only lower semicontinuous at 0 and not continuous.

Remark 2.11. Our investigations can be extended to more general frame-
works, for instance by taking X to be a Hausdorff locally convex space and,
in order to avoid unnecessary complications, its dual endowed with the corre-
sponding weak∗ topology.
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