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In this paper we perturb the (Minty-Browder monotone) gradients of some convex functions
f, defined on convex open subsets of the Euclidean space with suitable linear transformations
A and provide sufficient conditions on f and A in order to obtain the n-monotonicity of the
perturbation V f + A for some n € (—1,0). These conditions are given in terms of the mag-
nitude of the Hessian operators associated to f and the spectra of the operators (4 + A*)/2
and A*A and they make the Minty-Browder monotonicity of the perturbation Vf + A to
fail. While the symmetric perturbations are only considered as instructive examples in the
Minty-Browder monotone case, we mostly rely, in the even dimensional context, on linear
transformations which can be represented as linear combinations between the identity oper-
ator and skew-symmetric isometries. Note that the skew-symmetric isometries of R*™ are
complex structures on R?™. In the bidimensional case the rotations do admit such represen-
tations and the perturbations of the gradients of convex functions by rotations were treated
before in [9]. We also obtain some global injectivity results for suitable linear perturbations
of some gradients of convex functions.
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1. Introduction

Let (H, (-,-)) be a real Hilbert space, and let D be a nonempty subset of H.
An operator T : D — H is called Minty-Browder monotone if (see, for instance,
[4, 12])

(Te —Ty,x —y) >0 foral z,y € D.
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The operator T is called h-monotone if
Tx—Ty Yy —

[Tz = Ty| * ly — =

where ker (7)) := {(z,y) € D x D | Tx = Ty}. Taking into consideration the

Cauchy-Schwarz inequality, as well as the case when equality occurs in it, it is
immediately seen that 7" is h-monotone if and only if

< Ty —Ty T —y
[Tz =Tyl " ||z -y

for all (z,y) € (D x D) \ ker (T),

> > —1 forall (z,y) € (D x D)\ ker (7).

Obviously, every Minty-Browder monotone operator is also A-monotone.

Given any number n € (—1,1), an operator T : D — H is called n-monotone if

<T:E—Ty T —y
[Tz =Tyl " [z =y

> >n forall (z,y) € (D x D)\ ker (T).

If n € (—1,0), then the class of n-monotone operators is an intermediate one,
lying between the class of Minty-Browder monotone operators and that of h-
monotone operators. If n € [0,1), then the class of n-monotone operators is
contained in that of Minty-Browder monotone operators.

The class of h-monotone operators was introduced by G. Kassay and C. Pintea
[8]. However, only one example of an h-monotone operator which is not Minty-
Browder monotone is provided in [8]. Moreover, that example (see [8, Example
2.5] is given in the framework of the 2-dimensional Euclidean space. The class
of m-monotone operators was introduced by D. Marian, I. R. Peter, and C.
Pintea [9]. They extended the study of such operators in [10] and provided
examples of m-monotone operators which are not Minty-Browder monotone,
both in [9] and [10], but again almost all these examples are given in dimension
two.

The purpose of the present paper is to fill the gaps by providing examples of
n-monotone (respectively h-monotone) operators which are not Minty-Browder
monotone in the n-dimensional setting. The n-monotonicity is used to derive
several global injectivity results. Our examples are obtained by perturbing the
gradient of a differentiable convex function by an appropriate linear operator.
Recall that the gradient of a C'-smooth convex function is well known to be a
Minty-Browder monotone operator. In fact, the Minty-Browder monotonicity
of V f ensures the convexity of f as well [6, Theorem 4.1.4]. For a characteriza-
tion of the convexity (quasiconvexity) in terms of Minty-Browder monotonicity
(quasimonotonicity) of the, possibly multivalued, Clarke subdifferential opera-
tor for less regular functions we refere the reader to [5] ([2]).

1.1. Background and notation

Throughout the paper we make use of the notation described below. Let D
be a nonempty open convex subset of R", and let f : D — R be a C?-smooth
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convex function. The Hessian matrix of f at an arbitrary point z € D will be
denoted by H(z). Recall that Hy(z) is a symmetric matrix and it defines a
symmetric bilinear functional

Hy(r) : R" x R" — R, Hy(z)(u,v) :=u- Hp(z) 0",

Denote by h¢(x) : R* — R™ the linear transformation defined by the following
equality

Hy(x)(u,v) == (hf(z)u,v), VYu,veR"
In fact hy(z)u = uw- Hy(x). Note that the operator hy(x) is symmetric, i.e.
(hy(z)u,v) = (u, hy(z)v), for all u,v € R". We also set

o, = sup |y (2)]|.
zeD

Further, let A : R — R"™ be a linear operator, and let T : D — R”™ be the
operator defined by Tz := V f(x) + Az. We shall denote by [A] the matrix
representation of A with respect to the standard basis of R". Let S" ! denote
the unit sphere in R", and let

W(A) := {{Az,z) | = € S*1}

be the numerical range of A. It is well known that W(A) = [Aa, 4], where
Aa and a4 denote the smallest and the greatest eigenvalue, respectively, of the
symmetric operator (A + A*)/2. From the inequalities [6, p. 154]

M < (Az,x) <py forall xz € S™!
one can easily deduce that
Mlle = yl* < (Alw —y),x —y) < pallz -yl forallz,y eR™ (1)

Let also A% and p% denote the smallest and the greatest eigenvalue, respectively,
of the symmetric positive semidefinite operator A*A. It is well known that

Al = Az|| = /i, and min |Az| = ba. 2
14 = max [|Az] = /pi and - min [Az] =0, (2)

Sometimes we set, for brevity, as := ||A| = /u% and by := 1/||A7]] if A
is invertible. Since ||A7!|| equals the square root of the greatest eigenvalue of
(A"1)*A~1 = (AA*)7' it follows that by = /A%

An instructive example covers the class of symmetric matrices.

Example 1.1. Let A : R — R” be a symmetric operator, i.e. (Ax,y) =
(x, Ay), for all z,y € R™ or, equivalently, A = A*. Note that A has real eigen-
values in this case, say A1, ..., A,, and therefore A, = min{\;,..., A\, } as well
as g, = max{Ay,..., A\, }. Thus, the eigenvalues of A*A = A% are \} ... \2
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and therefore \* = min{A}, A3,..., A2} as well as p* = max{A},\3,...,\2}.
Consequently
HAH =V :uz:max{|/\l|7|/\2|7"'7|/\n|} and (3)
min | Az] = /% = ba = min{ A Dl Al

IfA <X <--- <\, then obviously A, = A; and p, = A,.

o If N <A< <\, <0, then A2 > A2 > .- > A2, Therefore M} = \2
as well as % = A2. This shows that ||A| = —A\; and mingegn—1 ||Az|| =
— A, in this case.

. IFO< A <X <--- <A\, then A2 < A2 < --- < A2, Consequently N\ =
A2 and p%, = A\2. In this case we have || A|| = A\, and min,cgn-—1 ||Az|| = A;.

Another example, which is more suitable for our current needs, concerns the
linear combinations of the identity operator and the skew-symmetric isometries.

Remark 1.2. Let B : R*™ — R?™ a linear skew-symmetric isometry, i.e.

1.  (Bz,y) + (z,By) = 0, Vz,y € R*™, or, equivalently (Bx,z) = 0, Vz €
RQm.

2. (Bx,By) = (x,y), Vr,y € R*™.

The matrix representation of such an operator, with respect to the standard ba-
sis of R?™ is skew-symmetric and orthogonal and these properties characterize
completely the class of skew-symmetric operators. Moreover, every linear skew-
symmetric isometry is a complex structure on R*™. For instance, if P € O(m)
is an orthogonal matrix, then

. 0 -P 2mx2m
B = ( pr 0 ) eR
is orthogonal and skew symmetric.

Example 1.3. If p,¢ € R and A := ply,, + ¢B, where B : R*™ — R?™ ig
a linear skew-symmetric isometry, then (A + A*)/2 = ply,, and A*A = (p* +

q*) I, whence A\, = 1, = p and A= =p’+¢* Thusa, =b, = \/p?>+ ¢%

In connection to an arbitrary operator 7' (not necesarily on a finite dimensional
space) we define the following quantities:

=it { (g o) | ) € 0 x DNl

or=sw \ (Erem o o) | (0 € (0% D)\ kr (0}

pom g { 2Tl

i T (x,y)E(DxD)\AD} :
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where Ap := {(z,x) | x € D}. If s, < 1, then we set

Example 1.4. If p,q € R and A := ply,, + ¢B, where B : R?™ — R?™ is a
linear skew-symmetric isometry, then

L (Az, Ay) = (p* + ¢*)(z,y), Vz,y € R*™.
2. |Az|| = /p* + @||z||, Vo € R*". Thus i\, = \/p*+ ¢*.
3. If p=cosf and ¢ = sin @ for some arbitrary § € R, then A is an isometry.
— 2 2m ;o —
4. (Az,x) =p|z|*, Vo € R*". Thus i, =s, = \/prq?'
5 _ (p=D/p?+¢?
T T o
Remark 1.5.
1. An operator T is i,.-monotone, whenever —1 < i, < 1.

2 An operator 7' is Minty-Browder monotone if and only if 7, > 0.
3. If the operator 7" is n-monotone, then ¢, > 7.
4. If A:R"™ — R" is an isometry, then i, = \,, s, = pu, and i’ = 1.

We close this subsection by recalling one of the main results proved in [9] which
involve the above associated values i, s, i_, 1, to an arbitrary operator T
and will be used within the section of proofs.

Theorem 1.6 (see [9, Theorem 1.1]). Let H be a real Hilbert space, let D
be a nonempty open convexr subset of H, let T': D — H be a Minty-Browder
monotone operator, and let T:=T- ip, where ip : D — H 1is the inclusion
mapping. If 0 < ir, sp <1, and —1 < ny <0, then T is nr-monotone. If, in
addition, ifpsp < 1, then T is not Minty-Browder monotone.

In terms of the associated values i, s,, i.., Theorem 1.6 can be stated in the
following way:

IO <ip, sy <1, and 1 — /T — 5% < ipi'. <1, theni, > T2l Ififsp <1,

then 1. < 0.
T

1.2. Contents of the paper

Clearly, i1 represents the greatest possible value of n for which the operator T'
remains r-monotone. This property is emphasized by Remark 1.5(3). Having
this in mind, it suffices to provide conditions ensuring that —1 < iy < 0, in
order to obtain n-monotone operators which are not Minty-Browder monotone.

Theorem 1.7. Let D C R" be a convex open set, let f : D — R be a C?-
smooth convex function and let A : R" — R™ be a linear transformation. If
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the following inequalities are satisfied

o, <ba+Aa (4)
inf [lhy(2)]] < —pa, (5)
then one has
-1< bA)\_AUf <ig,, <0, (6)
i.e. Vf+ Ais bA’\_AJf -monotone but not Minty-Browder monotone.

Example 1.8. Let p,qg € R, p < 0 and A := ply,, + ¢B, where B : R*" —
R2™ is a linear skew-symmetric isometry. If 0 < o < min {\/102 + ¢+ p, —p} =

min{by + Aa, —pia}, then —1 < i, < 0, where T' = aly,, + A = Vf + A and
f:R*" — R is the convex function defined by f(z) := § ||z||*. Therefore, T is
h-monotone, but not Minty-Browder monotone. The inequalities —1 <, < 0
follow by means of Theorem 1.7 taking into account that H¢(x) = als, and

O'f:CY.

Theorem 1.9. Let D C R" be a conver open set, let f : D — R be a C?-
smooth convex function and let A : R — R™ be a linear transformation. If
Aa > 0, then

Aa
' 7
a2 7 7)
and
i/vf+A SaA—i-O'f. (8)
If, in addition, o, < ba, then
Ha + o,
SVf+A — bA _ O.f (9>
and
z"VHA >ba—o,. (10)
Remark 1.10. The upper estimate /;:jzf for s, , is completely useless, un-
i
less
+o
PAT% (11)
ba— o,

as the inequality s, <1 is obvious for every operator 7. If B : R*™ — R?*™
is a skew-symmetric isometry and A = pl,,, + ¢B, p > 0, then the inequality

(11) is satisfied if
_ /02 1 o2
g 2p T (12)

9
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Example 1.11. Let D C R™ be a convex open set and let f : D — R be the
convex function

1 n
flzy,. ... x,) = 5;%33?,

where 0 < oy < -+ < a,. If A:R” — R™ is the linear transformation whose
matrix representation with respect to the standard basis of R" is

M7 - diag{\;, Ag, ..., A} - M,

0< A <X\ <--- <\, for some orthogonal matrix M € O(n), then

. A

VA 2 ﬁ (13)
and

o rin < A+ Q. (14)
If, in addition, a,, < A1, then

Indeed, by using the obvious fact that Hy(z) = diag{ai,...,a,} for every
r € D, one can deduce that o, = «,. Furtheron, we only need to combine
Example 1.1 with Theorem 1.9. Note that the estimation

A+ O
SVf+A S )\1 _ an7 (16)

produced by (9) in this particular case, is completely useless since

Ay + O,

> 1.
Al_an

Theorem 1.12. Let D C R" be a convex open set, let f : D — R be a C?-
smooth convex function and let A : R — R™ be a linear transformation. If
Aa >0, pa < min {bA, Z—‘:}, and

an — Aapa < \/b% — 14, (17)

then for sufficiently small g one has —1 < n.,. , < 0 and the operalor T =
Vf+A—ip isn,,, ,-monotone, but not Minty-Browder monotone, i.e. i, , <
1., < 0.

T
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1.3. A class of convex functions with Sop = 1

The proof of Theorem 1.12 relies on [9, Theorem 1.1] which states that the
operator T = T — id constructed out of a Minty-Browder monotone operator
T on a Hilbert space and the identity map is 7,-monotone, but not Minty-
Browder monotone, whenever 0 < ip, sy < 1 and 7, < 0. As in the previous
paper [9] we could have considered the gradients V f of convex functions f to
play the role of the Minty-Browder monotone operators in Theorem 1.6, for
more concrete examples. However the associated upper-bound s, of such an
operator was proved to be 1, at least in the bidimensional case and for strictly
convex functions with positive definite Hessian matrices. In order to fulfill all
requirements of Theorem 1.6, the gradients of such functions were perturbed in
[9] by some suitable rotations. This argument is still a good enough reason to
perturb the gradients of the convex functions by certain isometries, in higher
dimensional context, as s, keeps being 1 on a still quite large class of convex
functions as we shall see in the following statement.

Theorem 1.13. Let D C R" be a convex open set and f : D — R be a convex
function with precisely one global minimum point. If the Hessian matrix of f
is everywhere positive definite, then s, = 1.

Proof. Taking into account the positive definiteness of the Hessian matrix
H(x) it follows that H(z) is nondegenerated at every x € D and in particular
it remains non-degenerate at its critical points and, in particular, at its (unique)
minimum point py. Therefore f is a Morse function and pg is a critical point of
index zero. Thus, up to some local diffeomorphism, f behaves locally around
po like the function 2%+ - -+x2 ([11, p. 44], [13, p. 199]) and the inverse images
f~(q) are, up to diffeomorphisms, (n — 1)-spheres for ¢ > f(po) close enough
to f(po). Observe that the function ¢ : f~1(q) — R, §(z) := ||z — po||* has
two critical points p1,ps € f~1(q) at least. Thus

(dd)p, =0 <= (dd),, (v) =0, Vv € Tp1(f_1(Q))
- (pl _po) = 07 Vo € Tpl(f_l(q))7

iLe. p1 —po L T, (f~'(q)). Consequently the vectors p; — po and (Vf)(p1) are
both outer normal vectors to the hypersurface f~1(q) i.e. (Vf)(p1) = Ap1 —po)
for some A > 0.

Taking into account the obvious fact (V f)(py) = 0, we obtain

< (V)(p1) = (Vf)(po) P1— Po >:< (Vf)(]?l) P1—Po >
(V) (1) = (V@)™ llpr = poll (VA ) [P = poll

:<)\(P1—Po) P1—DPo >:1. 0

A1 = po)ll” llp2 = pol

Remark 1.14. In the proof of Theorem 1.13 we do not realy use the spherical
shape of the inverse image f~(¢), but we only used its quality to be a compact
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differential hypersurface in R™. The differential structure on the inverse image
f7Y(q) is emphasized by the inverse image theorem [14, p. 409], whenever ¢ is
a regular value of f. The closedness of the inverse image f~!(q) is due to the
continuity of f and its boundedness can be easily proved for values ¢ > f(po),
sufficiently close to f(pg). Note that the set of regular values of f is dense in its
range, as the set of its critical values has measure zero due to the Sard theorem
[1, p. 34]. Thus, f has regular values ¢ > f(p) arbitrarily close to f(py). Let
us finaly observe that the inverse image f~!(q) is the boundary of the sublevel
set f~1(—o00, q), whenever ¢ € Im(f) and the sublevel set f~!(—o0,q) is open,
convex [3, p. 75] and bounded for ¢ > f(po) sufficiently close to f(po).

2. The proofs

Proof of Theorem 1.7. Note first that (5) implies that s < 0, whence Ay <
0. On the other hand, by (4) we have

bA—Uf>—)\A>O.

This guarantees the validity of the first inequality in (6). In order to prove the
second inequality in (6), let z,y € D be such that Tz # Ty. Then we have

< Tz—Ty -y >: <Vf(x)—Vf(y)+A(l’—y) T—y >
1Tz =Tyl " [l = yll 1Tz =Ty Al = yll

(Vf(x)=Vf(y), z—y) N (A(x —y), = —y)
1Tz — Ty ||z — yl| Tz — Tyl |z —yll

Taking into account that Vf : D — R" is Minty-Browder monotone, i.e., that

(Vi(z) =V fy), z—y) 20,
by virtue of (1) we deduce that

Tx—T — —
[Tz =Tyl " |lz -yl [Tz — Tyl

On the other hand, we have

[Tz =Tyl = [IVf(z) = V[(y) + Alz —y)|
z [Alz =)l = IVFf(z) = VW),

whence

Tz —Ty| A(x—y)H_HVﬂm—Vﬂww
o=yl =\ =] lo =yl

Since

(222|500 e PRSI0
le=ul /|l = o=yl =7
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we get
Tx —T
T =Tyl .
[ =y
ie.,
Iz =yl 1

By (18) and (19) we conclude that

Tx—Ty x—y> A
, > for all (x,y) € (D x D) \ ker (T).
<HT96—TyH le=yll/ ~ ba—o el )\ fer ()

This inequality shows that the second inequality in (6) holds.

It remains to prove that i, , < 0. To this end, we notice that by (5) it follows

that there is a point z5 € D as well as a ball Dy C D centered at z, such that
Sup.cp, [|hf(2)|| < —pa. Then, due to (1), for all 2,y € D with 2 # y we have

=(Vf(2) =Vf(y),r—y) +(Alx —y), v —y)
<V f(@) = VIl llz =yl + pallz -yl

<l —y|? (sup ()] m)
z€Dg

< 0.

Therefore 1, , < 0. O

Example 2.1. Let p,q € R and A := pls,, + ¢B, where B : R*™ — R?™ is
a linear skew-symmetric isometry. Observe that the function f : I*™ — R
given by

2m
1 2k
f(&?l, Ce ,Jfgm) = % 12:1:0411:1 s

is convex whenever aj, ..., ag, > 0, where I = (—1,1) and k£ > 1. Moreover,
we have
Vf(zx) = (alx%k’l, o ,agm:cgﬁfl)
and Hp(zi,...,22,) = (2k — 1)diag{aiz}* % ... asnasy )} for all
(1,...,ZTom) € I*™ and therefore
|\hf(xr, ..., 2am)| = (2k — 1) - max {alx%k_Q, . ,anx;’;—?}

< (2k—1) -max{ay,...,qom} -
According to Theorem 1.7, if

min {—p, VPE @+ p}

2k —1 ’

max{ay,...,Qyn 1 <
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then the operator T : R*™ — R*™ given by

T(x1,...,Tom) == (V) (x1,...,2om) + A(T1, ..., Tom)

= (alx%k L. ,oznxik—l) + A(zq, ..., Tom),

satisfies —1 < 4,, < 0. Therefore, 1" is h-monotone, but not Minty-Browder
monotone.

Proof of Theorem 1.9. Let z,y € D be such that Tx # Ty. By (18) we
have

Te—Ty z—y |z —yll
, > M o
Tz — Tyl " |z —yll |Tx — Tyl

N = =y
V7@ = Vi) +TAGE =)l

Since [V f(z) = Vf(y)ll < o;llz —yl| and [|A(z — y)|| < a,llz =yl we deduce

that
<T:E—Ty T —y >
[Tz =Tyl [z -y GA+0
(

for all (z,y) € (D x D) \ ker (T'). Therefore, (7) holds.

For all z,y € D with x # y we have

Tz =Tyl _ [IVf(x) = VI | A=yl
le =yl ~ lz =yl lz =yl

< o0, +aa.

This proves the validity of (8).

Note that the assumption A4 > 0 together with (1) ensures that A is injective,
hence invertible. Since

[l = A7 (Az)|| < A7 | Ax]),

it follows that
|Az|| > b,||z|| for all z € R™. (20)

In order to establish (9) and (10), let x,y € D such that z # y. Taking into
account (20) we get
Tz — Tyl > [[A(z = y)| = IVf(z) = V(W)
> byl =yl = opllz =yl = (ba = o)l = yll.

From this inequality we deduce that (10) holds and that whenever Tz # Ty
one has

< Te-Ty x—y >< (V@) = VIy), = —y) + (Alx —y), v —y)
1T =Tyl ~ llz =yl / — (ba —a)llz —yl|? '
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Using (1) and

(Vf(x) =V y), z—y) < V(@) = VI lz -yl
< o,llz — vy
we obtain
<Ta:—Ty :z:—y><uA+af
[Tz =Tyl " [l —yll/ ~ ba—o,
for all (x,y) € (D x D) \ ker (T"). Therefore, (9) holds. O

Example 2.2. Let f: I — R be the convex function given by

where [ = (=1,1), 0 <oy < <apand k> 1. Iff0O< A\ < A <o <\,
and A : R" — R” is the linear transformation whose matrix representation
with respect to the standard basis of R™ is M7 - diag{A\, A2, ..., A\, } - M, for
some orthogonal matrix M € O(n), then

A1

' > 21
VA = A+ (2 — Doy, (21)
d
o i rin < An + (25 — 1), (22)
If, in addition, (2k — 1)a, < A1, then

Indeed, by using the obvious fact that
H¢(zy,...,2,) = (2k — 1) diag {alw?k_Q, e ,anxik_z}

one can show that o, < (2k — 1)a,,. Further on, we only need to combine
Example 1.1 with Theorem 1.9. For £ > 1 the boundedness of the domain
I™ of f is essential in order to get o, < oco. For k = 1 the boundedness of
this domain plays no role, as the Hessian matrix of f is the constant matrix
diag {av, . .., a,} in this case. This situation was emphasized by Example 1.11.

Note that the estimation

A+ (2 — Doy,
<
oA =N 2k — Dan

(24)

produced by (9) in this particular case, is completely useless since

A+ (2k — 1Dy,

1.
M= 2k —T)an
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Proof of Theorem 1.12. Note first that the assumption A4 > 0 and the
estimation (7) ensures that 4, , > 0. On the other hand, due to (9), one has

Syppa < 1 as soon as
ba — pa
0 <5 - (25)
Since i, , < 8o, 4, it follows that the validity of z" aSos i < 1 implies that
Tosea < 0. Let us find conditions ensuring the Vahdlty of i/, Sopia <1. By
virtue of (8) and (9), this inequality holds as soon as
+ o
(aAJrU)MA <1 (26)
bA - Uf
If o, satisfies (25), then o, < b,, so (26) is equivalent to
02+ (aa + pra + 1), +aapa —ba <0. (27)

The second degree equation s? + (aa + pa+ 1)s + aappa — by = 0 has the
discriminant A = (a4 — ,uA)2 + 2(aa + pa) +4bs + 1 > 0, so it possesses two
real roots s; and sy. Since s1+89 = —(aa+pa+1) < 0and s180 = aapia—bs <0
(because s < b, /a,), it follows that s; < 0 < sy. Therefore, (27) holds if

Viaa —pa)®+2(aa + pa) +4ba +1— (an + pa +1)

o, < 5 (28)
In other words, the conditions ¢ so,., <1andn, , <0 are both fulfilled
as soon as o, satisfies (28).
Finally, we have to find conditions under which
1- in+Ai/v A
—1<n,., & ———L2<L (29)

/1 _ 2
1 55 ia

Taking into account the estimations from Theorem 1.9, we have

va+AZVf+A as+0

/ 2
1_S§f+A \/1_ ’LLA+O-)

_ ba— o, <1_ AA(bA—af))_

\/(bA+MA)(bA — pa — 20,) 4+
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If o, satisfies (25), i.e., bg — 0, > pua + 0, then we get

1-— in+Ailvf+A < bA — O'f <1 B M)
Vi Ja i) (04— s —20,) ax+o,

- ba — o, (1 _Aapa )
\/(bA+MA)(bA—MA—20f) a4+

bA—Uf. CLA—)\A,uA-i-O'f
@A+ \/(bA + p1a)(ba — pra — 20,)
ap — Aafba + o,

\/(bA + p1a)(ba — pra — 20,) |

<

Therefore, (29) holds whenever

as— Aapa+ o, < \/bi — p% — 20, (ba + pa).
Since a, > b, and Ay < g < 1, we have
as— Aapa > by — pig >0,

hence the above inequality is equivalent to

O'fQ +2(aa — Aapa +ba+ pa)o, + (aa — Aapa)® — (0% — 1) <0. (30)
The second degree equation

s% 4+ 2(as — Aapia + ba + pa)s + (an — Aapa)® — (b2 — p%) =0
has the discriminant
A =8(ba+ pa)(aas+ba— Aapa) >0,

so it possesses two real roots s; and sy. Taking into consideration that s; +s9 <

0 and 5155 = (a4 — Aapa)® — (b2 — p%) < 0 (because of our assumption (17)),
it follows that s; < 0 < so. Hence (30) is satisfied if

o, < \/2(bA —f-,uA)(aA +by — )\A,MA) — (CLA + b+ pa— )\A,uA). (31)

In conclusion, if o, satisfies the conditions (25), (28), and (31), then all hy-
potheses of Theorem 1.6 are fulfilled. By applying Theorem 1.6, we obtain the
conclusion of our theorem. O
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Remark 2.3. The hypotheses towards the linear perturbation of the gradient
in Theorem 1.12 are fulfilled by any linear transformation A : R?™ —s R?™ of
type A = pls,,, + qB with p, g € R satisfying

O<p<l, 0<l|g <1, p*+lq>1, (32)
where B : R?™ — R?™ is a skew-symmetric isomtery.

Indeed, in this case we have Ay = pa = p and Ny = pu’ = p? + ¢*, whence
asy =by =+/p*+ ¢ Condition (17) is equivalent to

VPE+ @2 —p* <|q|

and this inequality holds because
VPR < VPP gl < p?+ gl

In such a case the upper-bounds (25), (28), and (31) of o, can be concentrated
in

o, <min{%, E(p,Q),F(p,q)}, (33)
where, setting p := \/p? + ¢2,
E@A%=%(%@—ﬁ?+2@+@+%ﬁ+1—ﬂ+p+@) (34)
and
F(p,q) == 2(p+p)(2p —p*) — (20 +p — D). (35)

If p = cosf and g = sin @ for some 6 € R, then the upper-bound (33) becomes

/3 20 _9_
o, <min{sin22, 8+ cos?0 COS@, 2cos§\/1+sin29—20082g—siHQG}, (36)

2
as
E(cosf,sinf) = W— 2 —cosf
and

0 0
F(cosf,sinf) = 2 cos 5\/ 1+ sin® 6 — 2 cos? 5 sin® 6.

Consequently, by applying Theorem 1.12 we obtain the following:

Proposition 2.4. Let D C R" be a convex open set, let f : D — R be a
C?-smooth convex function. If B : R*™ — R2?™ is a skew-symmetric isometry,
0 € (—m/2,0)U (0,7/2), and the condition (36) is satisfied, then the operator

1= Vf + (c0s — 1) + (s00)B = Vf 25002 Ly, + (sin0) B

is m-monotone for some n € (—1,0), but not Minty-Browder monotone, i.e.
-1 <, <0
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3. Global injectivity via n-monotonicity

Proposition 3.1. Let D C R"™ be a convex open set, let f : D — R be a
C?-smooth convex function and let A : R* — R" be a linear transformation.
If the following inequality is satisfied

o, <min {bs + Aa, —pa}, (37)
then the operator T := V¥V f + A is injective.
Proof. We show first that the Jacobi matrix of T’
Jr(x) = Hf(z)+ A

is invertible for all x € D. Suppose the contrary, i.e., that there exists some
point z € D such that Jp(z) is not invertible. Then there exists h € S"~! such
that Jr(x)h =0, i.e.,

Hf(fb)h = —Ah.

From this equality it follows that
whence
—pa < (He(x)h, h) < |[hp(@)hl] < [hs(2)]-

But this inequality contradicts our assumption (37). The obtained contradic-
tion shows that Jr(x) is invertible for all x € D, i.e., T' is a local diffeomorphism.
On the other hand, according to Theorem 1.7 the operator T is h-monotone.
By applying [8, Corollary 4.12], we conclude that 7" is injective. O

Theorem 3.2. Let D C R®*™ be a convex open set, let f: D — R be a C?-
smooth convex function and let B : R*™ — R?™ be a linear skew-symmetric
isometry. If A = pls, + qB with p,q € R satisfying

O<p<l, 0<lgl<l, p’+lg >1, (38)

and 1 — p is not an eigenvalue for any operator h¢(x) + ¢B, as x covers D,

then the operator T =V f + A — ip is injective, whenever

. P’+¢—p
O'f < mln{fa E(p7 Q>7F<p7Q>}7 (39>

where E(p,q) and F(p,q) are given by (34) and (35).

Proof. If o, is subject to the relation (39), then the requirements (38) ensure

us that ¢, > —1 and the h-monotonicity of T therefore. On the other hand
the Fréchet differential (d7'), of T at 2 € D is hy(x) 4 (p — 1) Iom + ¢B. Since
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1 — p is not an eigenvalue for any of the operators hy(x) + ¢B, it follows that
[he(x) + qB)(y) # (1 — p)y, for every € D and every y € R?™\ {0}, i.e.

ker(dT'), = ker[h(x) + (p — 1) Loy + ¢B] = {0}.

Consequently, the Fréchet differentials (dT)x, x € D are all isomorphisms and
the operator T itself is a local diffeomorphism. The global injectivity of T
follows now via [8, Corollary 4.12]. O

Proposition 3.3. Let Dy, Dy C R™ be open subsets of R™ and fi : D1 — R,
fo: Dy — R be C’2—smootﬁ functions. Further let f : D; x Dy — R,
flxy) = fi(x) + foly) and T := V[ + (p — 1) Loy + ¢B, where p,q € R and
B :R¥™ — R?™ js the skew-symmetric isometry whose matrix representation
with respect to the standard basis of R®™ is

m- (0 o)

with P € O(m) is an orthogonal matriz. Then the following assertions are
true:

L Hf(x,y):<Hf1(x) Onm )

O Hp(y)
2. (d’f)(Ly) = hy(z,y) + (p — 1) Lo + ¢B and therefore
- Hy(z)+ (p—-1)L, —qP )
A7) @y) = 77 .
(@) ( gPt Hyp,(y) + (0 = Dl

3. det(dD)wy) = det ([H, (x) + (p = VIl - [Hp(y) + (0 = D L] + ¢°Ln).-
4. o, <max{op,0p}

Proof. While the first two items are obvious, for the third item one can use
the formula for the determiant of a matrix of blocks [7, p. 164], i.e.

det ( CA, g ) =det(AD — BC), A,B,C,D e R™™,

For the last item we only need to observe that

th(x’y)(zb SRR Z2m)H2

- ||hf1 (C(Z)(Zh cee Zm)||2 + ||hf2(y)(zm+1’ SRR z2m)||2
g, ()17 (215 zn) 12+ 1P 1P - 1G5 22m) |12

<
< max {O-J2£1’O-]2c2} ) H(Zl? ce 722m)||27

ie. |hs(z,y)|? < (max{oy,,0p,})% for all (z,y) € Dy x Ds. O
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The formula of the item 3. becomes effective when that determinant can be com-
puted. This is the case when, for example, the product [Hy, (x) + (p — 1)1, -
[Hf,(y) + (p — 1)1,,] is a diagonal matrix. We provide below two examples
when this product is a diagonal matrix.

Example 3.4. Let D C R™ be an open convex subset of R, let f: D — R
be a C?-smooth convex function and g : DxR™ — R, g(z,y) = f(z)+5|ly[*,
a > 0. If B:R?*" — R?" is the skew-symmetric isometry such that

m= (0 o)
with P € O(m) an orthogonal matrix, then the operator
T:=Vg+ (p— 1)l +qB = (Vfal,)+ (p—1h,+q¢B, pqgeR (40)
is injective whenever
0<p<l, 0<lg<1, p"+lg>1,
and

p2+q2_

a<l—p and af<min{ 5 p,l—p,E(p,q),F(p,q)},

where E(p,q) and F(p,q) are given by (34) and (35).
In order to justify the statement, we first diagonalize the Hessian matrix
Hy(w) = (M(2))" - diag{\i(2), ..., An(2)} - M)

by means of some orthogonal matrix M(z) and nonegative eigenvalues
A(x), ..., An(x) of Hy(z). Observe that

[(dT)(m,y)} = Hy(z,y) + (p — 1) Iom + q|B]
(8 ) een (G )3 )

< Hy(x) + (p— 1) —qP ) .

qPT (a+p—11I,
Therefore
det(df)(x’y)
— det ( Hf($) + (= ln —qP )
qP” (a+p—1)1y

= det ((a+p—1) (Hp(z) + (p— 1)) + ¢*1;n)
= det [diag{(a +p—1D(M\(x)+p—1)
+¢% (@t p—=1)(M(2) +p = 1) + ¢*}]
= [(a+p—1)M@)+p-1)+¢]-...- [(a+p—DN\(2)+p—1)+¢°].
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Taking into account that ||hs(z)|| = max{A;(z),..., \n(z)} and the hypothesis
o, < 1—pit follws that A\j(z) + 1 —p < 0 for every i € {1,...,m} and every
z € D. Consequently the products (a«+p—1)(\;(z)+p—1) are strictly greater
than zero for all i € {1,...,m} and all z € D, whence det(dT)(Ly) > ( for all
(x,y) € D x R™. On the other hand the hypothesis

. PP+q¢:—p
O'f < mln{#,E(PaQ)aF(Z%Q)}

ensures the h-monotonicity of T, via Theorem 1.12 and Remark 2.3. By ap-
plying [8, Corollary 4.12], we conclude that 7" is injective.

Example 3.5. Let I1,..., [, C R be open intervals, let f; : I; — R be
C?%-smooth convex functions and let f : I} x - -- X I5,,, — R be the C?-smooth
convex function given by f(z1,...,2om) = fi(x1) + - + fom(xom). If

sup( 1) ()
0 v8 20—2—cosf 0 0
< min {sin2§, +cos 5 o8 ,20085 1+sin20—2c032§—sin26’},

then the operator T' := Vf — 2sin’ glgm + (sin®)B is injective, where B :
R2™ — R2?™ is the skew-symmetric isometry of R*™, whose matrix represen-
tation whith respect to the standard basis of R?™is

O, —P
PT 0O, )’
where P € O(m) is an orthogonal matrix.

Indeed, the h-monotonicity of such an operator was justified above taking into
account that

Hf(l’l, N ,J/’Qm)
= diag{f{ (z1), ..., foru(T2m)}

_ (diag{f{'(fﬂl),---,fl,’z(flfm)} Om )
Om diag{ frr 1 (Tm+1)s - -5 o (@om)} )

and the inequality (36) follows from the requirement (41) as
1hy (@)l = max {f{(z1), ..., fom(@2m)}, Vo= (z1,... 22m) € ™.

On the other hand 1 — cosf = 2sin?
operators

N D

is not an eigenvalue for any of the

h¢(z) + (sinf)B,
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as the characteristic polynomial ¢(\) = det [hy(x) + (sin€)B — Ay, of hyp(x)+
(sin#) B evaluated at 2sin® ¢ is

0
-2 -z
c (28111 2)
: o0
= det | hy(z) + (sind)B — 2sin §IQm

diag{ f{'(x1),.... £} (xm) }2sin? & I, (—sin@) P
(sing)PT diag{f;,'ﬂ_1 (@m+1) S5 (xzm)}—Q sin? %Im

= det [ (diag{f{’(xl), oy [ (2 )} 2 sin? g[m)

(diag{f#ﬁl(:nmﬂ), e S (@) }—2 8in” g[m>—|—(sin2 H)Iml
= [( 7'(21)—2 sin? g) (fr/),@—&—l (Tmy1)—2sin? g>+sin2 0}
" : 2 9 " .2 0 )
o [ fm<xm)_2 S 5 2m($2m)_2 SIn 5 -+sin (9] >0.

The latest inequality follows since every difference f;' — 231n2§ is strictly

less than zero and the products (f/(z;) — 2sin® §) (fir,;(¥m;) — 2sin® §) are
strictly greater than zero therefore.

In the particular case of the convex functions f; : I — R, f;(z) = iajx%,

where I = (—1,1), the operator T : I*™ — R2™ given by
T(x,. .., Tom)
- (Vf — 2sin? g[m + (sin 9)B> (x1,... ,952,71)(04133%16*17 o ’a2m$gfn_1)
= 2sin? §(x1, ey To) SN O(—Tpi1y - —Tomy T, - e Tom)s

is not Minty-Browder monotone but —1 < i3 < 0, and h-monotone therefore,
whenever 0 < aq,...,q, and

max {ay, ..., .} (42)
0 V8 20—2—cosf 0 0
min {sinQ—, Teos 5 €0 , 2 cos 3 1+4sin?#—2 cos? §—sin2 9}

= 202k — 1)

Besides the h-monotonicity of T, mentioned above, the operator T is also in-
jective under the requirement (42).
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