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Babeş-Bolyai University, Faculty of Mathematics and Computer Science,

Str. Kogălniceanu no. 1, 400084 Cluj-Napoca, Romania

ttrif@math.ubbcluj.ro

Received: November 4, 2014
Revised manuscript received: March 8, 2016
Accepted: March 10, 2016

In this paper we perturb the (Minty-Browder monotone) gradients of some convex functions
f , defined on convex open subsets of the Euclidean space with suitable linear transformations
A and provide sufficient conditions on f and A in order to obtain the η-monotonicity of the
perturbation ∇f +A for some η ∈ (−1, 0). These conditions are given in terms of the mag-
nitude of the Hessian operators associated to f and the spectra of the operators (A+A∗)/2
and A∗A and they make the Minty-Browder monotonicity of the perturbation ∇f + A to
fail. While the symmetric perturbations are only considered as instructive examples in the
Minty-Browder monotone case, we mostly rely, in the even dimensional context, on linear
transformations which can be represented as linear combinations between the identity oper-
ator and skew-symmetric isometries. Note that the skew-symmetric isometries of R2m are
complex structures on R

2m. In the bidimensional case the rotations do admit such represen-
tations and the perturbations of the gradients of convex functions by rotations were treated
before in [9]. We also obtain some global injectivity results for suitable linear perturbations
of some gradients of convex functions.
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1. Introduction

Let (H, 〈·, ·〉) be a real Hilbert space, and let D be a nonempty subset of H.
An operator T : D → H is called Minty-Browder monotone if (see, for instance,
[4, 12])

〈Tx− Ty, x− y〉 ≥ 0 for all x, y ∈ D.

∗The first author was supported by a grant of the Romanian National Authority for Scientific
Research CNCS - UEFISCDI, project number PN-II-ID-PCE-2011-3-0024.
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The operator T is called h-monotone if

Tx− Ty

‖Tx− Ty‖ 6= y − x

‖y − x‖ for all (x, y) ∈ (D ×D) \ ker (T ),

where ker (T ) := {(x, y) ∈ D × D | Tx = Ty}. Taking into consideration the
Cauchy-Schwarz inequality, as well as the case when equality occurs in it, it is
immediately seen that T is h-monotone if and only if

〈

Tx− Ty

‖Tx− Ty‖ ,
x− y

‖x− y‖

〉

> −1 for all (x, y) ∈ (D ×D) \ ker (T ).

Obviously, every Minty-Browder monotone operator is also h-monotone.

Given any number η ∈ (−1, 1), an operator T : D → H is called η-monotone if
〈

Tx− Ty

‖Tx− Ty‖ ,
x− y

‖x− y‖

〉

≥ η for all (x, y) ∈ (D ×D) \ ker (T ).

If η ∈ (−1, 0), then the class of η-monotone operators is an intermediate one,
lying between the class of Minty-Browder monotone operators and that of h-
monotone operators. If η ∈ [0, 1), then the class of η-monotone operators is
contained in that of Minty-Browder monotone operators.

The class of h-monotone operators was introduced by G. Kassay and C. Pintea
[8]. However, only one example of an h-monotone operator which is not Minty-
Browder monotone is provided in [8]. Moreover, that example (see [8, Example
2.5] is given in the framework of the 2-dimensional Euclidean space. The class
of η-monotone operators was introduced by D. Marian, I. R. Peter, and C.
Pintea [9]. They extended the study of such operators in [10] and provided
examples of η-monotone operators which are not Minty-Browder monotone,
both in [9] and [10], but again almost all these examples are given in dimension
two.

The purpose of the present paper is to fill the gaps by providing examples of
η-monotone (respectively h-monotone) operators which are not Minty-Browder
monotone in the n-dimensional setting. The η-monotonicity is used to derive
several global injectivity results. Our examples are obtained by perturbing the
gradient of a differentiable convex function by an appropriate linear operator.
Recall that the gradient of a C1-smooth convex function is well known to be a
Minty-Browder monotone operator. In fact, the Minty-Browder monotonicity
of ∇f ensures the convexity of f as well [6, Theorem 4.1.4]. For a characteriza-
tion of the convexity (quasiconvexity) in terms of Minty-Browder monotonicity
(quasimonotonicity) of the, possibly multivalued, Clarke subdifferential opera-
tor for less regular functions we refere the reader to [5] ([2]).

1.1. Background and notation

Throughout the paper we make use of the notation described below. Let D
be a nonempty open convex subset of Rn, and let f : D → R be a C2-smooth
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convex function. The Hessian matrix of f at an arbitrary point x ∈ D will be
denoted by Hf (x). Recall that Hf (x) is a symmetric matrix and it defines a
symmetric bilinear functional

Hf (x) : R
n × R

n −→ R, Hf (x)(u, v) := u ·Hf (x) · vT .

Denote by hf (x) : R
n −→ R

n the linear transformation defined by the following
equality

Hf (x)(u, v) := 〈hf (x)u, v〉 , ∀u, v ∈ R
n.

In fact hf (x)u = u · Hf (x). Note that the operator hf (x) is symmetric, i.e.
〈hf (x)u, v〉 = 〈u, hf (x)v〉, for all u, v ∈ R

n. We also set

σ
f
:= sup

z∈D
‖hf (z)‖.

Further, let A : Rn → R
n be a linear operator, and let T : D → R

n be the
operator defined by Tx := ∇f(x) + Ax. We shall denote by [A] the matrix
representation of A with respect to the standard basis of Rn. Let Sn−1 denote
the unit sphere in R

n, and let

W (A) := {〈Ax, x〉 | x ∈ Sn−1}

be the numerical range of A. It is well known that W (A) = [λA, µA], where
λA and µA denote the smallest and the greatest eigenvalue, respectively, of the
symmetric operator (A+ A∗)/2. From the inequalities [6, p. 154]

λA ≤ 〈Ax, x〉 ≤ µA for all x ∈ Sn−1

one can easily deduce that

λA‖x− y‖2 ≤ 〈A(x− y), x− y〉 ≤ µA‖x− y‖2 for all x, y ∈ R
n. (1)

Let also λ∗
A and µ∗

A denote the smallest and the greatest eigenvalue, respectively,
of the symmetric positive semidefinite operator A∗A. It is well known that

‖A‖ := max
x∈Sn−1

‖Ax‖ =
√

µ∗
A and min

x∈Sn−1
‖Ax‖ = bA. (2)

Sometimes we set, for brevity, aA := ‖A‖ =
√

µ∗
A and bA := 1/‖A−1‖ if A

is invertible. Since ‖A−1‖ equals the square root of the greatest eigenvalue of
(A−1)∗A−1 = (AA∗)−1, it follows that bA =

√

λ∗
A.

An instructive example covers the class of symmetric matrices.

Example 1.1. Let A : Rn −→ R
n be a symmetric operator, i.e. 〈Ax, y〉 =

〈x,Ay〉, for all x, y ∈ R
n or, equivalently, A = A∗. Note that A has real eigen-

values in this case, say λ1, . . . , λn, and therefore λ
A
= min {λ1, . . . , λn} as well

as µ
A
= max {λ1, . . . , λn}. Thus, the eigenvalues of A∗A = A2 are λ2

1, . . . , λ
2
n
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and therefore λ∗
A
= min{λ2

1, λ
2
2, . . . , λ

2
n} as well as µ∗

A
= max{λ2

1, λ
2
2, . . . , λ

2
n}.

Consequently

‖A‖ =
√

µ∗
A = max{|λ1|, |λ2|, . . . , |λn|} and

min
x∈Sn−1

‖Ax‖ =
√

λ∗
A = bA = min{|λ1|, |λ2|, . . . , |λn|}.

(3)

If λ1 ≤ λ2 ≤ · · · ≤ λn, then obviously λ
A
= λ1 and µ

A
= λn.

• If λ1 ≤ λ2 ≤ · · · ≤ λn ≤ 0, then λ2
1 ≥ λ2

2 ≥ · · · ≥ λ2
n. Therefore λ∗

A = λ2
n

as well as µ∗
A = λ2

1. This shows that ‖A‖ = −λ1 and minx∈Sn−1 ‖Ax‖ =
−λn in this case.

• If 0 ≤ λ1 ≤ λ2 ≤ · · · ≤ λn, then λ2
1 ≤ λ2

2 ≤ · · · ≤ λ2
n. Consequently λ∗

A =
λ2
1 and µ∗

A = λ2
n. In this case we have ‖A‖ = λn and minx∈Sn−1 ‖Ax‖ = λ1.

Another example, which is more suitable for our current needs, concerns the
linear combinations of the identity operator and the skew-symmetric isometries.

Remark 1.2. Let B : R2m −→ R
2m a linear skew-symmetric isometry, i.e.

1. 〈Bx, y〉 + 〈x,By〉 = 0, ∀x, y ∈ R
2m, or, equivalently 〈Bx, x〉 = 0, ∀x ∈

R
2m;

2. 〈Bx,By〉 = 〈x, y〉, ∀x, y ∈ R
2m.

The matrix representation of such an operator, with respect to the standard ba-
sis of R2m, is skew-symmetric and orthogonal and these properties characterize
completely the class of skew-symmetric operators. Moreover, every linear skew-
symmetric isometry is a complex structure on R

2m. For instance, if P ∈ O(m)
is an orthogonal matrix, then

B :=

(

0 −P
P T 0

)

∈ R
2m×2m

is orthogonal and skew symmetric.

Example 1.3. If p, q ∈ R and A := pI2m + qB, where B : R2m −→ R
2m is

a linear skew-symmetric isometry, then (A + A∗)/2 = pI2m and A∗A = (p2 +
q2)I2m, whence λA

= µ
A
= p and λ∗

A
= µ∗

A
= p2+q2. Thus a

A
= b

A
=

√

p2 + q2.

In connection to an arbitrary operator T (not necesarily on a finite dimensional
space) we define the following quantities:

iT := inf

{〈

Tx− Ty

‖Tx− Ty‖ ,
x− y

‖x− y‖

〉
∣

∣

∣

∣

(x, y) ∈ (D ×D) \ ker (T )
}

,

sT := sup

{〈

Tx− Ty

‖Tx− Ty‖ ,
x− y

‖x− y‖

〉
∣

∣

∣

∣

(x, y) ∈ (D ×D) \ ker (T )
}

,

i′T := inf

{ ‖Tx− Ty‖
‖x− y‖

∣

∣

∣

∣

(x, y) ∈ (D ×D) \∆D

}

,
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where ∆D := {(x, x) | x ∈ D}. If s
T
< 1, then we set

η
T
:=

iT i
′
T − 1

√

1− s2T
.

Example 1.4. If p, q ∈ R and A := pI2m + qB, where B : R2m −→ R
2m is a

linear skew-symmetric isometry, then

1. 〈Ax,Ay〉 = (p2 + q2)〈x, y〉, ∀x, y ∈ R
2m.

2. ‖Ax‖ =
√

p2 + q2‖x‖, ∀x ∈ R
2m. Thus i′

A
=

√

p2 + q2.

3. If p = cos θ and q = sin θ for some arbitrary θ ∈ R, then A is an isometry.

4. 〈Ax, x〉 = p‖x‖2, ∀x ∈ R
2m. Thus i

A
= s

A
= p√

p2+q2
.

5. η
A
=

(p−1)
√

p2+q2

|q|
.

Remark 1.5.

1. An operator T is i
T
-monotone, whenever −1 < i

T
< 1.

2. An operator T is Minty-Browder monotone if and only if i
T
≥ 0.

3. If the operator T is η-monotone, then i
T
≥ η.

4. If A : Rn −→ R
n is an isometry, then i

A
= λ

A
, s

A
= µ

A
and i′

A
= 1.

We close this subsection by recalling one of the main results proved in [9] which
involve the above associated values i

T
, s

T
, i′

T
, η

T
to an arbitrary operator T

and will be used within the section of proofs.

Theorem 1.6 (see [9, Theorem 1.1]). Let H be a real Hilbert space, let D
be a nonempty open convex subset of H, let T : D → H be a Minty-Browder

monotone operator, and let T := T − iD, where iD : D →֒ H is the inclusion

mapping. If 0 < iT , sT < 1, and −1 < ηT < 0, then T is ηT -monotone. If, in

addition, i′T sT < 1, then T is not Minty-Browder monotone.

In terms of the associated values i
T
, s

T
, i′

T
, Theorem 1.6 can be stated in the

following way:

If 0 < iT , sT < 1, and 1−
√

1− s2T < i
T
i′
T
< 1, then i

T
≥ iT i′T−1√

1−s2T
. If i′T sT < 1,

then i
T
< 0.

1.2. Contents of the paper

Clearly, iT represents the greatest possible value of η for which the operator T
remains η-monotone. This property is emphasized by Remark 1.5(3). Having
this in mind, it suffices to provide conditions ensuring that −1 < iT < 0, in
order to obtain η-monotone operators which are not Minty-Browder monotone.

Theorem 1.7. Let D ⊆ R
n be a convex open set, let f : D −→ R be a C2-

smooth convex function and let A : Rn −→ R
n be a linear transformation. If
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the following inequalities are satisfied

σ
f
< bA + λA (4)

inf
z∈D

‖hf (z)‖ < −µA, (5)

then one has

−1 <
λA

bA − σ
f

≤ i
∇f+A

< 0, (6)

i.e. ∇f + A is λA

bA−σ
f

-monotone but not Minty-Browder monotone.

Example 1.8. Let p, q ∈ R, p < 0 and A := pI2m + qB, where B : R2m −→
R

2m is a linear skew-symmetric isometry. If 0<α< min
{

√

p2 + q2 + p, −p
}

=

min {bA + λA,−µA}, then −1 < i
T
< 0, where T = αI2m + A = ∇f + A and

f : R2m → R is the convex function defined by f(x) := α
2
‖x‖2. Therefore, T is

h-monotone, but not Minty-Browder monotone. The inequalities −1 < i
T
< 0

follow by means of Theorem 1.7 taking into account that Hf (x) = αI2m and
σ
f
= α.

Theorem 1.9. Let D ⊆ R
n be a convex open set, let f : D −→ R be a C2-

smooth convex function and let A : Rn −→ R
n be a linear transformation. If

λA > 0, then

i
∇f+A

≥ λA

aA + σ
f

(7)

and

i′
∇f+A

≤ aA + σ
f
. (8)

If, in addition, σ
f
< bA, then

s
∇f+A

≤
µA + σ

f

bA − σ
f

(9)

and

i′
∇f+A

≥ bA − σ
f
. (10)

Remark 1.10. The upper estimate
µA+σ

f

bA−σ
f

for s
∇f+A

is completely useless, un-

less
µA + σ

f

bA − σ
f

< 1, (11)

as the inequality s
T
≤ 1 is obvious for every operator T . If B : R2m −→ R

2m

is a skew-symmetric isometry and A = pI2m + qB, p > 0, then the inequality
(11) is satisfied if

σ
f
<

−p+
√

p2 + q2

2
. (12)
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Example 1.11. Let D ⊆ R
n be a convex open set and let f : D −→ R be the

convex function

f(x1, . . . , xn) =
1

2

n
∑

i=1

αix
2
i ,

where 0 < α1 ≤ · · · ≤ αn. If A : Rn −→ R
n is the linear transformation whose

matrix representation with respect to the standard basis of Rn is

MT · diag{λ1, λ2, . . . , λn} ·M,

0 < λ1 ≤ λ2 ≤ · · · ≤ λn for some orthogonal matrix M ∈ O(n), then

i∇f+A ≥ λ1

λn + αn

(13)

and

i′∇f+A ≤ λn + αn. (14)

If, in addition, αn < λ1, then

i′∇f+A ≥ λ1 − αn. (15)

Indeed, by using the obvious fact that Hf (x) = diag{α1, . . . , αn} for every
x ∈ D, one can deduce that σ

f
= αn. Furtheron, we only need to combine

Example 1.1 with Theorem 1.9. Note that the estimation

s
∇f+A

≤ λn + αn

λ1 − αn

, (16)

produced by (9) in this particular case, is completely useless since

λn + αn

λ1 − αn

> 1.

Theorem 1.12. Let D ⊆ R
n be a convex open set, let f : D −→ R be a C2-

smooth convex function and let A : Rn −→ R
n be a linear transformation. If

λA > 0, µA < min
{

bA,
bA
aA

}

, and

aA − λAµA <
√

b2A − µ2
A, (17)

then for sufficiently small σ
f
one has −1 < η

∇f+A
< 0 and the operator T =

∇f+A−iD is η
∇f+A

-monotone, but not Minty-Browder monotone, i.e. η
∇f+A

≤
i
T
< 0.
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1.3. A class of convex functions with s
∇f

= 1

The proof of Theorem 1.12 relies on [9, Theorem 1.1] which states that the
operator T = T − id constructed out of a Minty-Browder monotone operator
T on a Hilbert space and the identity map is η

T
-monotone, but not Minty-

Browder monotone, whenever 0 < iT , sT < 1 and η
T
< 0. As in the previous

paper [9] we could have considered the gradients ∇f of convex functions f to
play the role of the Minty-Browder monotone operators in Theorem 1.6, for
more concrete examples. However the associated upper-bound s

∇f
of such an

operator was proved to be 1, at least in the bidimensional case and for strictly
convex functions with positive definite Hessian matrices. In order to fulfill all
requirements of Theorem 1.6, the gradients of such functions were perturbed in
[9] by some suitable rotations. This argument is still a good enough reason to
perturb the gradients of the convex functions by certain isometries, in higher
dimensional context, as s

∇f
keeps being 1 on a still quite large class of convex

functions as we shall see in the following statement.

Theorem 1.13. Let D ⊆ R
n be a convex open set and f : D −→ R be a convex

function with precisely one global minimum point. If the Hessian matrix of f
is everywhere positive definite, then s

∇f
= 1.

Proof. Taking into account the positive definiteness of the Hessian matrix
Hf (x) it follows that Hf (x) is nondegenerated at every x ∈ D and in particular
it remains non-degenerate at its critical points and, in particular, at its (unique)
minimum point p0. Therefore f is a Morse function and p0 is a critical point of
index zero. Thus, up to some local diffeomorphism, f behaves locally around
p0 like the function x2

1+ · · ·+x2
n ([11, p. 44], [13, p. 199]) and the inverse images

f−1(q) are, up to diffeomorphisms, (n− 1)-spheres for q > f(p0) close enough
to f(p0). Observe that the function δ : f−1(q) −→ R, δ(x) := ‖x − p0‖2 has
two critical points p1, p2 ∈ f−1(q) at least. Thus

(dδ)p1 = 0 ⇐⇒ (dδ)p1(v) = 0, ∀v ∈ Tp1(f
−1(q))

⇐⇒ v · (p1 − p0) = 0, ∀v ∈ Tp1(f
−1(q)),

i.e. p1 − p0 ⊥ Tp1(f
−1(q)). Consequently the vectors p1 − p0 and (∇f)(p1) are

both outer normal vectors to the hypersurface f−1(q) i.e. (∇f)(p1) = λ(p1−p0)
for some λ > 0.

Taking into account the obvious fact (∇f)(p0) = 0, we obtain

〈

(∇f)(p1)− (∇f)(p0)

‖(∇f)(p1)− (∇f)(p0)‖
,

p1 − p0
‖p1 − p0‖

〉

=

〈

(∇f)(p1)

‖(∇f)(p1)‖
,

p1 − p0
‖p1 − p0‖

〉

=

〈

λ(p1 − p0)

‖λ(p1 − p0)‖
,

p1 − p0
‖p1 − p0‖

〉

= 1.

Remark 1.14. In the proof of Theorem 1.13 we do not realy use the spherical
shape of the inverse image f−1(q), but we only used its quality to be a compact
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differential hypersurface in R
n. The differential structure on the inverse image

f−1(q) is emphasized by the inverse image theorem [14, p. 409], whenever q is
a regular value of f . The closedness of the inverse image f−1(q) is due to the
continuity of f and its boundedness can be easily proved for values q > f(p0),
sufficiently close to f(p0). Note that the set of regular values of f is dense in its
range, as the set of its critical values has measure zero due to the Sard theorem
[1, p. 34]. Thus, f has regular values q > f(p) arbitrarily close to f(p0). Let
us finaly observe that the inverse image f−1(q) is the boundary of the sublevel
set f−1(−∞, q), whenever q ∈ Im(f) and the sublevel set f−1(−∞, q) is open,
convex [3, p. 75] and bounded for q > f(p0) sufficiently close to f(p0).

2. The proofs

Proof of Theorem 1.7. Note first that (5) implies that µA < 0, whence λA <
0. On the other hand, by (4) we have

bA − σ
f
> −λA > 0.

This guarantees the validity of the first inequality in (6). In order to prove the
second inequality in (6), let x, y ∈ D be such that Tx 6= Ty. Then we have

〈

Tx− Ty

‖Tx− Ty‖ ,
x− y

‖x− y‖

〉

=

〈∇f(x)−∇f(y) + A(x− y)

‖Tx− Ty‖ ,
x− y

‖x− y‖

〉

=
〈∇f(x)−∇f(y), x− y〉

‖Tx− Ty‖ ‖x− y‖ +
〈A(x− y), x− y〉
‖Tx− Ty‖ ‖x− y‖ .

Taking into account that ∇f : D → R
n is Minty-Browder monotone, i.e., that

〈∇f(x)−∇f(y), x− y〉 ≥ 0,

by virtue of (1) we deduce that

〈

Tx− Ty

‖Tx− Ty‖ ,
x− y

‖x− y‖

〉

≥ λA

‖x− y‖
‖Tx− Ty‖ . (18)

On the other hand, we have

‖Tx− Ty‖ = ‖∇f(x)−∇f(y) + A(x− y)‖
≥ ‖A(x− y)‖ − ‖∇f(x)−∇f(y)‖,

whence
‖Tx− Ty‖
‖x− y‖ ≥

∥

∥

∥

∥

A

(

x− y

‖x− y‖

)
∥

∥

∥

∥

− ‖∇f(x)−∇f(y)‖
‖x− y‖ .

Since
∥

∥

∥

∥

A

(

x− y

‖x− y‖

)
∥

∥

∥

∥

≥ bA and
‖∇f(x)−∇f(y)‖

‖x− y‖ ≤ σ
f
,
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we get
‖Tx− Ty‖
‖x− y‖ ≥ bA − σ

f
,

i.e.,
‖x− y‖

‖Tx− Ty‖ ≤ 1

bA − σ
f

. (19)

By (18) and (19) we conclude that

〈

Tx− Ty

‖Tx− Ty‖ ,
x− y

‖x− y‖

〉

≥ λA

bA − σ
f

for all (x, y) ∈ (D ×D) \ ker (T ).

This inequality shows that the second inequality in (6) holds.

It remains to prove that i
∇f+A

< 0. To this end, we notice that by (5) it follows
that there is a point z0 ∈ D as well as a ball D0 ⊆ D centered at z0 such that
supz∈D0

‖hf (z)‖ < −µA. Then, due to (1), for all x, y ∈ D with x 6= y we have

〈Tx− Ty, x− y〉 = 〈∇f(x)−∇f(y), x− y〉+ 〈A(x− y), x− y〉
≤ ‖∇f(x)−∇f(y)‖ ‖x− y‖+ µA‖x− y‖2

≤ ‖x− y‖2
(

sup
z∈D0

‖hf (z)‖+ µA

)

< 0.

Therefore i
∇f+A

< 0.

Example 2.1. Let p, q ∈ R and A := pI2m + qB, where B : R2m −→ R
2m is

a linear skew-symmetric isometry. Observe that the function f : I2m −→ R

given by

f(x1, . . . , x2m) =
1

2k

2m
∑

i=1

αix
2k
i ,

is convex whenever α1, . . . , α2m > 0, where I = (−1, 1) and k ≥ 1. Moreover,
we have

∇f(x) =
(

α1x
2k−1
1 , . . . , α2mx

2k−1
2m

)

and Hf (x1, . . . , x2m) = (2k − 1) diag
{

α1x
2k−2
1 , . . . , α2mx

2k−2
2m

}

for all
(x1, . . . , x2m) ∈ I2m and therefore

‖hf (x1, . . . , x2m)‖ = (2k − 1) ·max
{

α1x
2k−2
1 , . . . , α2mx

2k−2
2m

}

≤ (2k − 1) ·max {α1, . . . , α2m} .

According to Theorem 1.7, if

max {α1, . . . , α2m} <
min

{

−p,
√

p2 + q2 + p
}

2k − 1
,
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then the operator T : R2m → R
2m given by

T (x1, . . . , x2m) := (∇f)(x1, . . . , x2m) + A(x1, . . . , x2m)

=
(

α1x
2k−1
1 , . . . , αnx

2k−1
n

)

+ A(x1, . . . , x2m),

satisfies −1 < i
T
< 0. Therefore, T is h-monotone, but not Minty-Browder

monotone.

Proof of Theorem 1.9. Let x, y ∈ D be such that Tx 6= Ty. By (18) we
have

〈

Tx− Ty

‖Tx− Ty‖ ,
x− y

‖x− y‖

〉

≥ λA

‖x− y‖
‖Tx− Ty‖

≥ λA

‖x− y‖
‖∇f(x)−∇f(y)‖+ ‖A(x− y)‖ .

Since ‖∇f(x)−∇f(y)‖ ≤ σ
f
‖x− y‖ and ‖A(x− y)‖ ≤ a

A
‖x− y‖, we deduce

that
〈

Tx− Ty

‖Tx− Ty‖ ,
x− y

‖x− y‖

〉

≥ λA

aA + σ
f

for all (x, y) ∈ (D ×D) \ ker (T ). Therefore, (7) holds.
For all x, y ∈ D with x 6= y we have

‖Tx− Ty‖
‖x− y‖ ≤ ‖∇f(x)−∇f(y)‖

‖x− y‖ +
‖A(x− y)‖
‖x− y‖ ≤ σ

f
+ aA.

This proves the validity of (8).

Note that the assumption λA > 0 together with (1) ensures that A is injective,
hence invertible. Since

‖x‖ = ‖A−1(Ax)‖ ≤ ‖A−1‖ ‖Ax‖,

it follows that
‖Ax‖ ≥ b

A
‖x‖ for all x ∈ R

n. (20)

In order to establish (9) and (10), let x, y ∈ D such that x 6= y. Taking into
account (20) we get

‖Tx− Ty‖ ≥ ‖A(x− y)‖ − ‖∇f(x)−∇f(y)‖
≥ b

A
‖x− y‖ − σ

f
‖x− y‖ = (bA − σ

f
)‖x− y‖.

From this inequality we deduce that (10) holds and that whenever Tx 6= Ty
one has
〈

Tx− Ty

‖Tx− Ty‖ ,
x− y

‖x− y‖

〉

≤ 〈∇f(x)−∇f(y), x− y〉+ 〈A(x− y), x− y〉
(bA − σ

f
)‖x− y‖2 .
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Using (1) and

〈∇f(x)−∇f(y), x− y〉 ≤ ‖∇f(x)−∇f(y)‖ ‖x− y‖
≤ σ

f
‖x− y‖2

we obtain
〈

Tx− Ty

‖Tx− Ty‖ ,
x− y

‖x− y‖

〉

≤
µA + σ

f

bA − σ
f

for all (x, y) ∈ (D ×D) \ ker (T ). Therefore, (9) holds.
Example 2.2. Let f : In −→ R be the convex function given by

f(x1, . . . , xn) =
1

2k

n
∑

i=1

αix
2k
i ,

where I = (−1, 1), 0 < α1 ≤ · · · ≤ αn and k ≥ 1. If 0 < λ1 ≤ λ2 ≤ · · · ≤ λn

and A : Rn −→ R
n is the linear transformation whose matrix representation

with respect to the standard basis of Rn is MT · diag{λ1, λ2, . . . , λn} · M , for
some orthogonal matrix M ∈ O(n), then

i∇f+A ≥ λ1

λn + (2k − 1)αn

(21)

and
i′∇f+A ≤ λn + (2k − 1)αn. (22)

If, in addition, (2k − 1)αn < λ1, then

i′∇f+A ≥ λ1 − (2k − 1)αn. (23)

Indeed, by using the obvious fact that

Hf (x1, . . . , xn) = (2k − 1) diag
{

α1x
2k−2
1 , . . . , αnx

2k−2
n

}

one can show that σ
f
≤ (2k − 1)αn. Further on, we only need to combine

Example 1.1 with Theorem 1.9. For k > 1 the boundedness of the domain
In of f is essential in order to get σ

f
< ∞. For k = 1 the boundedness of

this domain plays no role, as the Hessian matrix of f is the constant matrix
diag {α1, . . . , αn} in this case. This situation was emphasized by Example 1.11.
Note that the estimation

s
∇f+A

≤ λn + (2k − 1)αn

λ1 − (2k − 1)αn

, (24)

produced by (9) in this particular case, is completely useless since

λn + (2k − 1)αn

λ1 − (2k − 1)αn

> 1.
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Proof of Theorem 1.12. Note first that the assumption λA > 0 and the
estimation (7) ensures that i

∇f+A
> 0. On the other hand, due to (9), one has

s
∇f+A

< 1 as soon as

σ
f
<

bA − µA

2
. (25)

Since i
∇f+A

≤ s
∇f+A

, it follows that the validity of i′
∇f+A

s
∇f+A

< 1 implies that
η
∇f+A

< 0. Let us find conditions ensuring the validity of i′
∇f+A

s
∇f+A

< 1. By

virtue of (8) and (9), this inequality holds as soon as

(aA + σ
f
)
µA + σ

f

bA − σ
f

< 1. (26)

If σ
f
satisfies (25), then σ

f
< b

A
, so (26) is equivalent to

σ2
f
+ (aA + µA + 1)σ

f
+ aAµA − bA < 0. (27)

The second degree equation s2 + (aA + µA + 1)s + aAµA − bA = 0 has the
discriminant ∆ = (aA − µA)

2 + 2(aA + µA) + 4bA + 1 > 0, so it possesses two
real roots s1 and s2. Since s1+s2 = −(aA+µA+1) < 0 and s1s2 = aAµA−bA < 0
(because µA < b

A
/a

A
), it follows that s1 < 0 < s2. Therefore, (27) holds if

σ
f
<

√

(aA − µA)2 + 2(aA + µA) + 4bA + 1− (aA + µA + 1)

2
. (28)

In other words, the conditions i′
∇f+A

s
∇f+A

< 1 and η
∇f+A

< 0 are both fulfilled

as soon as σ
f
satisfies (28).

Finally, we have to find conditions under which

−1 < η
∇f+A

⇔
1− i

∇f+A
i′
∇f+A

√

1− s2
∇f+A

< 1. (29)

Taking into account the estimations from Theorem 1.9, we have

1− i
∇f+A

i′
∇f+A

√

1− s2
∇f+A

≤
1− λA

aA + σ
f

(bA − σ
f
)

√

1−
(

µA + σ
f

bA − σ
f

)2

=
bA − σ

f
√

(bA + µA)(bA − µA − 2σ
f
)

(

1−
λA(bA − σ

f
)

aA + σ
f

)

.
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If σ
f
satisfies (25), i.e., bA − σ

f
> µA + σ

f
, then we get

1− i
∇f+A

i′
∇f+A

√

1− s2
∇f+A

<
bA − σ

f
√

(bA + µA)(bA − µA − 2σ
f
)

(

1−
λA(µA + σ

f
)

aA + σ
f

)

<
bA − σ

f
√

(bA + µA)(bA − µA − 2σ
f
)

(

1− λAµA

aA + σ
f

)

=
bA − σ

f

aA + σ
f

·
aA − λAµA + σ

f
√

(bA + µA)(bA − µA − 2σ
f
)

<
aA − λAµA + σ

f
√

(bA + µA)(bA − µA − 2σ
f
)
.

Therefore, (29) holds whenever

aA − λAµA + σ
f
<

√

b2
A
− µ2

A − 2σ
f
(bA + µA).

Since a
A
≥ b

A
and λA ≤ µA < 1, we have

aA − λAµA > bA − µA > 0,

hence the above inequality is equivalent to

σ2
f
+ 2(aA − λAµA + bA + µA)σf

+ (aA − λAµA)
2 − (b2

A
− µ2

A) < 0. (30)

The second degree equation

s2 + 2(aA − λAµA + bA + µA)s+ (aA − λAµA)
2 − (b2

A
− µ2

A) = 0

has the discriminant

∆ = 8(bA + µA)(aA + bA − λAµA) > 0,

so it possesses two real roots s1 and s2. Taking into consideration that s1+s2 <
0 and s1s2 = (aA − λAµA)

2 − (b2
A
− µ2

A) < 0 (because of our assumption (17)),
it follows that s1 < 0 < s2. Hence (30) is satisfied if

σ
f
<

√

2(bA + µA)(aA + bA − λAµA)− (aA + bA + µA − λAµA). (31)

In conclusion, if σ
f
satisfies the conditions (25), (28), and (31), then all hy-

potheses of Theorem 1.6 are fulfilled. By applying Theorem 1.6, we obtain the
conclusion of our theorem.



C. Pintea, T. Trif / The Monotonicity of Perturbed Gradients of ... 539

Remark 2.3. The hypotheses towards the linear perturbation of the gradient
in Theorem 1.12 are fulfilled by any linear transformation A : R2m −→ R

2m of
type A = pI2m + qB with p, q ∈ R satisfying

0 < p < 1, 0 < |q| < 1, p2 + |q| ≥ 1, (32)

where B : R2m → R
2m is a skew-symmetric isomtery.

Indeed, in this case we have λA = µA = p and λ∗
A = µ∗

A = p2 + q2, whence
aA = bA =

√

p2 + q2. Condition (17) is equivalent to
√

p2 + q2 − p2 < |q|
and this inequality holds because

√

p2 + q2 <
√

p2 + |q| ≤ p2 + |q|.

In such a case the upper-bounds (25), (28), and (31) of σ
f
can be concentrated

in

σ
f
< min

{

√

p2 + q2 − p

2
, E(p, q), F (p, q)

}

, (33)

where, setting p̄ :=
√

p2 + q2,

E(p, q) :=
1

2

(

√

(p− p̄)2 + 2(p+ p̄) + 4p̄+ 1− (1 + p+ p̄)
)

(34)

and
F (p, q) :=

√

2(p+ p̄)(2p̄− p2)− (2p̄+ p− p2). (35)

If p = cos θ and q = sin θ for some θ ∈ R, then the upper-bound (33) becomes

σ
f
<min

{

sin2 θ

2
,

√
8+cos2 θ−2− cos θ

2
, 2 cos

θ

2

√

1+sin2 θ−2 cos2
θ

2
− sin2 θ

}

, (36)

as

E(cos θ, sin θ) =

√
8 + cos2 θ − 2− cos θ

2

and

F (cos θ, sin θ) = 2 cos
θ

2

√

1 + sin2 θ − 2 cos2
θ

2
− sin2 θ.

Consequently, by applying Theorem 1.12 we obtain the following:

Proposition 2.4. Let D ⊆ R
n be a convex open set, let f : D −→ R be a

C2-smooth convex function. If B : R2m → R
2m is a skew-symmetric isometry,

θ ∈ (−π/2, 0) ∪ (0, π/2), and the condition (36) is satisfied, then the operator

T := ∇f + (cos θ − 1)I2m + (sin θ)B = ∇f − 2 sin2 θ

2
I2m + (sin θ)B

is η-monotone for some η ∈ (−1, 0), but not Minty-Browder monotone, i.e.

−1 < i
T
< 0.
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3. Global injectivity via η-monotonicity

Proposition 3.1. Let D ⊆ R
n be a convex open set, let f : D −→ R be a

C2-smooth convex function and let A : Rn −→ R
n be a linear transformation.

If the following inequality is satisfied

σ
f
< min {bA + λA, −µA} , (37)

then the operator T := ∇f + A is injective.

Proof. We show first that the Jacobi matrix of T

JT (x) = Hf (x) + A

is invertible for all x ∈ D. Suppose the contrary, i.e., that there exists some
point x ∈ D such that JT (x) is not invertible. Then there exists h ∈ Sn−1 such
that JT (x)h = 0, i.e.,

Hf (x)h = −Ah.

From this equality it follows that

〈Hf (x)h, h〉 = −〈Ah, h〉 ≥ −µA,

whence
−µA ≤ 〈Hf (x)h, h〉 ≤ ‖hf (x)h‖ ≤ ‖hf (x)‖.

But this inequality contradicts our assumption (37). The obtained contradic-
tion shows that JT (x) is invertible for all x ∈ D, i.e., T is a local diffeomorphism.
On the other hand, according to Theorem 1.7 the operator T is h-monotone.
By applying [8, Corollary 4.12], we conclude that T is injective.

Theorem 3.2. Let D ⊆ R
2m be a convex open set, let f : D −→ R be a C2-

smooth convex function and let B : R2m −→ R
2m be a linear skew-symmetric

isometry. If A = pI2m + qB with p, q ∈ R satisfying

0 < p < 1, 0 < |q| < 1, p2 + |q| ≥ 1, (38)

and 1 − p is not an eigenvalue for any operator hf (x) + qB, as x covers D,

then the operator T = ∇f + A− iD is injective, whenever

σ
f
< min

{

√

p2 + q2 − p

2
, E(p, q), F (p, q)

}

, (39)

where E(p, q) and F (p, q) are given by (34) and (35).

Proof. If σ
f
is subject to the relation (39), then the requirements (38) ensure

us that i
T
> −1 and the h-monotonicity of T therefore. On the other hand

the Fréchet differential (d T )x of T at x ∈ D is hf (x) + (p− 1)I2m + qB. Since
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1− p is not an eigenvalue for any of the operators hf (x) + qB, it follows that
[hf (x) + qB](y) 6= (1− p)y, for every x ∈ D and every y ∈ R

2m \ {0}, i.e.

ker(d T )x = ker[hf (x) + (p− 1)I2m + qB] = {0}.

Consequently, the Fréchet differentials (d T )x, x ∈ D are all isomorphisms and
the operator T itself is a local diffeomorphism. The global injectivity of T
follows now via [8, Corollary 4.12].

Proposition 3.3. Let D1, D2 ⊆ R
m be open subsets of Rm and f1 : D1 −→ R,

f2 : D2 −→ R be C2-smooth functions. Further let f : D1 × D2 −→ R,

f(x, y) = f1(x) + f2(y) and T := ∇f + (p − 1)I2m + qB, where p, q ∈ R and

B : R2m −→ R
2m is the skew-symmetric isometry whose matrix representation

with respect to the standard basis of R2m is

[B] =

(

Om −P
P T Om

)

,

with P ∈ O(m) is an orthogonal matrix. Then the following assertions are

true:

1. Hf (x, y) =

(

Hf1(x) Om

Om Hf2(y)

)

.

2. (d T )(x,y) = hf (x, y) + (p− 1)I2m + qB and therefore

[(d T )(x,y)] =

(

Hf1(x) + (p− 1)Im −qP
qP T Hf2(y) + (p− 1)Im

)

.

3. det(d T )(x,y) = det ([Hf1(x) + (p− 1)Im] · [Hf2(y) + (p− 1)Im] + q2Im).

4. σ
f
≤ max {σf1 , σf2}.

Proof. While the first two items are obvious, for the third item one can use
the formula for the determiant of a matrix of blocks [7, p. 164], i.e.

det

(

A B
C D

)

= det(AD −BC), A,B,C,D ∈ R
m×m.

For the last item we only need to observe that

‖hf (x, y)(z1, . . . , z2m)‖2
= ‖hf1(x)(z1, . . . , zm)‖2 + ‖hf2(y)(zm+1, . . . , z2m)‖2
≤ ‖hf1(x)‖2 · ‖(z1, . . . , zm)‖2 + ‖hf2(y)‖2 · ‖(zm+1, . . . , z2m)‖2

≤ max
{

σ2
f1
, σ2

f2

}

· ‖(z1, . . . , z2m)‖2,

i.e. ‖hf (x, y)‖2 ≤ (max {σf1 , σf2})2, for all (x, y) ∈ D1 ×D2.
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The formula of the item 3. becomes effective when that determinant can be com-
puted. This is the case when, for example, the product [Hf1(x) + (p− 1)Im] ·
[Hf2(y) + (p− 1)Im] is a diagonal matrix. We provide below two examples
when this product is a diagonal matrix.

Example 3.4. Let D ⊆ R
m be an open convex subset of Rm, let f : D −→ R

be a C2-smooth convex function and g : D×R
m −→ R, g(x, y) = f(x)+ α

2
‖y‖2,

α > 0. If B : R2m −→ R
2m is the skew-symmetric isometry such that

[B] =

(

Om −P
P T Om

)

,

with P ∈ O(m) an orthogonal matrix, then the operator

T := ∇g + (p− 1)I2m + qB = (∇f, αIm) + (p− 1)I2m + qB, p, q ∈ R (40)

is injective whenever

0 < p < 1, 0 < |q| < 1, p2 + |q| ≥ 1,

and

α < 1− p and σ
f
< min

{

√

p2 + q2 − p

2
, 1− p, E(p, q), F (p, q)

}

,

where E(p, q) and F (p, q) are given by (34) and (35).

In order to justify the statement, we first diagonalize the Hessian matrix

Hf (x) = (M(x))T · diag{λ1(x), . . . , λm(x)} ·M(x)

by means of some orthogonal matrix M(x) and nonegative eigenvalues
λ1(x), . . . , λm(x) of Hf (x). Observe that
[

(d T )(x,y)

]

= Hg(x, y) + (p− 1)I2m + q[B]

=

(

Hf (x) Om

Om αIm

)

+ (p− 1)

(

Im Om

Om Im

)

+ q

(

Om −P
P T Om

)

=

(

Hf (x) + (p− 1)Im −qP
qP T (α+ p− 1)Im

)

.

Therefore

det(d T )(x,y)

= det

(

Hf (x) + (p− 1)Im −qP
qP T (α+ p− 1)Im

)

= det
(

(α+ p− 1) (Hf (x) + (p− 1)Im) + q2Im
)

= det
[

diag{(α+ p− 1)(λ1(x) + p− 1)

+ q2, . . . , (α+ p− 1)(λn(x) + p− 1) + q2}
]

=
[

(α+ p− 1)(λ1(x) + p− 1) + q2
]

· . . . ·
[

(α+ p− 1)(λn(x) + p− 1) + q2
]

.
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Taking into account that ‖hf (x)‖ = max{λ1(x), . . . , λm(x)} and the hypothesis
σ
f
< 1 − p it follws that λi(x) + 1 − p < 0 for every i ∈ {1, . . . ,m} and every

x ∈ D. Consequently the products (α+p−1)(λi(x)+p−1) are strictly greater
than zero for all i ∈ {1, . . . ,m} and all x ∈ D, whence det(d T )(x,y) > 0 for all
(x, y) ∈ D × R

m. On the other hand the hypothesis

σ
f
< min

{

√

p2 + q2 − p

2
, E(p, q), F (p, q)

}

ensures the h-monotonicity of T , via Theorem 1.12 and Remark 2.3. By ap-
plying [8, Corollary 4.12], we conclude that T is injective.

Example 3.5. Let I1, . . . , I2m ⊆ R be open intervals, let fj : Ij −→ R be
C2-smooth convex functions and let f : I1× · · ·× I2m −→ R be the C2-smooth
convex function given by f(x1, . . . , x2m) = f1(x1) + · · ·+ f2m(x2m). If

sup(f ′′
j ) (41)

< min

{

sin2 θ

2
,

√
8 + cos2 θ−2−cos θ

2
, 2 cos

θ

2

√

1 + sin2 θ−2 cos2
θ

2
−sin2 θ

}

,

then the operator T := ∇f − 2 sin2 θ
2
I2m + (sin θ)B is injective, where B :

R
2m −→ R

2m is the skew-symmetric isometry of R2m, whose matrix represen-
tation whith respect to the standard basis of R2mis

(

Om −P
P T Om

)

,

where P ∈ O(m) is an orthogonal matrix.

Indeed, the h-monotonicity of such an operator was justified above taking into
account that

Hf (x1, . . . , x2m)

= diag{f ′′
1 (x1), . . . , f

′′
2m(x2m)}

=

(

diag{f ′′
1 (x1), . . . , f

′′
m(xm)} Om

Om diag{f ′′
m+1(xm+1), . . . , f

′′
2m(x2m)}

)

.

and the inequality (36) follows from the requirement (41) as

‖hf (x)‖ = max {f ′′
1 (x1), . . . , f

′′
2m(x2m)} , ∀x = (x1, . . . , x2m) ∈ I2m.

On the other hand 1 − cos θ = 2 sin2 θ
2
is not an eigenvalue for any of the

operators
hf (x) + (sin θ)B,
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as the characteristic polynomial c(λ) = det [hf (x) + (sin θ)B − λI2m] of hf (x)+
(sin θ)B evaluated at 2 sin2 θ

2
is

c

(

2 sin2 θ

2

)

= det

(

hf (x) + (sin θ)B − 2 sin2 θ

2
I2m

)

=

∣

∣

∣

∣

diag{f ′′
1 (x1),...,f ′′

m(xm)}−2 sin2 θ
2
Im (− sin θ)P

(sin θ)PT diag{f ′′
m+1(xm+1),...,f ′′

2m(x2m)}−2 sin2 θ
2
Im

∣

∣

∣

∣

= det

[(

diag{f ′′
1 (x1), . . . , f

′′
m(xm)}−2 sin2 θ

2
Im

)

(

diag
{

f ′′
m+1(xm+1), . . . , f

′′
2m(x2m)

}

−2 sin2 θ

2
Im

)

+(sin2 θ)Im

]

=
[

(

f ′′
1 (x1)−2 sin2 θ

2

)(

f ′′
m+1(xm+1)−2 sin2 θ

2

)

+sin2 θ
]

· · ·
[

(

f ′′
m(xm)−2 sin2 θ

2

)(

f ′′
2m(x2m)−2 sin2 θ

2

)

+sin2 θ
]

>0.

The latest inequality follows since every difference f ′′
j − 2 sin2 θ

2
is strictly

less than zero and the products
(

f ′′
j (xj)− 2 sin2 θ

2

) (

f ′′
m+j(xm+j)− 2 sin2 θ

2

)

are
strictly greater than zero therefore.

In the particular case of the convex functions fj : I −→ R, fj(x) =
1
2k
αjx

2k,

where I = (−1, 1), the operator T : I2m −→ R
2m given by

T (x1, . . . , x2m)

=

(

∇f − 2 sin2 θ

2
I2m + (sin θ)B

)

(x1, . . . , x2m)
(

α1x
2k−1
1 , . . . , α2mx

2k−1
2m

)

= 2 sin2 θ

2
(x1, . . . , x2m)+sin θ(−xm+1, . . . ,−x2m, x1, . . . , x2m),

is not Minty-Browder monotone but −1 < i T < 0, and h-monotone therefore,
whenever 0 < α1, . . . , αn and

max {α1, . . . , αn} (42)

≤
min

{

sin2 θ

2
,

√
8+cos2 θ−2−cos θ

2
, 2 cos

θ

2

√

1+sin2 θ−2 cos2
θ

2
−sin2 θ

}

2(2k − 1)
.

Besides the h-monotonicity of T , mentioned above, the operator T is also in-
jective under the requirement (42).
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