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We present a variational framework for studying screw dislocations subject to antiplane
shear. Using a classical model developed by Cermelli and Gurtin [6], methods of Calculus
of Variations are exploited to prove existence of solutions, and to derive a useful expression
of the Peach-Kohler forces acting on a system of dislocation. This provides a setting for
studying the dynamics of the dislocations, which is done in [4].

Keywords: Dislocations, variational methods, renormalized energy, Peach-Kohler force

2010 Mathematics Subject Classification: T0GT5 (74B05, 49J99, 70F99)

1. Introduction

Dislocations are one-dimensional defects in crystalline materials [15, 16, 17, 18].
Their modeling is of great interest in materials science since important material
properties, such as rigidity and conductivity, can be strongly affected by the
presence of dislocations. For example, large collections of dislocations can result
in plastic deformations in solids under applied loads.

In this paper we derive an expression for the renormalized energy associated to a
system screw dislocations in cylindrical crystalline materials using a continuum
model introduced by Cermelli and Gurtin [6]. We use the renormalized energy
to derive a characterization for the forces on the dislocations, called Peach-
Kohler forces. These forces drive the dynamics of the system, which is studied
in [4]. The proofs of some results that are used in [4] are contained in this

paper.
Following [6], we consider an elastic body B C R?, B := Q x R, where Q C R?

ISSN 0944-6532 / $ 2.50 (© Heldermann Verlag



548 T. Blass, M. Morandotti / Renormalized Energy and Peach-Kdhler Forces

is a bounded simply connected open set with Lipschitz boundary. B undergoes
antiplane shear deformations ® : B — B of the form

O (x1, w2, 3) 1= (T1, Ta, T3 + u(z1, T2)),

with u : 2 — R. The deformation gradient F is given by

0 v
F .= Vb= 0 :I+e3®< O“). (1)
1

1 0

0 1
0 0
dor Ba
The assumption of antiplane shear allows us to reduce the three-dimensional
problem to a two-dimensional problem. We will consider strain fields h that
are defined on the cross-section €2, taking values in R%. In the absence of
dislocations, h = Vu. If dislocations are present, then the strain field is singular
at the sites of the dislocations, and in the case of screw dislocations this will
be a line singularity.

A screw dislocation is a lattice defect at the atomic scale of the material, and
is represented at the continuum level by a line singularity in the strain field for
the body B. In the antiplane shear setting, this line is parallel to the x3 axis;
in the cross-section () a screw dislocation is represented as a point singularity.
A screw dislocation is characterized by a position z €  and a vector b € R3,
called the Burgers vector. The position z € €2 is a point where the strain field
fails to be the gradient of a smooth function, and the Burgers vector measures
the severity of this failure. To be precise, a strain field, h, associated with a
system of N screw dislocations at positions

Z:={zy,...,2n}
with corresponding Burgers vectors

B:={by,...,by}
satisfies the relation

N
curlh = "bid,, in Q (2)
=1

in the sense of distributions, with b; := |b;|. The notation curlh denotes the
scalar curl, %hg — %hl. Thus, in the antiplane shear setting, the Burgers
vectors can be written as b; = b;es. The scalar b; is called the Burgers modulus
for the dislocation at z;, and in view of (2) it is given by

bi:/h~tds,
g.

’L

where /; is any counterclockwise loop surrounding the dislocation point z; and
no other dislocation points, t is the tangent to ¢;, and ds is the line element.
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Since b; = bses for all ¢ € {1,..., N}, by abuse of notation from now on we
will use the symbol B both for the set of Burgers vectors and for the set of
Burgers moduli. When dislocations are present, the deformation gradient F
can no longer be represented by the last expression in (1), which needs to be

replaced with
h

Our goal is to derive an energy associated to systems of screw dislocation and
obtain the characterization of the Peach-Ko6hler forces on the dislocations. This,
together with the energy dissipation criterion described in [6], will lead to an
evolution equation for the system of dislocations.

Our investigation of the energy associated to a system of dislocations will be
undertaken in the context of linear elasticity for singular strains h. The energy
density W is given by

1
W(h):= Sh-Lh

where the elasticity tensor L is a symmetric, positive-definite matrix and, in
suitable coordinates, L is written in terms of the Lamé moduli A, p of the

material as
_(#n O
Lo (85 o

We require A, ¢ > 0, and the energy is isotropic if and only if A = 1. The
energy of a strain field h is given by

J(h) ::/QW(h(X))dX,

and the equilibrium equation is
divLh=0 1in Q. (4)

Equations (2) and (4) provide a characterization of strain fields describing
screw dislocation systems in linearly elastic materials. To be precise, we say
that a strain field h € L?(Q;R?) corresponds to a system of dislocations at the
positions Z with Burgers vectors B if h satisfies

lh=S% b4,
cwlh =35, bo g )
divLh =0

in the sense of distributions.

In analogy to the theory of Ginzburg-Landau vortices [3], no variational prin-
ciple can be associated with (5) because the elastic energy of a system of screw
dislocations is not finite (see, e.g., [7, 6, 16]), therefore the study of (5) cannot
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be undertaken directly in terms of energy minimization. Indeed, the simultane-
ous requirements of finite energy and (2) are incompatible, since if curlh = d,,,
zo € 2, and if B.(z¢) CC €, then

/ W(h)dx = O(|loge]).
Q\B:(z0)

In the engineering literature (see, e.g., [6, 16]), this problem is usually overcome
by regularizing the energy. By removing small cores of size ¢ > 0 centered at
the dislocations, we will replace J by J. (see (9)) and obtain finite-energy
strains h., as minimizers of J.. Letting ¢ — 0 we will recover a unique limiting
strain hy = lim._¢ h., satisfying (5). From this, we can derive a renormalized
energy U associated with the limiting strain, see (32) and (33). The energy of
a minimizing strain takes the form

J:(hy) :C’logé+U(z1,...,ZN)+O(5), (6)

where the first term, C'log(1/¢), is the core energy, and the renormalized energy,
U, is the physically meaningful quantity. This type of asymptotic expansion was
first proved by Bethuel, Brezis, and Hélein in [2] for Ginzburg-Landau vortices.
The case of edge dislocations was studied in [7], and also using I'-convergence
techniques (see, e.g., [1, 19] and the references therein for Ginzburg-Landau
vortices, [8, 13, 12]). Finally, it is important to mention that we ignore here
the core energy. We refer to [16, 20, 21] for more details.

The renormalized energy U is a function only of the positions {z,...,zx}, and
its gradient with respect to z; gives the negative of the Peach-Kohler force on
z;, denoted j;. In Theorem. 4.1 we show that

i -V, U = / (W (ho)T — hy®(Lhg)} n ds,
4;

where /; is a suitably chosen loop around z; and n is the outer unit normal to
the set bounded by ¢; and containing z;. The quantity W (ho)I — ho®(Lhy) is
the Eshelby stress tensor, see [9, 14].

The expression for j; given below contains two contributions accounting for the
two different kinds of forces acting on a dislocation when other dislocations
are present: the interactions with the other dislocations and the interactions
with 0€2. The latter balances the tractions of the forces generated by all the
dislocations, and it is the (rotated) gradient of the solution g to an elliptic
problem with Neumann boundary conditions (28). Precisely (see (42)) we show
that j; has the form

ji(Zh e 7ZN> = leL [VUO(Z“ Zy, ... 7ZN) + ZkJ(Z“ ZJ):| R (7)
J#i
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where J is the rotation matrix of an angle 7/2, and k;(+; z;) is the fundamental
singular strain generated by the dislocation z; (see (12)). It is important to
notice that the force on the i-th dislocation is a function of the positions all the
dislocations. This explicit formula is useful for calculating j;, and is employed
in [4] to study the motion of the dislocations. It is worth noticing that formula
(7) can also be found, although not rigorously proved, in [10, 16].

In Section 2 we show how to regularize the energy to use variational techniques
to study the problem. A rigorous functional setting is introduced to properly
formulate the minimization problems, allowing for a weaker notion of solution
than the analytic ones considered in [5]. In Section 3 we derive the renormalized
energy, which we use in Section 4 to derive the Peach-Kohler force.

2. Regularized Energies and Singular Strains

Consider a system of dislocations at the positions Z = {zy,...,zy} with Burg-
ers vectors B = {by,...,by}. Regularize the energy J by removing the singular
points from the domain €2, and define the sets

Q. =0\ (UE“) for e € (0, 0), (8)

where, for every i € {1,...,N}, E.,; := E.(z;), and

E.(z) = {(xl,xg) ER?: (11— z)> + (“ ; Z2)2 < T2}

is an ellipse centered at z for r > 0; the parameter A is one of the the Lamé
moduli of the material (cf. (3)). Let g9 > 0 be fixed (depending on 2, Z, and
A) such that for all & € (0,g) we have E.; CC Q, and E.; N E.; =  for all
i # j. (The shape of the cores E.; is not crucial, but ellipses E.; centered at
z; will be convenient in the sequel.)

We define

J-(h) := W(h) dx. 9)
Qe
Note that by removing cores around the singular set Z, we have regularized
the energy in the sense that it will not necessarily be infinite on strains satisfy-
ing (5). However, since we have effectively removed the dislocations from the
problem, we account for their presence by a judicious choice of function space.
We define
H(Q,) :={h € L*(Q.,R?) : curlh € L*(Q.)}

and
HS"(9Q., 2, B)

(10)
= {h e H™(Q,), curlh = 0, /

OE: ;

htds = b, ¢:1,...,N},
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where t is the unit tangent vector to 0F. ;. The condition on h involving the
Burgers moduli b; in (10) reintroduces the dislocations into the regularized
problem, and it prevents the minimizers of .J, from being gradients of H' func-
tions. In order to abbreviate the notation, we will write only HS™(€2.) in place
of HE™ (., Z, B) whenever it is possible to do so without confusion. We will
denote by n the unit outward normal to 0.

The following lemma concerns the properties of minimizers of .J., the existence
of which is proved in Lemma 2.3. See also Remark 2.4.

Lemma 2.1. Assume that h. is a minimizer of J. in H{™ (S2.). Then it sat-
i1sfies the Fuler equations

{div(th) =0 inQ, a1

Lh, - n=0 on 0f), .
Moreover, the solution to (11) is unique.

Proof. Given that the functional J. is quadratic, the result is achieved by
calculating the vanishing of its first variation. Let w € H'(£2.); then

5.7 (h.)[w] = Tim 2B VW) = Je(be)

t—0 t

t—0 t

1 1
= lim — (/ tVw - Lh, + §t2Vw -LVw dx)
Qe

= | Vw-Lh.dx = — / wdiv(Lh,) dx +/ w Lh, - nds(x).
e 1o}

Qe Qe
By setting 6.J.(h.)[w] = 0 for all w € H*(€.), we get (11).

To prove uniqueness, assume that h. and h. both solve system (11). Then the

path integral of the difference h, — HE over any loop in §2. must vanish, and so
h. — h. = Vu for some function u € H*(£2.). Since u solves the weak Euler
equation

/ Vw-LVudx =0, forallwe H' (),

Qe

taking w = u we obtain J.(Vu) = 0, and as L is positive definite, we conclude
that Vu = 0. O

2.1. Singular Strains and the Limit ¢ — 0

We introduce the singular strains k; which will be the building blocks of the
singular part of the strain field h that represents the system of dislocations.
Define k;(+;z;) : R*\ {z;} - R? i=1,..., N, as

k(xi) = " ()

2n(AN2(z1 — 2i1)? + (22 — 2i2)?) T — Zin
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We will often abbreviate k;(+; z;) as k;. Each k; can be written as the gradient
of a multi-valued function, precisely

b; Ty — 22
(x;2;) o V arctan ()\(1’1 Zm))

and it is straightforward to calculate directly that

curl, ki(x;2;) = b0y, (x)  in R? (13a)
divy (Lk;(x;2;)) = 0 in R*\ {z;}, (13b)
LkZ(X, Zi) -n=20 on 3E€vi. (13C>

In particular, by (13c) and (13b),
/ LZk y;zi) - n(y)ds(y / LZk y;zi)-n(y)ds(y) =0. (14)
= Qe i=1

Note that the integral in (14) is only well-defined when the dislocations are
away from the boundary (g9 > 0).

Lemma 2.2. Let ¢g > 0 be fized as in (8). For every ¢ € (0,e0), let h €
HS(Q., Z, B). Then

N
h=> "k + Vu (15)

for some uw € H().). Moreover, the minimization problem
mm{ ‘ h e He(Q,, 2, B)} (16)

15 equivalent to the minimization problem

min{lg(u) ‘ u € HY(Q.), /Q

€0

u(x)dx = 0} : (17)

I.(u) = g W(Vu)dx+Z/ uLk; - nds—ZZ/ uLk; -nds (18)

i=1 j#i O i
Minimizers u. of (17) are solutions of the Neumann problem
div (LVu) =0 in €,
L(Vu-+ Zf\il kl-) n=0 on J9, (19)
L VUWLZ#%kg)n:O OnﬁEg,i,i:1,2,...,N.
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Proof. Let h € H§™ (., Z,B). By (13a), [,(h — SV k) - dx = 0 for any
loop ¢ C 2. and thus, h — ZZN:1 k; = Vu for some v € H'(€.). In turn

J.(h) = Z J.(k;) + Z_ Z / Lk; - k;dx + I.(u) (20)

where I.(u) is given by (18) and where in the last sum in the expression for
I. we omit the terms with ¢ = j because Lk; -n = 0 on each JE.; (see
(13c)). (Note that the last integral in (18) has a minus sign because n points
outside E.;, by definition of outer normal). Hence, the minimization of .J.
over h € H{"(Q., Z, B) is achieved by minimizing I. over u € H'(€).). The
normalization condition in (17) is introduced in order to make the problem
coercive, and has the effect of changing w in (15) by an additive constant. Since
Vu is the relevant quantity, this does not affect the minimization problem.

To show that minimizers solve the Neumann problem (19), we calculate the
first variation of I. and apply Stokes’s theorem to find that, given ¢ € H*(,),

SL(u)e] = — / div(LVu) de + /6 o (w + Zki> ‘nds

i=1
N
—Z/ eL (Vu+2kj>-nds.
i=1 Y OFei j#i
By requiring that §1.(u)[¢] = 0 for all o € H'(Q.), we obtain that (19) is
satisfied. O

The following two lemmas are slight adaptations of [7, Lemmas 4.2, 4.3], so we
do not present the full proofs here. The key tool is an e-independent Poincaré
inequality for €., [7, Proposition A.2].

Lemma 2.3. Let g9 > 0 be fized as in (8). Assume that L is positive definite.
Then there exist positive constants ¢y and cz, depending only on L and ey (in
particular, independent of €), such that

I(u) = allullip o, — cllullm q.)- (21)
for all uw € HY(Q.) subject to the constraint
/ w(x) dx = 0. (22)
Qe

Moreover, for every e € (0,&¢) the minimization problem (17) admits a unique
solution u. € H'(Q.) satisfying (22). Fach u. satisfies

lullzr .y < M, (23)

where M > 0 is a constant independent of €.
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Sketch of Proof. Since L is positive definite, we have

L) > C |Vu|2dX—Zsup Lk;(x, 2: \/ luc] ds

Qe

—ZZ sup |Lk X, Z; \/ \ue\ds

=1 j#i x€d

Adapting the proof of [7, Proposition A.2], for which (22) is crucial, we can
find a constant ¢; = ¢;(\, £9) such that

| 19 ax >l (24)

Moreover, in [7] it is proved that there exist constants C, Cy independent of e
such that

/|u5|ds Culluc s and/ | ds < Colluclm,.  (25)
[2)9]

Es,i

From the definition of k;(x,z;) (see (12)), it is easy to see that there exist
constants ¢ = (), go) and ¢’ = (A, g¢) such that

sup |Lk;(x,2z;)| <, and sup |Lk;(x,z;)| <", i#j. (26)
x€00 xe@Ew-

Estimates (24), (25), and (26) prove (21). The existence and uniqueness of the
solution, and the bound (23) are straightforward conclusions from the convexity
and coercivity of the functional I. and the fact that 7.(0) = 0. O

Remark 2.4. Lemma 2.2 guarantees the equivalence of the minimization prob-
lems (16) and (17), and Lemma 2.3 gives the existence of minimizers for (17),
thus establishing the existence of minimizers for (16).

Lemma 2.5. Assume that L is positive definite, and let u. be the unique so-
lution to (17) that satisfies (22). Then, as € — 0, the sequence {u.} converges
strongly in HL (Q\ Z) to a solution ug of the problem

min{[o(u) ‘ u € HY(Q), /QE u(x)dx = O}, (27)

where
N
= | W(Vu)dx + / u Lk; - nds.
/Q (V) ; o0

Moreover, I.(u.) — Iy(ug).
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Sketch of Proof. One can extend u. to {2 and obtain an inequality ||u. || g1 (o) <
cM, with M as in (23) [7, Prop. A.7], which leads to [, u.Lk;-nds— 0 as

e — 0. Also, a subsequence (not relabeled) of {u.} converges u. — uy weakly
in H'(Q2). Now, if we fix § € (0,&0) and consider ¢ < ¢, from (18) we have

N
L(u) > W(Vua)danZ/ u Lk; - nds—ZZ/ u.Lk; - nds.
Qs i=1

i=1 j#i 9Be,i

Taking ¢ — 0 gives liminf. o /. (u.) fQ (Vug)dx + ZZ 1fm uoLLK; -

nds. Taking § — 0 gives liminf. o I, (us) Ip(ug). But I.(u:) < I(ug),
so limsup,_q Io(u:) < Io(ug), and I.(u:) — Io(up). Strong convergence of
u. — up in H'(Q\ Z) follows from convergence of the energies, see [11]. [

Remark 2.6. The solutions v to (27) are also solutions of the Neumann prob-
lem

{div (LVu) =0 in €, 28)

L(Vu—l— SN k,-) ‘n =0 on 09,
and therefore ug can be represented in terms of a Green’s function

N

w71, . 2) = /a GyLY kiviz) ny)dsy).  (29)

i=1

exhibiting the explicit dependence on the parameters zq, ..., zy. The function
Vuy(x;2z1,...,2y) represents the elastic strain at the point x € Q due to the
presence of J€) and the dislocations at z; with Burgers moduli b;,. For this
reason, we refer to Vug(x;zi,...,zy) as the boundary-response strain at x
due to Z.

Combining the results of Lemmas 2.2, 2.3, and 2.5, we conclude the following

theorem, which characterizes the strain field associated to a system of disloca-
tions.

Theorem 2.7. Let Z and B be given, and let Q € R? be a bounded domain
with Lipschitz boundary 0S2. Then the minimization problem

min / W(h
he H§"(Q2.,2,8)

admits a unique solution, h.. Moreover, h. — hq strongly in L% _(Q\ Z), where

hy(x) = Zkz-(x; z;) + Vuy(X;21,...,2N) (30)



T. Blass, M. Morandotti / Renormalized Energy and Peach-Kdéhler Forces — 557

is a solution of

curlh = .7, b;d,, o,
divLh =0

in the sense of distributions, and ugy is a minimizer of (27) and solves the
Neumann problem (28).

2.2. Alternative form of the fundamental singular strains

In the isotropic case, A = 1, it can be convenient to use polar coordinates
(r;,0;) centered at z;, rather than Cartesian coordinates. In the anisotropic
case, when calculating integrals over the cores Er;, we find some calculations
are simplified by using eccentric anomaly, 7;, centered at z;, which is defined as

(tan GZ )
T, = arctan \ .

Using 7, the ellipse OEg; is parametrized by the curve p(1;) = z;+
(RcosT;, ARsinT;), so

0 1 < A COST; )
\/ A2 cos? 7; + sin? 7; S T;

For any x € Q, we can find r > 0 and 7; such that x = z; 4+ (r cos 7;, A\rsin ;).
Substituting the form of x into (12) yields

ki (x: 2:) = bi (—)\sinn). (31)

2w COS T;

3. The Renormalized Energy

Theorem 3.1. Let 0 < € < ¢y be as in (8) and let h. be a solution of (16).
Then

2

N

1 Ab 1

JE(hE):/ §h€'Lh€dXIZM4WZ logg—i—U(zl,...,zN)—i—O(é‘), (32)
€ =1
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and, using (30), for any e < R < g

N LD N
Us(zi,...,zx) : ; - log R+ ; /Q - W (k;) dx, (34)
N-1 N
Uiz, ...,2zn) = Z Z /kj - Lk; dx,
i=1 j=i+17 9
N
Ugp(z1,...,2N) = / W(Vug) dx + Z/ uoLk; - nds. (35)
Q — Joa

Remark 3.2. We refer to the energy U in (33) as the renormalized energy.
Usg is the “self” energy associated to the presence of a dislocation, U; is the
energy associated to the interaction between dislocations, and Ug is the energy
associated to the elastic medium. Note that Theorem 3.1 asserts that the
renormalized energy is independent of €, and we will show that it can be written
in terms of the limit shear hy as in Theorem 2.7. This fact will be used in
identifying the force on a dislocation in Section 4.

Proof. If we expand J.(h.) as in (20), we see that the three terms on the right
side of (20) correspond to the terms Us, Uy, Ug. We begin with S, J.(k;)
and fix R € (g,&¢). Each term in this sum can be written as

J.(k;) = / W(k)dx + / W (k) dx.
QE\ER,i Ai,R,E

where A; g := Egr; \ E.;. Using the representation for k; in (31), we have

1 N2 (R
k- Lk dx = 227 o
/Amﬁ S Ki ;dx ym og <€> , (36)

and this accounts for the log% term in the energy (32) and the log R term in
(34).

To show that

N-1 N N-1 N
Z Z / kj . Lkz dx — Z Z / kj . Lkl dx ase — O, (37)
i=1j L Q

1 j=i+1 € i=1 j=i+1

we note that k; is integrable in Er; (it grows like r;” 1) and Lk; is bounded on
Eg,; for j # i, hence (37) holds by Lebesgue Dominated Convergence Theorem.
From Lemma 2.5, we have that I.(u.) — Io(ug) as € — 0, whence (35) follows.

To show that U is independent of R, we need only show that Ug is independent
of R. If we take R' # R, without loss of generality we can assume R < R,



T. Blass, M. Morandotti / Renormalized Energy and Peach-Kdéhler Forces 559

then by (36)

\b?
/ W(k;) dx — / Wi(k;)dx = / W(k;)dx = HAD; log E/?
Q\ER’,i Q\ERJ' A 47T R

so that
2

Ab? Ab:
/ W(k,)dx + 2% log R = / W (k) dx + 2% log R,
O\Ep, 4 O\Eg. 47

i

which shows that (34) is independent of the choice of R < &y. [

The renormalized energy U will blow up like the log of the distance between
dislocations, i.e. U ~ —log|z; — z;|. This is made precise in [4].
4. The Force on a Dislocation

In this section we determine the force j; on the dislocation at z; for a given a
system of dislocations Z with Burgers vectors B, and show that j, = —V,,U.
Following [6], the Peach-Kéhler force on the dislocation at z; (also called the
net configurational traction) is given by

ji = }1%19?0 - Cnds, (38)
where the stress tensor is the Eshelby stress ([9, 14])
C := W (ho)I — hy®(Lhy). (39)
Here I is the identity matrix and hg is defined in (30).

Theorem 4.1. Let hy be the limiting singular strain defined by (30) and let U
the associated renormalized energy given in (33). Then for £ € {1,..., N} and
any R € (0,¢9)

Vo Uz, 2y) = — /8 W) hye(Lhbnds. (40)

and so the force on the dislocation at z, is given by
Je=-V,,U. (41)
Moreover,

Je(z1,...,2zN) = bJL <Vu0(z5; Zi,...,ZN) + Zki(Zg; zl)) ,
(42)

P,

01
VvhereJ:(_1 O)’

and ug is the solution to (28).
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Proof. Formula (40) is proved in the Appendix. From (40), we show (41) and
(42) as follows. Recall that the renormalized energy is independent of R < g
(see the proof of Theorem 3.1), so

-V, U = / Cnds = lim Cnds = jy, (43)
OB R,

R—0 BER,Z

establishing (41) in view of (38).

The field hy has a singularity at z, which comes from the term k;, (see (30)),
and we decompose hg into the singular part at z, and the reqular part at zy,

ho(x) = ke(x;2¢) + h(x), where h(x) := Vuy(x) + Z k;(x;2;). (44)
I,

Using (44), we write the Eshelby stress C from (39) as
1 1~
C= (Ekg-Lkg + k,-Lh + §h'Lh> I
— k,®(Lk,) — k,®(Lh) — h®(Lk,) — h®(Lh).
Since h is smooth and bounded on ERJ we have
1~ ~ -~
lim <—h : Lh) nds=0 and lim h®(Lh)nds = 0.
B=0J5ER, R=0 JoER,
Using the fact that Lk, -n =0 on 0Eg, (see (13c)) we have
/ h® (Lk,)nds =0, and / k,® (Lk,)nds =0, VR <R.
aER,g 8ER,Z
Using (31) we have k, - Lk, = ub? /(47*R?) on dER, and so

1 pb? /
—(ky - Lky)nds = nds =0,
/8E'R,z 2( ‘ Z) 8w R? OER,¢

for all R < gy. Therefore the only contribution in (43) will come from

((kg : LH) I kg®(LI~1)> n = (n®k,)Lh — (k,®n)Lh.

Now, using (31), it is easy to see that

n®k, — k,@n = be ( 0 )\)
‘ ‘ 2TARV 2 cos? 7 +sin?7 \ —A 0
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and, since ds = RV A2 cos? 7 + sin’ 7 dr,
~ by [~
/ (n®k, — ky®n) Lhds = — / JLhdr.
OFR ¢ 27 0

Since the integrand is smooth on Eg, we conclude that

~ b 2 ~
lim (n®k, — k,®n) Lhds = — / JLh(z,) dr = b, JLh(z),
R—0 aER,Z 27T 0
which, in view of (43), establishes (42). O

Remark 4.2. The formula (42) gives the force on the dislocation at z,, and
it shows that, as a function of z,, the force j, is smooth in the interior of
ON\{z1,...,2¢_1,%041,...,2Nn}. Thatis, provided z, is not colliding with another
dislocation or with 0€2, then the force is given by a smooth function. Of course,
je depends on the positions of all the dislocations, and the same reasoning
applies to j, as a function of any z;.

Remark 4.3. We find agreement between (42) and equation (8.18) from [6],
where the force on z, is given by b, times a 7/2-rotation of the regular part of

the strain at z, (i.e., E) Since we have a formula for the regular part, we are
able to write the Peach-Kohler force more explicitly (in terms of the solution
o (28)). We have also shown that assumption (A3) from [6] holds for screw
dislocations, validating the derivation of (8.18) in [6].

5. Appendix

We present the proof of (40) along with some necessary lemmas. We begin by
noting that U(zy, . ..,zy) = U(zy, . ..,zx) + Uz, . .., zy) where

ﬁ(zl,...,zN):/ W (hy) dx
Qe

N N N-1 N
Ulzi,....z2n) = > _ Y i Wik)dx+ Y Y Z/ k; - Lk, dx (45)
i=1 m##i €,m m=1 i=1 j=i+1 €,m
N N
+Z W( Vuo)dx+ZZ/ uoLkK; - nds,
Eem m=1 i=1 OBe,m

which follows from a direct calculation and integration by parts to eliminate
the integral over 0€) from Ug.

We introduce the notation Dyu for the derivative of a function v =
u(X;z1, . ..,2zy) with respect to the /-th dislocation location in the direction v,

Dju(x) := —u(X;21,...,2e + &V, ..., 2N)

g =
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Lemma 5.1. The fields k;(x;2;), uo(X;21,...,2y), and ho(X;21,...,2y) are
smooth with respect to z, for every £ € {1,...,N}. Moreover, D}k;(x) = 0 if
(1,

Diki(x) = —Dky(x)v = =V (ky(x) - V) (46)
Dyhy(x) = Vw(x), where w(x) = Djug(x) — ke(x) - v (47)

Proof. The form of k in (12) shows that k; is smooth with respect to z, for all
i,0 =1,...,N, and in particular that k;(x) = k(x;2;) is independent of z, if
¢ # i so DYk; = 0. That form also shows that k(x;z, 4+ {v) = k(x — £v;zy) =
ko(x —€v) so that Dyky(x) = —(Dk,)v, where Dk, is the derivative of k, with
respect to x. Now because curlk, = 0, we have Dk,(x)v = V (ky(x) - v), which
establishes (46).

Since ug solves the elliptic problem (28), it can be represented as in (29), in
terms of the Green’s function G(x,y). The smoothness of v in z, follows from
the smoothness of k; for each 7,/ = 1,..., N. Hence, hy is smooth in z, and
DYhy = DYVuy + D}k, = V(D}Juy — k¢ - v), which establishes (47). ]

We will take derivatives of the energy with respect to the dislocations posi-
tions. This will involve integrals over cores that are centered at z, + £v whose
integrands are evaluated on these shifted cores or on their complements in €.
Thus, we will need to be able to take derivatives of integrals over sets that
depend on ¢ and whose integrands are functions that depend on &.

Lemma 5.2. Let f = f(x,€), g = g(x,§), and r = r(x,§) be defined on

E.(xo + &v), 0E-(xo + &v), and Q\ E-(xq + &v), respectively, for & a real
parameter, € > 0, v € R%. Then

d
i f(x,8)dx| = / D¢ f(x,0)dx
E:(x0+£&v) £=0 Ee(x0) (48)
— [ odgeoaxt [ fovonds
E:(x0) aEE(xo)
d
4 sx&)ds = [ Dyx0)ds (49)
§ OFE. (x0+&V) £=0 O0E«(x0)
i r(x,§) dx
dg O\ Ee (x0+&v) £=0 (50)

= / Oer(x,0) dx — / r(x,0)v - nds,
Q\EE (Xo) aEE(XO)

where Def := Ocf +V f-v.
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Proof. We calculate

d d
s f(x,€
d£ Ec(x0+£v) ( ) df E-(x0)

_ /E( (B (69,6 + V(x4 v, 6) - v)dx

flx+&v, §)dx

If we send & — 0 and apply the divergence theorem we obtain (48). A similar
calculation gives (49) but the divergence theorem is not applied. If 7 is a
smooth extension of r to €2 then

d ),
— r(x, & x,§)dx — — r(x,&)dx
d£ O\ Ee(x0+£&V) d€ d£ E:(x0+£v)

= / Oer(x, §)dx — / Oer(x 4+ &v, &)dx — / (x4 &v,§)v - nds.
Q E.(x0) OEc(x0)

Setting £ = 0 and combining the first two integrals on the right side yields
(50). O

Remark 5.3. Lemma 5.2 applies to the vector-valued k;. When applying
Lemma 5.2 to integrals of k(x; z,+£Vv) over E.(z,+&v) we will get cancellations
from

Dek(x;20 + V) = Ock(x;20 + €v) + Dk(x; 20 + EV)V

51
= DZk@(X) + Dk,v = 0. ( )

The last equality follows from (46).

Proof of Equation (40). The —loge term in the energy is independent of
the positions of the dislocations so it vanishes upon taking the derivative of the
energy with respect to z,. To calculate the derivative of U with respect to z
will split V,,U into V,,U + V,,U. To calculate V,,U we apply (50) to get

V.U =Dy < / W(ho)dx> = / Dyhy - Lhy dx — W (ho)v-nds (52)
Qe Qe aEs,Z

Using (47), div(Lhg) = 0 in €, and Lhg - n = 0 on 052, we have

/ DZho . Lho dx
QE

= V(DJjug —k;-v) - Lhodx = / (Dyup — k- v)Lhg - nds
Q. o

N N
- _Z/ (DZUO—kZ'V)LhO‘DdSZ—Z/ wLhy - nds
j=1 7/ 0Fe; o1 OB
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using the notation w = D}uy —k, - v from (47). Combining (52) and (53), and
adding and subtracting hg ® (Lhg)n - v from the integrand, we have

N
= Z/ (DYug — k¢ - v)Lhg - nds — W (ho)v - nds
j=1 8E5J aEa,Z

- / {W(ho)I —hg® (Lhg)} n-vds
OEc ¢

—Z/ (DYug — k¢ - v)Lhg - nds +
j#b 7 O

— / [(Dyug — k¢ - v)Lhg - n+ hy ® (Lho)n - v| ds;
aEsZ

also, hy @ (Lhe)n - v = (hg - v)(Lhy - n) = (Vug - v + 3. k; - v)(Lhg - n), so

(DJup — k¢ - v)Lhy - n+ hy ® (Lhy)n - v

N
= (DZuo—kg-v+Vu0-v+ZkZ—-v> Lhy - n

i=1

= (D§UO+Zki'V> Lho'l’l

il

where Deug = Djug + Vug - v. Hence,
V”ﬁ = — / {W(ho)I-ho@ (Lho)}n'VdS
8Ee 4

_Z/BE Dgu(]_ké V)Lho nds (54)

J7#t

—/ <D5u0+2ki~v> Lh - nds
OE.

Al

We calculate V,,U in several steps. We split the first sum in the right side of
(45) into the integral over E., and the rest of the terms

ZZ Wk dx-/ ZW dx—i—Z/ ZW dx. (55)
=1 m#i Eem €™M iFEm

In the first of these, each k,, does not vary as z, — z, + {v because m # /.
Hence we apply (48) directly with D¢k, = 0ck,,, + D}k,,, = V(k,, - v) because
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Ock,, = 0. We have
> / Dek,y, - Lk,, dx
Ec e

Dy (Z / W (k) dx) —
m#e” Fet m#e e, (56)
= Z/ V(km-v)-Lkmdx:/ > (km - v)Lk,, -nds,
me Y Be,t 0

Eet mz£e

where we used div(Lk,,) = 0.

The second term from (55) involves integrals over E.,, for m # ¢, so these
domains do not move as z, — z, + {v. Also, the terms W (k;) for i # ¢ vanish
when we apply D}, so

DY (Zﬂ / ZW(dex) => DYk, - Lk, dx

sm igm me V Bem (57)
= Z/ —V(k; - v) - Lk, dx = —Z/ (k; - v)Lk; - nds,
mt ¥ Be,m mtt Y OBe,m

where we used (46) and div(Lk,) = 0.

The second sum from (45) is split into the integral over E. , and the rest of the
terms

N N-1 N

m=1 i=1 j=i+1 €,m (58)
:/ ij-Lkidx—kZ/ S k; - Lk, dx.
Ee i<y m#L Y Fem i<

Applying (48) to the first term on the right side yields

D;(/E ij.Lkidx):/ S™Dik Lk, + Dek - Lk dx

el ’i<j EE,Z i<j
= / > Vi(k;-v)-Lk; + V(k; - v) - Lk; dx (59)
Eey 4 j40i<j
:ZZ/ Vikj-v) - Lkidx =Y Y (k; - v) - Lk, - nds
it j#i Y Eet it j#i Y OFet

Between the first and second lines we used D¢k; = V(k; - v) for ¢ # ¢ and
D¢k, = 0 by (51), and in the third line we used div(Lk;) = 0.
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For the second sum of (58), using (46) from Lemma 5.1, we have

(%/ 2k Lkdx) > > DYk, - Lk; dx

em i<y m#Al il Y Bem

:_ZZ/ Lkidx =—-> )" /8E5me v)Lk; - nds

m#L i£L m#AL 1AL

(60)

The third term comprising U in (45) is split as
Z W (V) dx—/ W (Vo) dx + W (Vug)dx.  (61)
Eem m#£e Eeom

To calculate the derivative of the first term on the right side of (61), we use
(48), but integrate the D, term by parts directly. Using Deug = DYug+ Vug-v
and div(LVug) = 0 we have

Dy (/ W(Vuy) dx) :/ V (Deug)LVug dx
E., Ec .

= / (Deug)LVup - nds = / (Dyug + Vug - v)LVug - nds.
OE. ¢ OF.

(62)

Calculating the derivative of the second term on the right side of (61) is almost

the same as in (62) except the domains E.,, do not depend on z, because
m # (. Hence

(Z W (Vue) dx ) => V(DY up) - LVug dx

m;éE Es ;1M m;éﬁ EE m

= Z/ Djug - LVug - nds.
d

m#L Y OFe,m

(63)

Turning to the the final term in (45), which we split as

ZZ/ uoLk; - nds

m=1 i=1 Y 9Bem
N

= Z/ ugLk; - nds+2/ ZuoLk -nds,
— JoE., B

m#L Eem =1

(64)

we calculate the derivative of the first term using (49) to get

N
DY (Z /BE ZuOLki : nds>

(65)
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From (51) we have D¢k, = 0 and from (46) we have D¢k; = V(k; - v) for i # £.
Hence, for i # ¢ we have

/ U,QL(ngZ) -nds
aEEZ

:/ uoLV (k; - v) nds—/ div (ugLV (k; - v)) dx
8E5[ Es(’

(66)
/ Vuy - LV(k; - v dx—l—/ updiv (LV(k; - v)) dx
sé

EEZ

/ Vi(k;-v) LVuodx_/ ) - LVug - nds.
Ei EEF

We used div (LV (k; - v)) = (v-V)(div(Lk;)) = 0, which follows from curlk; = 0
and div(Lk;) = 0. Combining (65) and (66) we get

N
Dy (Z /a N uoLki-nds>

N
Z/ (Detg)LK; - nds—i—Z/ (k; - v)LVuq - nds
i=1 OE; ¢

il Y O

Finally, the derivative of the second term in (64) is calculated similarly to the
first, but is simpler because the domains of integration are independent of z,.
Hence,

N
(nlzﬂ /aEs’m ; UoLkZ . nds)
Z/ uoL(Dyky) - ndS—l—ZZ (D} up)Lk; - nds
F)

m#L Ee.m m#L i=1 9Fe,m

(68)

because Djk; = 0 when i # (. Using div(LV(k; - v)) = 0, as we did to get
(66), we have

/ uoL(Dyky) - nds

OE:m

= — / uLV (ks -v) -nds = —/ div(uoLV (ke - v)) dx (69)
OEe.m em

= — VugLV (k- v)dx = — / (ks - v)LVup - nds
aEe m

Eem
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Then (68) and (69) give

N N
Dy (ZZ/ uoLki-nds>
m=1 i=1 Y 0Bem
N (70)
= Z/ (ZDZuO-Lki-n—(kg-V)LVuo-n> ds
me Y OBem \ =1

Combining (56), (59), (62), and (67) we have
OFc.e it il gt

N
+ (Deug)LVug - n + Z(Dguo)Lki ‘n+ Z(kl -v)LVuy - n} ds
i=1 i

= / {Z(ki V) (LVuO +) ij> + Deug (LVUO +) ij) } -nds
OE.

il j=1 j=1

—/ (D5u0+2ki-v> Lh, - nds (71)
OE. ¢

i#0
Combining (57), (60), (63), and (70) we have
Z/ {—(k/Z -v)Lk, — ) (k¢ - v)LK; + D}ug - LVug
m#t Y OBem i#l

N
+> " DYug - Lk; — (kg V)LVUO} -nds (72)

=1

= Z/ (Djup — k¢ - v) Lhg - nds.
mtt ¥ OFem

Thus, (54), (71), and (72) together give
DUY) =V, U v =(,0+9,0) v
_ _/ {W(hy)I — hy @ (Lhg)} nds v,
OB,
which establishes (40). O
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