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Let k be a local field with valuation ring O and residue field k. We extend Hahn-Banach
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1. Introduction

Let k be a local field with valuation ring O and residue field k. This paper
is devoted to two topics in non-Archimedean analysis: One is Hahn—Banach
theorem, and the other one is duality theory. Throughout this paper, we ab-
breviate Hahn-Banach theorem to HBT. Let x € {k, k, O}. For a pair (M, M)
of a topological k-module M and a k-submodule My C M, we say that HBT
holds for (M, My) if every continuous k-linear homomorphism My — x admits
a continuous k-linear extension M — k. For a topological xk-module M, we
say that HBT holds for M if HBT holds for (M, M,) for any k-submodule
My € M. By [7] Theorem 3, HBT holds for any seminormed k-vector space
for k € {k,k}. We show that HBT holds also for any locally convex s-vector
space for £ = k in Theorem 3.1, and for £ = k in Theorem 3.8. In particular,
they are partial generalisations of [7] Theorem 3. On the other hand, HBT
does not necessarily hold for a topological O-module. We introduce notions
of a locally convex O-module and an adically saturated O-submodule in §3.3,
and verify that HBT holds for any pair of a locally convex O-modules and a
compact adically saturated O-submodule in Theorem 3.21.

Duality theory plays an important role in functional analysis and representation
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theory. Let Ban(O) denote the category of strictly Cartesian Banach k-vector
spaces and submetric k-linear homomorphisms, Ban(k) denote the category
of Banach k-vector spaces and bounded k-linear homomorphisms, Mod§*(O)
the category of compact Hausdorff linear topological O-modules and contin-
uous O-linear homomorphisms, and Mod§"(O); the localisation of ModS*(O)
by k in the sense of an enriched category. By [10] Theorem 4.6 and [12] The-
orem 1.2, there is a contravariant functor D between Ban(O) and Mod$*(O)
(resp. Ban(k) and Mod$*(O)y), and it gives a contravariant equivalence called
the Schikhof duality. It can be interpreted as the restriction of a contravari-
ant endomorphism D of the category Mod,(O) of linear topological O-modules
and continuous O-linear homomorphisms to the full subcategories LCBan(O)
of Banach locally convex O-modules and Mod$*(O) as is shown in Corollary
4.24. We also give a contravariant endomorphism Dy of the full subcategory
LC(k) € Mody(O) of locally convex k-vector spaces, whose restriction gives
a contravariant equivalence between the full subcategories LCY(k) of discrete
locally convex k-vector spaces and LCCh(E) of compact locally convex k-vector
spaces in Corollary 4.11 so that D and Dy are compatible with the reductions.
Similar to many other duality between discreteness and compactness, we also
aim to extends these duality to wider categories. For this purpose, we verify
the reflexivity of compactly generated Hausdorff locally convex k-vector spaces
in Theorem 4.2, compactly generated Hausdorff locally convex k-vector spaces
in Theorem 4.16, and compactly generated complete locally convex O-modules
in Theorem 4.34. Finally, we prove the self-dualities of the full subcategories
LC(k) of o-compact Fréchet locally convex k-vector spaces in Theorem 4.20
and LC7(0) of Fréchet locally convex O-modules whose reductions are o-
compact in Theorem 4.32.

2. Preliminaries

We denote by Set the category of sets and maps. For a set I, we denote by 2f
the set of finite subsets of I directed by the inclusion relation. Let k denote
a local field, i.e. a complete discrete valuation field with finite residue field
throughout this paper. We denote by O the valuation ring of k, and by k the
residue field of O endowed with the discrete topology. We fix a uniformiser wy
of k, noting that no result in this paper depends on the choice of ;. For an O-
module M endowed with a topology (e.g. a topological O-module), we denote
by O(M) (resp. € (M)) the set of open (resp. closed) O-submodules of M, and
by II3; the O-linear endomorphism M — M, m + wym. Let x € {k,k, O}.
We denote by Mod(k) the category of topological k-modules and continuous k-
linear homomorphisms. We will never consider a subcategory of Mod(O) which
is not a full subcategory, and hence we simply say an isomorphism instead of
an isomorphism in Mod(O). For an M € ob(Mod(k)), we denote by (M) the
set of closed k-vector subspaces of M. Let % be a formal symbol in {c, h, ch,d}.
If % is ¢ (resp. h, ch, d), we denote by Mod*(k) C Mod(k) the full subcate-
gory of compact (resp. Hausdorff, compact Hausdorff, discrete) topological -
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modules. For an (M, M,) € ob(Mod(0O))?, we abbreviate Homyoq(oy (M1, Mo)

to Hom(M;, My). We regard Mod(k) (resp. Mod(k)) as a full subcategory of
Mod¢(O) (resp. Mod(O)) through the natural embedding, whose essential im-
age consists of flat L € ob(Mod(O)) with II; € Autyea(o)(L) (resp. consists of
Z € ob(Mod(0O)) with Il = 0).

2.1. Linear Topological Modules

We recall a linear topological O-module (cf. [12] p. 2), and study several
properties of it. A topological O-module M is said to be linear if (M)
forms a fundamental system of neighbourhoods of 0 € M. We denote by
Mod,(O) € Mod(O) the full subcategory of linear topological O-modules, and
put Mod; (O) := Mod,;(O) N Mod*(O) for an * € {c, h,ch}.

Definition 2.1. Every O-module N forms a linear topological O-module with
respect to the adic topology on N, i.e. the topology generated by the set of
subsets of the form n +wl N for an (n,j) € N x N. We say that N is adically
complete if N is complete with respect to the adic topology.

Let M € ob(Mod,(0)). We put M® := M/ Maeeory Mo- Since Ny coon Mo
coincides with the closure of {0}, the following holds:

Proposition 2.2. The correspondence M ~» M" gives a left adjoint functor
Mod;(0) — Mod(O) of the inclusion Mod'(O) — Mod;(O).

For a category C', we denote by Proc (resp. by Ind¢) the category of projective
(resp. inductive) systems in C' and compatible systems of morphisms. Let
(M;)ier be afamily in Mod;(O). Then [],.; M; lies in ob(Mod;(0O)), and satisfies
the universality of the direct product in Mod;(O). Let < be an order on [
for which [ is directed. Given a system (¢!*);,<i, € [, <i, Hom(M;,, M;,)

with ((MZ’>Z’€[, (902)2192) S Ob(PrOModl(O)); we denote by liﬂliel M, C Hie[ M;
the projective limit of the underlying O-modules endowed with the relative
topology. Then liinie M lies in €'([ [,c; M;), and satisfies the universality of the

HOHl(Mil, M12)

with ((M;)ier, (92)i<i,) € ob(Indnied o)), We denote by lim _ M; the inductive
limit of the underlying O-modules of M; with ¢ € I endowed with the inductive
limit topology. To begin with, we verify that the inductive limit of linear
topological O-modules forms a linear topological O-module, while the inductive
limit of topological groups is not necessarily a topological group with respect
to the inductive limit topology.

Proposition 2.3. The universality of the inductive limit in Mod,(O) holds for
lim M.

—iel Tt

1

projective limit in Mod;(0). Given a system (¢});,<;, € ]

i1 <i2

Proof. Put M, :=lim._ M, For an iy € I, let p;,: M,;, — M denote the
—iel
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canonical O-linear homomorphism, and put [;, == {i € I | i > iy}. For an
(i1,79) € I? with i1 < iy, let @2?: M;, — M;, denote the transition map. By
the universality of the inductive limit topology, it suffices to show that M.,
forms a linear topological O-module. It is easy to see that an O-module L
endowed with a topology forms a linear topological O-module if and only if
the set {{ + Lo | (I, Ly) € L x O(Lg)} forms an open basis. To begin with,
we show that m + My o is open for any (m, My o) € Mo X O(My). Take an
ig € I with m € ¢;,(M;,) and an mgy € M;, with ¢;,(mo) = m. For any i € I,
the continuity of the addition M; x M; — M; ensures that ¢; '(m + M) =
gpﬁo(mo)—l—go;l(Moo,o) is open subset of M;. Therefore m+ M o is open. Now we
verify the assertion. Let U C M., be an open neighbourhood of an m € M.
Take an ig € I with m € @;,(M;,) and an my € M;, with ¢;,(mg) = m. By the
definition of the inductive limit topology, there is an (M;p)ier,, € [[,c 4 (M;)

with ¢! (mo) + Mo C @7 ' (U) for each i € I;). Put My = Zie% 0i(M; ).

For any i € I;,, we have M,y C ¢; '(My) and hence ¢; (M) € O(My,). Tt
implies My € O(My), and m + My is an open neighbourhood of m € M,
contained in U. Thus the set {m + My | (m, M) € My X O(My)} forms
an open basis. Il

As a consequence, if M; is a locally convex k-vector space (cf. the beginning of

§3.1) for any i € I, then lim;c; M; coincides with the one dealt with in [11] Ch.

I11 §16 and [9] §3.4. We put lim" M; := (lim.__ M;)". Then Proposition 2.2
—riel —riel

and Proposition 2.3 immediately imply the following:

Corollary 2.4. The universality of the inductive limit in Mod!(O) holds for
lim" M;.

—ier Tt

In order to connect theory over k to that over O, we introduce notions of the
boundedness and a lattice. Let M € ob(Mod(O)). An S C M is said to be
bounded if for any My € O(M), there is a ¢ € O \ {0} with ¢- S C M,, and
is said to be totally bounded if for any My € O(M), there is an Sy € 27 with
S C Sy + My. We say that M is bounded (resp. totally bounded) if M itself is
a bounded (resp. totally bounded) subset of M. In the case M € ob(Mod(k)),
the notion of the boundedness of a subset of M is equivalent to that dealt with
in [11] Ch. 1 §4 p. 17 and [9] Definition 3.6.1. Every compact subset is totally
bounded by definition, and every totally bounded subset is bounded.

Let W € ob(Mod(k)). A lattice of W is a bounded M € € (W) with kM =
W. We note that there are several distinct definitions of a lattice of a W €
ob(Mod(k)). For example, a lattice in the sense in this paper is a bounded
closed lattice in the sense in [11] Ch. 1 §2 p. 7, and is a bounded barrel in
the sense in [9] Definition 7.1.1. In order to establish a general theory on
continuous duals, we introduce a notion of a by-class, which plays a similar role
to the family % in [11] Ch. 1 §6 p. 29.
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Definition 2.5. A by-class is a covariant functor Z: Mod;(O) — Set satis-
fying the following three conditions: (i) For any M € ob(Mod,(0)), B(M)
is a set of O-submodules of M containing {Om | m € M}. (ii) For any
M € ob(Mod)(0)) and (By, By) € B(M)?, there is a By € (M) with
By + By C Bs. (iii) For any (M, M) € ob(Mody(0))? and A € Hom(M;, Ms),
PB(M,) contains {A(B) | B € (M)}, and B(A)(B) coincides with A(B) for
any B € B(M).

For an M € ob(Mod,(0)), we denote by s(M) (resp. K(M), b(M), u(M)) the
set of finitely generated (resp. compact, bounded, all) O-submodules of M.
The correspondence M ~ s(M) (resp. K(M), b(M), u(M)) gives a by-class s
(resp. K, b, u). Let & be a by-class. Let (My, M) € ob(Mod;(0))?. For O-
submodules M; o C M; and My C My, we put Hom((My, M), (Ma, May)) =
{A € Hom(M;, M) | A(Myo) C Msp}. We denote by Hom(M;, Ms)4 the
O-module Hom(M;, Ms) endowed with the topology generated by the set of
subsets of the form A + Hom((M;, B), (Ms, May)) for an (A, B, Msyy) €
Hom (M, M) x B(My) x O(Ms). Then Hom(M;y, Ms)4 forms a linear topo-
logical O-module.

Let M € ob(Mod;(O)) and k € {k,k,O} in the following in this subsection.
We put MY := Hom(M, H)gg Since & lies in ob(Mod}'(O)), so is Myr. The
Correspondence M ~ M) gives a contravariant functor (-)2: Mod;(O) —
Mod,(O). We remark that ()2 coincides with the weak dual functor (-). [11]
Ch. 1 §9 p. 50 and [12] . 4 and with the weak star dual functor (-)! in [9]
Definition 7.3.1, and (-)* coincides with the strong dual functor (-) in [11]
Ch. 1 §9 p. 50 and [9] Definition 7.3.1. We simply put D, := (-)p=, (1% := (-)B?O,
and D := Dp. We mainly deal with I, because it gives an extension of the
Schikhof dual functors D in [11] §1 p. 2 and p. 3 as will be verified in Theorem
2.11.

Definition 2.6. Let C' be a category, and D: C' — C' a contravariant functor.
A pair (Cy, Cy) of full subcategories Cy,Cy C C closed under isomorphisms is
said to be a D-dual pair if the essential images of D|¢, and D|¢, coincides with
Cy and C respectively and there are natural equivalences id¢, = D|¢, o D|¢,
and id¢, = Dl¢, © D|c,. A full subcategory Cy C C'is said to be D-reflexive if
(Co, Cy) is a D-dual pair.

One of the main purpose of this paper is to discover a good D-reflexive full
subcategory of Mod;(O). For this sake, we study a basic property of M.

Proposition 2.7. The continuous dual M2, is adically complete, bounded, and

flat.

In order to prove Proposition 2.7, we verify a certain divisibility of homomor-
phisms.
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Proposition 2.8. Let (M, M;) € ob(Modi(O))%. Suppose that 11y, is a
homeomorphism onto the image. Then the natural O-linear homomorphism
oy Hom (M, My) — Hom(My, w] Ms) is an isomorphism for any j € N.

Proof. We denote by ¢ the embedding Hom (M, wM,) < Hom(M;, M)
induced by the inclusion wiMQ < M,. Then the image of ¢ contains
wiHom(Ml, M,). Let A € Hom(Ml,wiMz). The assumption on M, ensures
that M, is torsionfree. Therefore for each m € M, there is a unique element
Aym € My with wiAgm = Aym, and the map Ay: My — Ms, m +— Aym is
O-linear. The assumption on M, again ensures that the map I, is a homeo-

morphism onto the image wng . Therefore the continuity of A; implies that of
Ay. We obtain Ay = wj Ay € wjHom(M;, M,). Thus the image of ¢ coincides
with wiHom(Ml, Mg) ]

Proof of Proposition 2.7. Since O is bounded and torsionfree, so is MD,.
Therefore MY is flat. Let (w;);ey € Hom(M, O) be a Cauchy sequence with
respect to the adic topology. For any m € M, (w;(m));eny € OV is a Cauchy
sequence on O by the definition of the adic topology, and hence converges to
a unique element w(m) € O. We consider a map w: M — O, m +— w(m).
The continuity of the ring structure of O ensure that w is O-linear. Let j € N.
Since (w;);en is a Cauchy sequence with respect to the adic topology, there is an
ip € N such that w;, —w;, € wiHom(M, O) for any (i1, 19) € N? with i1, 79 > 1.
For any m € M, we have w;, (m) — w,(m) € @O for any (iy,iy) € N? with
ir,iy > ig, and hence w;(m) — w(m) € w,O for any i € N with i > iy. We
obtain w(wl0) = wi;l(in) € O(M) by the continuity of w;,. It implies
that w is continuous. Let j € N. By the argument above, there is an 75 € N
such that w;(m) —w(m) € in for any i € N with ¢ > i5. By Proposition 2.8,
we obtain w; — w € wiHom(M,O) for any i > iy. We conclude that (w;)icy
converges to w with respect to the adic topology. O]

2.2. Continuous Dual Functors

We study D and D,. To begin with, we compare them with the Schikhof dual
functors. We denote by Mod$*(O) € Mod™ the full subcategory of compact
Hausdorff flat linear topological O-modules (i.e. Mod? (O) in [12] §1 p. 2).

comp

Remark 2.9. An M € ob(Mod;(0)) lies in ob(Mod$*(0)) if and only if there
is an isomorphism M = O for some set I by [4] VIIg 0.3.8.

A Banach k-vector space is a pair (W,|| - ||) of a k-vector space W and a
complete non-Archimedean norm || - || on W (cf. [2] §2.8, [11] Ch. I §3 p. 9,
and [9] §2). We denote by Ban(k) (resp. Ban(k)con) the category of Banach
k-vector spaces and bounded (resp. submetric) k-linear homomorphisms. Let
V= W[ -) € ob(Ban(k)). We put V. := W and [[V]| == {|jv| | v € V}.
We endow V. with the ultrametric V. x V. — [0,00), (vi,vq) — |lvg — ve||, and
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regard it as a topological k-vector space. We put V(1) :={v e V | ||v|| < 1},
which forms a lattice of V.. We say that V' is strictly Cartesian if ||V|| C |k|.
We denote by Ban(O) C Ban(k)eon the full subcategory of strictly Cartesian
Banach k-vector spaces. We note that this definition looks different from [2]
2.5.1 Definition 1, but in fact is equivalent to it. For more detail, see the
following:

Remark 2.10. For a set I, we denote by Co(I, k) C k! the k-vector subspace
of F' = (F(i))er € k' with #{i € I | |F(i)] > ¢} < oo for any ¢ > 0.
Then Cy(I, k) forms a Banach k-vector space with respect to the complete
non-Archimedean norm | - ||lsup: Co(Z,k) — [0,00), F — sup;c;|F(i)]. A
V € ob(Ban(k)) lies in ob(Ban(O)) if and only if there is an isomorphism V' =
(Co(1, k), | - ||sup) in Ban(k)con for some set I by the proof of [11] Proposition
10.2. We note that for any V' € ob(Ban(k)), there is an isomorphism V' =
(Co(I,k), | - llsup) in Ban(k) for some set I by [11] Proposition 10.2.

For an enriched category C over O, we denote by C}, the enriched category over
k obtained as the localisation of the enrichment of C' by k. We have natural
equivalences Ban(O); = Ban(k) = (Ban(k)con)r by the proof of [12] Theorem
1.2. We denote by D the O-linear contravariant equivalences Mod$'(O) «
Ban(O) and by Dy, the k-linear contravariant equivalences ModS*(O); < Ban(k)
obtained as the Schikhof dual functors for representations of the trivial group
(cf. [10] Theorem 4.6 and [12] Theorem 1.2). We remark that there was the
assumption ch(k) = 0 in [12], but it can be removed. In [11], the categories
were regarded as enriched categories over 7Z, and hence could be localised only
by Q. In this paper, the categories are regarded as enriched categories over
O, and hence can be localised by k. This is the reason why the assumption of
ch(k) can be removed. The following ensures that D and D, are generalisations
of D.

Theorem 2.11.

(i) Let K € ob(Mod§'(O)). Then idfom(r k) 1 K2 — (KP) and idpom(k,0):
KP =~ KP(1) are isomorphisms.

(i1) Let V € ob(Ban(O)). Then the restriction map VP — V(1)P is an iso-

morphism, and the inclusion VP — (V)P* is a homeomorphism onto a
lattice.

Proof. The assertion (i) follows from K € K(K), because it implies KP = K2
and KP* = KD+ We verify the assertion (7). The restriction map ¢;: VP —
V(1)? is bijective, because V(1) C V is open and V is strictly Cartesian, and is
a homeomorphism by the definition of the topology of pointwise convergence.
Since the natural embedding V(1) < (V)P is a homeomorphism onto the
image, ¢; induces a homeomorphism t5: VP — (V)P* onto the image. On the
other hand, we have V(1)? = V(1)P, because V(1) is adic. Therefore ¢; gives an
isomorphism VP — V(1)P. Let ¢ denote the natural embedding VP « (V)P«.
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Let K C K(V). Since K is bounded, there is a j € N with wlK C V(1).
Since wj K is compact, (w;, K)/(wi, K Nw, V(1)) is a finite group. Take an S €

Q?iK of representatives of (w]K)/(ww,K NwV(1)). Under the natural iden-
tification Hom((V,V (1)), (k,0)) = VP, we have ~!(Hom((V, K), (k,0))) =
i (Hom((V, 3, s Om), (k,}0))). The right hand side is open by the conti-
nuity of ¢, and it implies the continuity of +. Since k is Hausdorff, so is (V/)P*.
Since VP is compact and (V)P is Hausdorff, ¢ is a homeomorphism onto the
closed image, which is a lattice because every m € (V)P* sends V(1) C V to a

bounded O-submodule of k. O

Let x € {k,k,O}, and fix a by-class Z in the following in this section. We
study the relation between continuous duals and several operations in Mod;(O)
such as the direct sum and the direct product. Let ((M;)ier, (@ij)i<j) €
ob(Indyed,(0)). We put M := li_n)liel M; and M’ := liLniej(Mi)gf. By Propo-
sition 2.3, we have a natural s-linear bijective homomorphism ¢: Mg" — M,

which is continuous by the functoriality condition of A.

Proposition 2.12. Suppose that for any B € HB(M), there is a B;, € B(M,,)
with 19 € I whose image in M contains B. Then ¢ is an isomorphism.

Proof. Let (B,p) € (M) x O(k). Take a B;, € B(M,,) with iy € I whose
image in M contains B. Then the image of Hom((M, B), (k, ¢)) in (M;,)"r con-
tains Hom((M,,, By, ), (k, )). It implies Hom((M, B), (k, p)) € O(M'). Thus ¢
is open. O

Corollary 2.13. Suppose that I is countable, M; lies in ob(Mod;'(O)) for any
i € I, and ; j is injective for any (i, j) € I* withi < j. Then there is a natural
isomorphism (lii>nie] M;)Pr = E@ie](Mi)D“.

In order to prove Corollary 2.13, we verify that (M;);c; satisfies the assumption
in the assertion of Proposition 2.12 in the case & = K.

Lemma 2.14. Let (X;);es be a countable inductive system of Ty topological
spaces and continuous injective maps, and K C h—r>njeJ X; a compact subspace.

Then there is a j € J such that the image of X; contains K.

The assertion of Lemma 2.14 for the case J = N follows from the fact that
a compact topological space admits no closed discrete infinite subset. The
assertion for the general case can be reduced to the case J = N by the following;:

Lemma 2.15. Fvery non-empty countable directed set admits either the great-
est element or a cofinal infinite subset isomorphic to N as an ordered set.

Proof. Let J be a non-empty countable directed set without the greatest el-
ement. Take a bijective map ¢: N — J. Since N is well-ordered, there is an
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infinite Jy C J such that ¢~!|;, is ordered preserving. Then J; is cofinal and
isomorphic to N. O

Let (M;)icr be a family in Mod,;(O). We denote by @ (M;)%, the comple-
tion of @,.;(M;)5 with respect to the adic topology, Wthh is naturally em-

bedded in [[,.,(M;)}, by Proposition 2.7. We endow @ie[(Mi>93 with the
topology generated by the set of subsets of the form m + ((@ZeI(MZ)%) N
Hie[ HOIII((Mi, Bi)’ (07 in))) for an (m, (Bi)iebj) € (@zeI(M‘)g)x
(ILe; Z(M;)) x N. We denote by @,c; (M)} C [Lic; (M) the k-vector
subspace generated by the image of @le ;(M;)Y, by the natural embedding
Dier(Mi)5 — T, (Mi)5 — Tlies( l)%k We endow @zel( )%k with the
topology generated by the set of subsets of the form m + ((®’L€[(M1)H%k) N

[ie; Hom((M;, B, (k,w}0))) for an (m.(Bicr.j) € (@iey(Mi)5)x
(ILic; #(M;)) x Z. In the following in this subsection, assume « € {k, O}.

zEI

Proposition 2.16. Suppose that for any (B;)icr € [l;c; B(M;), there is a
B € B([l,e; M) with [[,.; Bi € B. Then there is a natural isomorphism

Bic/ (M) — (TTies M)

Proof. Put M := [[,.; M; and M’ := @Zel(M)%‘. The k-linear homomor-
phism MJ* — [[,c;(M;)7; induced by the zero-extensions M; — M with

i € I gives a k-linear homomorphism ¢: M g" — M’ by Proposition 2.8. The
injectivity of ¢ follows from the density of €, ; M; in M. The surjectivity
of ¢ follows from the fact that for any pu = (pi)ier € M', (3,c; pi)(m) =
limpeor 32 i(my) converges in « for any m = (m;);er € M by the definition

of M’, and the map >, , iz M — k is an element of My* with o([],c; pt:)-
The continuity of ¢ follows from the assumption in the assertion. The openness
of ¢ follows from the functoriality condition of . O]

We note that we will verify a counterpart of Proposition 2.16 for the case k = k
in Lemma 4.7. The following is an immediate consequence of Proposition 2.16:
Corollary 2.17. If I is a finite set, then the identification @ZE[( A
[Tic, (M) induces an isomorphism [[;c; (M) = ([ Ty Mi)% -

2.3. Topologies on Continuous Duals

We study the topologies on the continuous duals. Let M € ob(Mod,(O)). We
denote by @»(M) the set of O-submodules of M of the form .., Mg, for
an (Mpo)pezn) € [lpeson O(B), which contains &(M) by the equalities
Mo = Y- pegon (B N M) with Mo € 0(M). We say that M is Z-generated if
the equality 04 (M) = &(M) holds.
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Proposition 2.18. If M is B-generated, then Mg“ 18 complete.

Proof. If 2 = u, then the assertion follows from the completeness of k. In

particular, []pcpn B2+ and hence liLnBeB(M) BP= are complete. Since M is

HB-generated, the restriction map Mg’“ — liinBe M) BPx is a homeomorphic

A(
k-linear isomorphism. O

We abbreviate (-)r o ()0 to (:)0;*. For any m € M, the map M)r —
K, p +— p(m) is continuous by Om € AB(M). We denote by nayrz.: M —
M2 the O-linear homomorphism given by setting 1.2 .(m) () := p(m) for
each (m,p) € M x Mys. We simply put nar,. = Nukx and ny = N0
This yields a natural transform 7, z,.: Hom(O,-) = Hom(O, -) o ()2~ where
Hom(O, -): Mod;(O) — Set denotes the forgetful functor represented by O. We
note that 7y %, does not necessarily continuous, and hence Hom(O, -) can not

be removed. We consider a sufficient condition for the continuity of nas 2 -

Definition 2.19. We say that Z is a tbg-class if (M) is a set of totally
bounded O-submodules for any M € ob(Mod,(O)).

For example, s and K are tbg-classes, but u is not. Suppose that % is a tby-class
in the following in this subsection. We remark that if M is s-generated, then
every lattice of M is open. Therefore the following is a partial generalisation
of [11] Proposition 6.15:

Proposition 2.20. If M is %B-generated, then nar g, s continuous.

In order to prove Proposition 2.20, it suffices to show the following:

Lemma 2.21 (Banach—Steinhaus theorem for (-)). Suppose that M is
Hausdorff (resp. complete). Then every equicontinuous (resp. closed equicon-
tinuous) subset of Hom(M, k) is totally bounded (resp. compact) as a subset of
Mgﬂ. In addition if M is ZB-generated, then a subset of Hom(M, k) is totally
bounded (resp. compact) as a subset of Mg“ if and only if it is equicontinuous
(resp. closed and equicontinuous).

Proof. Let E C M2 Put M := Nuez it~ (p) for a p € O(k). Suppose
that E is equicontinuous. Let (B, pg) € #(M) x O(k). Since B is totally

bounded and M{™ € G(M), there is a By € 2P with B C |U,,cp, m + M.
If Kk = O or k = k, then k/py is a finite set, and hence so is 15, (E). Suppose
k = k. Since By is a finite set and Mém) is an open neighbourhood of 0 € M,
there is a j; € N with {@]'m | m € By} € BN Mo(m)- In particular, we have
> pep(Bo) C X cpi(B) C @ po. Since @, " po/po is a finite set, so is
LB, (F). Take a complete representative Ep ,, € 2F of 15 ,,(E). By the choice
of Ep,, we have £ C UueEvao w+ Hom((M, B), (k, o)). It implies that £
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is totally bounded. Suppose that M is H-generated. The assertion for the
compactness follows from that for the total boundedness by Proposition 2.18
and [6]. Suppose that E is totally bounded. Let (B, o) € B(M) x O(M).
Take an Ej ,, € 2F with E C UNEEB,@OO u+Hom((M, B), (K, po)), which ensures

BOAMG™ = yepy, (115) 7 (90) € O(B). Therefore we obtain Mg™ € &(M)

because M is #-generated. Thus FE is equicontinuous. O

In order to study the duality with respect to D, we prepare a sufficient condition
for the openness of Ny %,. We say that M is (%, k)-admissible if M is %-
generated and the set Ogo, (M) := {ﬂueB pHp) C M || (B,gp) € B(MYy)x

O(k)} is coinitial in G(M).

Theorem 2.22. If M is (A, k)-admissible, then nar z,. is a quotient map onto
the 1mage.

Proof. By Proposition 2.20, it suffices to verify that nas % . is an open map onto
the image. Let My € O(M). Since M is (4, k)-admissible, there is a (B, p) €
B(Myr) x O(k) with ﬂ#GB p(p) € My. We have T]MN@’H(D#GB pp) =
na.z..(M) O Hom (MY, B), (k, 9)) € O(ar.z.(M)), and hence 1 2., (Mo) €
O(Mu,.x(M)). Thus a2, is an open map onto the image. O

In the study of the compact-open topology, the class of compactly generated
topological spaces plays an important role. We introduce a counterpart in
MOdl(O)

Definition 2.23. We put Mk = li_n>1KeK(M) K. We say that M is com-

pactly generated if the canonical continuous bijective O-linear homomorphism
K(idy): Mg — M is a homeomorphism, and is Fréchet if M is first count-
able and complete. We denote by Mod™®"(O) ¢ Mod!(O) the full subcate-
gory of compactly generated Hausdorff linear topological O-modules, and by
Mod{(O) € Mod}(O) the full subcategory of Fréchet linear topological O-
modules.

We study several criteria for when M is compactly generated. First, a complete
linear topological O-module lies in ob(Modlcgh(O)) if and only if its underlying
topological space is compactly generated by the proof of [12] Lemma 1.5 i, and
hence the following holds:

Proposition 2.24. The category Mod!(0) is a full subcategory of Mod®"(O).

Secondly, the definition of Ok (M) yields the following criterion:

Proposition 2.25. Suppose M € ob(Mod?(O)). Then M lies in ob(Mod®"(0))
if and only if M s K-generated.
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Thirdly, the functoriality condition of K and Proposition 2.2 ensure the follow-
ing:

Proposition 2.26. For any (K;)ic; € ob(Indyod(0)), (lim,_, Kb lies in
ob(Mod{®"(0)).

Fourthly, we obtain a sufficient condition using the o-compactness.
Proposition 2.27. For any ((Ky)icr, (¢])i<;) € ob(Indyg,qen(0y) such that I is
countable and ¢! is injective for any (i,7) € I* with i < j, lim,_ K lies in

ob(Mod®"(0)).

Proof. Every compact Hausdorff topological space is T; and normal. The
inductive limit of T topological spaces and continuous injective maps is again
T; by the definition of the inductive limit topology. The countable inductive
limit of normal topological spaces and homeomorphisms onto the closed images
is again normal by Urysohn’s lemma, Tietze extension theorem, and Lemma
2.15. A normal topological space is Hausdorff if and only if it is Ty by definition.
Thus M is a normal Hausdorff topological space. Thus the assertion follows
from Proposition 2.26. O]

We give a basic property of a compactly generated linear topological O-module.

Proposition 2.28. Suppose that M is o-compact and lies in ob(Mod®"(0)).
For any countable I C K(M) directed by the inclusion relation with | Jy o, K =
M, the inclusions K — M with K € I induce an isomorphism li_n>1K€I K— M.

We note that in addition if M is complete, then K(M) admits a countable
I € K(M) directed by the inclusion relation with (J,., K = M, because the
closed O-submodule of a complete linear topological O-module generated by
a compact subset is again compact by a similar argument to the proof of [12]
Lemma 1.5 i. In order to verify Proposition 2.28, we show variants of Baire
category theorem.

Lemma 2.29. Let M € ob(Modi(0)). Suppose that M is completely metris-
able or locally compact Hausdorff. Then for any countable I C € (M) di-
rected by the inclusion relation with M = %", .., M', there is an M" € I with
M e O(M).

Proof. Since [ is directed, we have M = 3, ., M’ = |J,;c; M'. Since M

is completely metrisable or locally compact Hausdorff, M is Cech-complete by
[5] Theorem 4.3.26 and [5] §3.9 p. 192. Therefore there is an M’ € I such that
M’ contains a non-empty open subset by Baire category theorem for a Cech-
complete topological space (cf. [1] 59 and [5] 3.9.3 Theorem). By the continuity
of the maps M — M, m — m — mgy with mq € M’, M’ is open. O
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Lemma 2.30. Let M € ob(Mod'(O)) and K € K(M). For any countable
I C € (M) directed by the inclusion relation with K C Y, ,., M', there is an
M eI with K C M'.

Proof. Since [ is directed, we have K = KN (3 e, M) = > e (KN M),
Applying Lemma 2.29 to K and {K N M’ | M’ € I}, we obtain an Mj € I
with KN M| € O(K). Since K is compact, K/(K N M) is a finite set. Take a
complete representative S C K of the canonical projection K — K /(K N M).
Take an M’ € I with My C M" and S C M'. It satisfies K C > om + (KN
Mgy c M. O

Proof of Proposition 2.28. Since M is Hausdorff, every K € K(M) is closed.
Let Ky € K(M). We have Ky = ) ../ (KoNK) by M = [Jg; K, and hence
there is a K € I with Ky C K by Lemma 2.30. Therefore [ is cofinal in K(M).
It implies the assertion. Il

3. Hahn—-Banach Theorem for Locally Convex Spaces

We verify HBT for several classes over x € {k,k, O}.

3.1. Over a Local Field

We put LC(k) := Mod (k) "\Mod,(O) and LC"(k) := LC(k)NMod"®(k). An L €
ob(Mod(k)) is said to be a locally convex k-vector space if L lies in ob(LC(k))
(cf. [11] Ch. I §4 p. 13 and [9] Definition 3.3.7).

Theorem 3.1 (HBT for LC(k)). Let L € ob(LC(k)). For any k-vector sub-
space Ly C L, the restriction map Hom(L, k) — Hom(L4, k) is surjective.

We remark that the assertion of Theorem 3.1 for the case where L is seminormed
follows from [7] Theorem 3 and [11] Corollary 9.3, that for the case where L
is separable follows from [9] Corollary 4.2.6, and that for the case where L, is
of finite dimension follows from [9] Theorem 4.4.3 (1) and [9] Theorem 4.4.5.
In order to prove Theorem 3.1, we verify a certain extension property of open
O-submodules and recall a basic relation between a seminorm and an open

O-submodule.

Proposition 3.2. For any M € ob(Mod,(O)) with an O-submodule M' C M,
the map O(M) — O(M"), My— M' N M, is surjective.

Proof. Let M) € ¢(M’). Take an M, € (M) with M' N My C M/, and put
M, == My + M} € O(M). We have My C M’ N M;. Let m € M’ N M,. Take
an (mo, my) € My x M| with m = mg + m{. We have mg € M' N My C M}
by m € M’ and my € M§j C M'. Thus m = mgy + m{ € M|+ M) = M}. We
conclude M' N M; = M|. O
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For an L € ob(Mod(k)), a continuous seminorm on L is a non-Archimedean
seminorm | -| (cf. [11] Ch. 1 §2 p. 6 and [9] Definition 3.1.1) on the underlying
k-vector space of L with {l € L | |l| <1} € O(L).

Proposition 3.3. Let L € ob(Mod(k)) and Ly € O(L). Then the map | -
lL,: L —[0,00), L+ |l|p, :=inf{|c| | c € k,l € cL,} is a continuous seminorm
on L with {l e L |||, <1} =Ly.

Proof. We have Ly C {l € L | |l|, < 1} by definition, and hence | - |z, is a
continuous seminorm (cf. [11] Ch. 1 §2 p. 8 and [9] Theorem 3.1.9. (ii)). Since
|k| is closed in [0,00), we have ||, = min{|c| | ¢ € k*,c7 ' € L;} for any
le L. [

Proof of Theorem 3.1. Let \g € Hom(L;,k). We have \;'(0) € O(L,),
and hence there is an L' € €(L) with L; N L' = \;*(O) by Proposition 3.2.
Then | - | forms a continuous seminorm on L with {{ € L | |l|,, < 1} = L'
by Proposition 3.3. Thus the assertion follows from [11] Proposition 9.2 by
|IAo(D)| < |U|z for any " € L. O

As in real analysis, HBT is deeply related to the reflexivity in the following
sense:

Corollary 3.4. Let % be a bi-class. Then 1 5 is injective for any L €
ob(LC"(k)).

In order to prove Corollary 3.4, we prepare the following two structure theo-
rems:

Proposition 3.5. Let K € ob(Mod*(0)). Suppose that K is finitely
generated as an O-module. Then for any S € 2K generating K, the map
ts: 0% = K, (Cm)mes — Y mes CmMm s a quotient map, and hence K lies in

ob(Mod{™(0)).

Proposition 3.6. Let W € ob(Mod®(k)). Suppose that W is of finite di-
mension as a k-vector space. Then for any k-linear basis S € 2}V, the map
skt K5 = W, (Co)wes — Y pes CoW is an isomorphism, and hence W lies in

ob(LC"(k)).

Proof of Proposition 3.5. The continuity of ¢g follows from that of the O-
module structure of K. Since O°/ker(1s) is compact and K is Hausdorff, the
assertion holds. ]

Proof of Proposition 3.6. The continuity of ¢ follows from that of the -
vector space structure of W. Put K := 15;(0°). By Proposition 3.5, t51|os =
ts: O° — Wy is a homeomorphism. By O° € €(k°), it suffices to verify
K € 0(W). Assume K ¢ O(W). Then by the continuity of the maps K —
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K: wr— w—wy with wy € K, K is not a neighbourhood of 0 in W. Therefore
there is a net (z;);e; on W lying in W\ K converging to 0. For an i € I, we
denote by r; € N\{0} the smallest integer with w,’z; € K. Then (w}');cs is

a net on O. Since O is compact, there is a convergent subnet (w,:”) jes with
an order preserving cofinal map i,: J — I: j — ¢;. By the continuity of the

scalar multiplication O x W — W, (w,:ij T;,)jes is a net on W converges to 0.

On the other hand, (w,:ij xi,)jes lies in K\w, K. Since O%\w,O® is compact
and W is Hausdorff, K\ K = 154(0%\w@w;O%) is a closed subspace of W. It
contradicts 0 ¢ K\w, K. We conclude K € O(W). O

Proof of Corollary 3.4. Let | € ker(n, %%). Assume that [ # 0. By Propo-
sition 3.6, tyyx: k — Kkl is an isomorphism. By Theorem 3.1, there is an
A € Hom(L, k) with Ay = (¢uye), ie. A(l) = 1. It contradicts A(l) =
nL.2x(l)(A) =0, and hence we obtain | = 0. It implies ker(n, ) = {0}. O

Corollary 3.7. Let L € ob(LC"(k)). For any k-vector subspace W C L of
finite dimension as a k-vector space, there is a W+ € 6,(L) such that the
addition .: W x W+ — L is bijective, the projection L — W induced by 1= is
a quotient map, and the other projection L — W+ induced by 1= is continuous.

Proof. Take a k-linear basis S C W. Then tgy: k% — W is an isomorphism
by Proposition 3.6. For an [ € S, we denote by pr;: &% — k the [-th projection.
By Theorem 3.1, there is an A; € Hom(L, k) with A\|y = plrlo@}C foreachl e S.

Put A :=[[,cs Mt L — k% and W+ :=ker()). Since X is continuous, W+ lies in
%(L). Since LE}C is bijective, we obtain L = W @& W+ as a k-vector space. Let

t: W x W+ — L denote the addition as in the assertion. Since W+ is closed,
L/W+ lies in ob(LC"(k)). Therefore :~! induces an isomorphism L/W+ = W
by Proposition 3.6. It implies that the projection L — W induced by ¢! is
a quotient map, which coincides with t5; o A. The other projection L — W+
induced by ¢! coincides with id;, — ¢ sk © A, and hence is continuous. O

3.2. Over the Residue Field

Imitating the definition of the notion of a locally convex k-vector space, we
introduce a counterpart over k. We put LC(k) := Mod(k) "\Mod,(O). An £ €

ob(Mod(k)) is said to be a locally convex k-vector space if £ lies in ob(LC(k)).
For a formal symbol % € {c, h,ch,d}, we put LC*(k) := LC(k) N Mod*(O).

Theorem 3.8 (HBT for LC(k)). Let.Z € ob(LC(k)) and # € ob(LC(k)).
For any k-vector subspace &) C £, the restriction map Hom(ZL, W) —
Hom(. A, #') is surjective.

Proof. Let &/ € Hom(Z,#'). Since # is discrete, ker(/) is an open k-
vector subspace of %;. By Proposition 3.2, there is an % € 0(%¥) with
2N % = ker(«/). We have natural embeddings .2,/ ker(«) — £/ %
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and %,/ ker(e/) — W of discrete k-vector spaces. Take a direct summand
W, C L)L of £ /ker(&/) as a k-vector space. Then the composite .Z —»
(L)L) W\ = L) ker(ef) — W extends o, and is continuous because its
kernel contains %, € 0(.Z). O

We remark that k can be regarded as a trivial valuation field, and hence as a
spherically complete valuation field. Therefore Theorem 3.8 for special cases
follows from the same references right after Theorem 3.1 other than [11] Corol-
lary 9.3, where the valuation is assumed to be non-trivial. Let Z be a by-class.
Let .2 € ob(LC(k)) in the following in this subsection. Theorem 3.8 imme-
diately implies the following two corollaries in a similar way as the proof of

Corollary 3.4 and Corollary 3.7, because every Hausdorff finite set is discrete:

Corollary 3.9. If £ € ob(LC"(k)), then By u7 18 injective.

Corollary 3.10. For any_%-fuector subspace Ly C &, thereis an £ € €(L)
with £ = W1 & #;+ as a k-vector space.

Theorem 3.8 gives the following structure theorem for ob(LC®()):
Corollary 3.11. A % € ob(LC"(k)) lies in ob(LC™(k)) if and only if there

is an S C Hom(# , k) such that [],cqw: H — k% is an isomorphism.

We remark that Corollary 3.11 immediately follows from [4] VIIg 0.3.8 if we
use a notion of a completed tensor product for topological k-vector spaces.
We give an alternative proof with no use of completed tensor products. By
Corollary 3.9, we have (), com(# 5 ker(w) = {0}. Therefore it suffices to show
the following:

Lemma 3.12. Let % € ob(LC¢(k)). Let I, be a set. For any (w;)icr, €
Hom(%", k)™ with (¢, ker(w;) = {0}, there is an Iy C Iy such that [],.; w;:

H — Kk is an isomorphism.

Proof. We denote by .# the set of subsets I C I; such that Hie[ wi: K — k!
is surjective. Then .# is directed by inclusions, and contains (). Let % C &
be a totally ordered subset. Put I := J; o, fo. We verify the surjectivity of
[L;c; wi- Since # is compact and k! is Hausdorff, it suffices to show that the
image of [],.; w; is dense in k’. Let (¢;);e; € k' and F € 2f. We construct
an m € J# with w;(m) = ¢; for any ¢ € F. Since F' is a finite set, there is an
Iy € 4, with F' C I,. Since HZ.GIO w; is surjective, there is an m € £ with
w;(m) = ¢; for any i € I;. Therefore the image of [[,.; w; is dense in k' We
obtain I € . It implies that .# is a non-empty inductive ordered set. By
Zorn’s lemma, .# admits a maximal element [,. We verify the injectivity of
[Lics, wi- Assume ker([[;c; wi) # {0}. Take an m € ker([[;c; wi)\ {0}. Since
miell ker(wi) = {0}, there is an il S Il with Wi, (m) % 0. Putl := I()U{Zl} C [1.
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Let (ci)ie; € k. By the surjectivity of [Lics, wi, there is an m’ € £ with
(wi(m'))icr, = (¢i)ier,- Then the image of m' + wy, (m) " (c;, — w;, (M'))m
by [lic; wi coincides with (c;)ie;. We obtain I € ., and it contradicts the
maximality of Io. It implies ker(] [;c;, w:) = {0}. Since " is compact and ko
is Hausdorff, [, 1, Wi is an isomorphism. O]

In order to apply Theorem 3.8 to a study of a direct sum decomposition in
LC(k), we recall a general fact on the quotient topology.

Lemma 3.13. Let G be a topological group, H C G a closed subgroup, and
K C G a compact subset which forms a complete system of representatives of
the canonical projection G — G /H. Then the multiplication K x H — G is a
homeomorphism.

Proof. Let :: K x G — G denote the multiplication. Then ¢ coincides with
composite of the homeomorphism K x G — K x G, (k,g) — (k,kg) and the
second projection pry: K x G — G. Since ¢ is continuous, o is ¢|gxy. Since
pry is closed by the compactness of K, and hence so is ¢. Since H is closed, so
18 L|K><H‘ ]

Proposition 3.14. For any compact Hausdorff k-vector subspace ¥ C L,
there is a '+ € €(&) such that the addition X x H+ — £ is an isomor-
phism.

Proof. By Corollary 3.11, there is an S C Hom(J#, k) such that [], _qw:

H — k¥ is an isomorphism. Every w € S extends to an A, € Hom(.Z, k) by
Theorem 3.8. Then ¢+ := ker(]], .5 Mw) is a desired one by Lemma 3.13. [

Corollary 3.15. If.Z € ob(LC"(k)), then for any £, € € (L), the restriction

map LPr — flﬂ% 1S a quotient map.

Proof. We denote by 7: £ — ZlDE the restriction map, which is a con-
tinuous surjective map by Theorem 3.8. It suffices to verify that 7 is open.
Let # € K(Z). Since .Z is Hausdorft, so is . Put J# = £ N7
By 4 € (&) and # € ob(LC¢(k)), we have %, € ob(LC°(k)). Let
Xo € Hom((A, #), (k,{0}))). Take a Ay € £PF with 7(\g) = Xo. We have
Mo(l) = Xo(l) = 0 for any [ € #,. By Proposition 3.14, there is a #;- € € (X)
such that the addition % x ;- — ¢ is an isomorphism. Since J¢ lies
in ob(LC™(k)), so does #;-. We have £ N.#" = {0} by LA NH = .
By Lemma 3.13, the addition J7;* x 4 — = + £ C £ is an isomor-
phism. Therefore the map \;: Kt + L — kil + 1y — A(ly) is continuous.
By Theorem 3.8, A extends to an \; € ZP%. We have m(\g — A1) = Ao,
and A\ — \; € Hom((.Z, %), (k,{0}))). It implies Hom((Z}, #5), (k, {0}))) C
m(Hom((&Z, #), (k,{0}))). Thus 7 is open. O
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3.3. Over the Valuation Ring

An M € ob(Mod,(0)) is said to be a locally convex O-module if M is bounded
and II,; is a homeomorphism onto the closed image. We denote by LC(O) C
Mod;(O) the full subcategory of locally convex O-modules, and put LC*(0) :=
LC(O)NMod(0). An M € ob(Mod;(0)) lies in ob(LC(0)) if and only if M is
bounded and flat and I, is a closed map. To begin with, we study a relation
between locally convexity over k and O. Let M € ob(Mod,(0O)). We put M, :=
lim((M)sen, (I ")i<;) € ob(Mod;(0)). We denote by tyy; € Hom(M, M,,) the
j-th canonical morphism for a j € N.

Proposition 3.16. The correspondence M ~ M, gives a left adjoint functor
Mod;(O) — LC(k) of the inclusion LC(k) < Mod,(O).

Proof. The adjoint property of M follows from Proposition 2.3. Therefore
it suffice to verify that Il is open by the characterisation of the essential
image of the embedding Mod (k) < Mod(O) in the beginning of §2. Let L, €
O(My). We have t3; . (Lo) C t3;;(wiLo) and hence ¢3; (wyLo) € (M) by

L]T/[{j_’_l([/o) € O(M) for any j € N. Therefore we obtain wyLy € O(M}). Thus
Ty, is open. [

Proposition 3.17. For any L € ob(LC(k)), every lattice of L lies in ob(LC(O)).
Conversely, for any M € ob(LC(O)), My, lies in ob(LC(k)) and tprp is a home-
omorphism onto a lattice.

Proof. The first assertion follows from the continuity of the scalar multipli-
cation. The flatness of M ensures the injectivity of ¢y ; for any 7 € N. By
Proposition 3.16, Mj, lies in ob(LC(k)). By M € ob(LC(O)), wj M is closed in
M, and H?VI: M — M is a homeomorphic O-linear isomorphism onto wiM for
any j € N. We have L]T;’J»(LMi)(M)) = w) M for any j € N, and hence t70(M)
is closed in My. Since M is bounded, so is ¢pr0(M). Since tpr0(M) generates
M, as a k-vector space, tpro(M) is a lattice of M. Therefore it suffices to
verify that tpro is an open map onto tpro(M). Let My € O(M). Applying
Proposition 3.2 to II; in a repetitive way, we obtain an (M;) ey € O(M)Y with
wpM N M;t1 = wpM;. The family (¢pr,;(M;)) en forms an increasing sequence
with (a5, (M) Nearjy(M,) = tarjy (M) for any (j1,j2) € N x N with j; < jo.
Therefore we get taro(Mo) = taro(M) N Dy tmj(M;) € O(taro(M)). Thus
Ly 1S an open map onto s o(M). O

Proposition 3.2, Proposition 3.18, and the last assertion of Proposition 3.17
immediately imply the following:

Corollary 3.18. The correspondence M ~~» M, gives a left adjoint functor
Mod}'(O) — LC"(k) of the inclusion LC"(k) — Mod}(O).

The following helps us to use Theorem 2.11 in a study of LC(O):
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Proposition 3.19. The category Mod$*(O) is a full subcategory of LC(O).

Proof. Let K € ob(Mod§"(0)). Since K is compact, it is bounded. Since K
is flat, the map Il is injective. Since K is compact and Hausdorff, Il is a
homeomorphism onto the closed image. Thus K lies in ob(LC(O)). O

Let N be an O-module. An O-submodule Ny C N is said to be adically
saturated if Ny N wpN = wpNyg. We denote by AS(N) the set of adically
saturated O-submodules. We put ASK(M) := AS(M)NK(M) and ASE' (M) =
AS(M) N €(M). Now we state HBT’s over O with respect to Hom(-,O).
We have to assume several conditions on submodules unlike the result in [8]
Theorem 6.25 for Hom(-,k/O). Let M € ob(LC(O)) and K € ASE (M) in the

following in this subsection.

Theorem 3.20 (HBT for LC(O)). The coimage of the restriction map
Hom(M,O) — Hom(K, O) is a torsion O-module.

Theorem 3.21 (HBT for LC"(O)). If M € ob(LC"(0)) and K € ASK(M),
then the restriction map Hom(M, O) — Hom(K, O) is surjective.

We emphasise that Theorem 3.20 and Theorem 3.21, which are HBT’s over O,
do not directly follow from known HBT’s over k such as [7] Theorem 3. The
following is a key proposition for HBT’s over O:

Proposition 3.22. The embedding vi i Ky — My, induced by the inclusion
K — M 1is a homeomorphism onto the closed image.

In order to verify Proposition 3.22, we prepare the following compatibility of
the relative topologies:

Lemma 3.23. Let (X;)icr be an inductive system of topological spaces, and
Y C li_n)liel X; a closed subspace. Then the canonical map @ieI(Xi ny)—Y
1s a homeomorphism, where X; N'Y denotes the preimage of Y in X; for an
1€ 1.

The assertion immediately follows from the fact that the preimage of a closed
subspace of h_r)nieI(Xi NY)in X;, NY is closed in X;, for any iy € I.

Proof of Proposition 3.22. By Proposition 3.17, ¢y, is a homeomorphism
onto the image for any j € N. By K € AS(M), we have v/ ;(ktaro(K)) =
K € €(M) for any j € N, and hence kipo(K) € €(My). Therefore vy is a
homeomorphism onto ktpso(K) is a homeomorphism by Lemma 3.23. [

Proof of Theorem 3.20. By Proposition 3.22, txar: K — kiaro(K) is an
isomorphism. Let w € Hom(K,O). By Theorem 3.1, wy o tx s extends to a
A € Hom(My, k). The boundedness of M ensures that of A(¢pr0(M)). Therefore
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there is a j € N with A(car0(M)) C @, 70. Then p = (@wi\) o tar lies in
Hom(M, O) and satisfies u|x = wiw. O

In order to verify Theorem 3.21, we prepare the two more lemmata.

Lemma 3.24. Let K € K(M). Then every Ky € O(K,) satisfies Ko+wlM €
O(Ky + w,M) for any j € N.

Proof. Put # := (K, + wiM)/(K, Nw.M). Since K, is compact, so is its
image K in . Since wi M is closed by M € ob(LC(0)), so is its image M in
# by KNwlM C w,M. Therefore the addition A: K} x wjM —» K + @M
induces an isomorphism ¢: K; x M — # by Lemma 3.13. Since the image
Ky of Ky in K, is open by Koy C {m € K, | m + (K, Nw]M) € Ko}, so is
L(Kog x M) in ¢ . Tts preimage in K; + wiM coincides with Ky + wiM, and
hence we obtain Ky 4+ wlM € O(K, + w,M). O

In the following in this subsection, we assume M € ob(LC"(O)) and K €

Lemma 3.25. For any Ly € O(Ky), tkm(Lo) + tmo(M) C My lies in
ﬁ(LK’M(Kk) + [/M,O(M))'

Proof. Put M := 1y p(Ky) + taro(M) and My := v p(Lo) + taro(M). Let

j € N. By K € AS(M), we have Lﬁ’j(M) = K + w/M and o;ﬁj(Mo) =
L (Lo) + ) M. Tt implies tar;(Mo) € O(ty;(M)) by Lemma 3.24. Therefore
it suffices to show M € ¢ (M) by Lemma 3.23. Let j € N again. By M ¢
ob(LC(0)), we have @y M € € (M). Since M is Hausdorff, so is M /ww; M. Since
K is compact, so is its image K in M/w; M. Since M/ww; M is Hausdorff,
we obtain K € ¢'(M/w, M), and hence 13, (M) = K + wM = {l € M |
| +wM e K} e €M) It implies M € €(My). O

Proof of Theorem 3.21. Let w € Hom(K,O). By Lemma 3.25, 15 p(w;, ' (O))+
tao(M) C My lies in O (v (Ki) + tao(M)). By K € AS(M), we have
s (1ar0(M)) = txco(K), and hence iy (1e.ar (7 (0)) +1a70(M) = w; ().
By Proposition 3.2, there is an Ly € O(My,) with (vx a(Ky) + eamro(M)) N Ly =
(w1 (O)) + taro(M). In particular, we have tyro(M) C Lo and L;{?M(Lg) =
wy'(0). Tt implies |wg(l)| < |exar(D)|z, for any I € K}, by Proposition 3.3.
Therefore there is a A € Hom(My, k) with A o vy x = wy and |A(1)] < |l|z, for
any [ € M by Proposition 3.22 and HBT for seminormed k-vector spaces ([7]
Theorem 3 and [11] Proposition 9.2). By tar0(M) C Ly, we obtain A(tpr0(m)) €
O for any m € M. Thus u := Aoty lies in Hom(M, O) and satisfies p|x =
w. [l

Theorem 3.21 immediately implies the following two corollaries in a similar way
as the proof of Corollary 3.4 and Proposition 3.14 by Remark 2.9:
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Corollary 3.26. Let % be a by-class. Then ny,z.0 1s injective.

Corollary 3.27. There is a K+ € ASE (M) such that the addition K x K+ —
M is an isomorphism.

We study a compatibility between the continuous duals and the reduction. For

an N € ob(Mod(0)), we put N := N/w;N € Mod(k). By the definition of
LC(k), the correspondence N ~» Ny gives a left adjoint functor Mod;(O) —
LC(k) of the inclusion LC(k) < Mod;(O). We put LC!(x) := Mod!(O)NLC" ()

for a k € {k,k,O}.

Theorem 3.28. If M € ob(LCYO)), then the natural map (MP); — (M)Px
1S an isomorphism.

Proof. The canonical projection 7 : M — My induces a W?z € Hom((My)Px,
MP%). The surjectivity of 7 ensures the injectivity of W?E, and the universal-
ity of the quotient ensures the surjectivity of W?E. By the definition of the

compact-open topology, Tﬂl)z is open, and hence is an isomorphism. The canon-
ical projection my: O — k induces a 73 € Hom(MP, MP%). By the universality
of the quotient, 73 induces a w4 € Hom((MP)z, MP%). Since m, is open, so are
73 and hence w4 by the definition of the compact-open topology. Proposition
2.8 ensures the injectivity of 74, and hence is a homeomorphism onto the image.
Let A € (Mz)Ps. If A = 0, then we have A\ = m4(0) € im(my). Suppose A # 0.
Take an mg € M with (Ao 7;)(mg) =1 € k. Put My := ker(Aom) € O(M).
We have Omg+ My = M by the choice of my. By Proposition 3.2 and Proposi-
tion 3.17, there is an M; € O(My) with L]T/[{O(Ml) = My. We have w M C M,

and hence 1y70(M) C @, 'M;. We have {Il € M, | \l|wk_1M1 <1} =@, 'M;
by Proposition 3.3. Therefore by Proposition 3.5 and HBT for seminormed
k-vector spaces ([11] Proposition 9.2), there is a u € (My)P* with pg(mg) = 1
and |uk(l)| < |l|w;1M1 for any | € M. By taro(M) C w, "M, and M, C M;,

we have py(ta0(M)) C O and tpro(My) C wrO. Therefore p = pu, 0 targ
lies in Hom(M, O), and satisfies p(mg) = 1 and pu(My) C @;O. In particular,
we have A\ = my(p) € im(my). It implies that m, is surjective, and hence is an

isomorphism. We obtain an isomorphism W?E om; b (MP)y — (Mg)Pr. O

4. Reflexivity for Locally Convex Spaces

We give several criteria for the reflexivity with respect to the continuous duals.
As a result, we obtain good full subcategories of Mod,(O) with self-duality.
4.1. Over a Local Field

We study the reflexivity for D;. Let L € ob(LC"(k)) in this subsection.

Theorem 4.1. If L admits a compact lattice, then n . 1s bijective.
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Proof. Let K € K(L) be a lattice. Then we have K € Mod{*(0). Let
n: K — KPP denote the isomorphism given by the Schikhof duality (cf. [12]
Theorem 1.2), by ¢: K — L the inclusion, and by ¢: KPP «— KPPk the
homeomorphism onto the lattice nx ,(K) given by Theorem 2.11. Then ¢k 1,
is bijective and (P* is injective by kK = L. Since (P¥P* o p o ny: Kj, — LP*Px
coincides with np 1, o tx 1, it suffices to verify the bijectivity of (. By the
completeness of k, it suffices to show that ”* is a homeomorphism onto the
dense image. Let (Ko, p) € K(L) x O(k). Since I, | is a continuous map
from a compact space to a Hausdorff space, we have w7 K € (L) for any
j € N. Therefore thereis a j € N with Ky C wk_jK by Lemma 2.30. We obtain
(Pr(LPx) N Hom((L, K), (k, wlp)) C Pk(Hom((L, Ky), (k, p))). Tt implies 2k
is a homeomorphism onto the image. Let W C KP* denote the closure of
(Pe(LPr). Assume W # KPk. Take aw € KP*\W. Put L := W +kw C KP*.
Since W C KP* is closed, KP*/W is Hausdorff. Therefore the image of L,
in K2 /W is closed by Proposition 3.6. It implies L; € €(KP) by W C L;.
By Theorem 2.11 (i) and Banach’s open mapping theorem (cf. [3] Theorem
1.3.3/1), idw + tqwye: W x k — Ly is an isomorphism. By Theorem 3.1,
there is an w € KPP with w(wy + cw) = ¢ for any (wp,c) € W x k. We
have w € ker(/2Pr) \ {0}. Since p(KPP) is a lattice of KPPr there is a
c € kX with cw € o(KPP). Put m := n71 (¢ (cw)) € K. We have A\(m) =
PP (W) (X)) = 0 for any A € LP*, and hence 1y, x(m) = 0. By Corollary 3.4,
we obtain m = 0. This contradicts nx x(m) = cw # 0. It implies W = KP*,
Therefore (P (LP*) is dense in KP*. O

We put LC(k) := LC(k) N Mod®"(0) ¢ LC"k) for a k € {k,k,O}. We
show the natural equivalence idy ceen ) = DiDg |y, ceon 1 -

Theorem 4.2. If L lies in ob(LC®™(k)), np is an isomorphism.

We note that Theorem 4.2 does not follow from [11] Proposition 13.7 ii, because
the equality s(L) = K(L) rarely holds. In order to verify Theorem 4.2, we show
that Theorem 2.22 is applicable to L.

Lemma 4.3. If L lies in ob(LC®"(k)), then L is (K, k)-admissible.

Proof. By Proposition 2.25, L is K-generated. Let L; € ¢(L). By [9] The-
orem 3.4.10, there is a V' € ob(Ban(O)) with an A € Hom(L, V) with Ly :=
A=YV (1)) C Ly. By Theorem 2.11 (ii), the natural embedding VP < (V)P* is
a homeomorphism onto a lattice K € K((V)P*). Put E := AP*(K) € K(LP*).
By the proof of [12] Theorem 1.2, we have V(1) = {v € V | (m(v))meyp €
OV"}, and hence Ly = Maer A 1(O) € Oxo, (L). O

Proof of Theorem 4.2. By Theorem 2.22, Corollary 3.4, and Lemma 4.3, it
suffices to verify the surjectivity of nzx. Let ¢ € LPPx. We have £71(O) €
O(LP*). Take a K € kK(L) with Hom((L, K), (k,0)) C ¢'(0O). For any
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A € LP with Alyx = 0, we have A € [,o Hom((L, K), (k, @,0)) C ker(()
by Proposition 2.8. Therefore ¢ induces a k-linear map fy: (kK)P* — k
through the restriction map LP* — (kK)P* by Theorem 3.1. We have
Hom((kK, K), (k,0)) C £;'(O) by the choice of K. It implies the continu-
ity of y. By Theorem 4.1, there is a unique [ € kK with ngx () = lo. In
particular, we have £(\) = A\(I) for any A € LP%. Thus we obtain ¢ = n; x(I). O

A ((Vi)ier, (¢i5)i<;j) € ob(Propan(oy) is said to be good if I is countable and
©ij(V;) is dense in V; for any (4,7) € I? with ¢ < j. We recall that L is Fréchet
if and only if L is isomorphic to lilniel V; for a good (V;)ier € ob(Progan(0))-
The following is a consequence of Corollary 2.13, Proposition 2.24, Proposition
2.27, and Theorem 4.2:

Corollary 4.4. The natural map h_H}ie[(Kz‘)Dk — (@ie[ V)Px is an isomor-

phism for any good (V;)icr € ob(Progan(0))-

We note that Corollary 4.4 does not follow from [11] Proposition 16.5 or [11]
Proposition 16.10. Indeed, the equality K(V;) = b(V;) holds if and only if V; is
of finite dimension as a k-vector space, and we never assume the compactness
of transition maps.

4.2. Over the Residue Field

We study the reflexivity for D, Let (.%);er be a family in LC(k). We endow
P, % with the topology generated by the set of subsets of the form [ +
P,c; Lo for an (1, (Lio)ier) € (B,e; L) X (1Lie; €(Z)). By the definition
of the topology of €p,.; -Z; and Proposition 2.3, we obtain the following:

Proposition 4.5. The universality the direct sum in LC(k) holds for @, ;-4

ie1=%is
and the natural map hmF@fI [Ler & — D)% is an isomorphism. In

addition, for any order < on I for which I is directed and for any system
<80§f>i1§i2 S Hilgiz HOHI(.,%U 2'2) with ((Dg/ﬂi)ieb (@Z)hﬁh) € ObandLC(E))f the
natural map @, ; £ — lim % is a quotient map.

K —iel

First, we state the duality between [[ and € for Dy as an analogue of [11]
Proposition 9.10 and [11] Proposition 9.11 for (-)* and (-)P*.

Theorem 4.6. Suppose that 1y, 5 is an isomorphism for any ¢ € I. Then
N®,., 2k AN, o5 ore isomorphisms.

In order to prove Theorem 4.6, it suffices to verify the following two lemmata:

Lemma 4.7. Let B be aby-class, and (M,;);es a family in ob(Mod,(O)). Suppose
that for any (B;)ier € [1;c; Z(M;), there is a B € B([[,c; M;) with [],.; Bi C

B. Then the natural map @ie[(Mi)ZE — (I Lies MZ)ZF is an isomorphism.
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Lemma 4.8. If % € ob(LC"(k )) for any i € I, then there is a natural iso-
morphism (Be; £)°% — [Lies £

Lemma 4.7 is an immediate consequence of Proposition 4.5. In order to verify
Lemma 4.8, it suffices to show the following by Proposition 2.12 and Proposition
4.5:

Lemma 4.9. If %, € ob(LC"(k)) for anyi € I, then for any # & K(B,c; %),
there is a pair (F, #r) of an F € 2{ and a Hp € K(B,cr L) such that A
coincides with the image of Hp.

Proof. For an Iy C I, put £, := @,¢;, Zi- Let Iy C I. The zero-extension
iy : L1, — Zr is a homeomorphism onto the closed image, because .Z; is T, for
any i € I\]O. It implies ¢! (¢) € K(Z},). Assume that there is no pair (F, J#])
of an F € 2f and a #p € K(&r) with # = 1p(J#F). Then no F € 2F satisfies
H C LF(.,?F) Take sequences Fy: N — 21 n— F,andly: N — %, n [, in
an inductive way so that F,, C F,41, 1, € tp,(Zr,), and 1,11 ¢ vp, (ZLE,) for any
n € N. Then [, is injective. Put I := J, oy Fr and D := {l,, | n € N} C 7.
Since [, is injective, D is an infinite set. By the definition of (F,,l,), we have
D C 1;,(&,) and DN g, (Lr,) C {li | i € F,} € 2/ for any n € N. Since .ZF,
is Ty for any n € N and {F,, | n € N} is cofinal in 20 N 2], D is closed and
discrete by Proposition 4.5. It contradicts that D is an infinite set of #". Thus
there is a pair (F, #r) of an F' € 2] and a 4 € K(Zp) with " = 1p(Hr). O

This completes the proof of Theorem 4.6. As a consequence, the full subcat-
egory of LC(k) generated by k closed under isomorphisms, direct sums, and
direct products is Dp-reflexive. For example, &N, k&N, (KN)EN (RN are
reflexive with respect to D;. We remark that kN is compact, ¥V is discrete,
and the others are not compact or discrete. By Corollary 3.11 and the freeness
of a vector space, Theorem 4.6 implies the following:

Corollary 4.10. For any £ € ob(LC™(k)) (resp. £ € ob(LC(k))), Ngx i
an isomorphism, and L% lies in ob(LCY(E)) (resp. ob(LC™())).

Corollary 4.11. The pair (LC®(k), LCY(k)) forms a Dz-dual pair.

Secondly, we state the duality between 11_1>n and lim for Dy as an analogue of
[11] Proposition 16.5 and [11] Corollary 16.6 for (-)p*

Theorem 4.12.  Let (£)ier € ob(Indjgg)). Suppose that for any K €
K(lim, _ %), there is a pair (io, Kiy) of an ig € I and a K;, € K(Z,) such
that the image of K;, in @ielﬂ contains K, and that ng § is a quotient
map for any i € 1. Then ny, &7 is a quotient map with ker(ny, 7)) =
—ier” —vier ™"

mfeﬁ(lim ‘fi)iﬂ. In addition if ng 3 is an isomorphism for any i € I and
—iel
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lim % lies in ob(LC"(k)), then ny,, oz s an isomorphism.
—iel ier =

In order to verify Theorem 4.12, it suffices to show the following two lemmata:

Lemma 4.13. For any (£))ie1 € ob(Proycn,), the natural map lim, _ f k

(@le Z)Px is a quotient map.

Lemma 4.14. For any £ € ob(LC(k)), the equality ker(ny 45)= Nzeoz) 2o
holds.

Lemma 4.14 immediately follows from Proposition 2.2 and Corollary 3.9.
Lemma 4.13 follows from Proposition 2.3, Corollary 3.15, Proposition 4.5,
and Lemma 4.7 by a routine argument. We note that the natural bijective
map (£")PF — £P% is not necessarily an isomorphism, but the preimage of
ker(ngn 4z7) in £ coincides with ker(ny 57). This completes the proof of The-
orem 4.12. The following is an immediate consequence of Lemma 2.14 and
Theorem 4.12:

Corollary 4.15. Let ((£))ier, (¢ij)i<j) € ob(Indyen). Suppose that I is

countable and ; ; is injective for any (i,7) € I* with i < j. If Ngx 15 an

isomorphism for any i € I and lim__ % lies in ob(LC™(k)), then ny, o 7 is
i€l —ier 7"

an 1somorphism.

We note that the natural bijective map (h_1r>nZE . AR (hm Z)PF is not

necessarily an isomorphism. Therefore the full subcategory of LCh(k:) generated
by k closed under isomorphisms, inductive limits, and projective limits seems
not to be D-reflexive. The following is an immediate consequence of Corollary
4.10 and Theorem 4.12:

Theorem 4.16. For any £ € LC%"(k), Mg 5 an isomorphism.

It can be seen that every . € LC%"(k)e is (K, k)-admissible in a way similar
to the proof of Lemma 4.3. Therefore Theorem 4.16 can be verified in an
alternative way similar to the proof of Theorem 4.2. We have the following
corollaries of Theorem 4.16:

Corollary 4.17. Let (#})ier € ob(Indycag). Thenlim _ #; lies in ob(LCY(k)),

and the natural map (lii>niel W)k — ljlniel(%)ﬂ)? s an isomorphism.

Corollary 4.18. Let (J;)icr €ob(Proycen gy ). Then lim _ J; lies in ob(LC™(k)),

and the natural map lim.
H

ZEI(Ji’) — (lim, _ Ji/) E is an isomorphism.

Corollary 4.19. Let (#)icr, (ij)i<j) € ob(Propcag)). Suppose that I is
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countable and @; ; is surjective for any (i,7) € 1> with i < j. Then Ny, 5 %
—ier "’

: Dy : _ : .
and the natural map lim__ #; % — (lim__ #;)% are isomorphisms.
—iel el

Corollary 4.17 immediately follows from Corollary 4.10 and Theorem 4.12.
Corollary 4.18 immediately follows from Corollary 4.10 and Corollary 4.17.
Corollary 4.19 follows from Proposition 2.27, Corollary 4.10, Corollary 4.14,
Corollary 4.10, Lemma 4.13, and Theorem 4.12 by a routine argument. Now
we give a criterion of the reflexivity. We denote by LC7(k) ¢ LC(k) the full
subcategory of o-compact Fréchet locally convex k-vector spaces.

Theorem 4.20. The full subcategory LCT (k) € Mod;(O) is Dg-reflexive.

Proof. It suffices to verify that for any % € ob(LC(k)), n % 1 an isomor-
phism and .ZP% again lies in ob(LC°“(k)). By Proposition 2.24 and Theorem
4.16, ny 5 is an isomorphism. Since £ is o-compact and complete, there is a
((Hier (pi)i<j) € ob(Indpcenggy) such that £ is isomorphic to lim, _ J, 1
is countable, and ¢; ; is injective for any (¢,7) € I* with ¢+ < j by Proposition
2.28. It implies that .#Px is isomorphic to @ie s %/Z-DE by Corollary 2.13, and
hence is Fréchet. Since .Z is first countable, (.Z) admits a countable coini-
tial subset J. Since .Z is complete, the natural map . — lim L Ly is

— %ed
an isomorphism. We obtain an isomorphism lim  _ (2 /%)% — £PE and
hence #P*% is o-compact by Corollary 4.10 and Lemma, 4.13. m

We note that Theorem 4.20 is an analogue of [11] Corollary 16.6 and [9] Corol-

lary 7.4.30, but they are not applicable to LC(k) or Dy.

4.3. Over the Valuation Ring

We study the reflexivity for D. An M € ob(Mod(0O)) is said to be adic if its
topology coincides with the adic topology. An M € ob(LC(O)) is said to be
Banach if M is complete and adic. We denote by LCP**(0) ¢ LCY(O) the full
subcategory of Banach locally convex O-modules.

Remark 4.21. For an M € ob(Mod,(0)), the following are equivalent:

(i)  The module M lies in ob(LC®*(0)).
(ii)) The module M is isomorphic to V(1) for a V' € Ban(O).

To begin with, we show that ID induces endomorphisms of LC(O) and LC"(O).

Proposition 4.22. Let A be a bg-class. For any M; € ob(Mod,(O)) and
M, € ob(LC(0)) (resp. ob(LC*(0))), Hom(M;, My) 4 lies in ob(LC(O)) (resp.
ob(LC"(0))).

Proof. The boundedness (resp. Hausdorffness) of M, ensures that of
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Hom(M;, My)y. By My € ob(LC(O)), u,: My — wiMs induces an
isomorphism IT: Hom(M;, My)y — Hom(M;, wpMs)y.  We denote by
v: Hom(My, wiMs)y <— Hom(M;, Ms)y the natural embedding.  Since
Hom(ay,M2),, 18 the composite of IT and ¢, it suffices to verify that ¢ is closed.
Let C' C Hom(M;,wyp M)z be a closed subset. Let (A;);e; be a Cauchy net
on Hom(M;, Ms)4 lying in «(C) converging to an A € Hom(M;, Ms)4. For
any m € My, (Aim)ier € (wiMs)! converges to Am € My by Om € B(M,),
and hence Am € w,Ms because M, is a locally convex O-module. It implies
A € (Hom(M, wiMs)z). The injectivity of ¢ ensures the unique existence
of a net (A});c; on Hom(M;,wiMs)ys and an A" € Hom (M, wpMsy)4 with
L(A)) = A; forany i € I and 1(A’) = A. Let B € B(M;) and My € O(wyMs).
By Proposition 3.2, there is an My € O(My) with wpMy N May = May.
Since (A;)ier converges to A, there is an iy € I such that (A, — A") =
A; — A € Hom((My, B), (M, M3,)) for any i € N with ¢ > 4. It implies
A, — A" € Hom((My, B), (wpMa, Msy)) for any ¢ € N with ¢ > 5. Therefore
(A});er converges to A’. Since C is closed, A’ lies in C, and so does A = 1(A’)
in ¢(C). Thus ¢(C) is closed. We conclude that ¢ is closed. O

We obtain the following analogues of Corollary 4.10 and Corollary 4.11 by
Proposition 2.8, Remark 2.9, Remark 2.10, Theorem 2.11, Proposition 3.19,
Remark 4.21, and Proposition 4.22 by a routine argument:

Corollary 4.23. For any M € ob(LC™(0)) (resp. M € ob(LCP*(0))), nas
is an isomorphism, and MP lies in ob(LC®*™(0)) (resp. ob(LC™(0))).

Corollary 4.24. The pair (Mods'(O), LCP*(0)) is a D-dual pair.

In order to study the reflexivity for ID, we observe a compatibility between the
continuous duals and the localisation as an analogue of Theorem 3.28.

Theorem 4.25. Let M € ob(LCY0)). Then the natural map (MP), —
(My)Px is an isomorphism, and for any U € O((MP)y) with typo(MP) C U,
there is a K € K(My) with K C tp0(M) and Hom((My, K), (k,0)) C U.

In order to verify Theorem 4.25, we prepare several lemmata.

Lemma 4.26. Let M € ob(LC(O)). Then the natural map (MP), — (M;,)P*
15 bijective.

The injectivity follows from that of the natural map cym;(MP) —
Hom(M,10,;(0)) with j € N, and the surjectivity is essentially verified in the
proof of Theorem 3.20.

Lemma 4.27. Let I be a set. Let M € ob(Mod{(O)) and (m;)ie;M". The
map O% — M, (¢;)ier — >_;cp Cii continuously extends to O through the
natural embedding O®T — O if and only if for any (c;)icr € OF, the net
(D ier Cimi) pear on M converges.
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The necessary implication follows from the definition of the direct product
topology. The sufficient implication follows from the Hausdorffness and the
continuity of the O-module structure of M.

Lemma 4.28. Let M € ob(Mod;(0)) and My € € (M) with @, M C My. For
any H € K(M/M,), there is a K € K(M) such that the image K of K in
M /My coincides with & and satisfies K N My = K NwpyM = wip K.

Proof. By M € ob(Mod}(0)), My € €(M), wiM C My, we have M /M, €
ob(LC"(k)), and hence .# € ob(LC"(k)). By Corollary 3.11, there is an .% C
# such that the map 7: k%7 — #: (C)mes — Y me.s Cmm extends to an

isomorphism k7 — .#. Since M is first countable, so is M /M. It implies that
J is first countable, and hence .# is countable. Since M is first countable,
O (M) admits a countable coinitial subset J. First, suppose that .# is a finite
set or J admits the smallest element. If .# is a finite set, then so is JZ". If J
admits the smallest element, then M is discrete, and so is M /M,. Therefore %
is a finite set in both cases. Take a complete system F' C M of representatives
of a k-linear basis .# C ¥, which is O-linearly independent. Then the O-
submodule K C M generated by F' is a finitely generated free O-module.
By Proposition 3.5, tp: OF — K is an isomorphism. Therefore K lies in
K(M), and the image K of K in M/M, coincides with .#". Since the kernel
of the canonical projection OF — k7 is w,OF, we have K N My = w, K. By
KNnwoM C KN My and w, K C K Nw, M, we obtain K Nw,M = w, K.

Secondly, suppose that both of .# is an infinite set, and J does not admit
the smallest element. Then we may assume that J is isomorphic to N as an
ordered set by Lemma 2.15. We denote by M) : N — J, n — M®™ the unique
order-preserving bijective map. Replacing J by J U {M } if necessary, we may
assume M(©® = M. For an n € N, we denote by M™ the image of M

M /My, which lies in &(M /Mj). Since J is coinitial in &'(M), so is {M ™ |ne
N} in O(M/M,). Since £ is Hausdorff, we have JZ N, GNM = {0} by

Proposition 2.2. Therefore for any m € .#, {n € N | m € M™} is a finite set
containing 0, and we denote by ns € N its greatest element. For any m € &,
we have m € M ™) and hence there is an m € M) with m+ M, = m. Take
a complete system I C M of representatives of .# satisfying m € M m+m0) for
any m € I. By Lemma 4.27, {m € . | n; < n} is a finite set, and hence so is
{m € I | nmim, < n} for any n € N. Therefore the completeness of M ensures
that the map O%' — M, (¢y)mer — D er Cmm extends to an ¢ € Hom(O', M)
by Lemma 4.27. Put K := +(O"). Since O’ is compact, we have K € K(M).
Let 0: I — .# denote the canonical bijective map. For any m € %", we have
(7' (m)]) € K and «([i~*(m)]) + My = m, where [-]: k&7 — O denotes an
embedding given by a fixed Teichmiiller embedding k < O and o. Therefore
K contains ¢ . Since the image of O®' in O is dense, K in M/Mj coincides
with . Let (¢;)ier € ker(e). We have (c,-13 +@O)icy =0 € k7, and hence
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¢; € w0 for any i € I. Tt implies ker(1) € w,O!. Since K is torsionfree, we
obtain ker(¢) = {0}. Therefore ¢ is injective. The assertion holds by the same
argument as above. O]

Lemma 4.29. Let M € ob(LC"(0)) and K € K(M). Suppose that K is
first countable. Then there is a (Ko, Ki-) € ASK(M) x K(M) the addition
Ky x kaOL — K is an isomorphism.

Proof. By M € ob(LC"(0)), we have w,M € € (M) and M; € ob(LC"(E)).
Since K is compact, so is its image K in M. Since K is compact and Mg is
Hausdorff, the natural map K /(K NwpM) — K is an isomorphism. Applying
Lemma 4.28 to (M, My, #) = (M, @M, K), we obtain a K, € K(K) with
K+ wyM =C Ky + wpyM and Ko N wpM = wpKy. In particular, we have
Ky € ASK(M), and hence Ky N wiyM € ASK(wipM) by the flatness of M.
Therefore there is a Ky € ASE (K Nw M) such that the addition (KoNwpM) X
Ki — K N @M is an isomorphism by Corollary 3.27. Put Ky := II;; (K,).
By M € ob(LC(0O)) and K; C wyM, we have Ky € K(M). We obtain
K = Ko+wp Ki" by K C Ko+ M, and KoNwp Ky = {0} by K; C KNw M.
Therefore the addition Kyxw; Kz~ — K is an isomorphism by Lemma 3.13. [

Proof of Theorem 4.25. Let v: (MP);, — (M;,)P denote the natural map,
which is bijective by Lemma 4.26. It suffices to verify that ¢ is an isomorphism.
Let K € K(My). By Proposition 3.17, 1pr0(M) is a lattice of M. Therefore
there is a j; € N with K C @, tp0(M) = tar,;(M) by Lemma 2.30 and Corol-
lary 3.18. Put K := L]T/[{j(K) € K(M). We have ' (Hom((My, K), (k,0))) =
> ipen b g, (Hom ((M, Ky), (O, @l ™20))) € O((MP)). Therefore ¢ is contin-
wous. Let U € O((MP),). By Proposition 2.7, there is an N € N
with w@p eymo(MP) C U. Put K, = {0} € K(M). We have
e o(Hom((M, Ky), (0,0))) C @, VU. By induction on j € N, we construct
a sequence (K;)jen € ASK(M)N with Hom((M, @;120 wiK;),(0,@]'0) C
i (@ NU) for any j; € N such that the addition @. wlK; — M

]&D,‘h jEN
wiK; — M onto the closed image. Let

induces a homeomorphism [,y
71 € N. Suppose that there is a sequence (Kj)?lzo € ASK(M)*! with
Hom((M, ?:0 @l K;),(0,w]'0) C Lﬁm’jl(w,;NU) such that the addition

;;0 win < M is a homeomorphism onto the closed image. By Corol-

lary 3.27, there is an M; € AS%(M) such that the addition (H;lzo K;) x
M; — M is an isomorphism. By Corollary 2.17, the natural map ¢: MP —
(IT/Lo(K5)P) x MP is an isomorphism. Let ¢: My — MP denote the com-
posite of the zero-extension MP — ( ;LO(KJ-)D) x MY and p~!. By the
induction hypothesis, we have ~'(([T/L, Hom((K;, @ Kj), (O, @} 0)))x

Hom(M;,0)) C ¢35 i (@, NU). Inparticular, U, 41 := % (¢) 5 jlﬂ(wk_NU)) €
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O(M?) contains ), M?. Take a (K} ,,h) € K(M;) x N with
Hom((My, K, 1), (0, w;0)) C Uj 1. If K, = {0} or h = 0, then we have

Hom((My, Kj 1), (0, w;0)) = Hom(M;,0), and hence Kj 4, = {0} satis-
fies Y (MP) = (Hom((My, Kj,11), (0, w1 0))) C Ajmyjﬁl(w,;NU). Suppose
Kj . # {0} and h > 0. Assume K} ,, C wyM,. By M € ob(LC(O))

[Ty, is a homeomorphism onto the closed image. Therefore HM| L
.7

w;, (K} 1) — Ky is an isomorphism. It implies II;} (K7 ) € K(Ml)
Replacmg (K, 1, h) by (IT, (Ky/1+1) h — 1) in a repetitive way, it is reduced
to the case where that K is not contained in w,M; and h > 0. Now we
have Hom((M;, K, ), (O,w,’;O)) + Hom (M, @w,O) C Uj,41. By My € € (M),

we have w) M, € €(M) for any j € N. Applying Lemma 4.29 in a repeti-
tive way, we obtain a (Kj,41;)"_ € K(M;)*** with KJ’1+1 = @?:o @l K114,
Kj1+17j € AS(Ml) for any j € NN [Oa h]? and @J'H_l K'1+1j - wionﬁrl,jo +

J=Jo
@M, for any jo € NN [0,h]. Put Kj4; = @h o K1, € K(M).
We have K} ., C (@h 0K 415) + @My C Kj 1 + @l M, and hence

Hom((M:, Kj,41), (O, WZO)) C Hom((My, K7, 14), (0, @}0)) C Uj11. By Co-
rollary 3.27, there is a K;-,, € AS%(M;) such that the addition Kj 1 X
K;.\, — M is an isomorphism. Let p € Hom((My, Kj,41), (0, w@0)). We
denote by p; € MP (resp. gy € MP) the composite of p and the idempo-
tent My — Kj,+1 — My (resp. My — KJ1+1 — Mj) induced by the addition
Kj 11 % K- — My. Then we have py; € Hom((My, M), (O, w,0)) and p, €
Hom((M;, Kj,11),(0,{0})), and hence p = pg + po € Uj4+1. It implies
Hom((My, Kj,11), (O, ka)) C Ujs. By the induction hypothesis,

we obtain Hom((M, @]1 '@l K;), (0,w0)) LX/}D,J.IJA(W];NU). By in-
duction on j; € N, we get a sequence (Kj)jen € ASK(M)Y with
Hom((M, D)L, @1.K;), (0, =3 0)) C L_l . (wk_NU) for any j; € N such that
the addition H“ oka — M is a homeomorphlsm onto the closed image.
Since M is complete, the addition @jeN kaj — M extends to an A €
Hom([ [, @3 K5, M) by Lemma 4.27. Put K := A([[;cy @1 K;) € K(M) C
M. We obtain Hom((My, K), (k,@;0)) C t(w,NU). Tt implies ¢(U)
H(Nz\éfk)mk(a(w,;NU)) € O((My)P*). Thus ¢ is open. O

The following is an immediate consequence of Proposition 2.8 and Theorem
4.25:

Corollary 4.30. Let M € ob(LC'(O)) with MP € ob(LC'(0)). For any ¢ €
MPP there is a K € K(M) such that Hom((M, K), (O, @,0)) C {7 (=]0) for
any 7 € N.

Finally, we construct a D-reflexive full subcategory of Mod;(O) containing sep-
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arable discrete objects and separable compact objects.

Definition 4.31. An M € Mod(O) is said to be reductively o-compact if My, is
o-compact. We denote by LC?°(O) C LC(O) of reductively o-compact locally
convex O-modules, and put LC(0) := LC°(0) N LCY(0).

We mnote that LC“(O) contains separable objects in ob(LC®™(0))U
ob(Mod§*(0)). Therefore the following is a partially extension of Corollary
4.24:

Theorem 4.32. The full subcategory LC(O) € Mod,(O) is D-reflexive.

In order to verify Theorem 4.32, it suffices to show the following two lemmata:

Lemma 4.33. For any M € ob(LC7(0)), MP lies in ob(LC"(0)).

Lemma 4.34. For any M € ob(LCYO)) with MP € ob(LCYO)), nas is an
1somorphism.

In order to show Lemma 4.33, we prepare the following lemma:

Lemma 4.35. Every M € ob(LC®"(0)) is (K, O)-admissible.

We note that an M € ob(Mod(0O)) lies in ob(LC"(0)) if and only if M can be
embedded into the direct product of a family in ob(LCP*(0)) by Proposition
3.17 and Proposition 3.17 and [9] Theorem 3.4.10. Therefore Lemma 4.35 can
be verified in a similar way to the proof of Lemma 4.3 using Proposition 2.24
and Proposition 2.25.

Proof of Lemma 4.34. By Theorem 2.22, Corollary 3.26, and Lemma 4.35,
it suffices to verify the surjectivity of ny;. Let mg € MPP. By Corollary
4.30, there is a K € K(M) with Hom((M, K), (0, @.0)) C mgy'(w]0) for any
j € N. For any p € MP with pi|x = 0, we have p € (), ker(nar(m)) C ker(£).
Therefore mg induces an O-linear homomorphism m;: K® — O through the
restriction map MP — KP by Theorem 3.21. We have @] K® C m; ! (w]0) for
any j € N by the choice of K. It implies the continuity of m;. By Proposition
4.23, there is a unique mo € K with m; = nx(msg). In particular, we have
mo(p) = p(ms). Thus we obtain mg = nar(ms). O

Proof of Lemma 4.33. By M € ob(LC(0)), we have w,M € € (M) and
hence Mg € ob(LC°(k)). Therefore we obtain (Mz)P% € ob(LC“(k)) by
Theorem 4.20. Tt ensures (MP); € ob(LC“(k)) by Theorem 3.28, and hence
MP € ob(LC?°(0)). Take a countable . C K(Mj) with ., % = M.
For each .# € .7, there is a K € K(M) whose image in M; coincides with
2 by Lemma 4.28. Take a complete representative S C K(M) of ., and
put My := Y xeq K. Then MY is first countable by Lemma 2.30, while M®
is complete by Proposition 2.18 and Proposition 2.25. Let ¢ € Hom(MP, MY)
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denote the restriction map. We verify MP € ob(LCY(0)) by showing that
¢t is an isomorphism. We have M = M, + w; M by the choice of S, and
M = My + wiM by induction for any j € N. It implies that M is dense in M
by the boundedness of M. By the density of My C M and the completeness
of O, ¢ is bijective. Let U € O(MP). We show «(U) € O(MY). Take a
(Ko,n) € K(M) x N with Hom((M, Ky), (O, w?O)). We construct an F,, € 2¢f
with Ko C Y gep K 4+ wpM in an inductive way. Put Fy := (. By M €

ob(LC™(0)), we have M; € ob(LC"(k)) and K(M;) C € (M;). It implies that

@e image K of Ky in Mj is compact. Therefore there is an %, € 2{” with
Ko C Y. yer £ by Lemma 2.30. Let Fy € 2f the preimage of .7;. Then we
have Ko C Y xep K + @M. Suppose that we have constructed an Fj € 27
with Ko C Y e, K+ @M fora j € NN [l,n—1]. By K, € K(M) and
F; C K(M), we have K0+ZK€Fj K € K(M) by the continuity of the addition.
By M € ob(LC(0)), we have wjM € € (M) and I}, M — wiM is an
isomorphism. Therefore we obtain @M N (Ko + X gep, K) € K(w; M) and

(I,)) (Ko + > ker, ) € K(M). By Lemma 2.30, there is an F € 27 with
()" (Ko+ Y ke, K) © Yger K+meM. Put Fjyy i= F;UF € 2§, We have
Ko C ZKeFj K+ (@M N (Ko + ZKeFj K)) = ZKeFj K + o (I1,) 7 (Ko +

ZKGFj K) C ZKeFj K+ wi(ZKeFK + @wpM) C ZKeFjH K+ wiﬂM' By
induction on j, we obtain an F), € 2f with K, C > kep, K + oM. It ensures
Hom((M, ) cp K), (0, @;0)) C Hom((M, Ko), (O, w;0)) C «(U). Thus ¢ is
open. ]

This completes the proof of Theorem 4.32. We obtain a D-reflexive full sub-
category.
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