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In this article some comparisons (equality, strong density or complete characterizations) are
made between the Clarke and limiting subdifferentials for the class of integral functionals
defined on reflexive Lebesgue spaces L,, without any locally Lipschitzian assumptions on
these functionals. Let If be the integral functional associated with a normal integrand
f:Qx E — IRU{+o0}, where F is a finite dimensional space and 2 is endowed with an
atomless o-finite measure. At a given point x such that almost everywhere the Clarke sub-
differential of f,, at z(w) coincide with the closed convex hull of the limiting subdifferential
and such that the limiting subdifferential multifunction at z, w = 0% f,(z(w)), admits a
q = p(p — 1)~! integrable selection, we show that the limiting subdifferential of the integral
functional is strongly dense in the Clarke subdifferential. This property allows us to give an
exact computation of the Clarke subdifferential by a legitimate disintegration formula. As
a consequence, when for almost every w in Q the function f,(.) is locally Lipschitz at x(w)
then the limiting subdifferential of I; at x is strongly dense in the Clarke subdifferential
of Iy at x. When the Lipschitz rate is g-integrable, there is the coincidence of the Clarke
subdifferential with the limiting subdifferential of Iy at z and the disintegration formula is
valid. Moreover such a disintegration formula is valid for the calculus of the Clarke nor-
mal (respectively tangent) cone at a given point to the set of p-integrable selections of a
measurable multifunction.
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1. Introduction

Being extensions of the convex subdifferential in the convex case [24], [21], [16],
[3], the Clarke and limiting subdifferentials are very useful tools in nonconvex
optimization theory, [5], [6], [19], [20], [22], [1]. The class of integral functionals
is important for applications in many areas; it was first considered in the con-
vex case by R. T. Rockafellar [25], [28], A. D. Ioffe and V. L. Levin [15]. When
the measure is atomless, the computation of the Clarke subdifferential in the
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nonconvex and locally Lipschitzian cases was first proved using regularity as-
sumptions by F. H. Clarke [5] for Lebesgue spaces, A. D. Ioffe proves an exact
computation in case Lo, [17], F. H. Clarke, Yu. S. Ledyaev, R. J. Stern, P.
R. Wolenski gave a characterization in [6] for the Hilbert Lebesgue spaces and
Lipschitz integrands independent of the random variable w. A useful inclu-
sion is presented in [9] without any Lipschitzian assumptions on the integral
functional considered, and moreover an exact calculus in the Lebesgue spaces
L,, p # oo is proved in [11] for locally Lipschitzian integral functionals. In
[4], [23], independently, N. H. Chieu and J. P. Penot prove that the limiting
subdifferential coincide in L; with the global subdifferential of convex analysis
without any Lipschitzian assumption. Given a locally Lipschitzian function
f defined on a reflexive space X the Clarke and limiting subdifferentials are
linked by the formula: ¢ f = €60%f. When this last formula is valid at some
point x the function f is said to have the Clarke-limiting property at z. In
this article, for integral functionals, it is proved that there is the strong density
of the limiting subdifferential in the Clarke subdifferential at some point x of
a reflexive Lebesgue space when a mild assumption holds and the integrand
has the Clarke-limiting property at this point, Theorem 3.1. This allows us
to obtain an exact calculus of the Clarke subdifferential by a disintegration
formula. Clearly when the limiting subdifferential is strongly closed, there is
the coincidence of the limiting and Clarke subdifferentials. As a consequence
when for almost every w the function f, is locally Lipschitzian at x(w) then
the limiting subdifferential of I; at x is empty or strongly dense in the Clarke
subdifferential. The major novelty is the lack of Lipschitzian assumptions on
the integral functional (as in [9]), this permits, for example, to reach the case
of a decomposable constraint. In this case, given a measurable multifunction
it is proved, at a given point, that the Clarke tangent (respectively normal)
cone to the set of p integrable selections is ezactly the set of p integrable (re-
spectively ¢ integrable) selections of the tangent (respectively normal) cone to
this measurable multifunction. This is a very surprising property which is not
valid for the contingent cone (see [7, Chapter VII]). After the preliminaries the
statements of the main results are in Section 3 and their proofs are given in
the last section.

2. Preliminaries

For r in the set of real numbers IR, we will write [r| = max(r, —7). The set
of extended real numbers is denoted by IR = IR U {£o00}. Let a normed space
(X, ]].]]). Given an extended real-valued function f defined on X, the domain

of f is the set of points where f is finite, x EN xo means: ¥ — g and f(x) —
f(zo). If X* is the topological dual of X, we denote by (., .) the duality pairing
between X* and X. Given a subset Y of X coY denotes the convex hull of
the set Y and the indicator function associated with Y is the function defined
by ty(x) =0 if x € Y, 400 if not. Recall that given a subset Y of X, a vector



E. Giner / Clarke and Limiting Subdifferentials of Integral Functionals 663

topology 7 on X, we denote by Y the closure of Y for the topology 7, and

by Yo = {7 — limy, Yn, (Yn)n € YN} its sequential 7-closure; when 7 is the

norm topology we denote simply by Y For a positive real number r, if f is

an extended real-valued function defined on X, define the differential quotient
of f at a point z( of its domain by

q(wo, z, ) =1 (f (20 + ra) — f(x))

The contingent directional subderivate of f at x is the function f'(x;.) defined
a r € X by the formula:

f(zo;z) = liminf q(zo, 2 ,7)
(w/,T)H(CE,O.Q_)

and the contingent subdifferential of f at x is the set
8f($0) = {JZ* €X":Vxe X7 <.§L’*,I> < fl(‘Tva)} :

The function f is said to be Fréchet subdifferentiable at a point o € X of
its domain ([19, Definition 1.83] with € = 0) if there exists a linear continuous
function z* € X™ verifying:

f(z) = f(xo) — (z*, 2 — 20) >0,

lim inf

=0 [l = o
In this case x* is a Fréchet subderivative of f at xq, 0¥ f(xo) denotes the set
of Fréchet subderivatives of f at xy. Classically the Fréchet subdifferential is
norm closed and convex [22, Proposition 4.10]. Notice that when FE is finite di-
mensional the Fréchet and contingent subdifferentials coincide [22, Proposition
4.6].
An R-valued function f is said calm at a point € dom f if there exists a
neighbourhood V' of x such that for all y € V'

fly) — f(z) > —clly — ||

The function f is said Lipschitzian on a subset Y of X if there exists a positive
constant ¢, such that for all x, y in Y

@) = f) <clly—vy|;

the function f is said to be Lipschitzian around a point x of X (or locally
Lipschitzian at x ) if f is Lipschitz on a neighbourhood of z, in this case, the
Lipschitz rate at x € X, [28, 9.1], is defined by:

. . ,le _ l’//
lip f(x) = lim sup |f(||x? — £’€|| )

r,n
T #x
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The function f is said to be locally Lipschitzian when f is Lipschitzian around
any point of X. The Clarke generalized directional subderivate of a function
f defined on X with values in IR, at a point z, of its domain is defined by [5,
Theorem 2.9.1], see also [27], [26], [6], [22],

fC(xo;y) = sup limsup  inf r ' (f(z + ru) — a)
UeN (y) r—04 uelU
(w,0) = (20, f(20))

where N (x) is the family of neighbourhoods of = and (z,«) EN (xo, f(x0))
means:

(x,a) €epif and (z,a) — (xq, f(z0)).
When f = 1y, where Y is a closed subset of X, the relation

fc(%; y) = LT,%Y(?J)

allows to define the Clarke tangent cone Tg)Y to the set Y at the point zy € Y.
The Clarke tangent cone to a set Y at a point z € Y is the set of elements
z such that for every sequence (r,), of positive real numbers converging to
zero, for every sequence (x,), of elements of Y converging to z, there exists a
sequence (z,), converging to z verifying for every integer n: x, +7,2, € Y, see
[5, Theorem 2.4.5].

When f is locally Lipschitzian at zg, [5], [26], [27], [22], the Clarke directional
subderivate at x( in the direction y takes the following form:

fO(2oy) = fo(wory) = limsup r7'(f(z+ry) - f(2)) -

(:D, T)*’(x(): 0+)

The Clarke subdifferential 0 f(z¢) of f at xq, [5], [26], [27], is the subset of
the topological dual X* of X, given by:

0 flo) = {o € X* Vo € X, (a,2) < fC(a0i )},
Notice that we always have:
0" f(xo) C Of (xo) C O f(o).

Definition 2.1 ([19], [22]). Suppose (X,|.]]) Asplund, and let o be the
weak star topology o(X*, X). The limiting subdifferential of f at o € dom f
is:

OF f (o) = seq — * o limsup 97 f(z)

f
T—>x(

where for a multifunction M,

seq — * o limsup M (z) = {xo — limy,, y, € M(z,), x, — 2o},

r—>x0
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Remark that in the above definition when M is a constant multifunction, we
obtain the sequential weak star closure of M denoted by M " . Given a subset
Y of X, the normal cones are defined at some point x € Y by the formulas:

NEY = 0%y (z); NEY = 0%y (7).

Definition 2.2. We will say that an IR-valued function f defined on X has
the Clarke-limiting property at some point x of its domain whenever

70" f(x) = 0% f(x).

If X is an Asplund space, f is locally Lipschitzian at x then f has the Clarke-
limiting property at x, [19, Theorem 3.57]; if f = ¢y is the indicator function
of a closed subset Y then f has the Clarke-limiting property at every point of
Y since by [19, Theorem 3.57]

0%y (z) = N°Y =@ NE =60 1y () .

In the sequel E is a finite dimensional space with Borel tribe B(E); (2, S, 1)
is a measure space with a o-finite non-negative measure p and endowed with
a tribe & which is p-complete. For a measurable subset A € S, we set A° =
{w e, w¢ A} and 1, stands for the characteristic function of A, 14(w) =1
ifweA 0ifw¢ A.

We consider the space Ly(2, E,S) of classes of measurable functions (for u-
almost everywhere equality) defined on 2 and with values in F also denoted
by Lo(2, E). Let L,(Q,E,S, 1), 1 <p < oo, be the Lebesgue space of classes
of p-p-integrable functions (u essentially bounded functions if p = oo) defined
on € with values in E. These spaces are also denoted by L,(2, F') when there
is no ambiguity on the tribe and the measure, and ||z||, is the usual norm of an
element x € L,(Q, E). Let L,(£2, E*) be the dual space of L,(£2, E), 1 < p < o0,
p'+¢ ' = 1. Given a multifunction M : Q = E* we denote by L,(M) the set
of classes of measurable selections z* of M which are in L, (2, E*). A subset X
of Lo(Q2, E) is said decomposable in sense of [14] whenever X14 + X1, C X,
where for every measurable set A, X1, = {xl4,2 € X}. Let us recall the
following definitions.

Definition 2.3 (see [18]). Let X be a subset of L,(£2, E) with 1 < p < 0.
X is said to be p-equi-integrable (equi-integrable if p = 1), if for every positive
number €, there exist a positive constant 6 and a measurable set K of finite
measure such that:

(1)  supgex ||x1all, < € for every measurable set A satisfying p(A) <.

(2)  supex [[2lxell, <e

Definition 2.4. A subset X of L;(€2, IR) is said uniformly integrable when it
is bounded and equi-integrable.
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Given an extended real valued function v defined on €2, the upper integral I,
of v or [ vdu is defined by:

]U:/ vdu:inf{/udu,ueLl(Q,R),USU,M—a.e}
Q Q

We set v = sup(0,v), v~ = (—v)T. Given an integrand f : Q x E — IR, for
(w,e) € Q x E denote f,(e) = f(w,e). If fis measurable and for every w € {2
fw 18 lower semicontinuous, f is said to be normal. For such an integrand we
consider the differential quotient integrand ¢ defined on Q x E? x IR by

q(w, g, e,7) =17 (fuleo +1e) — fu(en)),

and the Lipschitz rate integrand of f as the integrand lip f defined by
lip f(w,e) = lip fo(e). For a measurable E-valued function x, the symbol
f(z) denotes the map w — f,(z(w)). The integrand f is said to have the
Clarke-limiting property along some function z if for every w € € f, has the
Clarke-limiting property at z(w). The integral functional I; associated with f
is the functional defined at every point x of Ly(2, E') by:

Ip(x) = Iy = /Q f(z)dp .
In the sequel 1 < p < 0o, p~t + ¢! = 1; we will use the following condition on
f:

ere exist a positive constant k and an element a of L1(€2, IR), such tha
H,) Th st iti tant k and [ taof Li(Q), IR h that
for almost every w € Q, for every e € F,

flw,e) = =klle]] — a(w) .
Remark that for a normal integrand f, when Iy # oo, H, characterizes both
the strong semicontinuity and the properness of Iy on L,(Q, E) ([2]).

3. Main results

In the remaining of the paper, by Iy we will denote the restriction to L,(€2, E)
of the integral functional associated to a normal integrand f. The main results
are the following

Theorem 3.1. Suppose the measure p is atomless and the space L,(S), E) is
separable. Let f be a normal integrand satisfying the assumption (H,). Then at
every p-integrable element x of the domain of Iy we have the following inclusion:

Lqg(0" f(x))
If in addition L,(0" f(x)) # 0 then

eq *x0

- 8Llf(x) .

L@@ 0 f(z)) C I, ()",
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and if moreover the integrand f has the Clarke-limiting property at x:

0°I5(w) = Ly(0° f(2)) = T ()

Corollary 3.2. Suppose the measure i is atomless and the space L,(Q, E) is
separable. Let f be a normal integrand satisfying the assumption (H,). Then at
every p-integrable element x of the domain of Iy such thatlip f(x) is q-integrable
we have the coincidence of the Clarke and limiting subdifferentials.

0°I(x) = Lg(0° f(2)) = 0"I4(x).

Theorem 3.3. Suppose the measure p is atomless and the space L,(Q2, E) is
separable. Let f be a normal integrand satisfying the assumption (H,). Then
at every p-integrable element x of the domain of I such that lip f(x) is almost
everywhere finite we have the following density relation:

oI (x) =TI (x) .

In addition whenever O°I(x) # 0 then:

O°Ip(x) = Lo(0°f(x)) = DI, (x) .

Theorem 3.4. Suppose the measure p is atomless and the space L,(S), E) is
separable. Let M : Q) = E be a measurable multifunction with nonempty closed
values. Then for every x € L,(M),

NxLLp(M) = NJTCLP(M) = Lq(NzCM) .

The next corollary is nothing else than a striking example of an interchange
between the symbols integral and upper epi-limit:
Corollary 3.5. With all the assumptions of Theorem 3.1 or Corollary 3.2 (or
Theorem 3.4 with f(w,e) = taw)(e)) we get for every y € L,(, E),

I (wy) = Ley (y) -
Corollary 3.6. With the assumptions of Theorem 3.4, we have:

TxCLp(M) = LP(TSM) .
These results are proved in the next section.

4. Proofs

In this section we suppose that E is an Euclidean space of dimension d and
1 < p < o0; *0 denotes the weak star topology (L, (2, E*), L,(Q2, E). Let us
recall first the following result (proved in [11]), it is an idea due to M. Valadier
(when F is a separable Banach space and ¢ = 1).
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Proposition 4.1 ([11, Proposition 3.5]). Let M : Q = E*, be a measur-
able multifunction. Suppose that the measure p is atomless. Then, when

Ly(M) # 0,

L, (M) = L,(@M).

We will need the following sequential version of the preceding result:

Theorem 4.2. Suppose 1 < p < oo, the measure p is atomless and that
L,(Q, E) is separable. Let M : Q = E* be a multifunction with measurable
graph, then whenever L,(M) # (:

seq*g”'Hq

L,(M) — L,(@M).

Proof of Theorem 4.2. Let us prove before the following certainly known
lemmas:

Lemma 4.3. If M : QQ = E* is a multifunction with measurable graph and
non empty values, then for any measurable selection x* of co M there exist a
finite number of measurable selections (;)1<i<a+1 of M and measurable non
negative functions (\;); such >, N\ =1, with x* = . \x}.

Proof of Lemma 4.3. Let F' = [0, 1], and consider the multifunctions and
maps:

MNw) = {()\,e*) €EF x (BN . V1<i<d+1,e € Mw),
Z)\i =1; 2" (w) = Z)\ief}

Aw,\) = M(w)™ | u(w, A e*) = 1= N, v(w, A\ e*) = z*(w) — >, ey
It suffices to prove that I' admits a measurable selection. The multifunction
A is with measurable graph and the maps v and v are measurable, therefore
graph(T") = graph A N« ~'(0) N v~*(0) is measurable. From the Caratheodory
theorem, I" is with nonempty values, due to [3, Theorem III 22] there exists a
measurable selection.

Lemma 4.4. If B* is the unit ball of E*, then when Ly(M) # 0,

m—y)
Ly(coM) C BELqL(JQ,JR) L,(co(M N pBB*)) .
MNBB*#0

Proof of Lemma 4.4. Let 3, be an element of L,(2, IR) with positive val-
ues and zf € L,(M). Given z* € L,(coM), from Lemma 4.3 there exist
a finite family of measurable selections (z})1<i<gimp+1 of M and measurable
non negative functions ();); such that > . A\, = 1, with * = Y . A\a}. Set
Q, = {w : max; ||zf(w)|| < nfy(w)}. Then up to a negligible set, (€2,), is
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an increasing covering of {2 by measurable sets. For each integer n define
7 = Y, Ayt with 7 = (271, +aflos) € Ly(MO3,B) where B, = nfo-+ g .
Then 2* — 1z, = (z* — ) lqc, this proves that the sequence () norm converges
to x* therefore

, —y» S—y»
S L#Lq(co(M NG.B*)) ~ C 66@%@ Ly(co(M NBB*)) .
MNBB*#£0

The proof of Lemma 4.4 is complete.

End of the proof of Theorem 4.2. Since L,(co M) is convex, and *o is also the
e

weak topology of the reflexive space L,(€2, E*), then L,(coM) ™ is %o closed,
therefore from Proposition 4.1 and the above lemma:

Ly(@M) = Ly(co M) = Lq(coM)”'”q ——— L,(co(M N ﬂB*))”'Hq :
fiir P
Because L,(€, E) is separable, and for every 5 € L,(€, IR) such that MNEB* #
0, M N BB* is bounded, we get from Proposition 4.1:

seq *o seq *o

Ly(co(M N BB*)) C L (M N BB =L (MNBB*) "~ C Ly(M)

Therefore:

_ <l
L,(coM) C BGLqL(JQ,lR) L,(co(M N B*))
MNBB*+£0

——seq*UH'HQ

c L,(M) C L,(M) = L,(cM).

This proves Theorem 4.2.

Definition 4.5. We say that a sequence (f;), of IR-valued measurable inte-
grands satisfies eventually a property P if there exists an integer [ such the
sequence (fi),,; satisfies the property P.

Theorem 4.6. When assumption (H,) is satisfied the following property holds:

(H) For every p-integrable element x of dom I; with L (0F f(x)) # 0, there
exists an increasing covering (£2,), of Q@ by measurable sets of finite mea-
sure such that for every integer n, for every e > 0, there exists positive
constants 6, such that for every sequence (i), of positive real num-
bers converging to zero, the sequence of integrands (q(x,.,ry))x satisfies
eventually on Q, X E

Go(z(Ww),e,15) > —€lle]|? — One -

Proof of Theorem 4.6. First let us prove the following result used in the
proof of [8, Theorem 5.8].
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Lemma 4.7. If f is a normal integrand satisfying (H,), then for every x &
dom Iy, with L,(0F f(x)) # 0 there exists an increasing covering (), of Q by
measurable sets of finite measure such that for every integer n, (w,e) € Q, X E,

flw,z(w) +e) = fw,z(w)) = —nmax([le], [le]|”) .

Proof of Lemma 4.7. If L,(9% f(z)) # 0 then for almost every w € Q, f, is
calm at x(w). The integrands f and g with g(w, s, €) = sl|e|, are normal. Thus
the integrand h(w, 7, s,e) = f(w,z(w) + €) — f(w, z(w)) + g(w, s, €) is normal.
Let B be the unit ball of E. The multifunction M with values M(w,r,s) =
x(w) + rB is measurable; thus the function k(w,r, s) = infecrr(w,rs) h(w, 7, 5, €)
is measurable ([25, Theorem 2K]). The multifunction N defined by:

Nw)={(r,s):0<r, 0<s, k(w,r,s) >0}

has a measurable graph and nonempty values (since f(w,.) is calm at z(w)),
thus, with [3, III 22], any measurable selection (r(.),s(.)) of N satisfies: for
every w € €,

lell <7r(w) = flw,z(w) +e) = flw,z(w)) = —s(w)lle]-
Moreover, condition (H,) yields for every e € E:
flw zw) +e) — f(w,z(w)) = —kllz(w) + el — bw),
with b(w) = a(w) + |f(w, z(w))|. Thus, by the convexity of ||.||?,
flw z(w) +e) = flw,z(w)) = k2 Hle]” — c(w),

with c(w) = b(w) + k2P~ Y|z(w)||P. If |le]| > r(w) then c¢(w) < c(w)r(w) "|e|l*,
hence for every e € E,

flw,z(w) +e) = flw, 2(w)) = —max(s(w)]el], t(w)le]") ,

where t(w) = (k2°7! + c¢(w)r(w)™?) is a positive, finite valued, measurable
function. Let (A,), be an increasing covering of Q2 by measurable sets of finite
measure. Define Q, = A, N {max(s(.),#(.)) < n}, then (£,), satisfies the
conclusion of Lemma 4.7. This achieves the proof of Lemma 4.7.

Theorem 4.6 is an immediate consequence of Lemma 4.7. Indeed fix € and the
integer n. For (w,e) € Q, x E, for every sequence (), of positive real numbers
converging to the origin we get:

flw, z(w) +ree) = f((w, z(w))

— g max([lell, " [le”)

v

= — rpmax(nlel|, nr? 7 |e||)
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and the Young inequality nlle|| < p~e||e||” + ¢t »n? gives for k large enough
with nr? ™' < p~le:

max(nlle]|, nrf " [le]P) < max(p~le|le]|” + g7 e 0t nrk~ le]|?)

< ellef]r + g~ Hns.

This proves the conclusion of Theorem 4.6 with 6, = q_le_%nq.

Theorem 4.8. Suppose the assumption (H,) is satisfied. There ezists some

point (xg,x}) € Ly(Q, E) x Ly(Q, E*) with x; € 0 I;(x0). Moreover for every

x € domlI; and z* € L,(0F f(x)) there exists a sequence (zy,x7); strongly
I

convergent to (z,x*) such that x; = = and for every integer I, z; € 01 (x)

with moreover ||z7|lq < [lz*[q + [|l5lq-

Proof of Theorem 4.8. The first assertion is a consequence of [19, Corollary
2.29 (¢)]. We will use Theorem 4.6 in order to prove the last assertion of
Theorem 4.8. Let us first prove the following lemmas:

Lemma 4.9. Let x|A be the restriction to a set A of the function x. The
restriction 14 ¢ of the integral functional Iy to a measurable set A is defined on

L,(AE) by )
Lo f(x) = /A f(@)dp.
Given elements x, y of L,(2, E) and x*, y* of L,(Q, E*) satisfying:
A€ 0 Ias(x|A) and y*|A° € OF Lxe ;(y|A°),
then setting z = x1a 4+ ylac, 2* = x*14 + y*1ac, we have: z* € 07 I;(z).
Proof of Lemma 4.9. Given a sequence (z,), norm converging to z, the se-
quence (2,|A), norm converges to z|A in L,(A, E) and the sequence (z,|A°),

norm converges to y|A® in L,(A% E). Since x*|A € 0714 ;(z]|A), and y*|A° €
OF I 4(y|A°) , for every € > 0 for n large enough:

Lo f(2n|A) — Lap(2]|A) — (27]A, 2,|A — 2] A) > —e€||z0|A — 2|Al| L, 1.8,
Tap(2n]|A) = Laj(y|A) — (Y| A", 20| A — y|AC) = —e|| 2| A — y| AL, (a0.8) 5
That is:

/ (F () — @) — (a1 as 70— 2) > —el| (20 — D)y

A

/ C(F(2n) = £t = " Laes 20— 5) > =€l (2n — 9) Ll )

c

= (20 — )1, (20 — )1l cam) < (20 — 2L, 0.0),

But since (z, — 2)14
(zn — Y)Lac, [[(zn — Y)Lacllz,ae,m) < (20 — 2)lL,0.8), We

since (z, — 2)14c =
obtain:

Ip(zn) = 15(2) = (2%, 20 — 2) 2 =2¢€[[(20 = 2)||L,(02,B).
This proves that z* € 97 I;(z). The proof of Lemma 4.9 is complete.
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As an immediate consequence we get:

Corollary 4.10. The graph of the multifunction x = ¥ 1;(x) is a decompos-
able set of L, (2, E) x Ly(2, E*). At any point x of the domain of Iy the Fréchet
subdifferential O I;(x) is a closed convex decomposable set.

The proof of the decomposability property of Corollary 4.10 is due to Lemma
4.9 and the following lemma:

Lemma 4.11. Given an element x in L,(Q, E) and z* € 0¥ Is(x), then for
every measurable set A,

$*|A S 0FIA7f($|A)

Proof of Lemma 4.11. Let a measurable set A and a sequence (z,), norm
converging to z|A in L,(A, E). If Z, is the null extension of z, to €, define
Ty = Zn + 2lge. Then ||z — 2,||z,.8) = ||2|A — 2ull,(4,5) This proves that
(@n)n is norm converging to = in L,(€2, E). Since z* is a Fréchet subderivative
of Iy at x, for every € and every integer n large enough we get:

Ip(wn) = Ip(x) = (2% 2n — 2) 2 —€l|(2n — 2)|[ L, = —€llzn — 2[A]| L, a8) -
Or equivalently:
Lap(zn) = Lap(2]A) = (27| A, zn — 2| A) = —€l[2n — 2| All L, am)

Therefore z*|A € 0714 ;(x|A). This achieves the proof of Lemma 4.11 and
Corollary 4.10.

Now in order to end the proof of Theorem 4.8 let us introduce the following
definitions and result:

Definition 4.12. Given a sequence (f,), of IR-valued integrands defined on
QO x E, we will say that a sequence (z,,),, satisfies the lower compactness property
(respect to (f,),) if the sequence (f, (x,)), is eventually uniformly integrable
in L1(Q,R). Let 1 < p < oo. An integrand f is said to have the Fréchet-
differential lower compactness property (denoted Fréchet-dlep) at z € L,(Q2, E),
if for every sequence (r,), of positive real numbers converging to 0, every
bounded sequence (), in L,(£2, E) has the lower compactness property with
respect to the sequence of differential quotients (¢(z,.,7,)),,

Theorem 4.13 ([12], [13, Theorem 10.9]). If p # 1 and the integrand f
has the Fréchet-dlcp at x € dom Iy, then:

Ly(0" f(x)) € 0" I4(x).
End of the proof of Theorem 4.8. Due to Theorem 4.6 and [12], [13, Theorem

8.4], so that the restriction of f to each €, has the Fréchet-dlep at z|Q,,. Using
Theorem 4.13 for every z* € L, (9" f(z)),

2*|Q, € 0 Iq, ;(z|) .
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Due to Lemma 4.11, we get
25|Q, € 0 Iq, ;(20|) .

Setting x,, = xrlq, +xoloe, 7, = "1q, +x5lq: , with Lemma 4.9 we obtain that
zt € 0F1;(x,) . Since x and xq are in dom I; and (2,), is a covering of €, the
sequence (x,), graph converges to x and the sequence (z}), norm converges
to z*, and for each integer n we have: |[a%||, < [|z*|, + [|z&ll; The proof of
Theorem 4.8 is complete.

Theorem 4.14. Suppose f is a normal integrand satisfying the condition (H,),
then for every x € dom Iy, we have

Ly(0" f(x))

eq *o

C 8L]f(x).

Proof of Theorem 4.14. When FE is finite dimensional the contingent and
Fréchet subdifferentials coincide. The result [11, Lemma 3.9] can be expressed
in the following form:

Lemma 4.15 ([11, Lemma 3.9]). If f is a normal integrand, then for every

I
x € dom Iy, and every x* € Ly(0"f(x)), there ewist a sequence Ty - x and

a sequence Ty — x*, such that for every integer k: x € L,(0F f(x1)) and
loillg < llz*flq + 1.
eq *xo

*

Let o* € Ly(0Ff(z)) There exists a sequence (x}), of elements of
L (0" f(z)) xo converging to z* therefore the sequence (7)), is L,(Q, E*)-
norm bounded by some real number m. Using Lemma 4.15, for each integer

n there exists a sequence ((zy, ), ;))& strongly convergent to (x,x}) such that
I

), L 2 and for every integer k, ) € Lo(0" f(ax)) and [ 4 llg < [l2hllg+1 <

m+ 1. Using Theorem 4.8, for each pair of integers n, k there exists a sequence

I
Th 1, TF ; strongly convergent to (xy,x* such that z; N x and for
) n, k‘, l g y g n, k )
lq + [|z5]lq-

every integer [, z7 , , € 0" I;(zy, ;) and moreover ||x¥ . |, < |75 &
Thus for every integers n, k, [

125, &, illg < Ml gllg + 125l < m+ 1+ flzglly -
The topology xc being metrisable on bounded sets, the graph convergence
being semi-metrisable, by a diagonal argument there exists a sequence

. . . I %
(Zk@@), 166)» Thii), ko), z@)))i satisfying the properties: zy (), 1(:) Lo, ((xn@ ki), l(z‘)))i
xo-converges to x* and for every integer 1, Ty, ki), 1) € OF I't(xk(iy,1:)- That
is a* € 0FI;(x). The proof of Theorem 4.14 is complete.

Using Theorem 4.2 and Theorem 4.14 we obtain the complete proof of the two
first assertions of Theorem 3.1: if L (0" f(z)) # 0, then

SeQ*JH'”q —||-Hq

Ly(€60" f(x)) = Ly(0"f(x)) C O I(x)
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For the last assertion of Theorem 3.1, remark that since f has the Clarke-
limiting property at x, for every w € €}

0 fulwo(w)) = 00" fu,(zo(w))-

Moreover L,(0F f(z)) being nonempty from the first part of Theorem 3.1, and
the main result of [9] we have the chain of inclusions

ll-lla

Ly(0°f () = Ly(@ 0" f(x)) C OFIp(x) ™" C 0 Ip(x) C Ly(0° f()).

The proof of Theorem 3.1 is complete.

If the Lipschitz rate lip f(x) is ¢ integrable, since we have d(0,0" f(z)) <
lip f(z), the proof of Corollary 3.2 is a consequence of the following two lemmas:

Lemma 4.16. Let M : Q = FE be a multifunction with nonempty values
and with measurable graph. Then Ly(M) # O if and only if the function
d(0, M(w)) = infeepr(w) |le]| s g-integrable.

Proof of Lemma 4.16. . The necessity part is obvious. For the converse,
keeping a measurable ([3, Lemma III 39 and Application]) selection x of M
such for all w, d(0, M (w)) = ||z(w)]|, we deduce that L,(M) # 0.

Lemma 4.17. When the Lipschitz rate lip f(z) is q integrable then 0 1;(z) =
%I (x).

Proof of Lemma 4.17. In this case due to Lemma 4.16, L (0" f(x)) # 0 and
the xo topology is metrisable on this set. With Theorem 3.1 the following chain
of inclusions achieves the proof of Lemma 4.17 and Corollary 3.2.

————— < Seq *x0

Ly(@0" f(2)) = L@ ()" € 9*1;(x))
C 0°I5(x) C Ly(0°f () = L(c00" [ (x)) .

Proof of Theorem 3.3. Let us use the following definition and prove the
following lemmas:

Definition 4.18. Let f : Q@ x £ — IR be a normal integrand. The integral
functional is said to have the graph property on L,({2, E) at a p-integrable

function = of dom Iy when for every graph-converging sequence (), z, x the
sequence ((z,, f(xy)), converges to (x, f(x)) in L,(Q, E) x Li(Q, R).

Lemma 4.19 (Graph convergence). Let 1 < p < oo, f be a normal in-
tegrand, x be a p-integrable function in domI;. When f satisfies the growth
condition (H,), then the integral functional Iy has the graph property at this
point on L,(Q, E).
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Proof of Lemma 4.19. Let a sequence (z,), b, Extracting a subse-
quence we may suppose that (z,), converges almost everywhere to x. Due
to the growth condition (H,), for every integer n, f,(x,) > —kl||z,||” — a. Let
gn = inf(f(x,) — f(x0),0). Since the sequence (||z,||?), is uniformly inte-
grable, the sequence (g,), is uniformly integrable in L;(Q2, IR). Moreover f
being normal, the sequence (g,), converges almost everywhere to 0. On uni-
formly integrable sets the a.e. convergence being stronger than or equal to the
norm convergence in L (€2, IR), [18] or [29, Theorem 16.6], the sequence (—gy)n
converges to zero in Ly (2, R). But —g, = (fu(x,) — f(x))~ and

) — f(a))Tdu = x,) — flx x,) — f(x))”
L@xu F(@)*dp [yun>f<mm+émxw F(@) dpe,

therefore lim,, [,(fn(2n) — f(2))Tdp = 0. This proves that
im [ 1£,(z) = F(o)ldn
= lim n\+tn) = + im n\Tn) — - =0.
i [ (fulen) = F@) dutim [ (fu(e) = F@) d =0

Hence the sequence ((x,, f(z,))),, converges to (z, f(x)) in L, (2, E)x L1 (€, IR).

I
This last property being valid for every sequence (z,), — z such that (z,),

converges almost everywhere, we deduce that Iy has the graph property at x.
O

Lemma 4.20. Let f be a measurable integrand and x be a measurable function.
The Lipschitz rate lip f(x) of f along x is S-measurable.

Proof of Lemma 4.20. Theset A(w) = {(e,e') € E?: 0 < |le—¢||} is a Borel
set thus the constant multifunction A is with graph S ® B(E)-measurable. For
every integer n the multifunction

&m»:ﬁa&eE%mwmum—dmuw—éms%}

is with graph & ® B(E)-measurable ([3, Theorem III 41]). Therefore the mul-
tifunction I',(w) = A(w) N O, (w) is with § ® B(FE)-measurable graph (and
nonempty values). Due to [3, Theorem III 39], the function

|f((.d, 6) — f(wael”

le = €]

o) =su { (o) e

is § measurable. Since the Lipschitz rate lip f(z) is the pointwise limit of the
sequence (uy)n, it is S measurable. The proof of Lemma 4.20 is complete.

End of proof of Theorem 3.3. If 3“I;(x) = () then it coincides with 0“1 (x)).
Suppose 9°1;(x) # 0, then by [19, Theorem 3.57] we have 01;(x) # 0. From
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Lemma 4.20, lip f(z) is S measurable and almost everywhere finite. Let ()
be an increasing covering of ) by measurable sets of finite measure, define
Ay ={w € Qy : lip fu(xz(w)) < k}. Up to a negligible set (Ag)x is an increasing
covering of 2 by measurable sets of finite measure. Then for every integer
k, lip f(z)|% € Ly(Qu, IR). Let y* € L,(0°f(x)) and z* € 9I;(x). By
definition there exist a sequence (z,), graph-convergent to z, a sequence (z7),
weakly convergent to z* in L, (€2, E*) such that for every integer n, (z,, 2}) €
graph(9¥1;). Moreover y*|Ay € L,(0° f(z|Ax)), hence due to Corollary 3.2 for
every integer k
y*| A, € OF I, ;(z|Ag)

Therefore for every integer k there exist a sequence (), such that the re-
strictions to Ay graph-converges to z|Ay, in L,(Ay, E), a sequence (y;, ), such
that the restrictions to Ay weakly converge to y*|Ay in L,(Ag, E*), with for
every integer k (z,, .,y )| Ax € graph(0F Iy, ;). Define v,y = ,, 1a, + Tpla
and vy, . = y;, p1a, + 2,1ac. From Lemma 4.11,

Ukl AR = 20| A% € 0" Ig s (walAT)

moreover we have
* % F /
Un,k|Ak - yn,k|Ak € d [Ak,f<xn,k) .

Lemma 4.9 ensures that v, , € 0" If(vn ). But due to Lemma 4.19 the sequence
(Unk)n graph-converges to x. Moreover the sequence (v}, ), weakly converges
to vi = y*1a, + z"1ac. This proves that v; € 9%I¢(x). Since (vj) strongly

converges to y* we deduce that y* € 8LIf($)”.” and prove that L, (9% f(z)) C

0FI¢(x) . Due to the main result of [9] we get the following chain of inclusions:

Ly(0 f(2)) € OFIy(w) " C 0T (x) C Lg(0° f ().

This completes the proof of Theorem 3.3.

Proof of Theorem 3.4. Let M : (2 = E be a multifunction with nonempty
closed values and with measurable graph. Then ¢ () = Iy where the integrand
f is defined by f(w,€) = tar(w)(€). For an element x of L,(M) we have 0 f(z) =
NEM, since 0 € NEM, then L,(0F f(z)) # 0. As noted before the integrand f
has the Clarke-limiting property; therefore with Theorem 3.1:

A7 7l

= i, on@) " = T (x)
= aclf(x> = Nxc(Lp(M)) = Lq(N:cCM) )

NE(L, ()"

since

Ny (Ly(M)) = 01 (w) = Ly(0° f(x)) = Lg(N;M).
This ends the proof of Theorem 3.4.
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The proof of Corollary 3.5 is analog to that of the last part of Theorem 3.3 in
[11].

The proof of Corollary 3.6 is a consequence of Corollary 3.5 and [22, Section
5.3, Exercise 1, p. 381], since for any set Y, and z € Y/,

(@) = ey ().

Keeping f(w,e) = tarw)(e), fwc(:p(w), e) = LTzcEw)M(w)(e) = g(w, €), since LL,(M) =

Iy, and I, = v, (e ary, we deduce the chain of equalities:

LTICLP(M)(') = Lg,,(M) (z,.) = []g(x7 ) =1dyo@y = Iy = tr,rem -
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